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To me one is worth ten thousand if he is truly outstanding.

—Herakleitos of Ephesus, Ionia, Greece
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00X etvan Ypbvov: dua Yo Drdpyew aitd xal ypdvov civa.

Time was created as an image of the eternal. While time is everlasting,
time is the outcome of change (motion) in the universe. And as night
and day and month and the like are all part of time, without the
physical universe time ceases to exist. Thus, the creation of the universe
has spawned the arrow of time.

—Plato of Athens, Attiki, Greece

‘Atomov elvon €V peydhw nedio €va otdyuv yevnirvar xat €va Xx6oUoV €V
w anclpw. ‘Ot 8 dnepog xatd o tARYog, dXhov ex Tou drelpa To afTiol
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60e 0 x60U0g YEYOVEY, avdyxn ancipoug etvon. Omou ydp to mdvta aftia,
exel xar to anoteAéopatar aftior 8 ol o dToyol 1 To ototyelo.

To consider the earth as the only inhabited world in the infinite universe
is as absurd as to assert that in an entire field sown with millet, only one
grain will grow. That the universe is infinite with an infinite number of
worlds follows from the infinite number of causalities that govern it. If
the universe were finite and the causes that caused it infinite, then the
universe would be comprised of an infinite number of worlds. For where
all causes concur by the blending and altering of atoms or elements in
the physical universe, there their effects must also appear.

—NMetrodoros of Chios, Chios, Greece
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Eivar te Gomnep yevéoeww xdopov, oltw xal avifoeic xaf @dioeg xol
pU0opdc, %ATA TV AvayXNY.

From its genesis, the cosmos has spawned multitudinous worlds that
evolve in accordance to a supreme law that is responsible for their
expansion, enfeeblement, and eventual demise.

—Leukippos of Miletus, Ionia, Greece
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Preface

Modern complex large-scale dynamical systems arise in virtually every
aspect of science and engineering and are associated with a wide variety of
physical, technological, environmental, and social phenomena. Such systems
include large-scale aerospace systems, power systems, communications sys-
tems, network systems, transportation systems, large-scale manufacturing
systems, integrative biological systems, economic systems, ecological sys-
tems, and process control systems. These systems are strongly intercon-
nected and consist of interacting subsystems exchanging matter, energy, or
information with the environment. In addition, the subsystem interactions
often exhibit remarkably complex system behaviors. Complexity here refers
to the quality of a system wherein interacting subsystems form multiechelon
hierarchical evolving structures exhibiting emergent system properties.

The sheer size, or dimensionality, of large-scale dynamical systems ne-
cessitates decentralized analysis and control system synthesis methods for
their analysis and control design. Specifically, in analyzing complex large-
scale interconnected dynamical systems it is often desirable to treat the
overall system as a collection of interacting subsystems. The behavior and
properties of the aggregate large-scale system can then be deduced from the
behaviors of the individual subsystems and their interconnections. Often the
need for such an analysis framework arises from computational complexity
and computer throughput constraints. In addition, for controller design the
physical size and complexity of large-scale systems impose severe constraints
on the communication links among system sensors, processors, and actua-
tors, which can render centralized control architectures impractical. This
problem leads to consideration of decentralized controller architectures in-
volving multiple sensor-processor-actuator subcontrollers without real-time
intercommunication. The design and implementation of decentralized con-
trollers is a nontrivial task involving control-system architecture determina-
tion and actuator-sensor assignments for a particular subsystem, as well as
processor software design for each subcontroller of a given architecture.

In this monograph, we develop a unified stability analysis and control de-
sign framework for nonlinear large-scale interconnected dynamical systems
based on vector Lyapunov function methods and vector dissipativity theory.
The use of vector Lyapunov functions in dynamical system theory offers a
very flexible framework for stability analysis since each component of the
vector Lyapunov function can satisfy less rigid requirements as compared to
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a single scalar Lyapunov function. Moreover, in the analysis of large-scale in-
terconnected nonlinear dynamical systems, several Lyapunov functions arise
naturally from the stability properties of each individual subsystem. In ad-
dition, since large-scale dynamical systems have numerous input, state, and
output properties related to conservation, dissipation, and transport of en-
ergy, matter, or information, extending classical dissipativity theory to cap-
ture conservation and dissipation notions on the subsystem level provides a
natural energy flow model for large-scale dynamical systems. Aggregating
the dissipativity properties of each of the subsystems by appropriate storage
functions and supply rates allows us to study the dissipativity properties of
the composite large-scale system using the newly developed notions of vec-
tor storage functions and vector supply rates. The monograph is written
from a system-theoretic point of view and can be viewed as a contribution
to dynamical system and control system theory.

After a brief introduction to large-scale interconnected dynamical sys-
tems in Chapter 1, fundamental stability theory for nonlinear dynamical
systems using vector Lyapunov functions is developed in Chapter 2. In
Chapter 3, we extend classical dissipativity theory to vector dissipativity
for addressing large-scale systems using vector storage functions and vec-
tor supply rates. Chapter 4 develops connections between thermodynamics
and large-scale dynamical systems. A detailed treatment of control design
for large-scale systems using control vector Lyapunov functions is given in
Chapter 5, whereas extensions of these results for addressing finite-time
stability and stabilization are given in Chapter 6. Next, in Chapter 7 we
develop a stability and control design framework for coordination control of
multiagent interconnected systems. Chapters 8 and 9 present discrete-time
extensions of vector dissipativity theory and system thermodynamic connec-
tions of large-scale systems, respectively. A detailed treatment of stability
analysis and vector dissipativity for large-scale impulsive dynamical systems
is given in Chapter 10. Chapters 11 and 12 provide extensions of finite-time
stabilization and stabilization of large-scale impulsive dynamical systems.
In Chapter 13, a novel class of fixed-order, energy- and entropy-based hy-
brid decentralized controllers is developed for large-scale dynamical systems.
Finally, in Chapter 14 we present conclusions.

The first author would like to thank Dennis S. Bernstein and David C.
Hyland for their valuable discussions on large-scale vibrational systems over
the years. The first author would also like to thank Paul Katinas for several
insightful and enlightening discussions on the statements quoted in ancient
Greek on page vii. In some parts of the monograph we have relied on work
we have done jointly with Jevon M. Avis, VijaySekhar Chellaboina, Qing
Hui, and Rungun Nathan; it is a pleasure to acknowledge their contributions.

The results reported in this monograph were obtained at the School of
Aerospace Engineering, Georgia Institute of Technology, Atlanta, and the
Department of Mechanical Engineering of Villanova University, Villanova,
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Pennsylvania, between January 2004 and February 2011. The research sup-
port provided by the Air Force Office of Scientific Research and the Office
of Naval Research over the years has been instrumental in allowing us to
explore basic research topics that have led to some of the material in this
monograph. We are indebted to them for their support.

Atlanta, Georgia, June 2011, Wassim M. Haddad

Villanova, Pennsylvania, June 2011, Sergey G. Nersesov






Chapter One

Introduction

1.1 Large-Scale Interconnected Dynamical Systems

Modern complex dynamical systems' are highly interconnected and mutu-
ally interdependent, both physically and through a multitude of information
and communication network constraints. The sheer size (i.e., dimensional-
ity) and complexity of these large-scale dynamical systems often necessitates
a hierarchical decentralized architecture for analyzing and controlling these
systems. Specifically, in the analysis and control-system design of complex
large-scale dynamical systems it is often desirable to treat the overall system
as a collection of interconnected subsystems. The behavior of the aggregate
or composite (i.e., large-scale) system can then be predicted from the behav-
iors of the individual subsystems and their interconnections. The need for
decentralized analysis and control design of large-scale systems is a direct
consequence of the physical size and complexity of the dynamical model. In
particular, computational complexity may be too large for model analysis
while severe constraints on communication links between system sensors,
actuators, and processors may render centralized control architectures im-
practical. Moreover, even when communication constraints do not exist,
decentralized processing may be more economical.

In an attempt to approximate high-dimensional dynamics of large-
scale structural (oscillatory) systems with a low-dimensional diffusive (non-
oscillatory) dynamical model, structural dynamicists have developed ther-
modynamic energy flow models using stochastic energy flow techniques.
In particular, statistical energy analysis (SEA) predicated on averaging
system states over the statistics of the uncertain system parameters have
been extensively developed for mechanical and acoustic vibration prob-
lems [109,119,129,163,173]. Thermodynamic models are derived from large-
scale dynamical systems of discrete subsystems involving stored energy flow
among subsystems based on the assumption of weak subsystem coupling or
identical subsystems. However, the ability of SEA to predict the dynamic
behavior of a complex large-scale dynamical system in terms of pairwise
subsystem interactions is severely limited by the coupling strength of the
remaining subsystems on the subsystem pair. Hence, it is not surprising

'Here we have in mind large flexible space structures, aerospace systems, electric power
systems, network systems, communications systems, transportation systems, economic
systems, and ecological systems, to cite but a few examples.
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that SEA energy flow predictions for large-scale systems with strong cou-
pling can be erroneous.

Alternatively, a deterministic thermodynamically motivated energy
flow modeling for large-scale structural systems is addressed in [113-115].
This approach exploits energy flow models in terms of thermodynamic en-
ergy (i.e., ability to dissipate heat) as opposed to stored energy and is not
limited to weak subsystem coupling. Finally, a stochastic energy flow com-
partmental model (i.e., a model characterized by conservation laws) pred-
icated on averaging system states over the statistics of stochastic system
exogenous disturbances is developed in [21]. The basic result demonstrates
how compartmental models arise from second-moment analysis of state space
systems under the assumption of weak coupling. Even though these results
can be potentially applicable to large-scale dynamical systems with weak
coupling, such connections are not explored in [21].

An alternative approach to analyzing large-scale dynamical systems
was introduced by the pioneering work of Siljak [159] and involves the no-
tion of connective stability. In particular, the large-scale dynamical system is
decomposed into a collection of subsystems with local dynamics and uncer-
tain interactions. Then, each subsystem is considered independently so that
the stability of each subsystem is combined with the interconnection con-
straints to obtain a vector Lyapunov function for the composite large-scale
dynamical system, guaranteeing connective stability for the overall system.

Vector Lyapunov functions were first introduced by Bellman [14] and
Matrosov? [133] and further developed by Lakshmikantham et al. [118],
with [65, 127, 131, 132, 136, 159, 160] exploiting their utility for analyzing
large-scale systems. Extensions of vector Lyapunov function theory that in-
clude matrix-valued Lyapunov functions for stability analysis of large-scale
dynamical systems appear in the monographs by Martynyuk [131,132]. The
use of vector Lyapunov functions in large-scale system analysis offers a very
flexible framework for stability analysis since each component of the vector
Lyapunov function can satisfy less rigid requirements as compared to a sin-
gle scalar Lyapunov function. Weakening the hypothesis on the Lyapunov
function enlarges the class of Lyapunov functions that can be used for an-
alyzing the stability of large-scale dynamical systems. In particular, each
component of a vector Lyapunov function need not be positive definite with
a negative or even negative-semidefinite derivative. The time derivative

2Even though the theory of vector Lyapunov functions was discovered independently
by Bellman and Matrosov, their formulation was quite different in the way that the com-
ponents of the Lyapunov functions were defined. In particular, in Bellman’s formulation
the components of the vector Lyapunov functions correspond to disjoint subspaces of the
state space, whereas Matrosov allows for the components to be defined in the entire state
space. The latter formulation allows for the components of the vector Lyapunov functions
to capture the whole state space and, hence, account for interconnected dynamical systems
with overlapping subsystems.
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of the vector Lyapunov function need only satisfy an element-by-element
vector inequality involving a vector field of a certain comparison system.
Moreover, in large-scale systems several Lyapunov functions arise naturally
from the stability properties of each subsystem. An alternative approach to
vector Lyapunov functions for analyzing large-scale dynamical systems is an
input-output approach, wherein stability criteria are derived by assuming
that each subsystem is either finite gain, passive, or conic [5,122,123,168|.

In more recent research, Siljak [161] developed new and original con-
cepts for modeling and control of large-scale complex systems by addressing
system dimensionality, uncertainty, and information structure constraints.
In particular, the formulation in [161] develops control law synthesis archi-
tectures using decentralized information structure constraints while address-
ing multiple controllers for reliable stabilization, decentralized optimization,
and hierarchical and overlapping decompositions. In addition, decomposi-
tion schemes for large-scale systems involving system inputs and outputs as
well as dynamic graphs defined on a linear space as one-parameter groups
of invariant transformations of the graph space are developed in [178].

Graph theoretic concepts have also been used in stability analysis and
decentralized stabilization of large-scale interconnected systems [34,45]. In
particular, graph theory [51,63] is a powerful tool in investigating struc-
tural properties and capturing connectivity properties of large-scale systems.
Specifically, a directed graph can be constructed to capture subsystem in-
terconnections wherein the subsystems are represented as nodes and en-
ergy, matter, or information flow is represented by edges or arcs. A related
approach to graph theory for modeling large-scale systems is bond-graph
modeling [35,107], wherein connections between a pair of subsystems are
captured by a bond and energy, matter, or information is exchanged be-
tween subsystems along connections. More recently, a major contribution
to the analysis and design of interconnected systems is given in [172]. This
work builds on the work of bond graphs by developing a modeling behavioral
methodology wherein a system is viewed as an interconnection of interacting
subsystems modeled by tearing, zooming, and linking.

In light of the fact that energy flow modeling arises naturally in large-
scale dynamical systems and vector Lyapunov functions provide a powerful
stability analysis framework for these systems, it seems natural that dissipa-
tivity theory [170,171] on the subsystem level, can play a key role in unifying
these analysis methods. Specifically, dissipativity theory provides a funda-
mental framework for the analysis and design of control systems using an
input, state, and output description based on system energy? related consid-
erations [70,170]. The dissipation hypothesis on dynamical systems results
in a fundamental constraint on their dynamic behavior wherein a dissipative
dynamical system can deliver to its surroundings only a fraction of its energy

3Here the notion of energy refers to abstract energy for which a physical system energy
interpretation is not necessary.
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and can store only a fraction of the work done to it. Such conservation laws
are prevalent in large-scale dynamical systems such as aerospace systems,
power systems, network systems, structural systems, and thermodynamic
systems.

Since these systems have numerous input, state, and output proper-
ties related to conservation, dissipation, and transport of energy, extending
dissipativity theory to capture conservation and dissipation notions on the
subsystem level would provide a natural energy flow model for large-scale
dynamical systems. Aggregating the dissipativity properties of each of the
subsystems by appropriate storage functions and supply rates would allow
us to study the dissipativity properties of the composite large-scale system
using vector storage functions and wvector supply rates. Furthermore, since
vector Lyapunov functions can be viewed as generalizations of composite en-
ergy functions for all of the subsystems, a generalized notion of dissipativity,
namely, vector dissipativity, with appropriate vector storage functions and
vector supply rates, can be used to construct vector Lyapunov functions for
nonlinear feedback large-scale systems by appropriately combining vector
storage functions for the forward and feedback large-scale systems. Finally,
as in classical dynamical system theory [70], vector dissipativity theory can
play a fundamental role in addressing robustness, disturbance rejection, sta-
bility of feedback interconnections, and optimality for large-scale dynamical
Systems.

The design and implementation of control law architectures for large-
scale interconnected dynamical systems is a nontrivial control engineering
task involving considerations of weight, size, power, cost, location, type,
specifications, and reliability, among other design considerations. All these
issues are directly related to the properties of the large-scale system to be
controlled and the system performance specifications. For conceptual and
practical reasons, the control processor architectures in systems composed
of interconnected subsystems are typically distributed or decentralized in
nature. Distributed control refers to a control architecture wherein the con-
trol is distributed via multiple computational units that are interconnected
through information and communication networks, whereas decentralized
control refers to a control architecture wherein local decisions are based
only on local information. In a decentralized control scheme, the large-scale
interconnected dynamical system is controlled by multiple processors oper-
ating independently, with each processor receiving a subset of the available
subsystem measurements and updating a subset of the subsystem actua-
tors. Although decentralized controllers are more complicated to design
than distributed controllers, their implementation offers several advantages.
For example, physical system limitations may render it uneconomical or
impossible to feed back certain measurement signals to particular actuators.

Since implementation constraints, cost, and reliability considerations
often require decentralized controller architectures for controlling large-scale
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systems, decentralized control has received considerable attention in the lit-
erature [17,22,48,96-99,104,125,126,145,150,154,158-160,162]. A straight-
forward decentralized control design technique is that of sequential opti-
mization [17,48,104], wherein a sequential centralized subcontroller design
procedure is applied to an augmented closed-loop plant composed of the
actual plant and the remaining subcontrollers. Clearly, a key difficulty with
decentralized control predicated on sequential optimization is that of di-
mensionality. An alternative approach to sequential optimization for de-
centralized control is based on subsystem decomposition with centralized
design procedures applied to the individual subsystems of the large-scale
system [96-99, 125, 126, 145, 150, 154, 158-160]. Decomposition techniques
exploit subsystem interconnection data and in many cases, such as in the
presence of very high system dimensionality, are absolutely essential for de-
signing decentralized controllers.

1.2 A Brief QOutline of the Monograph

The main objective of this monograph is to develop a general stability anal-
ysis and control design framework for nonlinear large-scale interconnected
dynamical systems, with an emphasis on vector Lyapunov function methods
and vector dissipativity theory. The main contents of the monograph are
as follows. In Chapter 2, we establish notation and definitions and develop
stability theory for large-scale dynamical systems. Specifically, stability the-
orems via vector Lyapunov functions are developed for continuous-time and
discrete-time nonlinear dynamical systems. In addition, we extend the the-
ory of vector Lyapunov functions by constructing a generalized comparison
system whose vector field can be a function of the comparison system states
as well as the nonlinear dynamical system states. Furthermore, we present
a generalized convergence result which, in the case of a scalar comparison
system, specializes to the classical Krasovskii-LaSalle invariant set theorem.

In Chapter 3, we extend the notion of dissipative dynamical systems
to develop an energy flow modeling framework for large-scale dynamical sys-
tems based on vector dissipativity notions. Specifically, using vector storage
functions and vector supply rates, dissipativity properties of a composite
large-scale system are shown to be determined from the dissipativity prop-
erties of the subsystems and their interconnections. Furthermore, extended
Kalman-Yakubovich-Popov conditions, in terms of the subsystem dynam-
ics and interconnection constraints, characterizing vector dissipativeness via
vector system storage functions, are derived. In addition, these results are
used to develop feedback interconnection stability results for large-scale non-
linear dynamical systems using vector Lyapunov functions. Specialization
of these results to passive and nonexpansive large-scale dynamical systems
is also provided.

In Chapter 4, we develop connections between thermodynamics and
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large-scale dynamical systems. Specifically, using compartmental dynamical
system theory, we develop energy flow models possessing energy conserva-
tion and energy equipartition principles for large-scale dynamical systems.
Next, we give a deterministic definition of entropy for a large-scale dynam-
ical system that is consistent with the classical definition of entropy and
show that it satisfies a Clausius-type inequality leading to the law of non-
conservation of entropy. Furthermore, we introduce a new and dual notion
to entropy, namely, ectropy, as a measure of the tendency of a dynamical
system to do useful work and grow more organized, and show that conserva-
tion of energy in an isolated thermodynamic large-scale system necessarily
leads to nonconservation of ectropy and entropy. In addition, using the sys-
tem ectropy as a Lyapunov function candidate, we show that our large-scale
thermodynamic energy flow model has convergent trajectories to Lyapunov
stable equilibria determined by the system initial subsystem energies.

In Chapter 5, we introduce the notion of a control vector Lyapunov
function as a generalization of control Lyapunov functions [6], and show
that asymptotic stabilizability of a nonlinear dynamical system is equiva-
lent to the existence of a control vector Lyapunov function. Moreover, using
control vector Lyapunov functions, we construct a universal decentralized
feedback control law for a decentralized nonlinear dynamical system that
possesses guaranteed gain and sector margins in each decentralized input
channel. Furthermore, we establish connections between the notion of vec-
tor dissipativity developed in Chapter 3 and optimality of the proposed
decentralized feedback control law. The proposed control framework is then
used to construct decentralized controllers for large-scale nonlinear systems
with robustness guarantees against full modeling uncertainty. In Chapter 6,
we extend the results of Chapter 5 to develop a general framework for finite-
time stability analysis based on vector Lyapunov functions. Specifically, we
construct a vector comparison system whose solution is finite-time stable
and relate this finite-time stability property to the stability properties of a
nonlinear dynamical system using a vector comparison principle. Further-
more, we design a universal decentralized finite-time stabilizer for large-scale
dynamical systems that is robust against full modeling uncertainty.

Next, using the results of Chapter 5, in Chapter 7 we develop a sta-
bility and control design framework for time-varying and time-invariant sets
of nonlinear dynamical systems. We then apply this framework to the prob-
lem of coordination control for multiagent interconnected systems. Specif-
ically, by characterizing a moving formation of vehicles as a time-varying
set in the state space, a distributed control design framework for multivehi-
cle coordinated motion is developed by designing stabilizing controllers for
time-varying sets of nonlinear dynamical systems. In Chapters 8 and 9, we
present discrete-time extensions of vector dissipativity theory and system
thermodynamic connections of large-scale systems developed in Chapters 3
and 4, respectively.
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In Chapter 10, we provide generalizations of the stability results de-
veloped in Chapter 2 to address stability of impulsive dynamical systems
via vector Lyapunov functions. Specifically, we provide a generalized com-
parison principle involving hybrid comparison dynamics that are dependent
on the comparison system states as well as the nonlinear impulsive dynam-
ical system states. Furthermore, we develop stability results for impulsive
dynamical systems that involve vector Lyapunov functions and hybrid com-
parison inequalities. In addition, we develop vector dissipativity notions
for large-scale nonlinear impulsive dynamical systems. In particular, we
introduce a generalized definition of dissipativity for large-scale nonlinear
impulsive dynamical systems in terms of a hybrid vector inequality, a vector
hybrid supply rate, and a vector storage function. Dissipativity properties
of the large-scale impulsive system are shown to be determined from the
dissipativity properties of the individual impulsive subsystems making up
the large-scale system and the nature of the system interconnections. Us-
ing the concepts of dissipativity and vector dissipativity, we also develop
feedback interconnection stability results for impulsive nonlinear dynamical
systems. General stability criteria are given for Lyapunov, asymptotic, and
exponential stability of feedback impulsive dynamical systems. In the case
of quadratic hybrid supply rates corresponding to net system power and
weighted input-output energy, these results generalize the positivity and
small gain theorems to the case of nonlinear large-scale impulsive dynamical
systems.

Using the concepts developed in Chapter 10, in Chapter 11 we extend
the notion of control vector Lyapunov functions to impulsive dynamical sys-
tems. Specifically, using control vector Lyapunov functions, we construct a
universal hybrid decentralized feedback stabilizer for a decentralized affine
in the control nonlinear impulsive dynamical system that possesses guaran-
teed gain and sector margins in each decentralized input channel. These
results are then used to develop hybrid decentralized controllers for large-
scale impulsive dynamical systems with robustness guarantees against full
modeling and input uncertainty. Finite-time stability analysis and control
design extensions for large-scale impulsive dynamical systems are addressed
in Chapter 12.

In Chapter 13, a novel class of fixed-order, energy-based hybrid decen-
tralized controllers is proposed as a means for achieving enhanced energy
dissipation in large-scale vector lossless and vector dissipative dynamical
systems. These dynamic decentralized controllers combine a logical switch-
ing architecture with continuous dynamics to guarantee that the system
plant energy is strictly decreasing across switchings. The general frame-
work leads to hybrid closed-loop systems described by impulsive differential
equations [82]. In addition, we construct hybrid dynamic controllers that
guarantee that each subsystem-subcontroller pair of the hybrid closed-loop
system is consistent with basic thermodynamic principles. Special cases
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of energy-based hybrid controllers involving state-dependent switching are
described, and several illustrative examples are given as well as an exper-
imental test bed is designed to demonstrate the efficacy of the proposed
approach. Finally, we draw conclusions in Chapter 14.



Chapter Two

Stability Theory via Vector Lyapunov
Functions

2.1 Introduction

In this chapter, we introduce the notion of vector Lyapunov functions for sta-
bility analysis of nonlinear dynamical systems. The use of vector Lyapunov
functions in dynamical system theory offers a flexible framework for stabil-
ity analysis because each component of the vector Lyapunov function can
satisfy less rigid requirements as compared to a single scalar Lyapunov func-
tion. Specifically, since for many nonlinear dynamical systems constructing
a system Lyapunov function can be a difficult task, weakening the hypothe-
sis on the Lyapunov function enlarges the class of Lyapunov functions that
can be used for analyzing system stability. Moreover, in the analysis of
large-scale interconnected nonlinear dynamical systems, several Lyapunov
functions arise naturally from the stability properties of each individual
subsystem.

2.2 Notation and Definitions

In this section, we introduce notation and several definitions needed for de-
veloping the main results of this monograph. In a definition or when a word
is defined in the text, the concept defined is italicized. Italics in the run-
ning text is also used for emphasis. The definition of a word, phrase, or
symbol is to be understood as an “if and only if” statement. Lower-case
letters such as x denote vectors, upper-case letters such as A denote matri-
ces, upper-case script letters such as S denote sets, and lower-case Greek
letters such as « denote scalars; however, there are a few exceptions to this
convention. The notation S C Sy means that Sp is a proper subset of So,
whereas S1 C Sy means that either Sp is a proper subset of Sy or S is equal
to S3. Throughout the monograph we use two basic types of mathemati-
cal statements, namely, existential and universal statements. An existential
statement has the form: there exists x € X such that a certain condition C'
is satisfied; whereas a universal statement has the form: condition C' holds
for all x € X. For universal statements we often omit the words “for all”
and write: condition C' holds, x € X.

The notation used in this monograph is fairly standard. Specifically,
R (respectively, C) denotes the set of real (respectively, complex) numbers,
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Z. denotes the set of nonnegative integers, Z, denotes the set of positive
integers, R™ (respectively, C") denotes the set of n x 1 real (respectively,
complex) column vectors, R™*™ (respectively, C™"*"™) denotes the set of real
(respectively, complex) nxm matrices, S™ denotes the set of nxn symmetric
matrices, N (respectively, P") denotes the set of n x n nonnegative-definite
(respectively, positive-definite) matrices, (-)* denotes transpose, (-)T de-
notes the Moore-Penrose generalized inverse, (-)# denotes the group gener-
alized inverse, (-)P denotes the Drazin inverse, ® denotes Kronecker product,
@ denotes Kronecker sum, I,, or I denotes the n x n identity matrix, and e
denotes the ones vector of order n, that is, e = [1,..., l]T. For z € R? we
write © >> 0 (respectively, z >> 0) to indicate that every component of
is nonnegative (respectively, positive). In this case, we say that x is nonneg-
ative or positive, respectively. Likewise, A € RP*? is nonnegative or positive
if every entry of A is nonnegative or positive, respectively, which is written
as A >> 0 or A >> 0, respectively. In addition, Ei and Ri denote the
nonnegative and positive orthants of R, that is, if x € R?, then x € Ei and
T € Ri are equivalent, respectively, to x >> 0 and = >> 0. Furthermore,
Lo denotes the space of square-integrable Lebesgue measurable functions on
[0, 00) and L4, denotes the space of bounded Lebesgue measurable functions
on [0,00). Finally, we denote the boundary, the interior, and the closure of
(o]

the set S by S, S, and S, respectively.

We write || - || for the Euclidean vector norm, R(A) and N(A) for
the range space and the null space of a matrix A, respectively, spec(A) for
the spectrum of the square matrix A including multiplicity, «(A) for the
spectral abscissa of A (that is, «(4) = max{Re\ : A € spec(A)}), p(A)
for the spectral radius of A (that is, p(A) = max{|\| : A € spec(A)}), and
ind(A) for the index of A (that is, the size of the largest Jordan block of
A associated with A = 0, where A € spec(A4)). For a matrix A € RP*?,
row;(A) and col;(A) denote the ith row and jth column of A, respectively.
Furthermore, we write V'(z) for the Fréchet derivative of V' at z, B.(z),
x € R" ¢ > 0, for the open ball centered at x with radius ¢, M > 0
(respectively, M > 0) to denote the fact that the Hermitian matrix M is
nonnegative (respectively, positive) definite, inf to denote infimum (that is,
the greatest lower bound), sup to denote supremum (that is, the least upper
bound), and z(t) - M as t — oo to denote that z(¢) approaches the set
M (that is, for each € > 0 there exists 7" > 0 such that dist(z(t), M) < e
for all t > T, where dist(p, M) £ infier ||[p — x||). Finally, the notions of
openness, convergence, continuity, and compactness that we use throughout
the monograph refer to the topology generated on R? by the norm || - ||.

2.3 Quasi-Monotone and Essentially Nonnegative Vector Fields

To develop the fundamental results of vector Lyapunov stability theory for
nonlinear dynamical systems, we begin by considering the general nonlinear
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autonomous dynamical system
z(t) = f(x(t)), z(0) = o, t €1y, (2.1)

where z(t) € D C R", t € Z,,, is the system state vector, D is an open set,
f : D — R™ is continuous on D, and Z,, = [0,74,), 0 < 75, < 00, is the
maximal interval of existence for the solution z(-) of (2.1). A continuously
differentiable function x : Z,, — D is said to be a solution to (2.1) on the
interval Z,, C R with initial condition x(0) = x¢ if and only if z(¢) satisfies
(2.1) for all t € Z,,. We assume that for every initial condition z(0) € D
and every 7, > 0, the dynamical system (2.1) possesses a unique solution
x :[0,74,) — D on the interval [0, 7,,,). We denote the solution to (2.1) with
initial condition z(0) = xo by s(-,zp), so that the flow of the dynamical
system (2.1) given by the map s : [0,75,) X D — D is continuous in x
and continuously differentiable in ¢ and satisfies the consistency property
s(0,z9) = zp and the semigroup property s(7,s(t,xg)) = s(t + 7, zg), for all
xzo € D and t,T € [0,74,) such that t + 7 € [0, 7,). Unless otherwise stated,
we assume f(-) is Lipschitz continuous on D. Furthermore, z, € D is an
equilibrium point of (2.1) if and only if f(z.) = 0. In addition, a subset
D. C D is an invariant set relative to (2.1) if D, contains the orbits of all
its points. Finally, recall that if all solutions to (2.1) are bounded, then it
follows from the Peano-Cauchy theorem [70, p. 76] that Z,, = R.

The following definition introduces the notion of Z-, M-, essentially
nonnegative, compartmental, and nonnegative matrices.

Definition 2.1. Let W € R4, W is a Z-matriz if W; ;) <0, i,j =
1,...,q,1 # j. W is an M-matriz (respectively, a nonsingular M-matriz) if
W is a Z-matrix and all the principal minors of W are nonnegative (respec-
tively, positive). W is essentially nonnegative if —W is a Z-matrix, that is,
Wi 20,45 =1,...,q, 1 # j. W is compartmental if W is essentially
nonnegative and > % ; Wi <0,j=1,...,q. Finally, W is nonnegative!
(respectively, positive) if W(; jy > 0 (respectively, W(; jy > 0), i,j =1,...,q.

A fundamental concept in the stability analysis of large-scale dynam-
ical systems is the comparison principle, which invokes quasi-monotone in-
creasing functions. The following definition adopted from [159] introduces
such a class of functions.

Definition 2.2. A function w = [wy,...,wy|T : R? x V — RY, where
V C R%, is of class W if for every fixed y € V C R¥, w;(2',y) < wi(2",y), i =
L,...,q, for all 2/,2" € R such that 2 <27, 2] =2/, j = 1,...,q,1 # j,
where z; denotes the ith component of z.

In this monograph, it is important to distinguish between a square nonnegative (re-
spectively, positive) matrix and a nonnegative-definite (respectively, positive-definite) ma-
trix.
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If w(-,y) € W, then we say that w satisfies the Kamke condition
[106, 169]. Note that if w(z,y) = W(y)z, where W : V — R9*7, then the
function w(-,y) is of class W if and only if W (y) is essentially nonnegative
for all y € V, that is, all the off-diagonal entries of the matrix function W (-)
are nonnegative. Furthermore, note that it follows from Definition 2.2 that
every scalar (¢ = 1) function w(z,y) is of class W.

The following definition introduces the notion of essentially nonnega-
tive functions [19,69].

Definition 2.3. Let w = [wi,...,wy]" : V C RL — RY. Then w is
essentially nonnegative if w;(r) > 0foralli=1,...,gand r € Ei such that
r; = 0, where r; denotes the ith component of r.

Note that if w : R? — R? is such that w(-) € W and w(0) >> 0, then
w is essentially nonnegative; the converse, however, is not generally true.
However, if w(r) = Wr, where W € R7%7 is essentially nonnegative, then
w(-) is essentially nonnegative and w(-) € W.

Proposition 2.1 ([72]). Suppose R%. € V. Then R is an invariant set
with respect to

7(t) = w(r(t)), r(to) =ro, t=>to, (2.2)

if and only if w : V — RY is essentially nonnegative.

Proof. Define dist(r,R?) = infye@i |lr—yl|, » € RY. Now, suppose w :

D — RY is essentially nonnegative and let r € @i. For every i € {1,...,q},
if r; = 0, then r; + hw;(r) = hw;(r) > 0 for all h > 0, whereas, if r; > 0,
then r; 4+ hw;(r) > 0 for all |h| sufficiently small. Thus, r + hw(r) € R} for
all sufficiently small h > 0, and hence, limy,_,q+ dist(r + hw(r),R%)/h = 0.
It now follows from Lemma 2.1 of [72], with 7(0) = rg, that r(t) € R} for
all t € [0, 7).

Conversely, suppose that Ei is invariant with respect to (2.2), let
r(0) € @i, and suppose, ad absurdum, 7 is such that there exists i €
{1,...,q} such that r;(0) = 0 and w;(r(0)) < 0. Then, since w is con-
tinuous, there exists sufficiently small » > 0 such that w;(r(¢)) < 0 for all
t € [0,h), where r(t) is the solution to (2.2). Hence, 7;(t) is strictly de-
creasing on [0, k), and thus, r(t) ¢ R for all t € (0,h), which leads to a
contradiction. 0

The following corollary to Proposition 2.1 is immediate.

Corollary 2.1. Let W € R%%9. Then W is essentially nonnegative if
and only if "V (¢=%) is nonnegative for all ¢t > t.

Proof. The proof is a direct consequence of Proposition 2.1 with
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w(r) = Wr. For completeness of exposition, we provide a proof here based
on matrix mathematics. To prove necessity, note that, since W is essen-
tially nonnegative, it follows that W, S W4alis nonnegative, where
o £ —min{Wqy,..., W} Hence, Walt=to) — (Wtal)(t—to) >> ()
t > tg, and hence, eW(t—to) — g—alt—to) (Wal(t—to) >>0,t>tg.

Conversely, suppose eWt=t0) >> (. ¢ > ¢4, and assume, ad absurdum,
that there exist 4, j such that i # j and W, ;y < 0. Now, since eW(t—to) —

S22 (KN TEWE(t — t)*, it follows that
[ew(tfto)](i,j) =1 ) + (t —to)W; 5 + O(t — to)?, (2.3)

where O(t — t9)?/(t —ty) — 0 as t — to. Thus, as t — tog and i # j, it
follows that [eW(t_tO)](iyj) < 0 for some ¢ sufficiently close to to, which leads
to a contradiction. Hence, W is essentially nonnegative. O

The following definition and lemma are needed for developing several
of the results in later sections.

Definition 2.4. The equilibrium solution r(t) = . of (2.2) is Lyapunov
stable (with respect to RY) if, for every ¢ > 0, there exists § = d(g) >
0 such that if 7o € Bs(re) N RS, then r(t) € B.(re) NRY, t > to. The
equilibrium solution 7(t) = re of (2.2) is semistable (with respect to R}) if
it is Lyapunov stable (with respect to Ei) and there exists ¢ > 0 such that
if rg € Bs(re) N Ei, then lim;_,o, r(t) exists and converges to a Lyapunov
stable equilibrium point. The equilibrium solution r(t) = re of (2.2) is
asymptotically stable (with respect to @i) if it is Lyapunov stable (with
respect to E‘i) and there exists § > 0 such that if ro € Bs(re) N RY, then
limy oo 7(t) = re. Finally, the equilibrium solution r(¢) = re of (2.2) is
globally asymptotically stable (with respect to E‘i) if the previous statement
holds for all 7y € RY.

Definition 2.4 introduces several types of stability notions of dynamical
systems with respect to relatively open subsets of the nonnegative orthant
of the state space containing the system equilibrium point [72]. In the
case where the system trajectories are not restricted to the nonnegative
orthant, the stability definitions introduced in Definition 2.4 reduce to the
usual stability definitions [70]. In this monograph we do not distinguish
between stability notions with respect to R? versus E‘i as it is clear from
the context which stability definition is meant. For the statement of the
next result, recall that a matrix W € R%*? is semistable if and only if
limy_,o0 €Vt exists [21,69], whereas W is asymptotically stable if and only if
limy_,o0 eVt = 0.

Lemma 2.1. Suppose W € R%%? is essentially nonnegative. If W is
semistable (respectively, asymptotically stable), then there exist a scalar
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o > 0 (respectively, & > 0) and a nonnegative vector p € RL, p # 0,
(respectively, positive vector p € R%) such that

Wip+ap=o0. (2.4)

Proof. Since W is semistable if and only if A =0 or Re A < 0, where
A € spec(W), and ind(W) < 1, it follows from Theorem 4.6 of [15] that — W
is an M-matrix. Now, recalling that (see [93], p. 119) —W 7' is an M-matrix
if and only if there exist a scalar § > 0 and an n X n nonnegative matrix
B >> 0such that 8 > p(B) and — W' = B1,— B, it follows that WT can be
written as W7T = B — B14, where 8 > 0. Now, since B >> 0, it follows from
Theorem 8.3.1 of [92] that p(B) € spec(B) and there exists p >> 0, p # 0,
such that Bp = p(B)p. Hence, Wp = Bp — Bp = (p(B) — B)p = —ap,
where o = 3 — p(B) > 0, which proves that there exist p >> 0, p # 0, and
a > 0 such that (2.4) holds. In the case where W is asymptotically stable,
the result is a direct consequence of the Perron-Frobenius theorem. O

Finally, we introduce the notion of class Wy functions involving non-
decreasing functions.

Definition 2.5. A function w = [wy,...,wy|T : R? x V — RY, where
V C R?, is of class Wy if for every fixed y € V C R¥, w(2',y) << w(2”,y)
for all #/, 2" € RY such that 2/ << 2".

Note that if w(z,y) = W(y)z, where W : V — R?*4_ then the function
w(-,y) is of class Wy if and only if W (y) is nonnegative for all y € V), that is,
all entries of the matrix function W (-) are nonnegative. Furthermore, note
that if w(-,y) € Wy, then w(-,y) € W.

2.4 Generalized Differential Inequalities

In this section, we develop a generalized comparison principle involving dif-
ferential inequalities, wherein the underlying comparison system is partially
dependent on the state of a dynamical system. Specifically, we consider the
nonlinear comparison system given by

() = w(z(t),y(t), 2(to) =20, €Ly, (2.5)

where z(t) € Q@ C RY, ¢t € Z,,, is the comparison system state vector, y :
T — V C R® is a given continuous function, Z,, C 7 C R, is the maximal
interval of existence of a solution z(t) of (2.5), Q is an open set, 0 € Q, and
w: QxV — RY We assume that w(-,y(t)) is continuous in ¢ and satisfies
the Lipschitz condition

lw(z,y() —w(z",y@)I < L' = 2", teT, (2.6)
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for all 2/, 2" € Bs(zp), where § > 0 and L > 0 is a Lipschitz constant. Hence,
it follows from Theorem 2.2 of [110] that there exists 7 > 0 such that (2.5)
has a unique solution over the time interval [tg, to + 7].

Theorem 2.1. Consider the nonlinear comparison system (2.5). As-
sume that the function w : Q@ xV — R? is continuous and w(-,y) is
of class W. If there exists a continuously differentiable vector function
V =lv1,...,v9T : T,, — Q such that

V(t) << w(V(t),y(t), tEe L, (2.7)
then
Vity) << 20, 20€ Q, (2.8)
implies
V(t) << 2(t), tel,, (2.9)

where z(t), t € Z,,, is the solution to (2.5).

Proof. Since V(t), t € Z,,, is continuous it follows that for sufficiently
small 7 > 0,

V(t) << z2(t), te€ to, to+ 7). (2.10)

Now, suppose, ad absurdum, that inequality (2.9) does not hold on the entire

interval Z,,. Then there exists t € Z,, such that V(t) << z(t), t € [to,t),
and for at least one ¢ € {1,...,¢q},

PN A

vi(d) = zi(D) (2.11)
and
vi(t) < z(t), j#i, j=1,...,q (2.12)
Since w(-,y) € W, it follows from (2.7), (2.11), and (2.12) that
0i(t) < wi(V (), y(8)) < wiz(t), (D) = 2(?), (2.13)

which, along with (2.11), implies that for sufficiently small 7 > 0,
vi(t) > z(t), tet—7,1). (2.14)

This result contradicts the fact that V(t) << z(t), t € [to,1), and hence
establishes (2.9). O

Next, we present a stronger version of Theorem 2.1 where the strict
inequalities are replaced by soft inequalities.



16 CHAPTER 2

Theorem 2.2. Consider the nonlinear comparison system (2.5). As-
sume that the function w : Q@ x V — RY is continuous and w(-,y) is of class
W. Let z(t), t € Z,,, be the solution to (2.5) and [tg, to + 7] C Z,,. If there
exists a continuously differentiable vector function V' : [tg, to + 7] — Q such
that

V(t) << w(V (1), y(t), te[to, to+ 7], (2.15)
then
V(to) << z0, 20 € Q, (2.16)
implies
V(t) << 2(t), t€ [to, to+ 7). (2.17)

Proof. Consider the family of comparison systems given by
2(t) = w(z(t),y(t)) + ce, =z(to) = 20 + Ze, (2.18)

where € > 0, n € Zy, and t € I, . =, and let the solution to (2.18) be
denoted by s(,)(t,20 + Se), t € Izﬁge. Now, it follows from Theorem 3
of [44, p. 17] that there exists a compact interval [to, to + 7] C Z,, such
that s(,)(t, 20 + 5e), t € [to,to + 7], is defined for all sufficiently large n.
Moreover, it follows from Theorem 2.1 that

V(t) << S(n)(t, zZo + %e) << S(m)(t, Zo + %e), n>m, tEe [ty to+ 7],
(2.19)
for all sufficiently large m € Z,.. B
Since the functions s,)(t, 20 + 5e), t € [to, to + 7], n € Z,, are con-
tinuous in ¢, decreasing in n, and bounded from below, it follows that the
sequence of functions s¢,(+, 20 + £e) converges uniformly on the compact

interval [tg, tg + 7] as n — oo; that is, there exists a continuous function
Z: [to, to + 7] — Q such that

S(n) (t,Zo + %e) — 73(75), n — oo, (2.20)
uniformly on [to, t9 + 7]. Hence, it follows from (2.19) and (2.20) that
V() << 2(t), tE lto, to+ 7). (2.21)

Next, note that it follows from (2.18) that

t
smy(t, 20+ 5€) = 20 + Se + / w(s(y (0,20 + 5e€),y(0))do,
to

t € [to, to + 7], (2.22)
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which implies that Z(tg) = zp and, since y(-) and w(-,-) are continuous,
w(sm) (t, 20 + 2€),y(t)) — w(z(t),y(t)) as n — oo uniformly on [to, to + 7).
Hence, taking the limit as n — oo on both sides of (2.22) yields

Z(t) = z0 + /ttw(é(a),y(a))da, t € [to, to+ 7], (2.23)

which implies that 2(¢) is the solution to (2.5) on the interval [to, to + 7].
Hence, by uniqueness of solutions of (2.5) we obtain that 2(t) = z(¢), [to, to+
7]. This, along with (2.21), proves the result. O

Next, consider the nonlinear dynamical system given by
(t) = f(z(t)), =x(to) =m0, tE€ Iy, (2.24)

where z(t) € D C R", t € Z,,, is the system state vector, Z,, is the maximal
interval of existence of a solution z(t) of (2.24), D is an open set, 0 €
D, and f(-) is Lipschitz continuous on D. The following result is a direct
consequence of Theorem 2.2.

Corollary 2.2. Consider the nonlinear dynamical system (2.24). As-
sume that there exists a continuously differentiable vector function V : D —
O C RY such that

V'(z)f(z) << w(V(z),z), =xeD, (2.25)
where w : @ x D — R? is a continuous function, w(-,z) € W, and
2(t) = w(z(t),x(t)), =z(to) =20, t€Lsue (2.26)

has a unique solution z(t), t € Z,, 4,, where z(t), t € I,,, is a solution to
(224) If [to, to + 7’] CZy, ﬂIZO’mO, then

V(l‘o) <<zy, 2zy€Q, (227)
implies
V(e(t) << 2(t), L€ [to, to+ 7] (2.28)

Proof. For every given zy € D, the solution x(t), t € Z,, to (2.24) is
a well-defined function of time. Hence, define n(t) £ V(x(t)), t € Z,,, and
note that (2.25) implies

0(t) << w(n(t), z(t), € Ly (2.29)

Moreover, since [to, to + 7] C

20 N Lz, 2o 15 @ compact interval, it follows
from Theorem 2.2, with y(t) = z(t)

and V(xg) = n(ty) << zp, that

V(@) = n(t) << 2(8), t€ [to, to+ 7, (2.30)
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which establishes the result. O

If in (2.24) f : R™ — R" is globally Lipschitz continuous, then (2.24)
has a unique solution z(t) for all ¢ > t5. A more restrictive sufficient condi-
tion for global existence and uniqueness of solutions to (2.24) is continuous
differentiability of f : R™ — R™ and uniform boundedness of f’'(z) on R™.
Note that if the solutions to (2.24) and (2.26) are globally defined for all
xg € D and zg € Q, then the result of Corollary 2.2 holds for any arbitrar-
ily large but compact interval [tg, to + 7] C R,. For the remainder of this
chapter we assume that the solutions to the systems (2.24) and (2.26) are
defined for all t > t(. Continuous differentiability of f(-) and w(-,-) provides
a sufficient condition for the existence and uniqueness of solutions to (2.24)
and (2.26) for all t > ty.

2.5 Stability Theory via Vector Lyapunov Functions

In this section, we develop a generalized vector Lyapunov function frame-
work for the stability analysis of nonlinear dynamical systems using the
generalized comparison principle developed in Section 2.4. Specifically, con-
sider the cascade nonlinear dynamical system given by

2(t)=w(z(t),xz(t), =z(tg) =20, t>to, (2.31)
o(t) = f(x(t), x(to) = o, (2.32)

where zg € Q CRY, g € D C R", [27(t), 2T (#)]*, t > to, is the solution to
(2.31) and (2.32), w: Q@ x D — RY is continuous, w(-,z) € W, w(0,0) = 0,
f:D — R™ is Lipschitz continuous on D, and f(0) = 0.

The following definition involving the notion of partial stability is
needed for the next result.

Definition 2.6 ([70]). i) The nonlinear dynamical system (2.31) and
(2.32) is Lyapunov stable with respect to z if, for every ¢ > 0 and xy € D,
there exists 6 = d(e,zg) > 0 such that ||zg|| < 0 implies that ||z(¢)|| < € for
all ¢ > to.

1) The nonlinear dynamical system (2.31) and (2.32) is Lyapunov
stable with respect to z uniformly in xqg if, for every € > 0, there exists
0 = () > 0 such that ||z0]] < ¢ implies that ||z(¢)|| < e for all ¢ > ty and
for all zg € D.

ii1) The nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z if it is Lyapunov stable with respect to z and, for
every xg € D, there exists § = d(zp) > 0 such that ||zg]] < § implies that
limt%oo Z(t) =0.

iv) The nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z uniformly in xg if it is Lyapunov stable with respect
to z uniformly in xp and there exists 6 > 0 such that ||zo|| < ¢ implies that
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limy_,o0 2(t) = 0 uniformly in zp and zg for all zy € D.

v) The nonlinear dynamical system (2.31) and (2.32) is globally asymp-
totically stable with respect to z if it is Lyapunov stable with respect to z
and limy_, o, z(t) = 0 for all zp € R? and zy € R™.

vi) The nonlinear dynamical system (2.31) and (2.32) is globally asymp-
totically stable with respect to z uniformly in xg if it is Lyapunov stable with
respect to z uniformly in zy and lim;_, 2(¢) = 0 uniformly in zy and z( for
all zp € R? and zg € R™.

vii) The nonlinear dynamical system (2.31) and (2.32) is exponentially
stable with respect to z uniformly in xy if there exist positive scalars «, 8,
and ¢ such that |[zg]| < & implies that |[z(¢)| < a z|e ?¢t0), t > ¢y, for
all g € D.

viii) The nonlinear dynamical system (2.31) and (2.32) is globally ex-
ponentially stable with respect to z uniformly in x if there exist positive
scalars o and 3 such that ||z(t)|| < allzolle #¢~%0), t > to, for all zy € R?
and xg € R".

Theorem 2.3. Consider the nonlinear dynamical system (2.24). As-
sume that there exist a continuously differentiable vector function V : D —
Qﬂ@i and a positive vector p € RY such that V' (0) = 0, the scalar function
v:D — Ry defined by v(z) £ pTV(x), z € D, is such that v(z) > 0, x # 0,
and

V'(z)f(z) << w(V(x),z), x€D, (2.33)

where w : @ x D — R? is continuous, w(-,z) € W, and w(0,0) = 0. Then
the following statements hold:

i) If the nonlinear dynamical system (2.31) and (2.32) is Lyapunov stable
with respect to z uniformly in zp, then the zero solution z(t) = 0 to
(2.24) is Lyapunov stable.

i7) If the nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z uniformly in x¢, then the zero solution z(t) = 0
to (2.24) is asymptotically stable.

iii) If D = R", @ = R4, v : R® — R, is radially unbounded, and the
nonlinear dynamical system (2.31) and (2.32) is globally asymptoti-
cally stable with respect to z uniformly in x(, then the zero solution
z(t) =0 to (2.24) is globally asymptotically stable.

iv) If there exist constants v > 1, a > 0, and 3 > 0 such that v : D — R,
satisfies

allzll” < v(@) < Blell”, @€ D, (2.34)
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and the nonlinear dynamical system (2.31) and (2.32) is exponentially
stable with respect to z uniformly in xg, then the zero solution z(t) = 0
to (2.24) is exponentially stable.

v) If D =R", Q = RY, there exist constants v > 1, a > 0, and 5 > 0 such
that v : R® — R satisfies (2.34), and the nonlinear dynamical system
(2.31) and (2.32) is globally exponentially stable with respect to z
uniformly in xg, then the zero solution z(t) = 0 to (2.24) is globally
exponentially stable.

Proof. Assume there exist a continuously differentiable vector func-
tion V : D — QNRYL and a positive vector p € R such that v(z) =
ptV(x), x € D, is positive definite, that is, v(0) = 0 and v(z) > 0, = # 0.
Note that since v(z) = p'V(z) < max;—;__,{pi}e’V(z), x € D, the func-
tion eTV(z), z € D, is also positive definite. Thus, there exist r > 0 and
class K functions [85] a, B : [0, r] — Ry such that B,.(0) C D and

a(llz]l) < e'V(x) < B(llz])), = € B, (0). (2.35)

i) Let ¢ > 0 and choose 0 < € < min{e, r}. It follows from Lyapunov
stability of the nonlinear dynamical system (2.31) and (2.32) with respect
to z uniformly in zy that there exists u = u(é¢) = u(e) > 0 such that if
llzo]l1 < p, where || - |1 denotes the absolute sum norm, then ||z(¢)||1 < «(é),
t > tg, for every xg € D. Now, choose zyp = V(zg) >> 0, g € D. Since
V(z), z € D, is continuous, the function eTV(z), x € D, is also continuous.
Hence, for pn = (&) > 0 there exists 6 = §(u(€)) = d(e) > 0 such that 6 < &,
and if ||zo|| < &, then eV (xg) = eT2y = ||z0ll1 < p, which implies that
[z < alé), t = to.

Now, with zyp = V(xg) >> 0, zyp € D, and the assumption that
w(,x) € W, z € D, it follows from (2.33) and Corollary 2.2 that 0 <<
V(z(t)) << z(t) on every compact interval [tg, to + 7], and hence, e'z(t) =
|z(t)||1, t € [to,to+ 7]. Let 7 > to be such that z(t) € B,(0), t € [to,to + 7],
for all g € Bs(0). Thus, using (2.35), if ||zo|| < J, then

a(llz@)]) <etV(z(t) <eTz(t) < a(é), teElto, to+7], (2.36)

which implies ||z(t)]| < € < ¢, t € [to, to+ 7]

Next, suppose, ad absurdum, that for some xg € Bs(0) there exists
t > to + 7 such that ||z(f)|| = &. Then, for zy = V(xg) and the compact
interval [tg, f] it follows from (2.33) and Corollary 2.2 that V (z(#)) << z(),
which implies that a(8) = a(||z(f)|) < €TV (x(#)) < eT2(f) < a(é). This is
a contradiction, and hence, for a given € > 0 there exists § = d(¢) > 0 such
that for all xg € Bs(0), ||z(t)| < e, t > to, which implies Lyapunov stability
of the zero solution x(t) = 0 to (2.24).

i1) It follows from i) and the asymptotic stability of the nonlinear
dynamical system (2.31), (2.32) with respect to z uniformly in xo that the
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zero solution to (2.24) is Lyapunov stable and there exists p > 0 such that
if ||z0l1 < p, then limy, 2(t) = 0 for every z¢p € D. As in i), choose
20 = V(xg) >> 0, 29 € D. It follows from Lyapunov stability of the zero
solution to (2.24) and the continuity of V' : D — QNRY that there exists
§ = 6(u) > 0 such that if ||zo|| < 6, then ||x(t)| < r, t > tg, and eTV (zg) =
ez = ||zl < p. Thus, by asymptotic stability of (2.31) and (2.32)
with respect to z uniformly in zg, for every arbitrary € > 0 there exists
T =T\(g) > to such that ||z(t)||1 < a(e), t > T. Thus, it follows from (2.33)
and Corollary 2.2 that 0 << V(z(t)) << z(t) on every compact interval
[to, T + 7], and hence, e z(t) = ||z(t)||1, t € [to, T + 7], and, by (2.35),

all|z)]]) <etV(z(t) <e'z(t) <ale), te[l, T+7]. (2.37)

Now, suppose, ad absurdum, that for some g € Bs(0), limy_, o z(t) #
0, that is, there exists a sequence {t;}%2,, with ¢, — oo as k — oo, such
that ||z(tx)|| > é, k € Z,, for some 0 < & < r. Choose ¢ = ¢ and the
interval [T, T + 7] such that at least one t; € [T, T + 7]. Then it follows
from (2.37) that a(e) < a(||z(tx)]|) < a(e), which is a contradiction. Hence,
there exists § > 0 such that for all 2o € B;s(0), lim;_,~ () = 0 which, along
with Lyapunov stability, implies asymptotic stability of the zero solution
z(t) =0 to (2.24).

iii) Suppose D = R", Q = RY, v : R — R, is a radially unbounded
function, and the nonlinear dynamical system (2.31) and (2.32) is globally
asymptotically stable with respect to z uniformly in xy. In this case, for
V :R™ — R the inequality (2.35) holds for all = € R™, where the functions
a, B: Ry — R, are of class K4, [85]. Furthermore, Lyapunov stability of
the zero solution x(t) = 0 to (2.24) follows from 7). Next, for every xy € R"
and zp = V(zg) € @i, identical arguments as in i7) can be used to show
that limy_, o, 2(t) = 0, which proves global asymptotic stability of the zero
solution z(t) = 0 to (2.24).

iv) Suppose (2.34) holds. Since p € R, then

dllz))” < e'V(z) < Bllz||”, = €D, (2.38)

where & £ o/ max;—1__,{p;} and B A B/ mini—1 __.{pi}. It follows from the
exponential stability of the nonlinear dynamical system (2.31) and (2.32)
with respect to z uniformly in zy that there exist positive constants -, u,
and 7 such that if ||zg]|1 < p, then

126l < Allzollie™™ ), & > o, (2.39)

for all zyp € D. Choose zg = V(zg) >> 0, z9 € D. By continuity of
V :D — QNRY, there exists § = d(u) > 0 such that for all 29 € Bs(0),
eV (zg) = €'z = ||z0|l1 < p. Furthermore, it follows from (2.33), (2.38),
(2.39), and Corollary 2.2 that, for all zy € Bs(0), the inequality

Azt <e'V(x(t)) < e2(t)
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<7z |10

<yB|zo e 1) (2.40)

holds on every compact interval [to,to + 7]. This in turn implies that, for
every xg € B;(0),

||x(t)||g<7§> leolle™ 20, ¢ € [to, 8o + 7], (2.41)

Now, suppose, ad absurdum, that for some xy € Bs(0) there exists
t > tg + 7 such that

1
. vB\" _nG_
()] > <a> lzofle™ v ). (2.42)

Then for the compact interval [to, ], it follows from (2.41) that

1
. Y8\ " g
lz(@)]| < <a> Jazg|e~ v E=t0), (2.43)

which is a contradiction. Thus, inequality (2.41) holds for all ¢t > ¢, estab-
lishing exponential stability of the zero solution z(t) = 0 to (2.24).
v) The proof is identical to the proof of iv). O

ftv:D—-9n E‘i satisfies the conditions of Theorem 2.3 we say that
V(z), z € D, is a vector Lyapunov function [159]. Note that for stability
analysis each component of a vector Lyapunov function need not be posi-
tive definite with a negative definite or negative-semidefinite time derivative
along the trajectories of (2.31) and (2.32). This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of nonlinear dynamical systems.

It is important to note here that comparison systems with vector fields
dependent on the states of both the system dynamics and the comparison
system have been addressed in the literature [61,65,66], with [65] providing
stability analysis using partial stability notions. However, a key difference
between our formulation and the results given in [65] is in the definitions of
partial stability used to analyze the stability of the generalized comparison
system.

Specifically, the partial stability definitions used in [65] (see Defini-
tions 2 and 3 on pages 161 and 162) require that the entire initial system
state of the generalized comparison system lie in a neighborhood of the ori-
gin, whereas in our definition of partial stability the initial system state
corresponding to (2.32) can be arbitrary. This weaker assumption leads to
stronger results. Furthermore, in Theorem 2.3 each component of the vector
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Lyapunov function is dependent on the entire state x of the dynamical sys-
tem, while in Theorem 29 of [65] (see p. 210) the vector Lyapunov function
is component-decoupled, that is, V(z) = [vi(x1),...,v4(zy)]T, zi € R™,
i =1,...,q. In addition, in Theorem 2.3 we only require that the scalar
function v(z) £ pTV(x), x € D, be positive definite, whereas in Theorem
29 of [65] each component of a vector Lyapunov function V(z), z € D, is
assumed to be a positive-definite function of its argument.

Sufficient conditions for partial stability of the nonlinear dynamical
system (2.31) and (2.32) are given in [70]. Specifically, Theorem 1 of [41]
establishes partial stability of (2.31) and (2.32) in terms of a scalar Lya-
punov function that is dependent on both the states z and z. Alternatively,
Corollary 1 of [41] provides partial stability of (2.31) and (2.32) in terms of a
scalar Lyapunov function that is only dependent on the comparison system
state z, which can simplify the stability analysis. In this case, the expanded
dimension of the system (2.31) and (2.32) does not introduce additional
complexity for the partial stability analysis of the generalized comparison
system. As in standard vector Lyapunov theory, this ensures a reduced di-
mension for the analysis of the comparison system while addressing a more
general class of nonlinear systems. This point is further discussed in Section
5.4.

The following corollary to Theorem 2.3 is immediate and corresponds
to the standard vector Lyapunov theorem addressed in the literature [159].

Corollary 2.3. Consider the nonlinear dynamical system (2.24). As-
sume that there exist a continuously differentiable vector function V : D —
on @i and a positive vector p € R? such that V(0) = 0, the scalar function
v:D — Ry defined by v(z) £ pTV(x), z € D, is such that v(z) > 0, x # 0,
and

V'(z)f(x) <<w(V(x)), €D, (2.44)

where w : @ — R? is continuous, w(-) € W, and w(0) = 0. Then the
stability properties of the zero solution z(t) =

2(t) = w(z(t)), =z(tg) ==z, t=>to, (2.45)

where zg € O, imply the corresponding stability properties of the zero so-
lution z(t) = 0 to (2.24). In particular, if the zero solution z(t) = 0 to
(2.45) is Lyapunov (respectively, asymptotically) stable, then the zero so-
lution z(t) = 0 to (2.24) is Lyapunov (respectively, asymptotically) stable.
If, in addition, D = R", @ = RY, and v : R” — R, is a positive-definite,
radially unbounded function, then global asymptotic stability of the zero
solution z(t) = 0 to (2.45) implies global asymptotic stability of the zero
solution z(t) = 0 to (2.24). Moreover, if there exist constants v > 1, a > 0,
and 3 > 0 such that v : D — R satisfies (2.34), then exponential stability
of the zero solution z(t) = 0 to (2.45) implies exponential stability of the
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zero solution z(t) = 0 to (2.24). Finally, if D = R"™, Q = RY, there exist con-
stants v > 1, a > 0, and 8 > 0 such that v : R® — R satisfies (2.34), then
global exponential stability of the zero solution z(t) = 0 to (2.45) implies
global exponential stability of the zero solution z(t) = 0 to (2.24).

Proof. The proof is a direct consequence of Theorem 2.3 with w(z, )
= w(z). O

Example 2.1. Consider the nonlinear dynamical system given by

il(t) = —$1(t) - $%(t)$§(t), xl(()) = T10, t Z O, (2.46)
i 2 (t)z5(t), x2(0) = wa. (2.47)

Note that Lyapunov’s indirect method fails to yield any information on the
stability of the zero solution z(t) £ [z1(t), z2(t)]T = 0 of (2.46) and (2.47).
To examine the stability of (2.46) and (2.47) consider the vector Lyapunov
function candidate V(z) = [v1(z),v2(2)]T, 2 € R?, with vi(z) = 2% and
vo(z) = f23. Clearly, V(0) = 0 and €TV (z), x € R?, is a positive-definite
function.

Next, consider the domain D £ {z € R?: |z1| < 1, |za| < ¢3}, where

co > 0, and note that

b1 (2(t) =21 () (=21 (t) — 2 ()3 (8)) < —af(t) + [aF ()23 (1)]
< (=2 + 263wy (z(t)), (2.48)
ba(a(t)) = 23(t) (—a3(t) + 2T (t)a3(t)) < —a3(t) + [aT(t)x3(t)]
<2¢301(x(t)) — 8v3 (x(t)), (2.49)

for all z(t) € D, t > 0. Thus, the comparison system (2.45) is given by
Z1 (t) = (—2 + 26%)2’1 (t), 21 (0) = z19, t>0, (250)
3
Z(t) =2c321(t) — 823 (),  22(0) = 220, (2.51)

— 3
where (210, 220) € Ry xR Note that w(z) = [(=2+2¢3)z1, 252 —822]T €
2 T
W, where z = [z1, 23] .
Next, to show stability of the zero solution z(¢) = 0 to the comparison
system, consider the linear Lyapunov function candidate v(z) = 21 + 29, z €

@i. Clearly, v(0) = 0 and v(2) > 0, z € Ei \ {0}. Moreover,

0(2(1) = 2=1 4 & + )z () — 822 (1), ¢ > 0. (2.52)

In order to ensure asymptotic stability of the zero solution z(t) = 0, it
suffices to take co = 0.83. In this case, it follows from Corollary 2.3 that the
zero solution z(t) = 0 to (2.46) and (2.47) is asymptotically stable. A
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Next, we present a convergence result via vector Lyapunov functions
that allows us to establish asymptotic stability of the nonlinear dynamical
system (2.24) using weaker conditions than those assumed in Theorem 2.3.

Theorem 2.4. Consider the nonlinear dynamical system (2.24), as-
sume that there exist a continuously differentiable vector function V =
[v1,...,0]T : D — QN RY and a positive vector p € RL such that V(0) = 0
the scalar function v : D — R, defined by v(z) £ p'V(x), x € D, is such
that v(xz) > 0, z # 0, and

V'(z)f(z) << w(V(z),z), =z €D, (2.53)

where w : @ x D — RY is continuous, w(-,z) € Wy, and w(0,0) = 0,
such that the nonlinear dynamical system (2.31) and (2.32) is Lyapunov
stable with respect to z uniformly in zg. Let R; £ {z € D : vi(z)f(z) —
w;(V(z),z) = 0},i=1,...,q. Then there exists D. C D such that z(t) —
R £ NY_,R; as t = oo for all z(ty) = xg € De. Moreover, if R contains no
trajectory other than the trivial trajectory, then the zero solution z(¢) =0
to (2.24) is asymptotically stable.

Proof. Since the nonlinear dynamical system (2.31) and (2.32) is
Lyapunov stable with respect to z uniformly in xo, it follows that there
exists § > 0 such that if ||z]; < 4, then the partial system trajectories

z(t), t > to, of (2.31) and (2.32) are bounded for all zp € D. Furthermore,
since V(z), z € D, is continuous, it follows that there exists & = 6,(8) > 0
such that €TV (zg) < 4 for all 2y € By, (0). In addition, it follows from
Theorem 2.3 that the zero solution z(¢) = 0 to (2.24) is Lyapunov stable,

and hence, for a given £ > 0 such that B.(0) C D there exists o = da(g) > 0
such that if o € Bs,(0), then z(t) € B:(0), t > to, where x(t), t > to, is
the solution to (2.24). Choose § = min{d,d2} and define D. = B;(0) C D.
Then for all zp = V(z¢) and z¢ € D, it follows that z(t) € B.(0), t > to,
and z(t), t > tp, is bounded.

Next, consider the function

Wi(z,t) £ v;(x) —/ wi(V(z(s)),xz(s))ds, t>ty, €D, i=1,...,q.

to

(2.54)
It follows from (2.53) that

Wiz (t), 1) = vj(a(t)) f(2(t) — wi(V(2(t),2(t)) <0, t>ty, z0€TD,
(2.55)
which implies that W;(x(¢),t), ¢ € {1,...,q}, is a nonincreasing function

of time, and hence, lim; .o, W;i(z(t),t), 7 € {1,...,q}, exists. Moreover,
Wi(z(to), to) = vi(xz(tn)) < 4oo for all z(tg) = x9 € D since v;(z), €
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D,ie{l,...,q}, is continuous. Now, suppose, ad absurdum, that for some
initial condition z(tg) = z¢ € D,
lim Wj(z(t),t) = —o0,i € {1,...,q}. (2.56)
t—00
Since the function v;(z), x € D, i € {1,...,¢q}, is continuous on the compact

set B:(0), it follows that v;(x(t)), t > tg, is bounded, and hence,

t
lim wi(V(x(s)),z(s))ds = 400, i € {1,...,q}. (2.57)
t—00 to
Now, it follows from (2.53) and Corollary 2.2 that V(x(t)) << z(t), t > to,
for z(to) = V(x(tp)). Note that since z¢ € D, it follows that z(t), t > to, is
bounded.
Furthermore, since w(-, z) € Wy it follows that

t
vi(x(t)) <wvilz(to)) + / wi(V(2(s)), x(s))ds

to
t
Szi(to)+/t wi(z(s), z(s))ds

=z(t), (2.58)
for all t > ty. Since z(t), t > to, is bounded and v;(z), x € D, i € {1,...,q},
is continuous, it follows that there exists M > 0 such that

/t wi(V(z(s)),xz(s))ds| < M < o0, t>ty, 1€{l,...,q}. (2.59)

to

This is a contradiction, and hence, lim;_, o W;(z(t),t), i € {1,...,q}, exists
and is finite for every xg € D.. Thus, for every zg € D, it follows that

t

Wi(w(S),S)dSZ/ [vi((s)) f(2(5)) — wi(V(x(s)), z(s))]ds

to to

=Wi(z(t),t) — Wi(wo,t0), t>to, (2.60)

and hence,

Tim [ [e4(2(s) £ (@(s) — wV(@(s). x(s)ids, i€ {L....q} (261)
2 Jio
exists and is finite.
Next, since f(-) is Lipschitz continuous on D and z(t) € B:(0) for all
xg € D. and t > tg, it follows that

" fa(s))ds

t1

[ (t2) — x(t) = < L/ 2 lz(s)llds < Le(ta — t1),

t1

ty >t > to, (2.62)
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where L is the Lipschitz constant on D.. Thus, it follows from (2.62) that
for every v > 0 there exists u = pu(y) = 7= such that

[e(ta) —x(t)l <, [tz —ta] < p, (2.63)

which shows that z(t), t > tg, is uniformly continuous. Next, since x(t) is
uniformly continuous and v}(x)f(z) — w;(V(z),z), z € D, i € {1,...,q}, is
continuous, it follows that v}(x(t))f(x(t)) —w;(V(x(¢)),z(t)), : € {1,...,q},
is uniformly continuous at every t > to. Hence, it follows from Barbalat’s
lemma [70, p.221] that vi(z(t))f(z(t)) — wi(V(z(t)),z(t)) — 0 as t — oo
for all zyp € D. and ¢ € {1,...,q}. Repeating the above analysis for all
i=1,...,q, it follows that z(¢t) - R = NI_| R, for all zy € D.. Finally, if R
contains no trajectory other than the trivial trajectory, then R = {0}, and
hence, x(t) — 0 as t — oo for all gy € D, which proves asymptotic stability
of the zero solution z(t) = 0 to (2.24). O

Note that R = N’_;R; # O since 0 € R. Furthermore, recall that
for every bounded solution z(t), ¢ > to, to (2.24) with initial condition
x(ty) = xg, the positive limit set w(zg) of (2.24) is a nonempty, compact,
invariant, and connected set with x(t) — w(zg) as t — oo [70]. If ¢ =1
and w(V(x),r) = 0, then it can be shown that the Lyapunov derivative
V(z) vanishes on the positive limit set w(zg), zo € D, so that w(xp) € R.
Moreover, since w(xg) is a positively invariant set with respect to (2.24), it
follows that for all 2y € D, the trajectory of (2.24) converges to the largest
invariant set M contained in R. In this case, Theorem 2.4 specializes to the
classical Krasovskii-LaSalle invariant set theorem [70].

If for some k € {1,...,q}, wg(V(z),z) = 0 and vi(z)f(z) < 0,z €
D, x # 0, then R = Ry, = {0}. In this case, it follows from Theorem 2.4
that the zero solution x(t) = 0 to (2.24) is asymptotically stable. Note
that even though for £ € {1,...,¢} the time derivative 0x(z), z € D, is
negative definite, the function vi(z), € D, can be nonnegative definite, in
contrast to classical Lyapunov stability theory, to ensure asymptotic stability
of (2.24).

Next, we use the vector Lyapunov stability results of Theorem 2.3
to develop partial stability analysis results for nonlinear dynamical sys-
tems [41]. Specifically, consider the nonlinear dynamical system (2.24) with
partitioned dynamics? given by

a1(t) = fi(z1(t), zn(t)),  ailto) =0,  t > to, (2.64)
an(t) = fular(t), zu(t),  zu(te) = 2o, (2.65)

where z1(t) € Dy, t > to, D1 € R™ is an open set such that 0 € Dy,
xzr(t) € RMt > ¢y, fr : D x R™M — R™ is such that for all zy; € R™1,

2Here we use the Roman subscripts I and II as opposed to Arabic subscripts 1 and 2
for denoting the partial states of & not to confuse the partial states with the component
states of the vector Lyapunov function.
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fI(O,J,‘H) = 0 and f[(‘,.%’H) is locally Lipschitz in x1, fi1 : Dy x R™MI —
R™1 is such that for every z; € Dr, fr(zr,-) is locally Lipschitz in zyp,
z(t) £ [2f (), 25@#)]T € D =Dy x R C R t > tg, 19 = |21y, 2750] T, and
n1 + nip = n. For the nonlinear dynamical system (2.64) and (2.65) the
definitions of partial stability given in Definition 2.6 hold with (2.31) and
(2.32) replaced by (2.64) and (2.65). Note that for the dynamical system
(2.24), f(zr,zn) = [ (zr,2n), fi (2 20))t, (2, 20) € Dr x R

Corollary 2.4. Consider the nonlinear dynamical system (2.64) and
(2.65). Assume that there exist a continuously differentiable vector function
V : D x R — QN R, a positive vector p € RZ, and class K functions
a(+) and B(-) such that the scalar function v : D; x R™I — R, defined by
v(x1, x11) 2 ptV (21, 211) satisfies

allzi])) < v(xnzn) < B(lzil), (w1, 21) € Dp x R™, (2.66)
and

V' (zr, zn) f (1, 2n) << w(V (21, zn), 2, 2n), (z1,zmm) € Dp x R™,
(2.67)

where w : Q x Dy x R™ — RY is continuous, w(-,zr,z1) € W, and
w(0, 1, x11) = 0, (z1,211) € D1 X R™I. Then the following statements hold:

i) If the nonlinear dynamical system (2.31), (2.64), and (2.65) is Lya-
punov (respectively, asymptotically) stable with respect to z uniformly
in (x10,10), then the nonlinear dynamical system (2.64) and (2.65)
is Lyapunov (respectively, asymptotically) stable with respect to zp
uniformly in xg.

it) If Dy = R™, Q = RY, the functions «(-) and B(-) are class K, and
the nonlinear dynamical system (2.31), (2.64), and (2.65) is globally
asymptotically stable with respect to z uniformly in (219, z110), then
the nonlinear dynamical system (2.64) and (2.65) is globally asymp-
totically stable with respect to a1 uniformly in xyy.

iii) If there exist constants v > 1, a > 0, and § > 0 such that v :
D1 x R™ — R, satisfies

allzrl]” < v(erzn) < Bllar|l”,  (zr,zn) € Dr x R™M (2.68)

and the nonlinear dynamical system (2.31), (2.64), and (2.65) is ex-
ponentially stable with respect to z uniformly in (z19, o), then the
nonlinear dynamical system (2.64) and (2.65) is exponentially stable
with respect to zy uniformly in zyg.
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iv) If Dy = R™M, Q = RY, there exist constants v > 1, & > 0, and 8 > 0
such that v : R™ x R™ — R, satisfies (2.68), and the nonlinear
dynamical system (2.31), (2.64), and (2.65) is globally exponentially
stable with respect to z uniformly in (xyg,x110), then the nonlinear
dynamical system (2.64) and (2.65) is globally exponentially stable
with respect to a1 uniformly in xyy.

Proof. To show Lyapunov stability of the nonlinear dynamical system
(2.64) and (2.65) with respect to 1 uniformly in 2y, recall that w(-, z1, z11)
e W and w(0,zr,211) = 0, (21, 211) € Dp x R™1 ensures that the partial
solution z(t), t > to, to the nonlinear dynamical system (2.31), (2.64), and
(2.65) remains in Ei for all zg € Ei and (x10,x110) € D1 x R™I. Since
p € RY is a positive vector it follows from (2.66) that

afflzrll) B(ll1]])

—<eTV961 ) & —/——————~
maXi:l,...,(I{pi} ( ’ ) mlni:l,...,q{pi}’

(1, 211) € Dp x R™L
(2.69)

Next, let € > 0 and note that it follows from Lyapunov stability of
the nonlinear dynamical system (2.31), (2.64), and (2.65) with respect to z
uniformly in (219, z110) that there exists p = p(e) > 0 such that if ||zo|1 < p
and 29 € R}, then |2(t)]1 < a(e)/max;—1, 4{p;} and z(t) € R, t >
to, for every (xy9,zm9) € Dr x R™MI. Now, choose zyg = V(x10,x110) >>
0, (z10, 7110) € D1 x R™1. Since V(-,-) is continuous, the function eTV (-, -
is also continuous. Moreover, it follows from the continuity of £(-) that
for p = p(e) there exists 6 = d(u(e)) = d(e) > 0 such that § < ¢ and
if ||lzp| < 0, then B(||zol])/ min—1,. 4{pi} < p which, by (2.69), implies
that etV (210, z110) = €20 = ||20/l1 < w for all 2119 € R™1, and hence,
elz(t) = ||z2(t)|1 < a(e)/ max;—1,_4{pi}, t > to. In addition, it follows from
(2.67) and Corollary 2.2 that V(z1(t),zn(t)) << z(t) on every compact
interval [tg, to + 7]. Thus, it follows from (2.69) that for all ||z < 4,
z1r0 € R™MI, and t € [to, to +T],

afllzr(®)])

maxizl,...,q{l?i}

~—

a(e)

<e'V(zi(t),au(t)) < e'z(t) < maxi—1,__q{pi}’

(2.70)
which implies that ||z1(¢)|| < ¢, t € [to, to + 7]

Next, suppose, ad absurdum, that for some xyg € Dy with ||zp] < §
and for some z1g € R™! there exists ¢ > to such that ||z1(¢)|| = €. Then, for

20 = V (210, 2110) and the compact interval [to, {] it follows from Corollary
2.2 that V(x1(t), z11(t)) << z(t), which implies that

a(e) _a(l= @)
maxi=1,.g{pi} Mmax=1__ ¢{pi}
<e'V(x1(t), zn(t))
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<elz(t)

e (2.71)
maXi:l,...,q{pi}

This is a contradiction, and hence, for a given € > 0 there exists § =
0(g) > 0 such that for all ;g € Dr with |zp|| < § and for all zpp €
R™||z1(¢)|| < e, t > to, which implies Lyapunov stability of the nonlinear

dynamical system (2.64) and (2.65) with respect to x1 uniformly in zyyo.
The remainder of the proof involves similar arguments as given above
and as in the proof of parts i) — v) of Theorem 2.3 and, hence, is omitted.
O

Next, we provide a time-varying extension of Corollary 2.3. In partic-
ular, we consider the nonlinear time-varying dynamical system

B(t) = f(t,a(t), x(to) =z0, t>to, (2.72)

where z(t) € D CR", 0 € D, f : [tp,00) x D — R™ is such that f(-,-) is
jointly continuous in ¢ and x, for every t € [tg, 00), f(¢,0) =0, and f(¢,-) is
locally Lipschitz in z uniformly in ¢ for all ¢ in compact subsets of [0, c0).

Theorem 2.5. Consider the nonlinear time-varying dynamical system
(2.72). Assume that there exist a continuously differentiable vector function
V :[0,00) x D — QN Ei, a positive vector p € R%, and class K functions
a,B : [0,7] — Ry such that V(t,0) = 0, € [0,00), the scalar function
v :[0,00) x D — Ry defined by v(t,z) = pTV(t, z), (t,2) € [0,00) x D, is
such that

afllz]]) < vt x) < B(lzl)), (t,2) €[0,00) x Br(0), B(0) D, (2.73)

and
%—‘;(t,x) + Z—Z(t,x)f(t,x) <<w(t,V(t,z)), (t,x)€[0,00)x D, (2.74)

where w : [0,00) x Q@ — R? is continuous, w(t,-) € W, and w(t,0) =0, t €
[0,00). Then the stability properties of the zero solution z(t) = 0 to

2(t) =w(t, 2(t)), =z(to) =20, t>to, (2.75)

where zp € @ N Ei, imply the corresponding stability properties of the zero
solution z(t) = 0 to (2.72). In particular, if the zero solution z(t) = 0 to
(2.75) is uniformly Lyapunov (respectively, uniformly asymptotically) stable,
then the zero solution z(¢) = 0 to (2.72) is uniformly Lyapunov (respectively,
uniformly asymptotically) stable. If, in addition, D = R", Q = R?, and
a(-), B(-) are class Ko functions, then global uniform asymptotic stability
of the zero solution z(t) = 0 to (2.75) implies global uniform asymptotic
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stability of the zero solution z(t) = 0 to (2.72). Moreover, if there exist
constants ¥ > 1, a > 0, and § > 0 such that v : [0,00) x D — R, satisfies

allzll” < vt x) < Blal”,  (t,x) € 0,00) x D, (2.76)

then exponential stability of the zero solution z(t) = 0 to (2.75) implies
exponential stability of the zero solution z(t) = 0 to (2.72). Finally, if
D =R", Q = RY, there exist constants v > 1, a > 0, and 8 > 0 such that
v : [0,00) x R® — R, satisfies (2.76), then global exponential stability of
the zero solution z(t) = 0 to (2.75) implies global exponential stability of
the zero solution z(t) = 0 to (2.72).

Proof. The proof is a direct consequence of Corollary 2.4 with x1(t) =
x(t), J,‘H(t) =t, n =1, and fH(JJI(t),JJH(t)) =1. O

Example 2.2. Consider the nonlinear time-varying dynamical system
given by

i 5 .
1(6) = =205 + sinthan (1) + (5 + sint) | [21(0) xﬁz}e) j: E%l(it)) + 23(0) _

—(14 e [z1(t) + 22(t))”, 21(to) = z10, > to, (2.77)
[[1(t) = 22()]® — w1 () + 22(1))*]
I i (t) + z3(t) ]
—(1+e Y [z(t) +22(0)]°, x2(to) = o0. (2.78)

Zo(t) =—2(5 + sint)xzo(t) + (5 + sint)

To analyze (2.77) and (2.78), consider the vector Lyapunov function V(z) =
Vi(z), Va(z)]Y, 2 € R%, & & [21, 22)T, where

1
Vi(z)= 5(.%’1 — l‘g)z, z € R?,

1
Va(z) = 5(531 +12)%, zeR%.

Note that each component of V() is not positive definite, whereas e*V (z) =
Vi(z)+ Va(z) = 22+ 23, © € R?, is positive definite and radially unbounded.
Using the fact that % <1, for all a,b € R, it follows that

Vi(t, ) < —=2(5 +sint)(zy — 22)? + 2(5 + sint)(z1 + z2)>

=—4(5+sint)Vi(x) + 4(5 + sint)Va(x) (2.79)
and
Va(t,z) < —2(5 + sint)(xy + x2)? + 2(5 + sint)(z1 — 22)?
—2(1 + e Y (w1 + 29)°
=4(5 +sint)Vi(x) — 4(5 + sint)Va(z) — 16(1 + e )V (z). (2.80)
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Next, consider the comparison system given by
2(t) =w(t, 2(t)), =z(to) =20, t>to, (2.81)
where

—4(5+sint)z; + 4(5 + sint)zy

Wh2) = | 45+ sint)zy — A(5 + sint)z — 16(1 + )23 |

and note that w(t,-) € W. To show global uniform asymptotic stability of
the comparison system (2.81), consider the scalar Lyapunov function

1 1 —
v(z) = 52% + 523, z € Ri,

and note that
1 =2
§||ZH2 <w(z) < |2[% z€eR.
Furthermore, note that
0(2) < —16(z1 — 20)? — 1624 <0, z€R., z#0. (2.82)

Since the right-hand side of (2.82) is negative-definite, it follows from The-
orem 2.5 that the zero solution x(t) = 0 to (2.77) and (2.78) is globally
uniformly asymptotically stable.

Alternatively, consider the quadratic scalar Lyapunov function for the
system (2.77) and (2.78) given by

v(z) = eV (z) = Vi(z) + Va(z) = 2 + 23, 2 €R? (2.83)
and note that it follows from (2.79) and (2.80) that
o(t,x) < —2(1 +e ) (x1 +22)° <0, z€R? (2.84)

which only proves uniform Lyapunov stability of the zero solution z(t) = 0
to (2.77) and (2.78). In addition, note that the Krasovskii-LaSalle invariance
principle cannot be used in this case since (2.77) and (2.78) is time-varying.
Finally, consider the more general quadratic scalar Lyapunov function
given by
’U(.’,U) = plx% +p2$%, T R27 (285)
where p1,p2 > 0, and note that

O(t,z) =—4(5 + sin t)(plx% + pgxg)

)(961 — x3)°
x% + .75%
(x1 + $U2)3
x% + SU%

—2(1+ e_t)(plxl + paxe)(x1 + x2)5, r € R2. (2.86)

+2(5 + sin t) (lel + paxa

+2(5 + sin t) (lel — p21‘2)
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It is clear that if p; # po, then 0(t,z) is sign indefinite, whereas if we set
p1 = p2 = p > 0, then v(¢,x) satisfies inequality (2.84), modulo p, which
again only proves uniform Lyapunov stability of the zero solution z(t) = 0
o (2.77) and (2.78). A

Next, we give a generalization of the converse Lyapunov theorem that
establishes the existence of a vector Lyapunov function for an asymptotically
stable nonlinear dynamical system. This result is used in Chapter 5 to es-
tablish the equivalence between asymptotic stabilizability and the existence
of a control vector Lyapunov function.

Theorem 2.6. Consider the nonlinear dynamical system (2.24). Let
d > 0 and Dy = Bs(0) C D, and assume that f : D — R" is continuously
differentiable and the zero solution x(t) = 0 to (2.24) is asymptotically sta-
ble. Then there exist a continuously differentiable componentwise positive
definite vector function V = [v1,...,v]T : Dy — RY and a continuous func-
tion w = [wy,...,wyl" : E‘i — R? such that V(0) =0, w(-) € W, w(0) =0,
V() f(z) << w(V(x)), x € Dy, and the zero solution z(t) = 0 to

2(t) = w(z(t)), =z(tg) =z, t=>to, (2.87)

where 2y € Ei, is asymptotically stable.

Proof. Since the zero solution z(t) = 0 to (2.24) is asymptotically
stable it follows from Theorem 3.14 of [110] that there exist a continuously
differentiable positive definite function ¥ : Dy — R, and class K functions
[85] a(-), B(+), and ~y(-) such that

a([[=]]) < o(x) < B([|=]]), = € Do, (2.88)
v'(x)f(z) < =y(lzl), € Do. (2.89)
Furthermore, it follows from (2.88) and (2.89) that

'(2)f(x) < —yo B (0(x)), « € Dy, (2.90)

where “o” denotes the composition operator and =1 : [0,8(5)] — R, is
the inverse function of $(-), and hence, f~!(-) and v o 8~1(-) are class K
functions.

Next, define V = [v1,...,v,]T : Dy — RY such that v;(z) £ ¥(z), z €
Do, i=1,...,q. Then it follows that V(0) = 0 and V'(x) f(z) << w(V(zx)),
x € Dy, where w = [wy,...,w,|" : RY — R is such that w;(V(z)) =

—v 0 B (vi(z)), = € Dy. Note that w(-) € W and w(0) = 0. To show
that the zero solution z(t) = 0 to (2.87) is asymptotically stable, consider
the Lyapunov function candidate ©(z) = elz, z € @i. Note that v(0) = 0,
0(z) >0, z€ RL, 2 #0, and @(z) =-Y9 7087 (z) <0, z€ Ei, 2z # 0.
Thus, the zero solution z(tf) = 0 to (2.87) is asymptotically stable, which
completes the proof. O
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Finally, to elucidate how to use the vector Lyapunov functions frame-
work to address the problem of control design for nonlinear dynamical sys-
tems consider the controlled nonlinear dynamical system given by

B(t) = F(z(t),u(t)), z(to) =z0, t>to, (2.91)

where xg € D, D C R" is an open set, 0 € D, u(t) € U CR™, t > tg, is the
control input, U is the set of all admissible control inputs, F' : D x U — R"”
is Lipschitz continuous for all (z,u) € D x U, and F(0,0) = 0. Moreover,
assume that for every z¢p € D and u € U the solution z(¢) to (2.91) is unique
and defined for all ¢ > t.

Next, assume there exist a continuously differentiable vector function
V:D— 9n E‘i and a positive vector p € R? such that V(0) = 0,
v(z) 2 p'V(z), € D, is positive definite, and

V'(2)F(z,u) << w(V(x),z,u), €D, uel, (2.92)

where w : @ x D x U — RY is continuous. Furthermore, define the feedback
control law ¢ : @ x D — U given by u = ¢(V(z),z), x € D, so that
#(0,0) = 0 and the closed-loop system (2.91) is given by

o(t) = F(x(t), o(V(x(t)),z()), x(to) =z0, t=to.  (2.93)
Now, if ¢(-,-) is such that the system

) =w(=(t),x(t), =(to) =20, t=to, (
(t)

2
fz(t)),  2(to) = o, (2.

where w(z,z) £ w(z,z,4(z,2)), z € Q, x € D, f(z) & F(z,o(V(z),z)),
x € D, w(,z) €W, w(0,2) =0, 2 € D, f(0) =0, 20 € @ NRYL, and
xog € D, is asymptotically stable with respect to z uniformly in xg, then
the zero solution z(t) = 0 to the closed-loop system (2.93) is asymptotically
stable. To ensure partial asymptotic stability of the system (2.94) and (2.95)
the results of Theorem 1 and Corollary 1 of [41] can be used.

2.6 Discrete-Time Stability Theory via Vector
Lyapunov Functions

In this section, we introduce several definitions and some key results needed
for analyzing discrete-time, large-scale nonlinear dynamical systems.

Definition 2.7. Let w = [wy, -, w|T : V C R — RY. Then w is
nonnegative if w(r) >> 0 for all r € Ei.
Recall from Definition 2.5 that a function w = [wy, ..., w,]" : R — RY

is of class Wy or is nondecreasing, if w(z') << w(z”) for all 2/, 2" € R? such
that 2/ << 2”. Note that if w : R? — R? is such that w(-) € Wy and
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w(0) >> 0, then w is nonnegative. Furthermore, note that, if w(z) = Wg,
then w(-) is nonnegative if and only if W € R9%? is nonnegative.

Proposition 2.2 ([72]). Suppose R, C V. Then R is an invariant set
with respect to

r(k+1)=w(rk)), r0)=ry, kcZ, (2.96)
if and only if w : V — R? is nonnegative.

Proof. Suppose w : D — R? is nonnegative and let 7(0) € R%. Then,
for every i € {1,..., ¢} it follows that r;(k+1) = w;(r(k)) > 0. Thus, r(k) €
Ri, k € Z,. Conversely, suppose r(k) € Ri, k € Z,, for all r(0) € Ri and

assume, ad absurdum, that there exists i € {1,...,n} and rg € E‘i such
that w;(rg) < 0. In this case, with 7(0) = rg, r;(1) = w;(r(0)) = w;(rg) <0,
which is a contradiction. O

Definition 2.8. Let W € R9*9. W is (discrete-time) compartmental if
W is nonnegative and Y/, W; ;) <1,j=1,...,q.

The following definition and lemma are needed for developing several
of the results of this section.

Definition 2.9. The equilibrium solution r(k) = r. of (2.96) is Lya-
punov stable if, for every € > 0, there exists § = () > 0 such that if
ro € Bs(re) N Ei, then r(k) € Be(re) N Ei, k € Z,. The equilibrium
solution r(k) = re of (2.96) is semistable if it is Lyapunov stable and there
exists § > 0 such that if 7o € Bs(re) N RY, then limy o (k) exists and
converges to a Lyapunov stable equilibrium point. The equilibrium solution
r(k) = re of (2.96) is asymptotically stable if it is Lyapunov stable and there
exists § > 0 such that if o € Bs(re) N @i, then limy_,o, (k) = 7. Finally,
the equilibrium solution 7 (k) = 7 of (2.96) is globally asymptotically stable
if the previous statement holds for all rg € @i.

Recall that a matrix W € R9%? is (discrete-time) semistable if and only
if limy, oo W exists [72] while W is (discrete-time) asymptotically stable if
and only if limy_,oc W* = 0.

Lemma 2.2. Suppose W € R?*? is nonsingular and nonnegative. If W
is semistable (respectively, asymptotically stable), then there exist a scalar
a > 1 (respectively, a > 1) and a nonnegative vector p € @i,p % 0,
(respectively, positive vector p € RL) such that

W Tp = ap. (2.97)

Proof. Since W is semistable, it follows from Theorem 3.3 of [71] that
Al < 1orA=1and\ = 1is semisimple, where A € spec(W). Since WT >>
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0, it follows from the Perron-Frobenius theorem that p(W) € spec(WW), and
hence, there exists p >> 0, p # 0, such that W'p = p(W)p. In addition,
since W is nonsingular, p(W) > 0. Hence, W'p = a~!p, where a = 1/p(W),
which proves that there exist p >> 0, p # 0, and a > 1 such that (2.97)
holds. In the case where W is asymptotically stable, the result is a direct
consequence of the Perron-Frobenius theorem. O

Next, we consider the method of vector Lyapunov functions for stabil-
ity analysis of discrete-time nonlinear dynamical systems. To develop the
theory of vector Lyapunov functions, we first introduce some results on vec-
tor difference inequalities and the vector comparison principle. Consider the
discrete-time nonlinear dynamical system given by

2(k+1) =w(z(k),y(k)), =z(ko)=z0, k€I, (2.98)

where z(k) € Q C RY, k € Z,,, is the system state vector, y : 7 — V C R?®
is a given sequence, Z,, C 7 C Z is the maximal interval of existence of a
solution z(k) to (2.98), Q is an open set, 0 € Q, and w: @ xV — RYis a
continuous function on Q x V.

Theorem 2.7. Consider the discrete-time nonlinear dynamical system
(2.98). Assume that the function w : @ x V — RY is continuous and w(-,y)
is of class Wjy. If there exists a continuous vector function V' : Z,,, — Q such
that

V(k+1) << w(V(k),y(k), k€ Ly, (2.99)
then
V(ko) << 29, 20 € Q, (2.100)
implies
V(k) << 2(k), ke€Z,, (2.101)

where z(k), k € Z,,, is the solution to (2.98).

Proof. Suppose, ad absurdum, that inequality (2.101) does not hold
on the entire interval Z,,. Then there exists k € Z,, such that V (k) <<
z(k), ko < k < k, and for at least one ¢ € {1,...,¢q},

vi(k) > z(k) (2.102)
and

vi(k) < zi(k), j#i, j=1,...,q (2.103)
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Since w(-,y) € Wy it follows from (2.98), (2.99), and (2.102) that

wi(z(k = 1),y(k — 1)) =2 (k)
<vi(k)
<w;(V(k—1),y(k — 1))
Swialk—1),y(k—1),  (2.104)
which is a contradiction. O

Theorem 2.8. Consider the discrete-time nonlinear dynamical system
(2.98). Assume that the function w : @ x V — R? is continuous and w(-,y)
is of class Wq. Let z(k), k € Z,,, be the solution to (2.98) and {ko, ..., ko +
7} C T,,, where 7 € Z,. If there exists a continuous vector function V :
{ko,..., ko + 7} — Q such that

V(k+1) <<w(V(k),yk), ke {ko,...,ko+7}, (2.105)
then
V(ko) << 20, 20 € Q, (2.106)
implies
V(k) << 2(k), ke{ko,...,ko+T} (2.107)

Proof. The proof is similar to that of Theorem 2.7 and, hence, is
omitted. O

Next, consider the discrete-time nonlinear dynamical system given by
z(k+1)= f(x(k)), xz(ko) =m0, k €Iy, (2.108)

where z(k) € D C R", k € Z,,, is the system state vector, Z,, C Z is the
maximal interval of existence of a solution x(k) to (2.108), D is an open set,
0 € D, and f(-) is continuous on D. The following result is a direct corollary
of Theorem 2.8.

Corollary 2.5. Consider the discrete-time nonlinear dynamical system
(2.108). Assume there exists a continuous vector function V : D — Q C R¢
such that

Vie(k + 1)) << w(V(2(k)),z(k)), z0€D, keIy, (2.109)

where w : @ x D — R? is a continuous function, w(-, z) € Wy, z(k), k € I,
is the solution to (2.108), and the equation

2(k+1) =w(z(k),z(k)), z(ko)=20, k€ Ly, (2.110)
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has a unique solution z(k), k € Z,; »,. If {ko,... . ko + 7} C Zyy N Lz, 20>
then

V($0) <<z, 20€ Q, (2.111)
implies

V(z(k)) << z(k), ke {ko,...,ko+ T} 2.112)

(
Proof. For every given xy € D, the solution z(k), k € Z,,, to (2.108)
is well defined. With n(k) = V (z(k)), k € Zy,, it follows from (2.109) that

n(k+1) << wn(k),z(k)), ke Ly,. (2.113)

Moreover, if {ko,..., ko + 7} C Iy N L, 2., then it follows from Theorem
2.8 with y(k) = x(k), that V(zo) = n(ko) << zp implies

V(z(k)) =n(k) << z(k), k€ {ko,...,ko+T}, (2.114)
which establishes the result. O

Note that if the solutions to (2.108) and (2.110) are globally defined
for all g € D and 2y € Q, then the result of Corollary 2.5 holds for every
k > ko. For the remainder of this section we assume that the solutions to
the systems (2.108) and (2.110) are defined for all k > ky. Furthermore,
consider the cascade discrete-time nonlinear dynamical system given by

z(k+1)=w(z(k),z(k)), z(ko)= 20, k> ko, (2.115)
z(k+1)=f(z(k)), =z(ko)= o, (2.116)

where zp € Q N RY, 0 € Q, 29 € D, [2T(k), 2T (k)]T, k > ko, is the solution
to (2.115), (2.116), w : @ x D — RY is continuous, w(-,x) € Wy, w(0,z) =
0,z €D, f:D— R"” and f(0) = 0. Note that since w(-,2) € Wy and
w(0,2) = 0, x € D, then for every z € D and z € Q N E‘i it follows that
w(z,x) >> 0, which implies that for every xg € D and zp € Q N @i the
solution z(k), k > kg, remains in Ei.

The following definition involving the notion of partial stability for
discrete-time systems is needed for the next result.

Definition 2.10. 7) The nonlinear dynamical system (2.115) and (2.116)
is Lyapunov stable with respect to z if, for every € > 0 and zg € D, there
exists 6 = (e, z9) > 0 such that ||zg]| < 0 implies that ||z(k)|| < e for all
keZ,.

i7) The nonlinear dynamical system (2.115) and (2.116) is Lyapunov
stable with respect to z wuniformly in xzq if, for every € > 0, there exists
§ = 8(g) > 0 such that ||zo| < & implies that ||z(k)| < & for all k € Z and
for all zg € D.
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i73) The nonlinear dynamical system (2.115) and (2.116) is asymptot-
ically stable with respect to z if it is Lyapunov stable with respect to z and,
for every xo € D, there exists § = d(z¢) > 0 such that ||2|| < § implies that
limy_oo |205)]] = 0.

iv) The nonlinear dynamical system (2.115) and (2.116) is asymptot-
ically stable with respect to z uniformly in x¢ if it is Lyapunov stable with
respect to z uniformly in zy and there exists 6 > 0 such that ||zg]] < ¢
implies that limy_,~ ||2(k)|| = 0 uniformly in 2o and z¢ for all zy € D.

v) The nonlinear dynamical system (2.115) and (2.116) is globally
asymptotically stable with respect to z if it is Lyapunov stable with respect
to z and limy_, ||2(k)|| = 0 for all zp € R? and xy € R™.

vi) The nonlinear dynamical system (2.115) and (2.116) is globally
asymptotically stable with respect to z uniformly in xq if it is Lyapunov
stable with respect to z uniformly in z¢ and limy_, ||2(k)|| = 0 uniformly
in zg and xg for all zg € R? and xy € R".

vii) The nonlinear dynamical system (2.115) and (2.116) is geometri-
cally stable with respect to z uniformly in g if there exist scalars o, 5 > 1,
and & > 0 such that ||zg|| < & implies that ||z(k)|| < al20]|87%, k € Z, for
all xg € D.

viii) The nonlinear dynamical system (2.115) and (2.116) is globally
geometrically stable with respect to z uniformly in xq if there exist scalars
a, B > 1 such that ||z(k)| < allz0]|87%, k € Zy, for all zg € R? and zo € R™.

Theorem 2.9. Consider the discrete-time nonlinear dynamical system
(2.108). Assume that there exist a continuous function V: D — QN Ei and
a positive vector p € R such that V(0) = 0, the scalar function v : D — Ry
defined by v(z) £ pTV(z), € D, is such that v(0) = 0, v(z) > 0,  # 0,
and

V(z(k+1)) <<w(V(xz(k)),z(k)), xz0€D, k>ky (2.117)

where w : @ x D — R? is continuous, w(-,x) € Wy, and w(0,z) =0, x € D.
Then the following statements hold:

i) If the system (2.115) and (2.116) is Lyapunov stable with respect to z
uniformly in z, then the zero solution x(k) = 0 to (2.108) is Lyapunov
stable.

i7) If the system (2.115) and (2.116) is asymptotically stable with respect
to z uniformly in xg, then the zero solution z(k) = 0 to (2.108) is
asymptotically stable.

iii) If D = R, @ = R, v : R® — R, is positive definite and radially
unbounded, and the system (2.115) and (2.116) is globally asymptot-
ically stable with respect to z uniformly in x(, then the zero solution
z(k) =0 to (2.108) is globally asymptotically stable.
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iv) If there exist constants v > 1, o > 0, and 3 > 0 such that v : D — R
satisfies

allz|” <v(z) < Blz|”, = €D, (2.118)

and the system (2.115) and (2.116) is geometrically stable with respect
to z uniformly in xo, then the zero solution z(k) = 0 to (2.108) is
geometrically stable.

v) If D =R", Q = RY, there exist constants v > 1, « > 0, and § > 0
such that v : D — R, satisfies (2.118), and the system (2.115) and
(2.116) is globally geometrically stable with respect to z uniformly in
x0, then the zero solution z(k) = 0 to (2.108) is globally geometrically
stable.

Proof. Assume there exist a continuous function V : D — 9 N Ei
and a positive vector p € RL such that v(z) = ptV(x), x € D, is positive
definite, that is, v(0) = 0, v(x) > 0, z # 0. Note that v(x) = pTV(z) <
max;—1,__,{p;}eTV(z), z € D, and hence, the function e’V (z), z € D,
is also positive definite. Thus, there exist » > 0 and class K functions
a, B:[0, r] = Ry such that B,.(0) C D and

a(|lzll) < e'V(z) < B(llz])), @ € B(0). (2.119)

i) Let € > 0 and choose 0 < é < min{e, r}. It follows from uniform
Lyapunov stability of (2.115) and (2.116) with respect to z that there exists
p= p(é) = p(e) > 0 such that if ||20]1 < p and 2y € R, then ||z(k)[1 <
a(é) and z(k) € RL, k > ko, for every zo € D. Now, choose zy = V (z¢) >>
0, zg € D. Since V(z), x € D, is continuous, then the function e'V (), z €
D, is also continuous. Hence, for p = p(é) > 0 there exists 6 = d(u(é)) =
(5(6) > 0 such that § < ¢ and if ||zo| < J, then eTV(zg) = eT2 < p,
which implies that eTz(k) = ||z(k)||1 < a(é), k > ko. In addition, it follows
from (2.117) and Corollary 2.5 that V(z(k)) << z(k), k > ko. Thus, using
(2.119), if ||zg|| < 0, then

ol||lz(k)]) < e'V(z(k)) <elz(k) < a(d), k> ko, (2.120)

which implies ||z(k)|| < é < &, k > ko. Hence, for a given £ > 0 there exists
9 = d(g) > 0 such that for all zg € Bs(0), ||z(k)| < e, k > ko, which implies
Lyapunov stability of the zero solution z(k) = 0 to (2.108).

i7) It follows from ¢) and the uniform asymptotic stability of (2.115)
and (2.116) with respect to z that the zero solution to (2.108) is Lyapunov
stable and there exists u > 0 such that if ||zp]l1 < p and zp € R, then
limy 00 2(k) = 0 for every xg € D. As in i), choose zgp = V(xg) >> 0, xg €
D. Tt follows from Lyapunov stability of the zero solution to (2.108) and
the continuity of V' : D — Q N @i that there exists § = d(u) > 0 such that



STABILITY THEORY VIA VECTOR LYAPUNOV FUNCTIONS 41

if ||zo|| < 8, then ||z(k)|| < r, k > ko, and €TV (z0) = el2p = ||20]1 < p-
Thus, by uniform asymptotic stability of (2.115) and (2.116) with respect to
z, for any arbitrary ¢ > 0 there exists K = K(¢) > ko such that eTz(k) =
lz(k)|l1 < a(e), k > K. Thus, it follows from (2.117) and Corollary 2.5 that
V(z(k)) << z(k), k > K, and hence, by (2.119),

a(z(®)]]) < eV (x(k) < eTz(k) < ale), k>K.  (2.121)

Hence, there exists § > 0 such that for all 2y € Bs(0), limg_,o (k) = 0,
which, along with Lyapunov stability, implies asymptotic stability of the
zero solution z(k) = 0 to (2.108).

iii) Suppose D = R”, Q = RY, v : R® — R, is a positive-definite,
radially unbounded function, and the system (2.115) and (2.116) is globally
asymptotically stable with respect to z uniformly in zg. In this case for
V :R" — R the inequality (2.119) holds for all # € R" where the functions
a, B : Ry — R, are of class Ko. Furthermore, Lyapunov stability of the
zero solution z(k) = 0 to (2.108) follows from i). Next, for every zy € R"
and 29 = V(x0) € RY the identical arguments as in i) can be used to show
that limg_,o, (k) = 0, which proves global asymptotic stability of the zero
solution z(k) = 0 to (2.108).

i) Suppose (2.118) holds. Since p € R, then

allzll” < V(@) < Blal”, €D, (2.122)

where & £ o/ max;—1,.. q{p;} and B A B/ minj—1__4{pi}. It follows from the
geometric stability of (2.115) and (2.116) with respect to z uniformly in xg
that there exist positive constants v, u, and n > 1 such that if ||zo|1 < p
and zg € Ei, then z(k) € Ei, k > ko, and

l=B)l < Azl ®*), k> ko, (2.123)

for all xp € D. Choose zyp = V(zg) >> 0, 9 € D. By continuity of
V :D — QN RY, there exists § = §(u) > 0 such that for all 29 € B(0),

etV (zg) = eT29 = ||20]l1 < p. Furthermore, it follows from (2.122), (2.123),
and Corollary 2.5 that for all zy € Bs(0),

allz (k)] <e'V(x(k)

<elz(k)
<7llzollm~ *)
<ABlaoln~ R k> k. (2.124)

This in turn implies that for every xy € Bs(0),

VB

k—kq
b)) < (2) ol 32, k> o, (2.125)

which establishes geometric stability of the zero solution (k) = 0 to (2.108).
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v) The proof is identical to the proof of iv). O

ftv:D—-9n Ei satisfies the conditions of Theorem 2.9 we say that
V(z), x € D is a (discrete-time) vector Lyapunov function. Note that for
stability analysis each component of a vector Lyapunov function need not be
positive definite, nor does it need to have a negative-definite time difference
along the trajectories of (2.115) and (2.116). This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of discrete-time nonlinear dynamical
systems. The following corollary to Theorem 2.9 is immediate.

Corollary 2.6. Consider the discrete-time nonlinear dynamical system
(2.108). Assume that there exist a continuous function V : D — Q NRY and
a positive vector p € R% such that V/(0) = 0, the scalar function v : D — R,
defined by v(z) = pTV(x), x € D, is such that v(0) = 0, v(z) > 0, x # 0,
and

V(f(x)) <<w(V(z)), xe€D, (2.126)

where w : Q@ — R? is continuous, w(-) € Wy, and w(0) = 0. Then the
stability properties of the zero solution z(k) = 0 to

z(k+1)=w(z(k)), =z(ko)==z20, k> ko, (2.127)

where 2z € @ N Ei, imply the corresponding stability properties of the zero
solution z(k) = 0 to (2.108). In particular, if the zero solution z(k) = 0 to
(2.127) is Lyapunov (respectively, asymptotically) stable, then the zero so-
lution z(k) = 0 to (2.108) is Lyapunov (respectively, asymptotically) stable.
If, in addition, D = R", Q = RY, and v : R® — R, is a positive-definite,
radially unbounded function, then global asymptotic stability of the zero
solution z(k) = 0 to (2.127) implies global asymptotic stability of the zero
solution z(k) = 0 to (2.108). Moreover, if there exist constants v > 1, a > 0,
and 3 > 0 such that v : D — R, satisfies (2.118), then geometric stability of
the zero solution z(k) = 0 to (2.127) implies geometric stability of the zero
solution z(k) = 0 to (2.108). Finally, if D = R", Q = RY, there exist con-
stants v > 1, a > 0, and 8 > 0 such that v : D — R, satisfies (2.118), then
global geometric stability of the zero solution z(k) = 0 to (2.127) implies
global geometric stability of the zero solution z(k) = 0 to (2.108).

Proof. The proofis a direct consequence of Theorem 2.9 with w(z,z) =
w(z). O

Finally, we provide a time-varying extension of Corollary 2.6. In par-
ticular, we consider the discrete-time nonlinear time-varying dynamical sys-
tem

x(k+1)= f(k,x(k)), x(ko) =m0, k> ko, (2.128)
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where z(k) e D CR", 0€ D, f:{ko,...,k1} x D — R™ is such that f(-,-)
is continuous in k and x, and for every k € {ko,...,k1}, f(k,0) =0.

Theorem 2.10. Consider the discrete-time nonlinear time-varying dy-
namical system (2.128). Assume that there exist a continuous vector func-
tion V :Z, xD — QN RJr, a positive vector p € R, and class K func-
tions a, B : [0,7] — Ry such that V(k,0) =0, k € Z+, the scalar function
v:Zy x D — Ry defined by v(k,z) = p™V(k,z), (k,z) € Z, x D, is such
that

allz]) < wv(k,z) < B(lzl)), (k,z) € Zy x B.(0), B.(0) CD, (2.129)
and
Vik+1Lz(k+1) <<w(k, V(k,z(k))), x0€D, k>ky (2.130)

where w : Z, x Q — RY is continuous, w(k, ) € Wy, and w(k,0) = 0, k €
Z.. Then the stability properties of the zero solution z(k) = 0 to

z2(k+1) =w(k,z(k)), =z(ko) =20, k> ko, (2.131)

where zp € Q N @i, imply the corresponding stability properties of the zero
solution x(k) = 0 to (2.128). In particular, if the zero solution z(k) = 0
o (2.131) is uniformly Lyapunov (respectively, uniformly asymptotically)
stable, then the zero solution z(k) = 0 to (2.128) is uniformly Lyapunov
(respectively, uniformly asymptotically) stable. If, in addition, D = R", Q =
R, and «f-), 5(+) are class Ko functions, then global uniform asymptotic
stability of the zero solution z(k) = 0 to (2.131) implies global uniform
asymptotic stability of the zero solution x(k) = 0 to (2.128). Moreover, if
there exist constants v > 1, @ > 0, and 8 > 0 such that v : Z, x D — R,
satisfies

allz” < v(k,a) < Blell”, (k) € Zy x D, (2.132)

then geometric stability of the zero solution z(k) = 0 to (2.131) implies
geometric stability of the zero solution z(k) = 0 to (2.128). Finally, if
D =R" Q = RY, there exist constants v > 1, & > 0, and 8 > 0 such that
v:Zy xR — R+ satisfies (2.132), then global geometric stability of the
zero solution z(k) = 0 to (2.131) implies global geometric stability of the
zero solution z(k) = 0 to (2.128).

Proof. The proof is similar to the proof of Theorem 2.9 and is left as
an exercise for the reader. O






Chapter Three

Large-Scale Continuous-Time
Interconnected Dynamical Systems

3.1 Introduction

In this chapter, we develop vector dissipativity notions for large-scale nonlin-
ear dynamical systems, a notion not previously considered in the literature.
In particular, we introduce a generalized definition of dissipativity for large-
scale nonlinear dynamical systems in terms of a vector dissipation inequality
involving a vector supply rate, a vector storage function, and an essentially
nonnegative, semistable dissipation matrix. The vector dissipation inequal-
ity reflects the fact that some of the supplied generalized energy of the large-
scale system is stored, and some is dissipated. The dissipated generalized
energy is nonnegative and is given by the difference of what is supplied and
what is stored. Generalized notions of vector available storage and vector re-
quired supply are also defined and shown to be element-by-element ordered,
nonnegative, and finite. On the subsystem level, the proposed approach
provides an energy flow balance in terms of the stored subsystem energy,
the supplied subsystem energy, the subsystem energy gained from all other
subsystems independent of the subsystem coupling strengths, and the sub-
system energy dissipated. Furthermore, for large-scale dynamical systems
decomposed into interconnected subsystems, dissipativity of the composite
system is shown to be determined from the dissipativity properties of the
individual subsystems and the nature of the system interconnections.

In addition, we develop extended Kalman-Yakubovich-Popov condi-
tions, in terms of the local subsystem dynamics and the interconnection
constraints, for characterizing vector dissipativeness via vector storage func-
tions for large-scale dynamical systems. Finally, using the concepts of vec-
tor dissipativity and vector storage functions as candidate vector Lyapunov
functions, we develop feedback interconnection stability results for large-
scale nonlinear dynamical systems. Specifically, by appropriately combining
vector storage functions and vector supply rates, general stability criteria are
given for Lyapunov and asymptotic stability of feedback interconnections of
large-scale dynamical systems. In the case of vector quadratic supply rates
involving net subsystem powers and input-output subsystem energies, these
results provide a generalization to the positivity and small gain theorems
for large-scale systems predicated on vector Lyapunov functions.
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3.2 Vector Dissipativity Theory for Large-Scale Nonlinear
Dynamical Systems

In this section, we extend the notion of dissipative dynamical systems to
develop the generalized notion of vector dissipativity for large-scale non-
linear dynamical systems. First, however, we recall the standard notions
of dissipativity [70,170] and exponential dissipativity [42,70] for nonlinear
dynamical systems G of the form

a(t) = f(z(t)) + G®))ult), x(to) =z0, t>to, (3.1)
y(t) =h(z(t)) + J(z(t))u(t), (32)

where z e DC R, uc UCR™ yecY CR! f:D — R” and satisfies
f(0)=0,G:D — R™ h:D — R and satisfies h(0) =0, and J : D —
Rlxm.

For the dynamical system G given by (3.1) and (3.2) defined on the
state space R™, let & and ) define input and output spaces, respectively,
consisting of continuous bounded U-valued and Y-valued functions on the
semi-infinite interval [0,00). The set U C R™ contains the set of input
values, that is, for every u(-) € U and t € [0,00), u(t) € U. The set Y C R/
contains the set of output values, that is, for every y(-) € Y and t € [0, 00),
y(t) € Y. The spaces U and ) are assumed to be closed under the shift
operator, that is, if u(-) € U (respectively, y(-) € V), then the function
defined by up = u(t + T) (respectively, yr = y(t + T)) is contained in U
(respectively, )V) for all T' > 0. A similar notation also holds for discrete-time
systems discussed in later chapters.

For the nonlinear dynamical system G we assume that the required
properties for the existence and uniqueness of solutions are satisfied; that
is, u(-) satisfies sufficient regularity conditions such that (3.1) has a unique
solution forward in time. For the nonlinear dynamical system G given by
(3.1) and (3.2) a function s : U x Y — R such that s(0,0) = 0 is called
a supply rate [70,170] if it is locally integrable for all input-output pairs
satisfying (3.1) and (3.2); that is, for all input-output pairs u(-) € U and
y(-) € Y satisfying (3.1) and (3.2), s(-,-) satisfies fttf |s(u(o),y(0))|do <
00, ty > t1 = tp.

Definition 3.1 ([70]). The nonlinear dynamical system G given by (3.1)
and (3.2) is exponentially dissipative (respectively, dissipative) with respect
to the supply rate s(u,y) if there exist a continuous nonnegative definite
function v : R™ — R, called a storage function, and a scalar € > 0 (respec-
tively, € = 0) such that v5(0) = 0 and the dissipation inequality

e (x(t)) < eMug(z(ty)) + / : es(ult),y(t))dt, tg > t, (3.3)

t1
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is satisfied for all ¢1,t2 > to, where x(t),t > t;, is the solution of (3.1) with
u(-) € U. The nonlinear dynamical system G given by (3.1) and (3.2) is
lossless with respect to the supply rate s(u,y) if the dissipation inequality is
satisfied as an equality with e = 0 for all to > t; > ¢y and all u(-) € U.

If vs(+) is continuously differentiable, then an equivalent statement
for exponential dissipativity (respectively, dissipativity) of the dynamical
system (3.1) and (3.2) is

s(z(t) +evs(x(t) < s(u(t),y(t), t=to, ul)eU, y()e), (34)

where € > 0 (respectively, € = 0) and 95(z(¢)) denotes the total derivative
of vs(x) along the state trajectories x(t), t > tg, of (3.1).

Next, to develop vector dissipativity theory, consider large-scale non-
linear dynamical systems G of the form

B(t) = F(z(t),u(t), x(to) =z0, t=to, (3.5)
y(t)=H(z(t),u(t)), (3.6)

where z € DC R, u e UCR” ye€ Y CR, F:DxU — R",
H :DxU — Y, Dis an open set with 0 € D, and F(0,0) = 0. Here,
we assume that G represents a large-scale dynamical system composed of ¢

interconnected controlled subsystems G; so that, for alli=1,...,q,
Hi(wi, ui) = hi(z;) + Ji(xi)u, (3.8)

where z; € D; € R, u; € U; € R™, y; & Hi(zj,u;) € Y; C R,
(ui(+),yi(+)) € U;xY; is the input-output pair for the ith subsystem, where U;
and ); denote the ith subsystem input and output spaces, f; : R™ — R™ and
Z; : D — R™ are Lipschitz continuous and satisfy f;(0) = 0 and Z;(0) = 0,
G; : R% — R™*X™i ig continuous, h; : R™ — RY and satisfies h;(0) = 0,
J; : R — Rbixmi St ini=n, >t mi=m,and Y ;=1

Furthermore, for the system G we assume that the required properties
for the existence and uniqueness of solutions are satisfied; that is, for every
i € {1,...,q}, ui(-) satisfies sufficient regularity conditions such that the
system (3.5) has a unique solution forward in time. We define the composite
input and composite output for the large-scale system G as u = [uf, . .. ,u;F]T
and y = [yf,... ,y;r]T, respectively. Note that in this case the set U =
Uy x --- x Uy contains the set of input values and Y = Y7 x --- X Y} contains
the set of output values whereas U = Uy X --- x Uy and Y =Yy x -+ - x ),
define the input and output spaces for (3.5) and (3.6).

Definition 3.2. For the large-scale nonlinear dynamical system G given
by (3.5) and (3.6) a vector function S = [s1,...,8,T : U x Y — R such
that S(u,y) £ [s1(u1,1),---,8q(tg, yg)]T and S(0,0) = 0 is called a vector
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supply rate if it is componentwise locally integrable for all input-output
pairs satisfying (3.5) and (3.6); that is, for every i € {1,...,¢} and for all
input-output pairs (u;, y;) € U; x Y; satistying (3.5) and (3.6), s;(-, ) satisfies
2 1si(ui(s), yi(s))|ds < oo, ta >t > to.

Definition 3.3. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is wvector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u,y) if there exist a con-
tinuous, nonnegative definite vector function Vg = [vgy, ... ,Usq]T :D — Ei,
called a vector storage function, and an essentially nonnegative dissipation
matrix W € R?*? such that V;(0) = 0, W is semistable (respectively, asymp-
totically stable), and the vector dissipation inequality

T
Va(z(T)) << VTV (2(to)) + [ VTS (u(t),y(t)dt, T > to,
to

(3.9)

is satisfied, where x(t), t > tg, is the solution to (3.5) with u(-) € U. The
large-scale nonlinear dynamical system G given by (3.5) and (3.6) is vector
lossless with respect to the vector supply rate S(u,y) if the vector dissipation
inequality is satisfied as an equality with W semistable.

Note that if the subsystems G; of G are disconnected, that is, Z;(z) = 0
foralli =1,...,q, and —W € R?%*7 is diagonal and nonnegative definite,
then it follows from Definition 3.3 that each of disconnected subsystems G; is
dissipative (respectively, exponentially dissipative) in the sense of Definition
3.1. A similar remark holds in the case where ¢ = 1.

Next, define the vector available storage of the large-scale nonlinear
dynamical system G by

T
Va(zo) £ sup [— / e W=t S (u(t), y(t))dt| (3.10)
T>to,u(:) to

where z(t), t > 1o, is the solution to (3.5) with z(¢p) = ¢ and admissible
inputs v € Y. The supremum in (3.10) is taken over all admissible inputs
u(+), all time ¢ > ty, and all system trajectories with initial value z(tg) =
zo and terminal value left free. In addition, the supremum in (3.10) is
taken componentwise, which implies that for each component of V,(-) the
supremum is calculated separately. Note that V,(xg) >> 0, ¢ € D, since
Va(zg) is the supremum over a set of vectors containing the zero vector
(T = to).

To state the main results of this section the following definition is
required.

Definition 3.4. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is completely reachable if for all xg € D C R™ there exist
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a finite time t; < to and a square integrable input u(-) defined on [t;, ¢o] such
that the state z(t), t > t;, can be driven from z(ti) = 0 to z(tp) = zo. A
large-scale nonlinear dynamical system G is zero-state observable if u(t) =0
and y(t) = 0 imply z(t) = 0.

Theorem 3.1. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6), and assume that G is completely reachable. Let W &
R9%9 be essentially nonnegative and semistable (respectively, asymptotically
stable). Then

T
/ e WIS (u(t), y(t)dt >> 0, T>t, weld,  (3.11)

to
for z(tg) = 0 if and only if V,(0) = 0 and V,(x) is finite for all x € D.
Moreover, if (3.11) holds, then V,(z), z € D, is a vector storage function

for G, and hence, G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u,y).

Proof. Suppose V,(0) =0 and V,(z), € D, is finite. Then

0=Vi(0) = sup [— /Te_W(t_to)S(u(t),y(t))dt], (3.12)

T>to, u(-) to

which implies (3.11).
Next, suppose (3.11) holds. Then, for z(ty) = 0,

sup {— /t ' eW(ttU)S(u(t),y(t))dt} <<0, (3.13)

T>to,u(:)

which implies that V,(0) << 0. However, since Va(zg) >> 0, 29 € D, it
follows that V,(0) = 0. Moreover, since G is completely reachable it follows
that for every z¢ € D there exist ¢ > to and an admissible input u(-) defined
on [to, t] such that z() = 29. Now, since (3.11) holds for z(tg) = 0 it follows
that for all admissible u(-) € U,

T
/ e WS (u(t),y(t))dt >>0, T >, (3.14)

to

or, equivalently, multiplying (3.14) by the nonnegative matrix eW(f*tO), t>
to, yields

/ t e W=D S (u(t), y(t))dt

T .
- [ e Ds(u(e), yit)ar <<
t to
<< Q(xo)
<<oo, T>t, wuwel, (3.15)
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where @ : D — RY. Hence,

T .
Va(zo) = sup {— / e WD G (u(t), y(t))dt| << Q(z0) << oo,
T>t,u(") t

wo € D, (3.16)
which implies that V,(zg), xo € D, is finite.

Finally, since (3.11) implies that V,(0) = 0 and V,(z), = € D, is finite
it follows from the definition of the vector available storage that

—Valzo) << / ' e WE=t) S (u(t), y(t))dt

to

- / T WS (), (1))t

to

+ /Tew(ttU)S(u(t),y(t))dt, T > to. (3.17)

te

Now, multiplying (3.17) by the nonnegative matrix eV (t—t0) ¢ > ¢y, it
follows that

te
W=tV (20) + VDS (u(t), y(1))dt

to
T
S>> sup [_ / W10 5(u(t), y(t))dt
thf,u(') te
= Valz(tr)), (3.18)

which implies that V,(z), x € D, is a vector storage function, and hence,
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u,y). O

It follows from Lemma 2.1 that if W € R7%7 is essentially nonnegative
and semistable (respectively, asymptotically stable), then there exist a scalar
a > 0 (respectively, & > 0) and a nonnegative vector p € ﬁi, p # 0,
(respectively, p € R%) such that (2.4) holds. In this case,

preVt :pT[Iq + Wt + %W2t2 +--
=p [l — atl, + a2, + - -]
=e %l teR. (3.19)

Using (3.19), we define the (scalar) available storage for the large-scale non-
linear dynamical system G by

T
valz0) 2 sup [— / P W) 5(u(t), y(1))dt
th(),u(') to
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T
~ sup [— / €=10) (1), y(1))dlt| (3.20)
T>to,u(+) to

where s : U x Y — R defined as s(u,y) £ ptS(u,y) is the (scalar) supply
rate for the large-scale nonlinear dynamical system G. Clearly, v,(x) > 0
for all x € D. As in standard dissipativity theory, the available storage
va(z), © € D, denotes the maximum amount of (scaled) energy that can be
extracted from the large-scale nonlinear dynamical system G at any finite
time 7.

The following theorem relates vector storage functions and vector sup-
ply rates to scalar storage functions and scalar supply rates of large-scale
dynamical systems.

Theorem 3.2. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector supply rate S :
U xY — R? and with vector storage function V; : D — Ei. Then there
exists p € RY, p # 0, (respectively, p € R%) such that G is dissipative
(respectively, exponentially dissipative) with respect to the scalar supply
rate s(u,y) = p* S(u,y) and with storage function vs(z) £ pTVi(z), = € D.
Moreover, in this case v,(z), = € D, is a storage function for G and

0 <wva(x) <ws(z), x€D. (3.21)

Proof. Suppose G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply rate S(u,y). Then
there exist an essentially nonnegative, semistable (respectively, asyrnptotl—
cally stable) dissipation matrix W and a vector storage function V; : D — R
such that the dissipation inequality (3.9) holds. Furthermore, it follows from
Lemma 2.1 that there exist aw > 0 (respectively, & > 0) and a nonzero vector
pE @i (respectively, p € R%) satisfying (2.4). Hence, premultiplying (3.9)
by p' and using (3.19) it follows that

T
eTog(x(T)) < evg(x(t)) +/ es(u(t),yt))dt, T >ty, uwel,

to

(3.22)

where vg(x) = plVi(x), z € D, which implies dissipativity (respectively,
exponential dissipativity) of G with respect to the supply rate s(u,y) and
with storage function vg(x), x € D.

Moreover, since vs(0) = 0, it follows from (3.22) that for z(¢p) =0,

T
[ et wsun pede =0, T2, weu,  32)
t

0
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which, using (3.20), implies that v,(0) = 0. Now, it can be easily shown
that v, (z), x € D, satisfies (3.22), and hence, the available storage defined
by (3.20) is a storage function for G.

Finally, it follows from (3.22) that

v

T
_/ ) s(u(t), y(t)dt, T >ty, weld,  (3.24)

to

which implies

T
vs(x(tg)) > sup [— / ea(tt")s(u(t),y(t))dt]:va(ac(to)), (3.25)

T>to,u(-) to

and hence, (3.21) holds. O

It follows from Theorem 3.1 that if (3.11) holds for z(ty) = 0, then the
vector available storage V,(x), x € D, is a vector storage function for G. In
this case, it follows from Theorem 3.2 that there exists p € @i, p # 0, such
that vs(x) £ pTVa(z) is a storage function for G that satisfies (3.22), and
hence, by (3.21), va(z) < p'Va(z), z € D. It is important to note that it
follows from Theorem 3.2 that if G is vector dissipative, then G can either
be (scalar) dissipative or (scalar) exponentially dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions,
that is, vs(z) = pTVi(z), of a given vector dissipative large-scale nonlinear
dynamical system are positive definite.

Theorem 3.3. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6) and assume that G is zero-state observable. Further-
more, assume that G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u,y) and there exist
a > 0and p € R such that (2.4) holds. In addition, assume that there exist
functions k; : Y; — U; such that ;(0) = 0 and S;(k;(v;),v:) <0, y; # 0, for
alli =1,...,q. Then for all vector storage functions Vi : D — Ki the stor-
age function vs(x) = ptVi(w), € D, is positive definite, that is, vs(0) = 0
and vs(z) >0,z € D, z # 0.

Proof. It follows from Theorem 3.2 that v,(z), z € D, is a storage
function for G that satisfies (3.22). Next, suppose, ad absurdum, that there
exists € D such that v,(z) = 0, © # 0. Then it follows from the definition
of va(x), x € D, that for z(ty) = x,

T
/ 1) s (1), y(1)dt > 0, T >to, el (3.26)

to
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However, for u; = k;(y;) we have s;(k;(y;),y;) <0, y; # 0, foralli =1,...,q
and since p >> 0 it follows that y;(t) =0, t > tg, i = 1,...,q, which further
implies that w;(t) = 0,t > tg, i = 1,...,q. Since G is zero-state observable
it follows that x = 0, and hence, v,(z) = 0 if and only if z = 0. The result
now follows from (3.21).

Finally, for the exponentially vector dissipative case it follows from
Lemma 2.1 that p >> 0, with the rest of the proof identical to that given
above. O

Next, we introduce the concept of vector required supply of a large-
scale nonlinear dynamical system. Specifically, define the vector required
supply of the large-scale dynamical system G by

to
Vi) 2 it e WCOS@ o) (320)
T>—to,u(-) J—1

where z(t), t > —T, is the solution to (3.5) with 2(—T) = 0 and z(tg) = xo.
The infimum in (3.27) is taken over all system trajectories starting from
x(=T) =0 at time t = —T and ending at x(ty) = x¢ at time ¢t = ¢y, and all
times t > to or, equivalently, over all admissible inputs u(-) which drive the
dynamical system G from the origin to xg over the time interval [T, tg)].
If the system is not reachable from the origin, then we define V;(zg) = oo.
Note that since, with z(¢p) = 0, the infimum in (3.27) is the zero vector, it
follows that V;(0) = 0. Moreover, since G is completely reachable it follows
that V;(z) << oo, « € D. Using the notion of the vector required supply we
present necessary and sufficient conditions for dissipativity of a large-scale
dynamical system with respect to a vector supply rate.

Theorem 3.4. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6), and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u,y) if and only if

0<<V(z) <<oo, z€D. (3.28)

Moreover, if (3.28) holds, then Vi(z), x € D, is a vector storage function for
G. Finally, if the vector available storage V,(z), € D, is a vector storage
function for G, then

0 << Vp(x) << Vi(z) << o0, x€D. (3.29)

Proof. Suppose (3.28) holds and let x(t), t € R, satisfy (3.5) with ad-
missible inputs u(-) € U and z(tg) = xo. Then it follows from the definition
of Vi(+) that for =T <ty < tp and u(-) € U,

to

Vi(ao) << / TN
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te

= [ e Os ),y

T

+ / ! e W) §(y(t), y(t))dt, (3.30)

tg

and hence,

tg
Viao) <<Vt iyt [ | e, s
-

Tz_tbu()

to
+ /tf e W) S (u(t), y(t))dt

to
= NIV (b)) + [ VOIS (u(t), y(t)dt,  (3.31)
tg

which shows that Vi(x), x € D, is a vector storage function for G, and hence,
G is vector dissipative with respect to the vector supply rate S(u,y).

Conversely, suppose that G is vector dissipative with respect to the
vector supply rate S(u,y). Then there exists a nonnegative vector storage
function V(z), x € D, such that V5(0) = 0. Since G is completely reachable
it follows that for z(tg) = x¢ there exist T' > —tg and u(t), t € [T, o], such
that x(—7) = 0. Hence, it follows from the vector dissipation inequality
(3.9) that

0 << Vi(alto)) << WO+ DY (5 / VDS (u(t), y(t))dt,
(3.32)

which implies that for all T' > —tg and u(-) € U,

to
0<< / V0D S u(t), y(t))dt (3.33)
-7
or, equivalently,
to
0<< inf / W O-DG(u(t), y(0)dt = Vilzo).  (3.34)
Tzfto,u()

Since, by complete reachability, Vi(xz) << oo, = € D, it follows that (3.28)
holds.

Finally, suppose that V,(z), x € D, is a vector storage function. Then
for (—=T) =0, x(ty) = xg, and u(-) € U it follows that

Va(z(tg)) << VDY, (2 / W=D S (u(t), y(t))dt,  (3.35)
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which implies that, for all z(tg) = z¢ € D,

0 << Va(x(tg)) << inf /to W=D (u(t), y(t))dt = Vi(z(to))-
QI

T>—to,u

(3.36)

Since x(ty) = z¢ € D is arbitrary and, by definition, V;(z) << oo, x € D,
(3.36) implies (3.29). O

The next result is a direct consequence of Theorems 3.1 and 3.4.

Proposition 3.1. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Let M = diag[u1,..., 1q] be such that 0 <
wi < 1,i=1,...,q. If Vo(x), z € D, and V;(x), z € D, are vector storage
functions for G, then

Vs(z) = MVy(x) + (I, — M)Vi(x), x€D, (3.37)

is a vector storage function for G.

Proof. Note that M >> 0 and I, — M >> 0 if and only if M =
diag [pt1,..., g and p; € [0,1],7 = 1,...,q. Now, the result is a direct
consequence of the vector dissipation inequality (3.9) by noting that if V,(z)
and V;(z) satisfy (3.9), then V;(z) satisfies (3.9). O

Next, recall that if G is vector dissipative (respectively, exponentially
vector dissipative), then there exist p € Ri, p # 0, and o > 0 (respectively,

p € R? and o > 0) such that (2.4) and (3.19) hold. Now, define the (scalar)
required supply for the large-scale nonlinear dynamical system G by

to
A . T —W(t—to)
vr (o) Tz_lﬁ)f,u(.) /Tp e S(u(t), y(t))dt

to
inf al=to)s(u(t), y(t))dt, zo€D,  (3.38
it e s,y (339

where s(u,y) = ptS(u,y) and z(t), t > —T, is the solution to (3.5) with
x(=T) = 0 and x(ty) = zo. It follows from (3.38) that the required supply
of a large-scale nonlinear dynamical system is the minimum amount of gen-
eralized energy that can be delivered to the large-scale system to transfer
it from a state of minimum storage x(—17") = 0 to a given state z(tg) = xo.
Using the same arguments as in the case of the vector required supply, it
follows that v:(0) = 0 and vy(x) < o0, z € D.

Next, using the notion of required supply, we show that all storage
functions of the form wvs(x) = pTVi(z), where p € @i, p # 0, are bounded
from above by the required supply and bounded from below by the available
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storage. Hence, a dissipative large-scale nonlinear dynamical system can de-
liver to its surroundings only a fraction of all of its stored subsystem energies
and can store only a fraction of the work done to all of its subsystems.

Corollary 3.1. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that G is vector dissipative with respect
to a vector supply rate S(u,y) and with vector storage function Vg : D —
@i. Then v,(z), z € D, is a storage function for G. Moreover, if vg(x) =
ptVi(x), x € D, where p € K‘i, p # 0, then

0 <wu(z) <vg(x) <wup(z) <00, x€D. (3.39)

Proof. It follows from Theorem 3.2 that if G is vector dissipative with
respect to the vector supply rate S(u, y) and with a vector storage function
Vi:D — Ri, then there exists p € R+, p # 0, such that G is dissipative
with respect to the supply rate s(u,y) = p'S(u, y) and with storage function
vs(z) = p'Vi(x), x € D. Hence, it follows from (3.22), with 2(—7") = 0 and
x(tg) = g, that

to
/ W s(u(t),y(t)dt >0, T>—ty, uwel,  (3.40)
-7

which implies that v, (xzg) > 0, 29 € D. Furthermore, it is easy to see from
the definition of a required supply that v.(z), = € D, satisfies the dissipation
inequality (3.22). Hence, v;(x), x € D, is a storage function for G.

Next, it follows from the dissipation inequality (3.22), with (—7") = 0,
x(to) = xo, and u(-) € U, that

to

ey (x(ty)) < e Tug(x(=T)) + / e s(u(t),y(t))dt
-7

:/Oeats(u(t),y(t))dt, (3.41)

-T

which implies that

wletto) < inf [ st y(0)dt = ulal). (342

T>—to,u(:) J_T

Finally, it follows from Theorem 3.2 that v,(x), € D, is a storage function
for G, and hence, using (3.21) and (3.42), (3.39) holds. O

It follows from Theorem 3.4 that if G is vector dissipative with respect
to the vector supply rate S(u,y), then Vi(z), z € D, is a vector storage
function for G and, by Theorem 3.2, there exists p € K‘i, p # 0, such that
vs(x) £ ptVi(z), x € D, is a storage function for G satisfying (3.22). Hence,
it follows from Corollary 3.1 that pTV,(z) < v.(x), z € D.
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The next result relates vector (respectively, scalar) available storage
and vector (respectively, scalar) required supply for vector lossless large-scale
dynamical systems.

Theorem 3.5. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that G is completely reachable to and from
the origin. If G is vector lossless with respect to the vector supply rate S(u, y)
and V,(z), z € D, is a vector storage function, then V,(z) = Vi(x), x € D.
Moreover, if Vi(z), € D, is a vector storage function for G, then all (scalar)
storage functions of the form vg(x) = pTVi(z), z € D, where p € ﬁi, p#0,
are given by

Ty
vs(20) = va(wo) = vr(z0) = — / =10 s (u(t), y(t))dt

to

to
o R CTORT0) YT
—T_
where z(t), t > 1, is the solution to (3.5) with u(-) € U, z(t9) = zo € D, and
s(u,y) = pTS(u,y) for every T_, Ty such that z(—7_) = 0 and x(T) = 0.
Proof. Suppose G is vector lossless with respect to the vector supply
rate S(u,y). Since G is completely reachable to and from the origin, it
follows that, for every xg = x(tg) € D, there exist Ty > tog, —T_ < tg, and
u(t) e U, t € [-T-,T4], such that z(—=T_) =0, (T}) = 0, and z(tg) = xo.
Now, it follows from the dissipation inequality (3.9), which is satisfied as an
equality, that

_ /T+ €W(T+ft)5(u(t)7 y(t))dt, (3.44)
—T_

or, equivalently,

Ty
_ e~ W(t=t0) §(y,
o= [~ S(a(t) y(6)t

— / N e W) S(u(t), y(t))dt + / o e Wtt0) §(y(t), y(t))dt
—T_ to

to
>>  inf e~ W=to) gy (t), y(t))dt
> ot [ (u(t) (1)

T
+ inf / “Wt=t0) 5 (u(t), y(t))dt
o, ), © (u(t),y(t))

= Vi(zo) — Va(o), (3.45)

which implies that Vi(zo) << Va(zo), x9 € D. However, it follows from
Theorem 3.4 that if G is vector dissipative and V,(z), z € D, is a vector
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storage function, then V,(x) << Vi(x), x € D, which along with (3.45)

implies that Va(x) = Vi(x), x € D. Furthermore, since G is vector lossless

there exist a nonzero vector p € @i and a scalar a > 0 satisfying (2.4).
Next, it follows from (3.44) that

Ty
0= / pPe W10 54 (1), y(£))dt
—T_

T+
_ / 2110 5 (4 (1), (1))t

to n
= / e®=t0) g(u(t), y(¢))dt + / e®t=10) g(u(t), y(¢))dt

—T_ to

to
> inf e@t=t0) gy (¢), y(t))dt
S B CORTE)

T
: a(tfto)
+ it / =100 s u(t), (1)t

=vr(20) — va(2o), 0 €D, (3.46)
which along with (3.39) implies that for every (scalar) storage function of
the form vg(x) = ptVi(w), € D, the equality v, (7) = vs(z) = v,(7), z € D,
holds. Moreover, since G is vector lossless the inequalities (3.22) and (3.41)
are satisfied as equalities and

T4 to
wlan) == [ e sute), p(e)de = [ () (o)t

to
(3.47)
where x(t), t > to, is the solution to (3.5) with u(-) € U, =(-T-) = 0,
x(Ty) =0, and z(tg) = z¢ € D. O

The next proposition presents a characterization for vector dissipa-
tivity of large-scale nonlinear dynamical systems in the case where V4(+) is
continuously differentiable.

Proposition 3.2. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6), and assume Vi = [vg1, ..., vs]T : D — Ei is a
continuously differentiable vector storage function for G. Then G is vector
dissipative with respect to the vector supply rate S(u,y) if and only if

Vi(z(t)) << WVi(z(t)) + S(u(t),y(t), t>to, u(t)eU, (3.48)

where V;(x(t)), t > to, denotes the total time derivative of each component
of Vi(-) along the state trajectories x(t), t > to, of G.

Proof. Suppose G is vector dissipative with respect to the vector
supply rate S(u,y) and with a continuously differentiable vector storage
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function Vi : D — @i. Then, with T' = t9 and ty = t1, it follows from (3.9)
that there exists a nonnegative vector function I(t1,t2, zo,u(-)) >> 0, to >
t1 > to, zop € D, u(-) € U, such that

Vi(a(tz)) = V2=V (2(t) + ’ V205 (u(t), y(t))dt

t1

—l(t1,t2, z0,u()), (3.49)

or, equivalently,

WY, (2(t)) — eV EVi(a(tr)) = / T WS (u(t), y(t))dt

t1
_67Wt2l(t17t27x07u('))' (350)

Now, dividing (3.50) by t2 —¢; and letting to — ¢1, (3.50) is equivalent

to
d Wt —th
3 [V V@], S(u(tr), y(t))
LW iy Lt 7o, u()) (3.51)
ta—11 to — 11

where the limit in (3.51) exists since V;(-) is assumed to be continuously
differentiable. Next, premultiplying (3.51) by V1, t; > 0, yields

Vi(a(t)) = WV(a(t1)) = S(u(tr),y(t1)) — lim

which, since limy, ¢, l(tlf;%g()) >> 0 and t; is arbitrary, gives (3.48).

The converse is immediate and, hence, is omitted. O

Recall that if a disconnected subsystem G; (i.e., Z;(x) =0, i € {1,...,
q}) of a large-scale dynamical system G is exponentially dissipative (respec-
tively, dissipative) with respect to a supply rate s;(u;,y;), then there exist
a storage function vy : R™ — EJF and a constant €; > 0 (respectively,
g; = 0) such that the dissipation inequality (3.3) holds. In the case where
v : R™ — R is continuously differentiable, (3.3) yields

V(@) (fil) + Gi(wi)wi) < —givsi(@i) + si(ui,vi), = € R™, w; € U;.
(3.53)

The next result relates exponential dissipativity with respect to a
scalar supply rate of each disconnected subsystem G; of G with vector dissi-
pativity (or, possibly, exponential vector dissipativity) of G with respect to
a vector supply rate.
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Proposition 3.3. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Assume that each disconnected subsystem G; of G
is exponentially dissipative with respect to the supply rate s;(u;, y;) and with
a continuously differentiable storage function vg; : R™ — Ry, i =1,...,q
Furthermore, assume that the interconnection functions Z; : D — R™, ¢ =
1,...,q, of G are such that

x)vsj(z), xe€D, i=1,...,q, (3.54)

Il Mm

where §;; : D — R, 4,j =1,...,q, are given bounded functions. If W € R?*¢
is semistable (respectively, asymptotically stable), with

Wy = ! oD 3.55
(4,4) { i, i 7, (3.55)
where g; > 0 and «;; £ max{0, sup,cp &;(2)}, 4,5 = 1,...,q, then G is vec-
tor dissipative (respectively, exponentially vector dissipative) with respect to
the vector supply rate S(u,y) = [s1(u1,y1), - -, Sq(ug, y4)]T and with vector
storage function Vi(z) £ [vs1 (1), - . ., vsq(z4)]T, € D.

Proof. Since each disconnected subsystem G; of G is exponentially
dissipative with respect to the supply rate s;(u;,v;), i = 1,...,q, it follows
from (3.53) and (3.54) that, for all w;(-) € U; and i =1,...,q,

bsi (i (£)) = vl (i (1)) [fi (1)) + Zi(2(t)) +G'($i( ))ui(t)]
< —givsi(zi(t)) + si(ui(t) )+ Z &ij (x(t))vs; (25(t))

< —gvsi(wi(t)) + si(ui(t), yi(t)) + Z @ijusi(z;(t)), > to.

(3.56)

Now, the result follows from Proposition 3.2 by noting that for all subsystems

G; of G,
Va(z(t)) << WVe(z(t) + S(ult),y(t)), t>to, wu(t)eU, (3.57)

where W is essentially nonnegative and, by assumption, semistable (respec-
tively, asymptotically stable) and Vi(z) £ [vs1(x1), ... ,vsq(zg)]T, © € D, is
a vector storage function for G. O

As a special case of vector dissipativity theory we can analyze the sta-
bility of large-scale nonlinear dynamical systems. Specifically, assume that
the large-scale dynamical system G is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u,y)



LARGE-SCALE CONTINUOUS-TIME INTERCONNECTED DYNAMICAL SYSTEMS 61

and with a continuously differentiable vector storage function V5 : D — @i.
Moreover, assume that the conditions of Theorem 3.3 are satisfied. Then it
follows from Proposition 3.2, with u(¢) = 0 and y(¢) = 0, that

Vi(z(t)) << WVi(z(t)), t > to, (3.58)

where z(t), t > tp, is a solution to (3.5) with z(¢g) = z¢ and u(t) = 0.
Now, it follows from Corollary 2.3, with w(r) = Wr, that the zero solution
z(t) = 0 to (3.5), with u(t) = 0, is Lyapunov (respectively, asymptotically)
stable.

More generally, the problem of control system design for large-scale
nonlinear dynamical systems can be addressed within the framework of vec-
tor dissipativity theory. In particular, suppose that there exists a continu-
ously differentiable vector function V; : D — R such that V;(0) = 0 and

Va(e(t)) << F(Ve(z(t),u(t), t=>to, u(t) €U, (3.59)

where F : RY x R™ — R? and F(0,0) = 0. Then the control system
design problem for a large-scale dynamical system reduces to constructing
an energy feedback control law ¢ : Ri — U of the form

u=¢(Vs()) £ [¢1 (Va(x)), ..., &g (Va(a))]", @ €D, (3.60)

where ¢; : Ki — Ui, ¢i(0) = 0,i = 1,...,q, such that the zero solution
r(t) = 0 to the comparison system

#t) = w(r(t), r(to) = Va(a(to)), t> to, (3.61)

A

is rendered asymptotically stable, where w(r) = F(r, ¢(r)) is of class W. In
this case, if there exists p € R such that vs(z) £ pTVi(z), = € D, is positive
definite, then it follows from Corollary 2.3 that the zero solution z(¢) = 0
to (3.5), with u given by (3.60), is asymptotically stable.

As can be seen from the above discussion, using an energy feedback
control architecture and exploiting the comparison system within the control
design for large-scale nonlinear dynamical systems can significantly reduce
the dimensionality of a control synthesis problem in terms of a number of
states that need to be stabilized. It should be noted, however, that for
stability analysis of large-scale dynamical systems the comparison system
need not be linear as implied by (3.58). A nonlinear comparison system
would still guarantee stability of a large-scale dynamical system provided
that the conditions of Corollary 2.3 are satisfied.

3.3 Extended Kalman-Yakubovich-Popov Conditions for
Large-Scale Nonlinear Dynamical Systems

In this section, we show that vector dissipativeness (respectively, exponen-
tial vector dissipativeness) of a large-scale nonlinear dynamical system G
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of the form (3.5) and (3.6) can be characterized in terms of the local sub-
system functions f;(-), Gi(+), hi(-), and J;(-), along with the interconnec-
tion structures Z;(-) for ¢ = 1,...,q. For the results in this section we
consider the special case of dissipative systems with quadratic vector sup-
ply rates and set D = R?, U; = R™, and Y; = Rb. Specifically, let
R; € S™i, S; € Ri*™i and Q; € S" be given and assume S(u, y) is such that
si(ui, yi) = vl Qiyi + 2yF Siu; + wf Ryug, i = 1,...,q. Furthermore, for the
remainder of this chapter we assume that there exists a continuously differ-
entiable vector storage function Vi(x), x € R™, for the large-scale nonlinear
dynamical system G.

For the statement of the next result recall that « = [z, ..., z7]"
[ulT,...,u;F]T, y = [le,...,qu]T, z; €R™, u; e R™ y; e R i=1,...,q,
Yo ini=mn, Yl m; =m,and Y./ ,l; = [. Furthermore, for (3.5) and
(3.6) define F : R — R™, G : R” — R™™ h:R" — R!, and J : R® — R*™
by F(z) = [F (x),..., F} (x)]", where Fi(zx) = fi(z;) + Zi(z), i = 1,...,4q,
G(z) 2 block-diag[G1(z1), ..., Gq(xq)], h(x) £ [hl(z1),. .. ,h:]r(xq)]T, and
J(z) £ block—diag[J; (x1), ..., Jy(z,)]. Moreover, for all i = 1,...,q, define
R; € S S; € R>™ and QZ € S' such that each of these block matrices
consists of zero blocks except, respectively, for the matrix blocks R; € S,
S; € Rlixmi and Q; € Sh on (i,4) position. Finally, we introduce a more
general definition of vector dissipativity involving an underlying nonlinear
comparison system.

7u:

Definition 3.5. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is wvector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u,y) if there exists a
continuous, nonnegative definite vector function Vi = [vs1, ..., v5]T : D —
@i, called a wvector storage function, and a class W function w : @i — RY
such that V5(0) = 0, w(0) = 0, the zero solution 7(t) = 0 to the comparison
System

7(t) =w(r(t)), r(to) =ro, t>to, (3.62)

is Lyapunov (respectively, asymptotically) stable, and the vector dissipation
nequality

T T
Vs((T)) << Vs(x(to))+/ w(Va(z(t))dt + [ S(u(t),y(t))dt, (3.63)

to to

is satisfied for all T' > to, where x(t), t > %o, is the solution to (3.5) with
u(-) € U. The large-scale nonlinear dynamical system G given by (3.5) and
(3.6) is wvector lossless with respect to the vector supply rate S(u,y) if the
vector dissipation inequality is satisfied as an equality with the zero solution
r(t) = 0 to (3.62) being Lyapunov stable.
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If V5(+) is continuously differentiable, then (3.63) can be equivalently
written as

Va(z(t) << w(Vi(z(®)) + Su(t),y(t), t>to, ult)eU. — (3.64)

If in Definition 3.5 the function w : Ki — RYis such that w(r) = Wr, where
W € R9%?, then W is essentially nonnegative and Definition 3.5 collapses to
Definition 3.3.

Theorem 3.6. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Let R; € S™, S; € RliX™i and Q; € S, i =
1,...,q. Then G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector quadratic supply rate S(u,y), where
si(ui, yi) = uf Ryws +2yF Sius +yF Qiyi, i = 1,... g, if and only if there exist
functions Vg = [vs1,..., 05T : R? — Ei, w = [wy,..., w7t : Ei — R,
l; : R" —» R% and Z; : R® — R%*™ guch that vg(-) is continuously
differentiable, vg;(0) = 0,7 =1,...,q, w € W, w(0) = 0, the zero solution
r(t) = 0 to (3.62) is Lyapunov (respectively, asymptotically) stable, and, for
alzeR"andi=1,...,q,

0= () F(z) — hT(w)Qif}(x) —wi(Vs(2)) + 0 ()ti(), (3.65)
0=10,(@)G(x) — " (2)(S; + Qi () + £] () Z(x), (3.66)
0=R; +JT(x)S; + SFJ(x) + JT(2)QiJ (2) — ZF (x) Zi(x). (3.67)

Proof. First, suppose that there exist functions vy : R® — Ry,
;R — R%, Z, : R® — R%X™ g : Ei — R, such that vg(-) is con-
tinuously differentiable and nonnegative-definite, vg(0) = 0,7 = 1,...,q,
w(0) = 0, w € W, the zero solution r(t) = 0 to (3.62) is Lyapunov (re-
spectively, asymptotically) stable, and (3.65)—(3.67) are satisfied. Then, for
every admissible input u(-) € U, t1, ts ER, to > t1 > tg,and i =1,...,¢q, it
follows from (3.65)—(3.67) that

/ i (us(t), i (£))dt = / W () Reu(t) + 29T () Ssu ()

t1 t1

+y" (1) Quy (1))t
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+ul (1) Z] (2(6) Zi(x(t))u(t) — wi(Va(x(t)))]dt

= / Joa(a(®) + [(2(0) + ZaO)u®]*

t1

T0((t)) + Zi(a(t))u(t)] — wi(Va(a ()]t
> v (ta)) — vaix(t1)) — / " wi(Va(a(t)))dt,
(3.68)

where z(t), t > to, satisfies (3.5). Now, the result follows from (3.68) with
vector storage function Vi(x) = [vs1 (), ..., vs(2)]T, z € R™

Conversely, suppose that G is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u,y),
where s;(u;, y;) = ul Riu; +2yL Siui +yF Qiyi, i = 1,...,q. Then there exist
a vector storage function Vi = [Usl,...,vsq]T : R — Ei and a class W
function w = [wy, ..., wy]" : RY — RY such that Vi(0) = 0, w(0) = 0, the
zero solution 7(t) = 0 to (3.62) is Lyapunov (respectively, asymptotically)
stable, and, for all i =1,...,q, t3 > t1, and u € U,

to

vsi (z(t2)) Svsi(x(tl))+/25i(ui(t),yi(t))dt+/ w;(Vs(x(t)))dt. (3.69)

t1 t1
Since, by assumption, vg;(-) is continuously differentiable, (3.69) is equivalent
to
Usi(2(1)) < siui(t), yi(t)) + wi(Vs(2(1))), = to, (3.70)
where x(t), t > to, satisfies (3.5). Now, with ¢ = ¢ it follows from (3.70)
that

vgi (w0) (F (w0) 4+ G (o) u(to)) < si(uilto), yi(to)) +wi(Va(zo)), (3.71)

for all u(to) € R™, y(to) € R, 29 € R”, and i = 1,...,q.
Next, for all t =1,...,q, let d; : R™ x R™ — R be such that

di(z,u) = —vl(z)(F(z) + G(x)u) + si(ug, hi(2;) + Ji(2:)us) + wi(Vi(z)).
(3.72)

Now, since xy € D is arbitrary, it follows from (3.71) that d;(z,u) > 0, z €
R™ uw € R™ i =1,...,q. Furthermore, note that d;(x,u) given by (3.72)
is quadratic in u, and hence, there exist functions ¢; : R® — R% and Z; :
R™ — R%*™ guch that, for all . =1,...,q, x € R", and u € R™,

di(z,u) = [ti(z) + Zi(x)u] [li(x) + Zi(2)u]
= —v(2)(F(z) + G(x)u) + si(ug, hi(zi) + Ji(zi)u;)
+w; (Vs())
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= —vl(z)(F(z) + G(iv)u) +uTRu + 2(h(x) + J(x)u)T Siu
+(h(z) + J(@)u) ' Qi(h(w) + J(x)u) + wi(Va(x)). (3.73)
Now, equating coefficients of equal powers yields (3.65)—(3.67). O

Using (3.65)—(3.67) it follows that for T'> ¢y > 0and i =1,...,q,

T T
/ s (t), ()t + / wi(Va(e(£)))dt = v (2(T)) — vsi(z(to)

to to

T
+/t [i(x(t)) + Zi(a(O)u®)] [6(z() + Zi(z()ult)ldt, (3.74)
0

where Vi(x) = [vs1(z),...,05(2)]T, 2 € R", which can be interpreted as
a generalized energy balance equation for the ith subsystem of G where
vsi(x(T')) — vsi(z(tp)) is the stored or accumulated generalized energy of the
ith subsystem, the two path-dependent terms on the left are, respectively,
the external supplied energy to the ith subsystem and the energy gained
by the ith subsystem from the net energy flow between all subsystems due
to subsystem coupling, and the second path-dependent term on the right
corresponds to the dissipated energy from the ith subsystem.

Equivalently, (3.74) can be rewritten for all i =1,...,q as

Usi (2 (t)) = si(ui(t), yi (1)) + wi(Vs(2(1)))
—[li(2(t) + Zi(z(®)u®)] T [z (1) + Zi(z()u(®)], t> to,
(3.75)

which yields a set of ¢ generalized energy conservation equations for the
large-scale dynamical system G. Specifically, (3.75) shows that the rate of
change in generalized energy, or generalized power, of the ith subsystem of
G is equal to the generalized system power input to the ith subsystem plus
the instantaneous rate of energy supplied to the ith subsystem from the net
energy flow between all subsystems minus the internal generalized system
power dissipated from the ith subsystem.

Note that if G with u(t) = 0 is vector dissipative (respectively, ex-
ponentially vector dissipative) with respect to the vector quadratic supply
rate where ); < 0,7 =1,...,q, then it follows from the vector dissipation
inequality that

V(1)) << w(Vi(x(t))) + S(0,y(1) << w(Vi(x(t), t>to, (3.76)

where S(Ov y) = [31(0’ yl)’ T ’SQ(Ov yQ)]T’ Si(07 yl(t)) = y;f(t)szz(t) <0,t=>
to, i =1,...,q, and x(t), t > to, is the solution to (3.5) with u(t) = 0. If, in
addition, there exists p € R such that pTVi(z), x € R", is positive definite,
then it follows from Corollary 2.3 that the undisturbed (u(t) = 0) large-scale
nonlinear dynamical system (3.5) is Lyapunov (respectively, asymptotically)
stable.
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Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 3.6. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) with m; = 1;, 1 = 1,...,q, is vector passive (respectively,
vector exponentially passive) if it is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u,y),
where s;(u;,y;) = 2ytu;, i =1,...,4q.

Definition 3.7. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is vector nonexpansive (respectively, vector exponentially
nonexpansive) if it is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u,y), where s;(u;, y;) =

yfuZTul —yZTyi, i=1,...,q,and v, >0,i=1,...,q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider large-scale nonlinear dy-
namical systems G which are vector dissipative with respect to vector sup-
ply rates S(u,y), where s;(u;, ;) = 2yXu;, i € Ny, sj(uj,y;) = ’yjzu;-ruj —
yJTyj, v > 0,7 € Nney Np " Npe = @, and Ny UNge = {1,...,¢}. Fur-
thermore, supply rates for vector input strict passivity, vector output strict
passivity, and vector input-output strict passivity generalizing the passivity
notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a vector quadratic supply rate
for the case where the vector storage function Vi(z), z € R™, is component
decoupled, that is, Vi(z) = [vs1(z1), . .., vsq(z4)]T, @ € R™.

Theorem 3.7. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that there exist functions Vi = [vg,.. .,
vgg)t : R™ — Ei, w = [wi,...,wy" : @3_ — R, ¢, : R® — RS, Z, :
R™ — R%*™i such that vg(+) is continuously differentiable, vg;(0) = 0, i =
1,...,q, w e W, w(0) =0, the zero solution r(t) = 0 to (3.62) is Lyapunov
(respectively, asymptotically) stable, and, for all x € R" and i = 1,...,q,

0> vl (i) [fi(zs) + Tix)] — hyf (23)Qihi (i) — wi(Va()) + £ (i) li(2s),

(3.77)
0= 50l (20)Gi(wi) — hi (24)(Si + Qidi(z)) + £F () Zi(4), (3.78)
Then G is vector dissipative (respectively, exponentially vector dissipative)

with respect to the vector supply rate S(u,y), where s;(u;, y;) = u} Ryu; +
Proof. For every admissible input u = [uf,...,u;]" such that u; €
R™i t1,ta € R, tg > t; > tg, and i = 1,...,q, it follows from (3.77)—(3.79)
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that
to to
/t Si(ui(t)ayi(t))dt:/t [ui () Rywi(t) + 247 (8)Siui(t)
+yi (H)Qiyi(t)]dt
t2
~ [T Qo)
+2hT(fﬂz(t))(5 + QiJi(wi(1)))ui(t)
ul () (T (i) QiJi(wa(t)) + T (wi(t))S;
+S Ji(z;(t)) + R; )ul( )]de
t2
> [ W) (0) + Tat)
G (i (8))ui ()] + €7 (2i()) s (i(1))
+20F (2:(t)) Zi (i (1) Jua (1)
ui ()2 (i) Zi (i (1) Jui(t) — wi(Ve((t)))]dt
2
= [Tt + a@i(0) + Zia0)use)]"
i (wi(t)) + Ziwi(t))ui(t)] — wi(Vs(x(2)))]de
> ai(t2) = walos(t) = [ w (el
(3.80)
where x(t), t > tg, satisfies (3.5). Now, the result follows from (3.80) with
vector storage function V() = [Usl(xl) o usg(zg)]T, T € R™ O

Finally, we provide necessary and sufficient conditions for the case
where the large-scale nonlinear dynamical system G is vector lossless with
respect to a vector quadratic supply rate.

Theorem 3.8. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Let R; € S™, S; € Ri*™i and Q; € S4, i =
1,...,q. Then G is vector lossless with respect to the vector quadratic supply
rate S(u,y), where s;(u;,y;) = ui Riw; + 2yF Siu; + yF Qiyi, i = 1,...,q,
if and only if there exist functions Vi = [vg1,...,v5]" : R® — Ei and
w = [wy,...,wyl" : E‘i — R? such that vg;(-) is continuously differentiable,
v5i(0) = 0,9 =1,...,q, w € W, w(0) = 0, the zero solution r(t) = 0 to
(3.62) is Lyapunov stable, and, for all z € R® and i = 1,...,q,

0=l () F () — " (2)Qih(z) — wi(Vi(x)), (3.81)
0= o, (2)G(x) — W (2)(S; + QiJ (x)), (3.82)

2Vs
=R+ JY@)S; + SFJ(x) + TV (2)QyJ (x). (3.83)
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Proof. The proof is analogous to the proof of Theorem 3.6. O

3.4 Specialization to Large-Scale Linear Dynamical Systems

In this section, we specialize the results of Section 3.3 to the case of large-
scale linear dynamical systems. Specifically, we assume that w € W is linear
so that w(r) = Wr, where W € R?7%? is essentially nonnegative, and consider
the large-scale linear dynamical system G given by

-
~~
~
~—
I

Ax(t) + Bu(t), x=(to) =z, t>to, (3.84)
y(t)=Cx(t) + Du(t), (3.85)

where A € R™ " and A is partitioned as A £ [A;],i,7 = 1,...,q, A;j €
R™*"5 N n; =n, B = block-diag[By, ..., By], C = block-diag[C1, ...,
C,], D = block—diag[D1, ..., Dy}, B; € R%*m (; € RiX"_ D, € Rixmi,
andi=1,...,q.

Theorem 3.9. Consider the large-scale linear dynamical system G
given by (3.84) and (3.85). Let R; € S™, S; € Ri*™i and Q; € S%, i =
1,...,q. Then G is vector dissipative (respectively, exponentially vector dis-
sipative) with respect to the vector supply rate S(u,y), where s;(u;,y;) =
ul Ry + 2yt Sivi +yf Qiyi, i = 1,..., q, if and only if there exist W € RI%4,
P, e N*, [; € R%*" and Z; € R%*™ { =1,...,q, such that W is essen-
tially nonnegative and semistable (respectively, asymptotically stable), and,
foralli=1,...,q,

q
0=A"P + PA-C"QiC = Wi P+ L L, (3.86)
j=1
0=PB—CY(S; + Q;D) + L} Z;, (3.87)
0=R;+D'S;+ S'D+DTQ,D -z} z;. (3.88)

Proof. Sufficiency follows from Theorem 3.6 with F(z) = Ax, G(z) =
B, h(x) = Cx, J(x) = D, w(r) = Wr, {;(zx) = Lz, Zi(x) = Z;, and
vei(z) =2TPx,i=1,...,q.

To show necessity, suppose G is vector dissipative with respect to the
vector supply rate S(u,y), where s;(u;, y;) = ui Riui+2yF Sivi+yl Qiyi, i =
1,...,q. Then it follows from Theorem 3.6, with w(r) = Wr, that there
exist Vg : R™ — Ei, L; : R™ — R%, and Z; : R® — R%*™ guch that W is
essentially nonnegative and semistable (respectively, asymptotically stable),
Va(z) £ [vs1(z), ..., vsq(@)]T, 2 € R™, V5(0) = 0, and (3.65)—(3.67) hold for
all i = 1,...,q with F(z) = Az, G(z) = B, h(z) = Cz, J(z) = D, and
w(r) =Wr.
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Since vg;(-) is nonnegative-definite and vs;(0) = 0,47 =1,...,¢q, it fol-
lows that there exists P; € N* i =1,...,q, such that

vi(x) = 2  Pir + vgi(z), z€R™, i=1,...,q, (3.89)

where vg; : R — R contains the higher-order terms of vg;(z). Next, note
that it follows from (3.65) that ¢;(0) = 0, and hence, there exists L; € R**"
such that ¢;(x) = Lz + 6i(z), v € R", where /£;;(-) contains higher-order
terms. Furthermore, it follows from (3.67) that Z; = Z;, Z; € R%*™,
i=1,...,q, which implies (3.88).

Using the above expressions, (3.65) and (3.66) can be written as

q
0=z" | A"P+ PA-CTQiC =Y WP+ L{Li | x +~i(x), (3.90)
j=1
0=2T(P,B — CY(S; + Q:D) + LT Z;) + I;(z), (3.91)

where

Yi(7) =g (z) Az — Z Wi jyVsej (@) + 200 L i (@) + £ (2) i (), (3.92)
7=1

[i(x) = %véri(x)B + ErTi(x)Zl 3.93)

(
Now, viewing (3.90) and (3.91) as the Taylor’s series expansion of (3.65)
and (3.67), respectively, about z = 0 and noting that lim I‘ @)l —

ER
and lim ;0 % 0,t=1,...,q, it follows that P;, i = 1,...,q, satisfy

(3.86) and (3.87). O

Note that (3.86)—(3.88) are equivalent to

A B; L} )
[B;f Ci]:_[Zf][Li Zi ] <0, i=1,...,q, (3.94)
where, for alli =1,... ¢,
~ q
Ai=ATP, + PA-CTQiC - > WP, (3.95)
j=1
Bi=P,B—CY(S; + Q;D), (3.96)
Ci=—(R; + D'S; + S'D + DTQ;D). (3.97)

Hence, vector dissipativity of large-scale linear dynamical systems with re-
spect to vector quadratic supply rates can be characterized via (cascade)
linear matrix inequalities (LMIs) [26]. A similar remark holds for Theorem
3.10 below.
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The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a vector quadratic supply rate in the case
where the vector storage function is component decoupled.

Theorem 3.10. Consider the large-scale linear dynamical system G
given by (3.84) and (3.85). Let R; € S™, S; € Ri*™i and Q; € S4, i =
1,...,q, be given. Assume there exist matrices W € R9*?, P, € N™,
L;; € Rswxni 7. ¢ RSuX™i ¢ =1,...,q, L;; € R%i5 %™ and Zij € RS =M
i,j=1,...,q, 1 # j, such that W is essentially nonnegative and semistable
(respectively, asymptotically stable), and, for all i =1,...,¢q,

0> ALP; + P A — CFQiCy — Wi o Py + LELis + Z LELj, (3.98)

J=1,j#i
0=PB; — ClS; — CrQ;D; + L} Zy;, (3.99)
0<R;+D}S; + S'D; +Dl-TQiDZ- — ZX 7, (3.100)
and, for j=1,...,q, j #1,
0=PFA;; + L ZZJ, (3.101)
Then G is vector dissipative (respectively, exponentlally vector dissipative)

with respect to the vector supply rate S(u,y) = [s1(u1, 1), -, 8q(tq, Yq)] T
where si(ui, yi) = uf Riug + 2y} Sius + 4} Qayi, i = 1,...,q.

Proof. Since P, € N" the function vg(x;) £ x} Pix;, v; € R™, is
nonnegative definite and vg;(0) = 0. Moreover, since vg;(-) is continuously
differentiable it follows from (3.98)—(3.102) that for all u; € R™i,i =1,...,q,
and t > t,

Ui (1)) = ZAlij ) + Biui(t)

q
<l (t) | Wi P+ Gl QiCi — LijLis — Y LiLij | ai(t)
J=1j#

- Z ol ()L Zija;(t) + 22 (8)CF Siui(t)
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+ul (1) DT Qi Dyui(t) — ul (1) ZF Ziui(t)
q
=" Wi yvsj (1)) + ul () Riwi(t)
j=1

+2y; () Siwi(t) + v (1) Qii(t)
q
— Z (L”xl(t) + Zijl‘j(t))T(Lijl‘i(t) + Zijxj(t))
J=1,j#i

< si(ui(t),yi(t) + > Wi gyvs; (@i (1), (3.103)

j=1
or, equivalently, in vector form
Vi(x(t)) << WVi(z(t) + S(u,y), ueld, t>t, (3.104)

where Vi(x) £ [vs1(21), . . ., vsq(24)]T, @ € R™. Now, it follows from Proposi-
tion 3.2 that G is vector dissipative (respectively, exponentially vector dissi-
pative) with respect to the vector supply rate S(u,y) and with vector storage
function Vi(z), x € R™. O

3.5 Stability of Feedback Interconnections of Large-Scale
Nonlinear Dynamical Systems

In this section, we consider stability of feedback interconnections of large-
scale nonlinear dynamical systems. Specifically, for the large-scale dynami-
cal system G given by (3.5) and (3.6) we consider either a dynamic or static
large-scale feedback system G.. Then by appropriately combining vector
storage functions for each system we show stability of the feedback inter-
connection. We begin by considering the large-scale nonlinear dynamical
system (3.5) and (3.6) with the large-scale feedback system G, given by

fo(t) = Fo(ze(t), uc(t)), zc(to) = w0, t > to, (3.105)
yc(t) = Hc(xc(t)v uc(t))v (3-106)
where F, : R" x U, — R, He : R" x U, — Y, Fe £ [F,..., Fg]",

H. 2 [Hg,...,HgI]T, U. C RY, Y, C R™. Moreover, for all i =1,...,q, we
assume that

Fci(xm uci) = fci($ci) + Ici($c) + Gci(xci)ucia (3-107)

Hei(%eiy tei) = hei(Tei) + Jei(Tei)uci, (3.108)

where u¢; € Ug; C Rliv Yei £ Hci(xcivuci) €Y; CR™, (ucivyci) is the input-
output pair for the ith subsystem of G., f.; : R%¢ — R"i and Z; : R" —
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Ge

Figure 3.1 Feedback interconnection of large-scale systems G and G..

R" satisfy f.;(0) = 0 and Z;(0) = 0, Ge; : R — RixXli p; : RN — R™:
and satisfies he; (0) = 0, Jg; : R — R™>and 37 ne; = ne.
Furthermore, we define the composite input and composite output for

the system G. as ue = [ul, ... ,uCTq]T and y. = [y],. .. ,y;fq]T, respectively.
In this case, Us = U X -+ - X Ugg and Y, = Y1 X -+ - x Y, Note that
with the feedback interconnection given by Figure 3.1, u. = y and y. = —u.

We assume that the negative feedback interconnection of G and G, is well
posed, that is, det(l,,, + Jei(zei)Ji(zi)) # 0 for all z; € R™ | x; € R™, and
1 =1,...,q. Furthermore, we assume that for the large-scale systems G and
G, the conditions of Theorem 3.3 are satisfied, that is, if Vi(z), € R™, and
Ves(xe), . € R™ are vector storage functions for G and G., respectively,
then there exist p € RY and p. € R% such that the functions vs(z) =
ptVi(z), x € R", and ves(ze) = pd Ves(2c), 2 € R™, are positive definite.

The following result gives sufficient conditions for Lyapunov and asymp-
totic stability of the feedback interconnection given by Figure 3.1.

Theorem 3.11. Consider the large-scale nonlinear dynamical systems
G and G, given by (3.5) and (3.6), and (3.105) and (3.106), respectively.
Assume that G and G, are vector dissipative with respect to the vector sup-
ply rates S(u,y) and S¢(uc,yc), and with continuously differentiable vector
storage functions V() and Vi(-) and dissipation matrices W € R?*9 and
W, € R?*4, respectively.

i) If there exists ¥ £ diag[oy,...,04] > 0 such that S(u,y) + 2Se(uc, yc)

<< 0 and W € R9%Y is semistable (respectively, asymptotically sta-
ble), where

Wi j) & max {W(; 5y, (S WS )}

— max {W(z,]))

%

O'_WC(Z’])} y Z,j = ].,...,q, (3109)
J

then the negative feedback interconnection of G and G. is Lyapunov
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(respectively, asymptotically) stable.

ZZ) Let Qz S Sli, Sz S Rlixmi, Rl S Smi, Qci S Smi, Sci € Rmini,
and R.; € S%, and suppose S(u,y) = [s1(u1,y1),... , 8q(tg,yg)]T and
Sc(uc’ yc) = [Scl (Ucl’ ycl)7 cee 730q(ucq’ ycq)]T’ where Si(uh yz) = U?Rzuz
+2?J;FSZUZ+?J;FQ1% and Sci(uci’ yci) = u;l;Rciuci+2y£Sciuci+y£Qciyci’
i=1,...,q. If there exists ¥ £ diag[o1,...,0,] > 0 such that for all
1=1,...,q,

(1>

~ . ‘R. _g. .qT
T e N (3.110)

S +0iSei Ri+0iQci | =

and V~V~6 R?%? is semistable (respectively, asymptotically stable),
where W ) = max{W,j), (SWeX™) 5} = max{W), & Weei, b
1,7 =1,...,q, then the negative feedback interconnection of G and G,
is Lyapunov (respectively, asymptotically) stable.

Proof. i) Consider the vector Lyapunov function candidate V(z, x.)
= Vi(x) + EVs(ze), (z,2.) € R™ x R", and note that the corresponding
vector Lyapunov derivative satisfies

V(:U,:UC) = Vs(fv) + EVcs(fvc)
<< S(U, y) + ESC(UC) yc) + W‘/S(.%’) + EWC‘/;)S(xC)
WVs(z) + EW S8V ()

W(Vi(z) + XVes(2c))
= WV(z,z.), (x,2¢)€R"xR"™, (3.111)

VASRVAN

<
<

Now, since for Vi(z), z € R", and Vis(x.), zc € R™, there exist,
by assumption, p € R% and p. € RL such that the functions vg(z) =
ptVi(z), z € R™, and ves(we) = pi Ves(xe), e € R™, are positive definite
and noting that veg(xz.) < maxizl,m’q{pci}eTVCS(wc), where p; is the ith
component of p. and e = [1,...,1]%, it follows that el Vi (z.), z. € R,
is positive definite. Next, since mini:17,,,’q{pmi}eT%S(:UC) < pPeVig(ze), it
follows that pT XV (z.), xc € R, is positive definite. Hence, the function
v(z, ) = pTV(z, 1), (x,2.) € R® x R is positive definite. Now, the
result is a direct consequence of Corollary 2.3.

i1) The proof follows from i) by noting that, for all i = 1,...,¢q,

T
$i(wi, i) + 038ci(Uciy Yei) = { J } Qi[ Y ] , (3.112)
Ye Ye
and hence, S(u,y) + SSc(uc, yc) << 0. O

For the next result note that if the large-scale nonlinear dynamical
system G is vector dissipative with respect to the vector supply rate S(u,y),
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where s;(u;,y;) = 2yfu;, i = 1,...,q, then with s;(y;) = —riy;, where
ki > 0,1 = 1,...,q, it follows that s;(r;i(vi),v:) = —2riyiyi < 0, y; #
0,7=1,...,q. Alternatively, if G is vector dissipative with respect to the
vector supply rate S(u,y), where s;(u;,y;) = v2uiu; — yy;, where ; > 0,
i=1,...,q, then with r;(y;) = 0, it follows that s;(k;(v:), %) = —y} vi <0,
y; #0,4=1,...,q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist o > 0 and p € RY such that (2.4) holds,
then it follows from Theorem 3.3 that (scalar) storage functions of the form
vs(x) = pTVi(x), x € R™, where V;(-) is a vector storage function for G, are
positive definite. If G is exponentially vector dissipative, then p is positive.

Corollary 3.2. Consider the large-scale nonlinear dynamical systems
G and G, given by (3.5) and (3.6), and (3.105) and (3.106), respectively.
Assume that G and G, are zero-state observable and the dissipation matrices
W € R?? and W, € R?*? are such that there exist, respectively, a > 0,
peRL, a >0, and p. € RE such that (2.4) is satisfied. Then the following
statements hold:

i) If G and G, are vector passive and W e R9%9 is asymptotically stable,
where W(; = max{W; jy, Wi )}, 4,5 = 1,...,¢, then the negative
feedback interconnection of G and G, is asymptotically stable.

ii) If G and G, are vector nonexpansive and W e R7% is asymptotically
stable, where W(; ;) = max{W ;y, Weiijy}s 4,5 = 1,...,¢q, then the
negative feedback interconnection of G and G, is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 3.11. Specifi-
cally, 7) follows from Theorem 3.11 with R; =0, S; = Is,,, Qi =0, Re; =0,
Sei = Imyy Qi = 0,1 =1,...,q, and ¥ = I, while 7i) follows from The-
orem 3.11 with R; = 2L, Si = 0, Q; = —1Ij;, Rei = v41,, Sei = 0,
Qci=—1Im;,i=1,...,q,and X = I,. O



Chapter Four

Thermodynamic Modeling of Large-Scale
Interconnected Systems

4.1 Introduction

In this chapter, we use vector dissipativity theory to provide connections
between large-scale dynamical systems and thermodynamics. Specifically,
using a large-scale dynamical systems theory prospective for thermodynam-
ics, we show that vector dissipativity notions lead to a precise formulation
of the equivalence between dissipated energy (heat) and work in a large-
scale dynamical system. Next, we give a deterministic definition of entropy
for a large-scale dynamical system that is consistent with the classical ther-
modynamic definition of entropy and show that it satisfies a Clausius-type
inequality leading to the law of entropy nonconservation. Furthermore, we
introduce a dual notion to entropy, namely, ectropy, as a measure of the
tendency of a large-scale dynamical system to do useful work and show that
conservation of energy in an isolated system necessarily leads to nonconser-
vation of ectropy and entropy. Then, we show that our thermodynamically
consistent large-scale nonlinear dynamical system model is semistable, that
is, it has convergent subsystem energies to Lyapunov stable energy equilib-
ria. In addition, we show that the steady-state distribution of the large-scale
system energies is uniform, leading to system energy equipartitioning corre-
sponding to a minimum ectropy and a maximum entropy equilibrium state.

4.2 Conservation of Energy and the First Law
of Thermodynamics

The fundamental and unifying concept in the analysis and control design of
complex large-scale dynamical systems is the concept of energy. The energy
of a state of a dynamical system is the measure of its ability to produce
changes (motion) in its own system state as well as changes in the system
states of its surroundings. These changes occur as a direct consequence of
the energy flow between different subsystems within the dynamical system.
Since heat (energy) is a fundamental concept of thermodynamics involving
the capacity of hot bodies (more energetic subsystems) to produce work,
thermodynamics is a theory of large-scale dynamical systems. As in thermo-
dynamic systems, dynamical systems exhibit energy that becomes unavail-
able to do useful work. This in turn contributes to an increase in system
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Figure 4.1 Large-scale dynamical system G.

entropy; a measure of the tendency of a system to lose the ability to do use-
ful work. Connections between thermodynamics and system theory as well
as information theory are well known [20,21,27,30,69,81,113,114,147,179).

To develop connections between vector dissipativity, large-scale non-
linear dynamical systems, and thermodynamics, consider the large-scale dy-
namical system G shown in Figure 4.1 involving ¢ interconnected subsys-
tems. Let vg;(x), x € D, denote the energy of the ith subsystem and assume
that, without loss of generality, vs;(0) = 0,7 = 1,...,q. Otherwise, assum-
ing vg;(+) is lower bounded, we can consider the shifted subsystem energy
Usi () = vgi(x) — vg(0), x € D. Furthermore, let s;(u;, y;), u; € Z/IZ, v € Vi,
denote the external power supplied to the ith subsystem, let o;; : ]R — Ry,
1% j,1,5 =1,...,q, denote the instantaneous rate of energy flow from the
jth subsystem to the ith subsystem, and let oy; : E‘i —Ri,i=1,...,q,
denote the instantaneous rate of energy loss from the ith subsystem.

An energy balance equation for the ith subsystem yields

vsi((T)) = vai(z zj/'% 1)) — o5 (Va(w(8)) ]t

T
—/“%wa<mw+/‘ﬂzwwwmm T>t, (4.1)
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or, equivalently, in vector form,

T T
Vila (1) = VaGato) + [ w(Vi(alt))dt - [ (Vo)

+ TS(u(t),y(t))dt, T > to, (4.2)
where Vy(z) = [vs1(2), .. ., vsg(2)]T, d(Ve(2)) = [o11(Va()), - . -, 749 (Va(2))]T,
S(u,y) = [s1(u1, 1), 8q(tg,yg)|T, and w = [wy, ..., wy]T : Ri — RY is
such that

Z l0ij(r) —oji(r)], 7€ Ei. (4.3)
J=1,j#i

Note that (4.1) yields a conservation of energy equation and implies
that the energy stored in the ith subsystem is equal to the external energy
supplied to the ith subsystem plus the energy gained by the ith subsys-
tem from all other subsystems due to subsystem coupling minus the energy
dissipated from the ith subsystem. Equivalently, (4.1) can be rewritten as

Usi (@ Z loij(Va(e(®)) — a5(Va(@(®))] — 0(Va(x(t)))

+Sz(uz( ) wi(t), = to, (4.4)

or, in vector form,

Va(a(t)) =w(Va((t))) — d(Vi(x(t)) + S(u(t), y(t)), t=>to, ul() €U,
(4.5)

yielding a power balance equation.

Specifically, (4.4) shows that the rate of change of energy, or power, in
the ith subsystem is equal to the power input to the ith subsystem plus the
energy flow to the ith subsystem from all other subsystems minus the power
dissipated by the ith subsystem. Note that (4.2) or, equivalently, (4.5) is a
statement of the first law of thermodynamics for each of the subsystems with
vsi (), si(ui,vi), 0i(+), i # j, and 04(-), i = 1,..., ¢, playing the role of the
ith subsystem internal energy, rate of work done on the ith subsystem, heat
flow between subsystems due to coupling, and the rate of heat dissipated to
the environment, respectively. In other words, (4.2) is a precise formulation
of the equivalence between dissipated energy (heat) and work.

Next, since the instantaneous rate of energy loss o;(r), r € RY,i =
1,...,q, is a nonnegative function, it follows from (4.1) that

T
vsi(2(T)) < wsi((to)) + | > / (03 (Vs (2 (1)) — aa(Va((£)))]de
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T
+ / si(us(8), ys(£)dt, T > to, (4.6)

to

In vector form, (4.6) can be equivalently written as

T T
V(D) £ Vila(to) + [ wa@)de+ [ S@o.yo),
to to
T > to. (4.7)
For every i = 1,...,q and every 7/,7" € R}, such that / = 7 and i <
ri,j#1,7=1,...,q, weassume that 0;(r') < 0;;(r") and 0;(r") = 0i (r").

In this case, w(-) € W. The above mathematical constraints physically
imply that the more energy the jth subsystem has, the faster it can transfer
this energy to the ith subsystem regardless of the energy distribution in the
large-scale system G. Furthermore, for any two energy distributions in G
with the energy of the jth subsystem being the same for both distributions,
the jth subsystem has the same energy transfer rate to the ¢th subsystem.

In the special case where the energy transfer rate from the jth sub-
system to the ¢th subsystem is only dependent on the energy of the jth
subsystem, that is, o;;(r) = 04;(r;), ¢ # j, 4,5 = 1,...,¢, it is sufficient to
assume that 0;;(r;) is a nondecreasing function to ensure that w(-) € W.
This implies that the more energy the jth subsystem has, the faster it can
transfer this energy to the ith subsystem. Next, assume that 0;;(0) = 0, 7 #
J, 4,5 =1,...,q, which implies that if the energy of each subsystem of G is
zero, then the energy exchange between subsystems is not possible. More-
over, since w(-) € W and w(0) = 0 it follows that w : R}, — RY is essentially
nonnegative, and hence, by Proposition 2.1 the solution r(t), t > tg, of the
comparison system

7(t) = w(r(t)), r(to) =ro, t>to, (4.8)

remains in the nonnegative orthant K‘i for all rg € K‘i.

Next, we show that the zero solution r(t) = 0 to (4.8) is Lyapunov
stable. To see this, consider v(r) = Y7 r;,r € E‘i, representing the
sum of all subsystem energies, as a Lyapunov function candidate for (4.8).
Clearly, v(0) = 0 and v(r) > 0, 7 € R%, 7 # 0. Furthermore,

i)(r(t)):Zn Z Z a” —ou(r@)] =0, t>ty, (4.9)

which implies Lyapunov stability of the zero solution r(t) = 0 to (4.8).
Hence, by Definition 3.5 the large-scale dynamical system G is vector dissi-
pative with respect to the vector supply rate S(u,y).

Finally, in the case where 0;(r) = 075, 035 >0, 1 # 7,4, =1,...,4¢,
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it follows that w(r) = Wr, where

D ki Okjs 1= Js
Wi o = =1 4.1
(4,9) { Tijs Z?é ] ( O)

In this case, it follows from (4.10) that > 7 ; Wi =0,j=1,...,q, and
hence, W is a semistable compartmental matrix. Furthermore, it follows
from Corollary 3.1 with p = e, where e = [1,...,1]T, that 0 < v,(z) <
SI_ vsi(z) < ve(x) < oo, which implies that the large-scale nonlinear dy-
namical system G can deliver to its surroundings only a fraction of all of its
stored subsystem energies and can store only a fraction of the work done to
all of its subsystems.

4.3 Nonconservation of Entropy and the Second Law
of Thermodynamics

The nonlinear power balance equation (4.5) can exhibit a full range of non-
linear behavior including bifurcations, limit cycles, and even chaos. How-
ever, a thermodynamically consistent energy flow model should ensure that
the evolution of the system energy is diffusive (parabolic) in character with
convergent subsystem energies. Hence, to ensure a thermodynamically con-
sistent energy flow model we require the following assumptions. For the
statement of these assumptions we first recall the following graph theoretic
notions.

Definition 4.1 ([15]). A directed graph ®(C) associated with the con-
nectivity matriz C € R?7*? has vertices {1,2,...,q} and an arc from vertex
i to vertex j, i # j, if and only if C;;) # 0. A graph &(C) associated with
the connectivity matrix C € R?7*7 is a directed graph for which the arc set
is symmetric, that is, C = CT. We say that &(C) is strongly connected if for
every ordered pair of vertices (i,j), i # j, there exists a path (i.e., sequence
of arcs) leading from i to j.

Recall that C € R?*Y is irreducible, that is, there does not exist a
permutation matrix such that C is cogredient to a lower block triangular
matrix, if and only if &(C) is strongly connected (see Theorem 2.7 of [15]).
Let ¢i;(Vs) £ 04j(Vi) — 05i(Va), Vs € R%, define the energy flow between
subsystems G; and G; of a large-scale dynamical system G.

Assumption 4.1. The connectivity matrix C € R9*? associated with
the large-scale dynamical system G is defined by

2 ) 0, ifgi(Ve) =0, ., o
Clig) = { 1, otherwise, iAd b= Leng o (41
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and

Clii) (4.12)

[I>
|
5

-
-~
|
S
-
|
—
R

and satisfies rank C = ¢ — 1. Moreover, for every i # j such that C(i,j) =1,
¢i;(Vs) = 0 if and only if vy = vg;.

Assumption 4.2. For i,j =1,...,q, (vsi — vsj)0i;(Vs) <0, Vs € Ei.

The fact that ¢;;(Vs) = 0 if and only if vy, = v, @ # j, implies that
subsystems G; and G; of G are connected; alternatively, ¢;;(Vs) = 0 implies
that G; and G; are disconnected. Assumption 4.1 implies that if the energies
in the connected subsystems G; and G; are equal, then energy exchange be-
tween these subsystems is not possible. This statement is consistent with the
zeroth law of thermodynamics, which postulates that temperature equality
is a necessary and sufficient condition for thermal equilibrium. Furthermore,
it follows from the fact that C = CT and rank C = ¢—1 that the connectivity
matrix C is irreducible, which implies that for every pair of subsystems G;
and G;, 1 # j, of G there exists a sequence of connectors (arcs) of G that
connect G; and G;.

Assumption 4.2 implies that energy flows from more energetic sub-
systems to less energetic subsystems and is consistent with the second law
of thermodynamics, which states that heat (energy) must flow in the di-
rection of lower temperatures. Furthermore, note that ¢;;(Vs) = —¢;i(Vs),
Vs e Ei, 1% 4, 4,7 =1,...,q, which implies conservation of energy between
lossless subsystems. With S(t) = S(u(t),y(t)) = 0, Assumptions 4.1 and 4.2,
along with the fact that ¢;;(Vs) = —¢;:(V%), Vs € @i, i#j,0,j=1,...,q,
imply that at a given instant of time energy can only be transported, stored,
or dissipated but not created and the maximum amount of energy that can
be transported and /or dissipated from a subsystem cannot exceed the energy
in the subsystem.

Next, we give a deterministic definition of entropy for a large-scale
dynamical system that is consistent with the classical thermodynamic defi-
nition of entropy.

Definition 4.2. For the large-scale dynamical system G with the power
balance equation (4.5), the function S : Ri — R given by S(V;) = e'log,(ce
+V5)—qlog, ¢, where log, (ce+V;) denotes the vector natural logarithm given
by [log.(c + vs1), -, log.(c + vs)]T and ¢ > 0, is called the entropy of G.

The entropy of G can be thought of as a measure of the tendency of a
large-scale dynamical system to lose the ability to do useful work, lose order,
and to settle to a more homogenous state. Note that the change in entropy
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of a large-scale dynamical system G is given by
S(Va(ta)) — S(Va(tr) / - Z Ouilt (4.13)
s(l2 l v ¢+ Usz .
or, equivalently,

(4.14)

Theorem 4.1. Consider the large-scale dynamical system G with power
balance equation (4.5) and assume that Assumption 4.2 holds. Then, for
every Vi(tg) € R%, the entropy of G satisfies

to
SOHE) 2 St + [ Qe oz tizto,  (415)
t1
where Q £ [51_%101@5‘/*), e %ZZS@]T

Proof. Since Vi(t) >> 0,t > to, and ¢;;(Vs) = —¢;i(Vs), Vs € RZ,
1#£4,4,5=1,...,q, it follows that

Usi(t)
— C+ Vg (t)

:Z Si(t)_gzz s Z QZ)
i=1 ¢+ vsilt j=1,5#i —H}SZ )

IR L (o (Va(®)  ¢i(Va(t)
=S lam+ 3 <c+v5i<t> HW))

i=1 | j=itl
i (Vs(t)) (s (t) — vsi(t))
_l’_
;];1 C+USl t))(c +vs;(t))
>elQ(t). (4.16)
Now, integrating (4.16) over [t1, to] yields (4.15). O

Definition 4.3. For the large-scale dynamical system G with the power
balance equation (4.5), the function € : RS — R given by £(V;) = VIV, is
called the ectropy of G.

Ectropy is a measure of the extent to which the system energy deviates
from a homogeneous state. Thus, ectropy is the dual of entropy and is a
measure of the tendency of a large-scale dynamical system to do useful work
and grow more organized.
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Theorem 4.2. Consider the large-scale dynamical system G with power
balance equation (4.5) and assume that Assumption 4.2 holds. Then, for
every Vi(to) € Ri, the ectropy of G satisfies

to
E(Vi(ta)) < E(Vi(t)) +/ VI)S@)dt, ty >t >ty (4.17)
t1
Proof. Since ¢;;(Va) = —¢ji(Va), Vo € RS, # 4,0 = 1,...,q, it
follows that

= Z VUsi (t) Z ¢z] Z Usz Uzz )

=1 Jj=1,7#1
+VT( £)S(t)

—Z Z Vi (t) — v; ()i (Va (1))

= 1] i+1

_szz i (Vs( )+VT()S()

SO0 (418)
Now, integrating (4.18) over [t1,ts] yields (4.17). O

4.4 Semistability and Large-Scale Systems

Inequality (4.15) is precisely Clausius’ inequality for reversible and irre-
versible thermodynamics as applied to large-scale dynamical systems, where-
as inequality (4.17) is an anti-Clausius inequality that shows that a ther-
modynamically consistent large-scale dynamical system is dissipative with
respect to the supply rate V.I'S and with storage function corresponding to
the system ectropy. Note that S(0) = 0 or, equivalently, limy,_,0 S(V5) =0,
which is consistent with the third law of thermodynamics (Nernst’s theorem),
which states that the entropy of every system at absolute zero can always

be taken to be equal to zero. Furthermore, note that since gf? = #,

where S; £ log,(c + vs;) — log, ¢ denotes the ith subsystem entropy, it fol-
lows that the subsystem energies play the role of subsystem thermodynamic
temperatures.

For an #solated large-scale dynamical system, that is, an input-closed
(i.e., S(t) = 0) and output-closed (i.e., d(Vs) = 0) dynamical system, (4.15)
yields the fundamental (universal) inequality

S(Vs(t2)) > S(Vs(t1)), t2 >t1. (4.19)
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Inequality (4.19) implies that, for any dynamical change in an isolated large-
scale system, the entropy of the final state can never be less than the en-
tropy of the initial state. It is important to stress that this result holds
for an isolated dynamical system. It is, however, possible with power sup-
plied from an external dynamical system (e.g., a controller) to reduce the
entropy of the large-scale dynamical system. The entropy of the closed-loop
system, however, cannot decrease. The above observations imply that when
an isolated large-scale dynamical system with thermodynamically consistent
energy flow characteristics (i.e., Assumptions 4.1 and 4.2 hold) is at a state
of maximum entropy consistent with its energy, it cannot be subject to any
further dynamical change since any such change would result in a decrease
of entropy. This of course implies that the state of mazimum entropy is
the stable state of an isolated system and this equilibrium state has to be
semistable.

Analogously, it follows from (4.17) that an isolated large-scale dynam-
ical system G satisfies the fundamental inequality

E(Vs(t2)) < E(Vs(t1)), t2>tu, (4.20)

which implies that the ectropy of the final state of G is always less than the
ectropy of the initial state of G. Hence, for an isolated large-scale dynamical
system the entropy increases if and only if the ectropy decreases. Thus, the
state of minimum ectropy is the stable state of an isolated system and this
equilibrium state has to be semistable. It is important to note, however,
since (4.20) also holds in the case where d(V5) # 0, the system ectropy is a
more fundamental concept as compared to the system entropy since (4.19)
does not necessarily hold in the case where d(Vs) # 0. The next theorem
concretizes the above observations.

Theorem 4.3. Consider the large-scale dynamical system G with power
balance equation (4.5) with S(¢) = 0 and d(V;) = 0, and assume that As-
sumptions 4.1 and 4.2 hold. Then, for every @ > 0, e is a semistable
equilibrium state of (4.5). Furthermore, Vi(t) — %eeTVS(to) as t — o0

and %eeTVS(to) is a semistable equilibrium state. Finally, if for some k €

{1,...,q}, ope(V5) # 0 and o4 (V) = 0 if and only if v, = 0,' then the zero
solution V4(t) = 0 to (4.5) is a globally asymptotically stable equilibrium
state of (4.5).

Proof. First, we show that ae € Ei, a > 0, is an equilibrium state for
(4.5). If vg; = vg; for all 4,5 =1,...,¢q, then w;(V5) =0 foralli=1,...,q,
is immediate from Assumption 4.1. Next, if w;(Vs) =0 for alli =1,...,q,

'The assumption ogx(Va) Z 0 and oxx(Vs) = 0 if and only if v = 0 for some k €
{1,...,q} implies that if the kth subsystem possesses no energy, then nothing can dissipate
from it. Conversely, if oxr(Vs) Z 0 and there is no dissipation from the kth subsystem,
then this subsystem has no energy.
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then it follows from Assumption 4.2 that
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where we have used the fact that ¢;;(Vs) = —¢;i(Vs) for all 4,5 = 1,.
Hence, (vs; — vsj)0ij(Vs) = 0 for all ¢, = 1,...,q. Then, w;(V5) = 0 for all
i=1,...,qif and only if vg; = - - - = vy54, which shows that ce eR?, a>0,
is an equilibrium state of (4.5).

To show Lyapunov stability of the equilibrium state ce consider the
system shifted ectropy & (Vi) = 3(Vs—ae) T (Vs— ae) as a Lyapunov function
candidate. Now, since ¢;;(Vs) = —¢;i(V5), Vs € R+, i # 7,4, =1,...,q,
and eTw (V) =0, V; € E‘i, it follows from Assumption 4.2 that

E(Ve)= (Vs — ae)TV,
(Vs — ae)Tw(V)

= v | Y. (Ve

1 j=1,j#i

q
:Z Z Vsi — VUsj ¢z] )

q
= Z (USZ' - Usj)¢ij(‘/s)
<0, Ve Ri, (4.22)

where K; 2 N; \ U/Z{{l} and V; £ {j € {1,...,q} : ¢;;(Vs) = 0 if and
only if vy = vg;}, ¢ = 1,...,¢q, which establishes Lyapunov stability of the
equilibrium state ae.

To show that ae is semistable, let R 2 {V; € R : &(V:) =0} = {Vi €
ﬁi to(vsi —vs5)0ii(Vs) = 0,4 =1,...,q,7 € K;}. Now, by Assumption
4.1 the directed graph associated with the connectivity matrix C for the
large-scale dynamical system G is strongly connected, which implies that
R={V;e @i D Vg1 = -+ = Ugq}. Since the set R consists of the equilibrium
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states of (4.5), it follows that the largest invariant set M contained in R is
given by M = R. Hence, it follows from the Krasovskii-LaSalle invariant
set theorem [70] that for every initial condition Vi(to) € RY, Vi(t) — M
as t — oo, and hence, e is a semistable equilibrium state of (4.5). Next,
note that since eTV;(t) = €' V,(tg) and Vi(t) — M as t — oo, it follows that
Vi(t) — %eeTVs(to) ast — oco. Hence, with o = %eTVS(tO), ae = %eeTVS(to)
is a semistable equilibrium state of (4.5).

Finally, to show that in the case where for some k € {1,...,q},
ope(Vs) # 0 and o (Vs) = 0 if and only if vy, = 0, the zero solution
Vs(t) = 0 to (4.5) is globally asymptotically stable, consider the system ec-
tropy (Vi) = 3V,'V; as a candidate Lyapunov function. Note that £(0) = 0,
E(V5) >0,V e Ei, Vs # 0, and £(V4) is radially unbounded. Now, the Lya-
punov derivative along the system energy trajectories of (4.5) is given by

E(Ve) =V w(Ve) — d(Vy)]
=V w(Vz) — vskowk (Vi)

4q q
= Z Usi Z Gij(Vs) | — vskonr(Vs)
=1 =L
a q
= Z Z (vsi — vs7)@ij (Vs) — vsrokr(Vs)
=1 j=it1
q
= Z Z (vsi — vs7)@ij (Vs) — varokr(Vs)
i=1 jeK;
<0, VieRL, (4.23)

which shows that the zero solution Vy(t) = 0 to (4.5) is Lyapunov stable.
To show global asymptotic stability of the zero equilibrium state,
let R & {V; e RL : £€(Vi) = 0} = {Vi € RY : vgom(Ve) = 0,k €
{1, g} N {Ve € R ¢ (v — vsj)0ij(Ve) = 0,i = 1,...,¢q, j € K;}. Now,
since Assumption 4.1 holds and oy (Vs) = 0 if and only if vy, = 0, it follows
that R = {V; € Ei g =0,k e {L,...,q}}nN{V;s € K‘i D Vg = Vg =
- = vgq} = {0} and the largest invariant set M contained in R is given
by M = {0}. Hence, it follows from the Krasovskii-LaSalle invariant set
theorem that for every initial condition Vi(tg) € E‘i, Vi(t) - M = {0}
as t — oo, which proves global asymptotic stability of the zero equilibrium
state of (4.5). O

In Theorem 4.3 we used the shifted ectropy function to show that for an
isolated large-scale dynamical system G, Vi(t) — %eeTVS(to) as t — oo and

%eeTVs(to) is a semistable equilibrium state. This result can also be arrived

at using the system entropy. To see this, note that since etw(Vy)=0,V; €
Ri, it follows that eTVi(t) = 0, t > to. Hence, eTVi(t) = eTVi(to), t > to.
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Furthermore, since Vi(t) >> 0,t > tg, it follows that 0 << Vi(t) <<
eelVi(ty), t > to, which implies that all solutions to (4.5) are bounded.
Next, since, by (4.19), the entropy S(Vi(t)), t > to, of G is monotonically
increasing and Vy(t), t > tg, is bounded, it follows from the Krasovskii-
LaSalle invariant set theorem that for every initial condition Vi(to) € RY,
Vs(t) — M as t — oo, where M is the largest invariant set contained in

£ {(V,eR,: =S (V) = 0}. It now follows from the last inequality of
(4.16) that R = {Vi € RY 1 (vg — vsj)i;(Ve) = 0,0 = 1,...,q,§ € Ki},
which, since the directed graph associated with the connectivity matrix C
for the large—scale dynamical system G is strongly connected, implies that

={V; € R D Vi = -+ = Ugq}. Since the set R consists of equilibrium
states of (4. 5), it follows that M = R, which along with (4.22), establishes
semistability of the equilibrium states ae, a > 0.

4.5 Energy Equipartition

Theorem 4.3 implies that the steady-state value of the energy in each sub-
system G; of an isolated system G is equal; that is, the steady-state energy
of the isolated large-scale dynamical system G given by

q
Vioo = 1eeTvs(to) = [1 szi(to)] e (4.24)
q e
is uniformly distributed over all subsystems of G. This phenomenon is known
as equipartition of energy® [20,21,81,88,129,148] and is an emergent be-
havior in thermodynamic systems. The next proposition shows that among
all possible energy distributions in an isolated large-scale dynamical system
G, energy equipartition corresponds to the minimum value of the system’s
ectropy and the maximum value of the system’s entropy (see Figure 4.2).

Proposition 4.1. Consider the large-scale dynamical system G with
power balance equation (4.5), let & : @i —Rand S : Ei — R denote the
ectropy and entropy of G, respectively, and define D, = {V; € @i celVy =
B}, where 5 > 0. Then,

arg min(& = arg max(S =V'= ée. (4.25)

€D. €D S q

Furthermore, Emin = (V') = %7 and Spax £ S(VY') = glog,(c + ) —
qlog, c.

Proof. The existence and uniqueness of V" follows from the fact that
E(Vs) and —S(V5) are strictly convex continuous functions on the compact

2The phenomenon of equipartition of energy is closely related to the notion of a
monotemperaturic system discussed in [27,81].
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Figure 4.2 Thermodynamic equilibria (- - -), constant energy surfaces ( —),
constant ectropy surfaces (— — —), and constant entropy surfaces

set D. To minimize £(V;) = 1VI'V;, Vi € RY, subject to Vs € D, form the

Lagrangian £(Vs, ) = $Vi'Vi + A(e'Vi — 3), where A € R is the Lagrange
multiplier. If V" solves this minimization problem, then

_oc

0=
Vs ly,—vs

=T+ et =0 (4.26)

and hence V* = —)e. Now, it follows from e’V = 3 that A = —g, which

implies that V" = ge € K‘i. The fact that V" minimizes the ectropy on
the compact set D, can be shown by computing the Hessian of the ectropy
for the constrained parameter optimization problem and showing that the

. . . . . 2 . . .
Hessian is positive definite at V.. Epnin = %% is now immediate.

Analogously, to maximize S(V;) = e'log,(ce + V;) — qlog, ¢ on the
compact set De, form the Lagrangian £(Vi, A) £ S°9_, log, (c+vsi) + A (€T Vi—
B), where A € R is a Lagrange multiplier. If V" solves this maximization
problem, then

oL

0=
oV

1 1
:{ — A, + Al =0. (4.27)
Va=V c+v5 c+ vg*q

Thus, A = —ﬁ,z’ =1,...,q. If A =0, then the only value of V" that
satisfies (4.27) is VJ* = oo, which does not satisfy the constraint equation
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elV; = B for finite B > 0. Hence, A # 0 and v}; = —(% +c),i=1,...,q,
which implies V;* = —(5+c)e. Now, it follows from eV = 8 that —(§+¢) =
% and hence V. = %e € RY.. The fact that V;* maximizes the entropy on the
compact set D, can be shown by computing the Hessian and showing that it
is negative definite at V.*. Spax = qlog,(c + %) — qlog, ¢ is now immediate.

O

It follows from (4.19), (4.20), and Proposition 4.1 that conservation of
energy necessarily implies nonconservation of ectropy and entropy. Hence,
in an isolated large-scale dynamical system G all the energy, though always
conserved, will eventually be degraded (diluted) to the point where it cannot
produce any useful work. Hence, all motion would cease and the dynamical
system would be fated to a state of eternal rest (semistability) wherein all
subsystems will possess identical energies (energy equipartition). Ectropy
would be a minimum and entropy would be a maximum, giving rise to a
state of absolute disorder. This is precisely what is known in theoretical
physics as the heat death of the universe [81].

4.6 Entropy Increase and the Second Law of Thermodynamics

In the preceding discussion it was assumed that our large-scale nonlinear
dynamical system model is such that energy flows from more energetic sub-
systems to less energetic subsystems, that is, heat (energy) flows in the
direction of lower temperatures. Although this universal phenomenon can
be predicted with virtual certainty, it follows as a manifestation of entropy
and ectropy nonconservation for the case of two subsystems. To see this,
consider the isolated large-scale dynamical system G with power balance
equation (4.5) (with S(¢) = 0 and d(V;) = 0) and assume that the system
entropy is monotonically increasing and hence S(V;(t)) > 0, t > to. Now,
since

-3 3

-3 3 (S -t

-

>0, t>to, (4.28)
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it follows that for ¢ = 2, (vs1 — vs2)p12(V5) <0, V5 € ]RJF, which implies that
energy (heat) flows naturally from a more energetic subsystem (hot object)
to a less energetic subsystem (cooler object). The universality of this emer-
gent behavior thus follows from the fact that entropy (respectively, ectropy),
accompanying energy transfer, always increases (respectively, decreases).

In the case where we have multiple subsystems, it is clear from (4.28)
that entropy and ectropy nonconservation does not necessarily imply As-
sumption 4.2. However, if we invoke the additional condition (Assumption
4.3) that if for any pair of connected subsystems G, and G, k # [, with
vsk > vg (respectively, vg, < vg) and for any other pair of connected sub-
systems G,,, and G, m # n, with v, > vg, (respectively, vg, < vg,) the
inequality ¢x;(Vs)pmn(Vs) > 0, Vi € Ei, holds, then nonconservation of
entropy and ectropy in an isolated large-scale dynamical system implies As-
sumption 4.2. The above inequality postulates that the direction of energy
flow for any pair of energy similar subsystems is consistent, that is, if for
a given pair of connected subsystems at a given energy level the energy
flows in a certain direction, then for any other pair of connected subsystems
with the same energy level, the energy flow direction is consistent with the
original pair of subsystems. Note that this assumption does not specify the
direction of energy flow between subsystems.

To see that S(Vi(t)) > 0, t > tg, along with Assumption 4.3 implies
Assumption 4.2, note that since (4.28) holds for all ¢ >t and Vi(tg) € R%.
is arbitrary, (4.28) implies

Z Z ¢1] vsg Usi) >0, Ve Ei (429)

C v C Vsj
i=1 ek, + sz + S])

Now, it follows from (4.29) that for any fixed system energy level Vg € E‘i
there exists at least one pair of connected subsystems G, and G, k # [,
such that ¢g(V5)(vg — vsk) > 0. Thus, if vg > vy (respectively, v < vy),
then ¢k (Vi) < 0 (respectively, ¢p (Vs ) > 0). Furthermore, it follows from
Assumption 4.3 that for any other pair of connected subsystems G,,, and G,
m # n, with vg, > vs, (respectively, vy, < vg,) the inequality ¢p,,(Vs) <0
(respectlvely, ®mn(Vs) > 0) holds, which implies that

¢mn( )('Usn Usm) >0, m#n. (4.30)

Thus, it follows from (4.30) that energy (heat) flows naturally from
more energetic subsystems (hot objects) to less energetic subsystems (cooler
objects). Of course, since in an isolated large-scale dynamical system G
ectropy decreases if and only if entropy increases, the same result can be
arrived at by considering the ectropy of G. Finally, since Assumption 4.2
holds, it follows from the conservation of energy and the fact that the large-
scale dynamical system G is strongly connected that nonconservation of
entropy and ectropy necessarily implies energy equipartition.
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4.7 Thermodynamic Models with Linear Energy Exchange

In this section, we assume a linear energy exchange between subsystems, that
is, 04;(r) = o475, 055 > 0, 4,5 = 1,...,q, and we let s;(t) = s;(u;(t), yi (1)),
t>tg,7=1,...,q, so that the vector form of the energy balance equation
(4.1), with to = 0, is given by

T T
Vi(2(T)) :VS(x(O))—l—/O WVs(x(t))dt+/0 S(dt, T>0,  (431)

or, in power balance form,
Vi(z(t)) = WVi(x(1) + S(t), Va(x(0)) = Vi(zo), ¢>0,  (4.32)

where xg € D and W € R?9*7 is such that

_ _Zq: Okj, ZZ]?
Note that (4.33) implies Y 7, Wiz <0,5=1,...,q, and hence, W is a
semistable compartmental matrix. If o;; > 0,7 = 1,...,q, then W is an
asymptotically stable compartmental matrix.

An important special case of (4.32) is the case where W is symmetric
or, equivalently, 0;; = 0, ¢ # 7, 4,5 = 1,...,q. In this case, it follows from
(4.32) that for each subsystem the power balance equation satisfies

bsi(2(t) + oiivsi(@(t) + Y oylvsi(z(t) — vsi ()] =sit), t>0.
=1, j#i
(4.34)

Note that ¢;(z) £ 3:1,]‘7&1' gijlvsi(x) — vsj(x)], i = 1,...,q, represents the
energy flow from the ith subsystem to all other subsystems and is given by
the sum of the individual energy flows from the ith subsystem to the jth
subsystem. Furthermore, these energy flows are proportional to the energy
differences of the subsystems, that is, vs(x) — vsj(x). Hence, (4.34) is a
power balance equation that governs the energy exchange among coupled
subsystems and is completely analogous to the equations of conduction and
convection heat transfer with subsystem energies playing the role of tem-
peratures. Furthermore, note that since 0;; > 0, 7,5 = 1,..., ¢, energy flows
from more energetic subsystems to less energetic subsystems, which is con-
sistent with the second law of thermodynamics requiring that heat (energy)
must flow in the direction of lower temperatures.

The next proposition is needed for developing expressions for steady-
state energy distributions of large-scale dynamical systems.

Proposition 4.2 ([81]). Consider the large-scale dynamical system G
with power balance equation given by (4.32). Suppose Vi(xg) >> 0, 29 € D,
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and S(t) >> 0,t > 0. Then the solution Vi(x(t)),t > 0, to (4.32) is
nonnegative for all ¢ > 0 if and only if W is essentially nonnegative.

Next, we develop expressions for the steady-state energy distribution
for a large-scale nonlinear dynamical system G for the cases where supplied
system power S(t) is a periodic function with period 7 > 0, that is, S(¢t +
7) = S(t), t > 0, and S(t) is constant, that is, S(t) = S. Define e(t) £
Vi(z(t)) — Vs(z(t + 7)), t > 0, and note that

é(t) =We(t), e(0)=Vi(xzo)— Vs(z(r)), t>0, (4.35)
where zg € D. Hence, since
e(t) = e [Va(wo) = Va(a(r))], >0, (4.36)
and W is semistable, it follows from iv) of Lemma 2.2 of [21] that
Jim e(t) = Jim [Va(a(t)) — Vae(t + 7))
= (I, - WWH)[Vi(zo) — Va(a(7))], (4.37)

which represents a constant offset to the steady-state error energy distribu-
tion in the large-scale nonlinear dynamical system G. For the case where
S(t) =S, 7 — oo, and hence, the following result is immediate. This result
first appeared in [21].

Proposition 4.3. Consider the large-scale dynamical system G with
power balance equation given by (4.32). Suppose that Vi(xzg) >> 0, z¢ € D,
and S(t) = S >> 0. Then, Vis 2 limy_,oo Vi(x(t)) exists if and only if
S € R(W). In this case,

Vioo = (I, = WWH)Vi(20) — W#S, 20 € D, (4.38)

and Voo >> 0. If, in addition, W is nonsingular, then V., exists for all
S >> 0 and is given by

Vico = —-W7'S. (4.39)
Proof. Note that the solution Vi(x(t)), t > 0, to (4.32) is given by

Vi(z(t)) = e"tVi(zo) + /0 t V=) 5(s)ds, t > 0. (4.40)

Now, the result is a direct consequence of Proposition 4.2 and iv), vii), viii),
and ix) of Lemma 2.2 of [21]. O

Next, we specialize the result of Proposition 4.3 to the case where there
is no energy dissipation from each subsystem G; of G, that is, g = 0, i =
1,...,q. Note that in this case e "W = 0, and hence, rank W < ¢ — 1. Fur-
thermore, if S = 0 it follows from (4.32) that eTVi(z(t)) = eTWVi(z(t)) =
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0,t > 0, and hence, the total energy of the isolated large-scale nonlinear
dynamical system G is conserved.

Proposition 4.4. Consider the large-scale dynamical system G with
power balance equation given by (4.32). Let W € R?*? be compartmental
and assume rank W =¢g—1,0; =0,i=1,...,q,and We = 0. If Vi(xg) >>
0, z9 € D, and S = 0, then the steady-state energy distribution V. of the
isolated large-scale dynamical system G is given by

1 q
Vooo = [6 szi(.xo)] e, x9€D. (4.41)
=1

Proof. The proof is similar to the proof of Theorem 4.3 with w(V5) =
W V. a

Finally, we examine the steady-state energy distribution for large-scale
nonlinear dynamical systems G in the case of strong coupling between sub-
systems; that is, o;; — 00,4 # j. For this analysis we assume that W
given by (4.33) is symmetric, that is, 035 = 04,9 # j, 4,5 = 1,...,q, and
oi > 0,1 =1,...,q. Thus, —W is a nonsingular M-matrix for all values
of oij, 1 # j, 1,7 = 1,...,q. Moreover, in this case it can be shown that if
i

U—]j—)laso‘ij—)oo,z';ﬁj,and(fkl—)OO,k#hthen

1
lim W 'l=—-——" ee’l. 4.42
0;j—00,17£] Z;’:l 04 ( )

Hence, in the limit of strong coupling the steady-state energy distribution
Voo given by (4.39) becomes

Vioo = lim (—W_IS):[ (4.43)

O'Z‘j%OO,iyéj

els }
_— e7
2321 Oii

which implies energy equipartition. This result first appeared in [21].



Chapter Five

Control of Large-Scale Dynamical Systems
via Vector Lyapunov Functions

5.1 Introduction

One of the most basic issues in system theory is the stability of dynamical
systems. The most complete contribution to the stability analysis of nonlin-
ear dynamical systems is due to Lyapunov [128]. Lyapunov’s results, along
with the Krasovskii-LaSalle invariance principle [116, 120, 121], provide a
powerful framework for analyzing the stability of nonlinear dynamical sys-
tems. Lyapunov methods have also been used by control system designers to
obtain stabilizing feedback controllers for nonlinear systems. In particular,
for smooth feedback, Lyapunov-based methods were inspired by Jurdjevic
and Quinn [105] who give sufficient conditions for smooth stabilization based
on the ability of constructing a Lyapunov function for the closed-loop sys-
tem.

More recently, Artstein [6] introduced the notion of a control Lyapunov
function whose existence guarantees a feedback control law that globally
stabilizes a nonlinear dynamical system. In general, the feedback control law
is not necessarily smooth but can be guaranteed to be at least continuous
at the origin in addition to being smooth everywhere else. Even though for
certain classes of nonlinear dynamical systems a universal construction of a
feedback stabilizer can be obtained using control Lyapunov functions [165,
167], there does not exist a unified procedure for finding a Lyapunov function
candidate that will stabilize the closed-loop system for general nonlinear
systems.

In an attempt to simplify the construction of Lyapunov functions for
the analysis and control design of nonlinear dynamical systems, several re-
searchers have resorted to vector Lyapunov functions as an alternative to
scalar Lyapunov functions. As discussed in Chapter 1, vector Lyapunov
functions were first introduced by Bellman [14] and Matrosov [133], and
further developed in [65,118,127,136], with [65, 127,131,132, 136, 159, 160]
exploiting their utility for analyzing large-scale systems. The use of vector
Lyapunov functions in dynamical system theory offers a very flexible frame-
work since each component of the vector Lyapunov function can satisfy
less rigid requirements as compared to a single scalar Lyapunov function.
Weakening the hypothesis on the Lyapunov function enlarges the class of
Lyapunov functions that can be used for analyzing system stability. In par-
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ticular, each component of a vector Lyapunov function need not be positive
definite with a negative or even negative-semidefinite derivative. Alterna-
tively, the time derivative of the vector Lyapunov function need only sat-
isfy an element-by-element inequality involving a vector field of a certain
comparison system. Since in this case the stability properties of the com-
parison system imply the stability properties of the dynamical system, the
use of vector Lyapunov theory can significantly reduce the complexity (i.e.,
dimensionality) of the dynamical system being analyzed. Extensions of vec-
tor Lyapunov function theory that include relaxed conditions on standard
vector Lyapunov functions as well as matrix Lyapunov functions appear
in [52,131,132].

In this chapter, we introduce the notion of a control vector Lyapunov
function as a generalization of control Lyapunov functions and show that
asymptotic stabilizability of a nonlinear dynamical system is equivalent to
the existence of a control vector Lyapunov function. In addition, using con-
trol vector Lyapunov functions, we present a universal decentralized feed-
back stabilizer for a decentralized affine in the control nonlinear dynamical
system with guaranteed gain and sector margins. Furthermore, we establish
connections between vector dissipativity notions [80] and inverse optimality
of decentralized nonlinear regulators. These results are then used to develop
decentralized controllers for large-scale dynamical systems with robustness
guarantees against full modeling and input uncertainty.

5.2 Control Vector Lyapunov Functions

In this section, we consider a feedback control problem and introduce the
notion of a control vector Lyapunov function as a generalization of control
Lyapunov functions. Specifically, consider the nonlinear controlled dynami-
cal system given by

B(t) = F(z(t),u(t)), z(to) =z0, t>to, (5.1)

where g € D, D C R” is an open set with 0 € D, u(t) € U C R™, t > to,
is the control input, and F' : D x U — R™ is Lipschitz continuous for all
(x,u) € D x U and satisfies F'(0,0) = 0. We assume that the control input
u(-) in (5.1) is restricted to the class of admissible controls consisting of
measurable functions u(-) € U such that u(t) € U for all t > ¢, where the
constraint set U is given with 0 € U. Furthermore, we assume that u(-)
satisfies sufficient regularity conditions such that the nonlinear dynamical
system (5.1) has a unique solution forward in time. A measurable mapping
¢ : D — U satisfying ¢(0) = 0 is called a control law. Furthermore, if
u(t) = ¢(z(t)), where ¢ is a control law and z(t), t > t¢, satisfies (5.1), then
u(+) is called a feedback control law.
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Definition 5.1. If there exist a continuously differentiable vector func-
tion V = [v1,...,vT : D — Q ﬂ@i, a continuous function w = [wy,...
wy]T + @ x D — RY, and a positive vector p € R? such that V(0) = 0,
v(z) £ p'V(z), x € D, is positive definite, w(-,z) € W, w(0,0) = 0, F(x) £
N, Fi(z) # O, xED:U;éO where]’l()ﬁ{ueU v;(x)F(:Uu)<

wi(V(z), )}, x €D, v #0,i=1,...,q, then the vector function V' : D —
on Ri is called a control vector Lyapunov function candidate.

It follows from Definition 5.1 that if there exists a control vector Lya-
punov function candidate, then there exists a feedback control law ¢ : D —
U such that

V'(z)F(z,¢(2)) << w(V(z),z), z€D, z#0. (5.2)
Moreover, if the nonlinear dynamical system

2(t)=w(z(t),x(t)), z(to) =20, t>to, (5.3)
i(t) = F(z(t), ¢(z(1))), x(to) = o, (5-4)

where 29 € Q and xy € D, is asymptotically stable with respect to z
uniformly in xzg, then it follows from Theorem 2.3 that the zero solution
z(t) =0 to (5.4) is asymptotically stable. In this case, the vector function
V:D— R . given in Definition 5.1 is called a control vector Lyapunov func-
tion. Furthermore, if D = R", Q = RY, U = R™, v : R” — R, is radially
unbounded, and the system (5.3) and (5.4) is globally asymptotically stable
with respect to z uniformly in ¢, then the zero solution z(¢) =0 to (5.1) is
globally asymptotically stabilizable.
If in Definition 5.1 w(z,x) = w(z) and the zero solution z(t) = 0 to

2(t) =w(z(t), =z(to) =20, t>to, (5.5)

where zyp € O, is asymptotically stable, then it follows from Corollary 2.3
that V:D — 9QnN @i is a control vector Lyapunov function.

Conversely, suppose that there exists a stabilizing feedback control
law ¢ : D — U such that the zero solution z(t) = 0 to (5.4) is asymp-
totically stable. Then it follows from Theorem 2.6 that there exist a con-
tinuously differentiable vector function V = [vl,...,vq]T : Dy — E‘i, a
continuous function w = [wy, ..., wy|T : Ei — RY, and a positive vector
p € R such that V(0) = 0, the scalar function v : Dy — R, defined by
v(z) £ ptV(x), z € Dy, is positive definite, w(-) € W, w(0) = 0, and
V(z)F(z,¢(z)) << w(V(z)),x € Dy, x # 0. Thus, F(z) # O,z €
Dy, x # 0. Moreover, since, by Theorem 2.6, the zero solution z(t) = 0
to (5.5) is asymptotically stable, it follows from the discussion above that
V:Dy— Ei is a control vector Lyapunov function. Hence, a given nonlin-
ear dynamical system of the form (5.1) is feedback asymptotically stabiliz-
able if and only if there exists a control vector Lyapunov function.
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In the case where ¢ = 1 and w(z,x) = w(z), Definition 5.1 implies the
existence of a positive-definite continuously differentiable function v : D —
an E+ and a continuous function w : @ — R, where @ C R, such that
w(0) =0 and F(z) ={u € U : V'(z)F(z,u) < w(v(z))} #OD, z € D, x #0,
which is equivalent to

igl{} V' (2)F(z,u) <w(v(z)), €D, x#0. (5.6)
Now, (5.6) implies the existence of a feedback control law ¢ : D — U such
that o'(z)F(x,¢(z)) < w(v(x)), * € D, x # 0. Moreover, if v : D — Ry
is a control vector Lyapunov function (with ¢ = 1), then it follows from
the discussion above that the zero solution z(¢t) = 0 to the system (5.5)
is asymptotically stable and, since ¢ = 1, this implies that w(z) < 0, z €
ONR,, z# 0. Thus, since v(-) is positive definite, (5.6) can be rewritten
as

ing V' (2)F(z,u) <0, z€D, x#0, (5.7)
ue

which is equivalent to the standard definition of a control Lyapunov function

[6].
Next, consider the case where the control input to (5.1) possesses a
decentralized control architecture so that the dynamics of (5.1) are given by

$Z(t) :Fl-(x(t),ui(t)), tZto, 1= 1,...,(], (5.8)

where z;(t) € R™, 2(t) = [2](t),...,z; ()], wi(t) € Uy € R™, t > t,
o ni=mn,and >.!_; m; =m. Note that z;(t) e R™, ¢ >y, i=1,...,q,
as long as z(t) € D, t > ty, and the set of control inputs is given by U =
Up x---xU; €R™. In the case of a component decoupled control vector
Lyapunov function candidate, that is, V(z) = [v1(x1),...,v4(z,)]T, 2 € D,
it suffices to require in Definition 5.1 that

Fi(z) ={u e U : vj(x;)Fi(x,u;) < wi(V(z),2)} # O,
zeD, x#0, i=1,...,q, (5.9)

to ensure that F(z) = N, F;(z) # O,z € D,z # 0. Note that for a
component decoupled control vector Lyapunov function V : D — QN @i,
(5.9) holds if and only if

in[f] V'(2)F(z,u) <<w(V(x),z), z€D, z#0, (5.10)
ue

where the infimum in (5.10) is taken componentwise, that is, for each com-
ponent of (5.10) the infimum is calculated separately. It follows from (5.10)
that there exists a feedback control law ¢ : D — U such that ¢(z) =
(01 (2), ..., 05 (x)]", z € D, where ¢; : D — U;, and vj(x;) Fy(x, ¢i(z)) <
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w;(V(x),z), v € D,z # 0,4 =1,...,q. Note that if w;(V(z),z) = 0 for
x € D with z; = 0, then condition (5.9) holds for all x € D such that x; # 0.

Next, we consider the special case of a nonlinear dynamical system of
the form (5.8) with affine control inputs given by

@i(t) = fiz(@)) + Gi(z(t)wi(t), t>to, i=1,....q, (5.11)
where f; : R™ — R"™ satisfying f;(0) = 0 and G, : R" — R™*™i are smooth
functions (at least continuously differentiable mappings) for alli =1,... ¢,

and u;(t) e R™ t >tg,i=1,...,q.

Theorem 5.1. Consider the controlled nonlinear dynamical system
given by (5.11). If there exist a continuously differentiable, component de-
coupled vector function V : R" — Ei, a continuous function w = [wy,...,
wy] T : Ki x R™ — RY, and a positive vector p € R% such that V' (0) = 0, the
scalar function v : R® — R defined by v(z) £ p'V(x), x € R", is positive
definite and radially unbounded, w(-,z) € W, w(0,0) = 0, and

where R; £ {z € R,z # 0 : vi(2;)Gi(x) =0}, i=1,...,q, then V : R" —
E‘i is a control vector Lyapunov function candidate. If, in addition, there
exists ¢ : R" — U such that ¢(z) = [¢](2),...,¢; ()]T, = € R", and the
system (5.3) and (5.4) is globally asymptotically stable with respect to z
uniformly in xg, then the zero solution z(t) = 0 to (5.4) is globally asymp-
totically stable and V : R™ — Ki is a control vector Lyapunov function.

Proof. Note that for all i =1,...,q,

uIEIIlRfm vi(@i)(fi(z) + Gi(@)u;) = { vg(:c_jjz’(fﬂ)’ i gé %:

<w(V(z),z), xe€R", (5.13)
which implies (5.10). Now, the proof is a direct consequence of the definition

of a control vector Lyapunov function by noting the equivalence between
(5.9) and (5.10) for component decoupled vector Lyapunov functions. O

Using Theorem 5.1 we can construct an explicit feedback control law
that is a function of the control vector Lyapunov function V'(+). Specifically,

consider the feedback control law ¢(x) = [¢1 (), ..., ¢, (2)]", z € R, given
by
4u(a) = { —(cort ml@) + /14 02(@) Bila). Bil@) £0. 5y
0, ﬂz (I‘) = 07

where o;(r) = vi(z;) fi(z), = € R™, Bi(z) £ GiT(x)véT(wi), ni(x) £ (ai(z) —
w;(V(x),7))/(BF (z)Bi(x)), * € R", and co; > 0,3 = 1,...,q. The deriva-

7
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tive V(-) along the trajectories of the dynamical system (5.11), with u =
¢(x), x € R", given by (5.14), is given by

(i) = vi(x:) (fi(z) + Gi(x)di(x))

= a;(z) + B} (x)¢i(x)

_ { — (cor+ /142 @) AL @)Bi() + wilV(@),2), Bilw) #0,
(), Bi(z) =0,

<w;(V(x),z), xe€R". (5.15)

Thus, if the zero solution z(t) = 0 to (5.3) and (5.4) is globally asymp-
totically stable with respect to z uniformly in zg, then it follows from
Theorem 2.3 that the zero solution z(t) = 0 to (5.11) with u = ¢(z) =
(o1 (), ... ,quT(x)]T, x € R", given by (5.14) is globally asymptotically sta-
ble.

If in Theorem 5.1 w(z,x) = w(z) and the zero solution z(t) = 0 to
(5.5) is globally asymptotically stable, then it follows from Corollary 2.3
that the feedback control law given by (5.14) is a globally asymptotically
stabilizing controller for the nonlinear dynamical system (5.11).

In the case where ¢ = 1, the function w(:,-) in Theorem 5.1 can be
set to be identically zero, that is, w(z,z) = 0. In this case, the feedback
control law (5.14) specializes to Sontag’s universal formula [165] and is a
global stabilizer for (5.11).

Since f;(-) and G;(-) are smooth and v;(-) is continuously differentiable
foralli =1,...,q, it follows that «;(x) and §;(z), x € R", i =1,...,q, are
continuous functions, and hence, ¢;(x) given by (5.14) is continuous for all
x € R™ if either B;(x) # 0 or a;(x) — w;(V(x),z) < 0foralli=1,...,q.
Hence, the feedback control law given by (5.14) is continuous everywhere
except for the origin. The following result provides necessary and suffi-
cient conditions under which the feedback control law given by (5.14) is
guaranteed to be continuous at the origin in addition to being continuous
everywhere else.

Proposition 5.1. The feedback control law ¢(x) given by (5.14) is
continuous on R if and only if for every € > 0, there exists § > 0 such
that for all 0 < ||z|| < § there exists u; € R™ such that ||u;]] < e and
ai(z) + B (2)u; < wi(V(z),z),i=1,...,q.

Proof. First note that since v;(x;), x; € R™, is a nonnegative function
and v;(0) = 0, it follows from a Taylor series expansion about x; = 0 that
vi(0) = 0, 4 = 1,...,q, and hence, ¢(0) = 0. To show necessity assume
that the feedback control law given by (5.14) is continuous on R”, that is,
¢;i(x) is continuous on R™ for all i = 1,...,q. Then for every € > 0, there
exists > 0 such that ||¢;(z)|| < e for all 0 < ||z|| < § and, by (5.14),

ai(z) + BE(2)¢i(z) < w;(V(z),x),i=1,...,q. Thus, necessity follows with
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u; = ¢i(x),i=1,...,q
To show sufficiency, assume that for & > 0, there exists § > 0 such
that for all 0 < ||z|| < ¢ there exists u; € R™ such that ||u;|| < ¢ and
a;(x) + Bi(z)u; < wi(V(z),x), i = 1,...,q. In this case, since |Ju;]| < ¢
it follows from the Cauchy-Schwarz 1nequahty that a;(z) — w;(V(z),z) <

el|Bi(x)]|, i = 1,...,q. Furthermore, since v;(-), t = 1,...,q, is continuously
differentiable and Gi(+), i = 1,...,q, is continuous, it follows that there
exists > 0 such that for all 0 < |lz]| < ¢, ||Bi(2)|| < e, i = 1,...,q.

Hence, for all 0 < ||z|| < 6min, Where Spin = min{d,d}, it follows that

ai(z) —wi(V(z),z) <e||Bi(x)|| and [|Bi(z)]| <e,i=1,...,q.
Furthermore, if 5;(x) = 0, then ||¢;(x)|| = 0, and if 3;(z) # 0, then it
follows from (5.14) that

i ()] < coil Bi ()] + <m(w) /1 77?(@’)) [1Bi ()]
< 2ei(@) —wi(V(w), x)) + (coi + D|1Bi ()]

< 1@
<(cpi +3)e, 0<|z|| < Omin, ai(z)>w;(V(x),z), i=1,...,q,
(5.16)
and
l6s(@)] < collBi(a ( 1+ 2@ >) 18:2)]
< eoillBala)] + ||(6126)T| ™)

= (co; + 1|8 ()]
<(copi +1)e, 0<|z|| < Omin, ai(z) <w;(V(x),z), i=1,...,q.
(5.17)

Hence, it follows that for every é = (coi +3)e > 0 there exists dpin > 0 such
that, for all ||z|| < dmin, ||¢i(z)] < &, which implies that ¢;(-),i=1,...,q, is
continuous at the origin, and hence, ¢(-) = [¢1 (*),... ,<Z>:IF(-)]T is continuous
at the origin. O

5.3 Stability Margins, Inverse Optimality, and Vector Dissipativity

In this section, we show that the feedback control law given by (5.14) is
robust to sector bounded input nonlinearities. Specifically, we consider the
nonlinear dynamical system (5.11) with nonlinear uncertainties in the input
so that the dynamics of the system are given by

2i(t) = fi(z(t)) + Gi(2(t))oi(ui(t), t=to, i=1,...,q, (5.18)
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where 0;(-) € ®; £ {o; : R™ — R™ : 0;(0) = 0 and fuju; < of (u;)u; <
oo, u; € R™} ¢ =1,...,q. In addition, we show that for the dynamical
system (5.11) the feedback control law given by (5.14) is inverse optimal
in the sense that it minimizes a derived performance functional over the
set of stabilizing controllers S(z¢) = {u(-) : u(-) is admissible and z(t) —
0 as t — oo}.

Theorem 5.2. Consider the nonlinear dynamical system (5.18) and
assume that the conditions of Theorem 5.1 hold with w(z,z) = w(z), and
with the zero solution z(t) = 0 to (5.5) being globally asymptotically stable.
Then with the feedback control law given by (5.14) the nonlinear dynamical
system (5.18) is globally asymptotically stable for all o;(:) € ®;,i=1,...,q.
Moreover, for the dynamical system (5.11) the feedback control law (5.14)
minimizes the performance functional given by

I (0, u(-)) = /t Oozq:[Lli(x(t)) () Ros (x())us (D)]dt (5.19)

i=1
in the sense that

Jeod@() = min J@ou(), R (5.20

where Ly;(z) £ —a;(x) + @5;(@@(@7
L]

Ryi(z) & { T(“g e gzgg 7: 8’ (5.21)

)

and

i) £ { o+ (@) + /14 0i(@) > 0. Aila) # 8 (5.22)

for all i = 1,...,¢q. Finally, J(zo,¢(z()))) = €'V (x0), z0 € R", where
vV :R" — Ri is a control vector Lyapunov function for the dynamical
system (5.11).

Proof. It follows from Theorem 5.1 that the feedback control law
(5.14) globally asymptotically stabilizes the dynamical system (5.11) and
the vector function V : R" — @i is a control vector Lyapunov function for
the dynamical system (5.11). Note that with (5.22) the feedback control
law (5.14) can be rewritten as ¢;(z) = —y;(x)Bi(x), z € R™*, i = 1,...,q.
Let the control vector Lyapunov function V : R" — Ki for (5.11) be a
vector Lyapunov function candidate for (5.18). Then the vector Lyapunov
derivative components are given by

i) = vi(xi) (fi(z) + Gi(2)oi(9i(2))) = ai(z) + B (2)oi(di(2)),
reR" i=1,...,q. (5.23)
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Note that ¢;(z) = 0, and hence, 0;(¢i(x)) = 0 whenever j;(x) = 0 for all
i=1,...,q¢. In this case, it follows from (5.12) that 0;(x;) < w;(V(x)), z €
R™ Bi(x) =0,2#0,i=1,...,q

Next, consider the case where 3;(x) # 0,7 = 1,...,¢. In this case,
note that

() —us(V (@) ~ B2 T (a)s(a)

—c0i BY () Bi (z 1
_ mzé>z()+§<m@g_ 1+nﬁm>@W@@@g
<0, xzeR" Bi(x)#0, (5.24)
forall i =1,...,q. Thus, the vector Lyapunov derivative components given

by (5.23) satisfy

i1(z) < (V) + T (@) 8i@) + AT @) (n(x)
V(@) + g 0T (@00u(0) = —=oT (@) (l)
T T)Q;\T
(V) + o | - 6l @)oi(6,(a)
<w;(V(x)), xze€R" Bi(x)#0, (5.25)

for all o;() € ®; and ¢ = 1,...,q. Since the dynamical system (5.5) is
globally asymptotically stable it follows from Corollary 2.3 that the nonlin-
ear dynamical system (5.18) is globally asymptotically stable for all o;(-) €
(I)Z',i: 1,...,q.

To show that the feedback control law (5.14) minimizes (5.19) in the
sense of (5.20), define the Hamiltonian

q

H(z,u) = Z[Lh(x) 4wl Roi(x)u; + vl (fi(x) + Gi(x)w;)],  (5.26)

=1

and note that H(x,¢(x)) = 0 and H(w u) 0, x € R", u € R™, since
H(z,u) =3 (ui — ¢i(2))T Roi () (u; — ¢i(x )) z € R", uGRm Thus,

J(xom(-))Z/too [H(x(t),U(t)) - Zvi(fﬂ(t))(fi(x(t)) + Gi(x(t)ui(t)) | dt

=1
:_/mJWAmm+ " H(a(t), u(t))dt
to to
= lim el V(z(t) + etV (x) tooH(ac(t),u(t))dt

=J(z0,9(2(-))), (5.27)
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which yields (5.20). O

It follows from Theorem 5.2 that with the feedback stabilizing control
law (5.14) the nonlinear dynamical system (5.11) has a sector (and hence
gain) margin (3,00) in each decentralized input channel. For details on
stability margins for nonlinear dynamical systems, see [39,70,157].

Finally, note that Theorem 5.2 implies that

ai(x) — wi(V(z)) = Oyi(2) B (2)Bi(z) <0, =z €R", (5.28)
for all 0; € [%,oo) and i =1,...,q. Thus, if

ai(z) —wi(V(x))
Bl (x)Bi(x)

‘ SMZ7 xeR”? Bl('r) #07 izlv"'v‘]v (529)

then |vi(z)| < coi + pi + pin/1+p2 £ N,z € R, i = 1,...,q. In this
case, the vector Lyapunov derivative components for the dynamical system
(5.11) with the output y = [y{,...,y, |, where y;(z) £ Bi(z), € R", i =
1,...,q, satisfy

0i(i) = i) + B ()u;
<wi(V () + 0iyi() B () B () + B (2)u;
<w;(V(x)) + 0 vyl vi +ylus, x€R" w e R™, i=1,...,q.
(5.30)

Inequlity (5.30) imples that (5.11) is exponentially vector dissipative with re-
spect to the wvector supply rate S(u,y) £ [s1(u1,y1),- .., Sq(tqg, yq)]T, where
si(ui, yi) = 0Nyl vyi +yiui, i = 1,...,q, and with the control vector Lya-
punov function V : R" — @i being a wvector storage function.

5.4 Decentralized Control for Large-Scale Nonlinear
Dynamical Systems

In this section, we apply the proposed control framework to decentralized
control of large-scale nonlinear dynamical systems. Specifically, we consider
the large-scale dynamical system G shown in Figure 5.1 involving energy
exchange between n interconnected subsystems. Let z; : [0,00) — Ry de-
note the energy (and hence a nonnegative quantity) of the ith subsystem,
let u; : iO o) - R denote the control input to the ith subsystem, and let
o + Ry — Ry, i # j, i,j = 1,...,n, denote the instantaneous rate of
energy flow from the jth subsystem to the ith subsystem.
An energy balance yields the large-scale dynamical system [81]

z(t) = f(z(t)) + G(z(t))u(t), xz(to) =zo, t>to, (5.31)
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Figure 5.1 Large-scale dynamical system G.

where z(t) = [z1(t),...,z,(1)]T, t > to, fi(z) = > i—1 i ij(x), where
¢ij(z) £ 045(x) — oji(z), 2 € @1, i # 4, 4,7 = 1,...,n, denotes the
net energy flow from the jth subsystem to the ith subsystem, G(z) =
diag[Gy(x), ..., Gp(z)] = diag[z1,...,z,), = € R}, and u(t) € R, t > t,.
Here, we assume that oy : Ei — Ry, i # 4, 4,7 = 1,...,n, are lo-
cally Lipschitz continuous on Ei, 0i;(0) = 0,4 # j, 4,7 =1,...,n, and
u = [ug,...,u,]" : R — R" is such that u; : R — R, i = 1,...,n, are
bounded piecewise continuous functions of time.

Furthermore, we assume that o;j(x) = 0, z € Ei, whenever z; = 0,
i # j, 1,7 = 1,...,n. In this case, f(-) is essentially nonnegative (i.e.,
fi(x) > 0 for all = € Ei such that z; = 0,7 = 1,...,n). The above con-
straint implies that if the energy of the jth subsystem of G is zero, then this
subsystem cannot supply any energy to its surroundings. Finally, to ensure
that the trajectories of the closed-loop system remain in the nonnegative
orthant of the state space for all nonnegative initial conditions, we seek a
feedback control law wu(-) that guarantees the closed-loop system dynamics
are essentially nonnegative [72].

For the dynamical system G, consider the control vector Lyapunov
function candidate V(z) = [v1(z1), ..., vu(zn)]T, = € R}, given by

V() =[a1,...,z0]", zeR}. (5.32)

Note that V(0) = 0 and v(z) £ etV (z), z € Erfr, is positive definite and
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radially unbounded. Furthermore, consider the function

—on(vi(z1)) + 3271 a1 915(2)
w(V(z),z) = : , zeR}, (5.33)
—Onn(Un(2n)) + Z?:l,j;én Pnj(z)

where 0y : Ry — Ry, i =1,...,n, are positive definite functions, and note
that w(-,z) e W, = € ﬁi, and w(0,0) = 0. Also note that R; £ {z €
R, 2; # 0 : V/(2:)Gi(x) =0} = {z € R}, 2; # 0: 2; = 0} = O, and
hence, condition (5.12) is satisfied for V(:) and w(-,-) given by (5.32) and
(5.33), respectively.

To show that the dynamical system

2(t) = w(z(t),z(t)), =z(to) =20, t>to, (5.34)

where z(t) € R, t > to, x(t), t > to, is the solution to (5.31), and the
ith component of w(z, ) is given by w;(z,2) = —03i(2:) + 3°7_; 1, ij (),
z € Ei, T € Ei, is globally asymptotically stable with respect to z uniformly
in x¢, consider the partial Lyapunov function candidate 9(z) = e'z, z € m
Note that o(-) is radially unbounded, ©(0) = 0, v(z) > 0, z € EZ, z # 0,
and v(z) = — >3 0uilz) + 250 Z?:I,j;éi ¢ij(z) = — 3oy 0i(z) <0,
z € @i, z # 0. Thus, it follows from Corollary 1 of [41] that the dynamical
system (5.34) and (5.31) is globally asymptotically stable with respect to z
uniformly in 2. Hence, it follows from Theorem 5.1 that V(z), x € @i,
given by (5.32) is a control vector Lyapunov function for the dynamical
system (5.31).

Next, using (5.14) with a;(x) = V;/(2;) fi(%) = 3°7_; 4 ¢ (%), Bi(z) =
Ti, T € EZ, and cp; > 0,7 =1,...,n, we construct a globally stabilizing de-
centralized feedback controller for (5.31). It can be seen from the structure
of the feedback control law that the closed-loop system dynamics are es-
sentially nonnegative. Furthermore, since o;(x) — w;(V(z),z) = 04 (vi(x;)),
x € Ei, i =1,...,n, this feedback controller is fully independent from f(x),
which represents the internal interconnections of the large-scale system dy-
namics and hence is robust against full modeling uncertainty in f(x). More-
over, it follows from Theorem 5.2 that the dynamical system (5.31) with the
feedback stabilizing control law (5.14) has a sector (and hence gain) margin
(%,oo) in each decentralized input channel, and hence, additionally guar-
antees robustness to multiplicative input uncertainty. Finally, the feedback
controller minimizes the derived cost functional given by (5.19).

For the following simulation we consider (5.31) with 0;;(x) = o422
and O'“(l‘) = O'Z'Z'.%’?, where 055 >0, 1 75 7, 45 = 1,...,n, and o; > 0,
1 = 1,...,n. Note that in this case the conditions of Proposition 5.1 are
satisfied, and hence, the feedback control law (5.14) is continuous on m
For our simulation we set n = 3, o117 = 0.1, 099 = 0.2, 033 = 0.01, 012 = 2,
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g13 = 3, 0921 = 15, 0923 = 03, 031 = 44, 039 = 06, Cco1 = 17 Co2 = 1, and
co3 = 0.25, with initial condition zq = [3,4,1]T. Figure 5.2 shows the states
of the closed-loop system versus time and Figure 5.3 shows control signals
for each decentralized control channel as a function of time.






Chapter Six

Finite-Time Stabilization of Large-Scale
Systems via Control Vector
Lyapunov Functions

6.1 Introduction

The notions of asymptotic and exponential stability in dynamical systems
theory imply convergence of the system trajectories to an equilibrium state
over the infinite horizon. In many applications, however, it is desirable that
a dynamical system possesses the property that trajectories that converge
to a Lyapunov stable equilibrium state must do so in finite time rather
than merely asymptotically. Most of the existing control techniques in the
literature ensure that the closed-loop system dynamics of a controlled system
are Lipschitz continuous, which implies uniqueness of system solutions in
forward and backward times. Hence, convergence to an equilibrium state is
achieved over an infinite time interval.

In order to achieve convergence in finite time, the closed-loop system
dynamics need to be non-Lipschitzian giving rise to non-uniqueness of solu-
tions in backward time. Uniqueness of solutions in forward time, however,
can be preserved in the case of finite-time convergence. Sufficient condi-
tions that ensure uniqueness of solutions in forward time in the absence of
Lipschitz continuity are given in [1,58,108,176]. In addition, it is shown
in [43, Theorem 4.3, p. 59] that uniqueness of solutions in forward time
along with continuity of the system dynamics ensure that the system solu-
tions are continuous functions of the system initial conditions even when the
dynamics are not Lipschitz continuous.

Finite-time convergence to a Lyapunov stable equilibrium, that is,
finite-time stability, was rigorously studied in [24, 25] using Holder con-
tinuous Lyapunov functions. Finite-time stabilization of second-order sys-
tems was considered in [23,86]. More recently, researchers have considered
finite-time stabilization of higher-order systems [90] as well as finite-time
stabilization using output feedback [91]. Design of globally strongly sta-
bilizing continuous controllers for nonlinear systems using the theory of
homogeneous systems was studied in [149]. Alternatively, discontinuous
finite-time stabilizing feedback controllers have also been developed in the
literature [59,152,153]. However, for practical implementations, discontin-
uous feedback controllers can lead to chattering due to system uncertainty
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or measurement noise, and hence, may excite unmodeled high-frequency
system dynamics.

In this chapter, we develop a general framework for finite-time stability
analysis of nonlinear dynamical systems using vector Lyapunov functions.
Specifically, we construct a vector comparison system that is finite-time sta-
ble and, using the vector comparison principle [14,118,133,141,159], relate
this finite-time stability property to the stability properties of the nonlinear
dynamical system. We show that in the case of a scalar comparison system
this result specializes to the result in [24]. Furthermore, we design univer-
sal finite-time stabilizing decentralized controllers for large-scale dynamical
systems based on the newly proposed notion of a control vector Lyapunov
function introduced in Chapter 5. In addition, we present necessary and
sufficient conditions for continuity of such controllers. Moreover, we spe-
cialize these results to the case of a scalar Lyapunov function to obtain
universal finite-time stabilizers for nonlinear systems that are affine in the
control. Finally, we demonstrate the utility of the proposed framework on
two numerical examples.

6.2 Finite-Time Stability via Vector Lyapunov Functions

Consider the nonlinear dynamical system given by

i(t) = f(x(t), x(to) =zo, €Iy, (6.1)

where z(t) € D C R", t € Z,,, is the system state vector, Z,, is the maximal
interval of existence of a solution z(t) of (6.1), D is an open set, 0 € D,
f(0) =0, and f(-) is continuous on D. A continuously differentiable function
x : Iy, — D is said to be a solution of (6.1) on the interval Z,, C R if z(+)
satisfies (6.1) for all t € Z,,,. Recall that every bounded solution to (6.1) can
be extended on a semi-infinite time interval [0, co) [87]. We assume that (6.1)
possesses unique solutions in forward time for all initial conditions except
possibly the origin in the following sense. For every x € D\{0} there exists
7, > 0 such that, if y; : [0,71) — D and y2 : [0,72) — D are two solutions
of (6.1) with y1(0) = y2(0) = z, then 7, < min{r, 72} and y1(¢t) = ya(t)
for all ¢t € [0,7,). Without loss of generality, we assume that for each z,
7, is chosen to be the largest such number in R. In this case, we denote
the trajectory or solution curve of (6.1) on [0, 7,) satisfying the consistency
property s(0,z) = = and the semi-group property s(t,s(7,z)) = s(t + 7, x)
for every © € D and t,7 € [0,7;) by s(-,x) or s*(-). Sufficient conditions
for forward uniqueness in the absence of Lipschitz continuity can be found
in [1], [58, Section 10], [108], and [176, Section 1].

The next definition introduces the notion of finite-time stability [24].

Definition 6.1. Consider the nonlinear dynamical system (6.1). The
zero solution z(t) = 0 to (6.1) is finite-time stable if there exist an open



FINITE-TIME STABILIZATION 109

neighborhood N' C D of the origin and a function 7' : N\{0} — (0,00),
called the settling-time function, such that the following statements hold:

i) Finite-time convergence. For every x € N\{0}, s%(t) is defined on
[0,T(x)), s*(t) € N\{0} for all t € [0,T'(x)), and limy_, () s(x,t) = 0.

1) Lyapunov stability. For every € > 0 there exists § > 0 such that
Bs(0) ¢ N and for every = € Bs(0)\{0}, s(t,x) € B.(0) for all ¢ €

[0, T ().

The zero solution z(t) = 0 of (6.1) is globally finite-time stable if it is finite-
time stable with A= D = R".

Note that if the zero solution z(t) = 0 to (6.1) is finite-time stable,
then it is asymptotically stable, and hence, finite-time stability is a stronger
notion than asymptotic stability. Next, consider an example of a finite-time
stable system with a continuous but non-Lipschitzian vector field.

Example 6.1 ([24]). Consider the scalar system
#(t) = —ksign(z(t)) ()",  2(0) =20, ¢>0, (6.2)

where zo € R, sign(z) £ %, x # 0, sign(0) £ 0, k > 0, and o € (0,1).
The right-hand side of (6.2) is continuous everywhere and locally Lipschitz
everywhere except the origin. Hence, every initial condition in R\{0} has
a unique solution in forward time on a sufficiently small time interval. The
solution to (6.2) is obtained by direct integration and is given by

1
sign(xg) Uaco]l_a — k(1 - a%t] 1-a ,
E<mamlool =% @020, g 3
O) tZ ﬁ’woyl_a7 xo?'éO,
0, £>0, x9=0.

It is clear from (6.3) that ¢) in Definition 6.1 is satisfied with N' =D =R
and with the settling-time function 7': R — R, given by

1

T(xo0) = m

’$0’1_a, xg € R. (6.4)

Lyapunov stability follows by considering the Lyapunov function V (z) = 22,

x € R. Thus, the zero solution z(t) = 0 to (6.2) is globally finite-time stable.
A

Next, we present sufficient conditions for finite-time stability using a
vector Lyapunov function involving a vector differential inequality.

Theorem 6.1. Consider the nonlinear dynamical system (6.1). As-
sume there exist a continuously differentiable vector function V : D —
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O NRY, where @ ¢ R? and 0 € Q, and a positive vector p € Ri such that
V(0) = 0, the scalar function p*V (z), 2 € D, is positive definite, and

Vi(2)f(z) << w(V(z)), z€D, (6.5)

where w : @ — RY is continuous, w(-) € W, and w(0) = 0. In addition,
assume that the vector comparison system

A = w(z(t), 2(0) =z, teIs, (6.6)

has a unique solution in forward time z(t), t € Z,,, and there exist a contin-
uously differentiable function v : @ — R, real numbers ¢ > 0 and « € (0, 1),
and a neighborhood M C Q of the origin such that v(-) is positive definite
and

vV (2)w(z) < —c(v(2))*, z€ M. (6.7)

Then the zero solution x(f) = 0 to (6.1) is finite-time stable. Moreover, if
N is as in Definition 6.1 and T': N' — [0,00) is the settling-time function,
then

1
c(l —a)

and T'(-) is continuous on N. If, in addition, D = R", v(-) is radially
unbounded, and (6.7) holds on RY, then the zero solution z(t) = 0 to (6.1)
is globally finite-time stable.

Proof. Note that pTV(z) < max;—;__,{p;}eTV(z), z € D. Hence,
since pTV (z), » € D, is positive definite, that is, pTV(0) = 0 and pTV (z) >
0, x # 0, it follows that the function eV (z), x € D, is also positive definite.

Let V C M be a bounded open set such that 0 € V and Y C Q. Then
OV is compact and 0 ¢ 9V. Now, it follows from Weierstrass’ theorem [70]
that the continuous function v(-) attains a minimum on 9V and since v(-)
is positive definite, min,cgy v(z) > 0. Let 0 < 8 < min,ecgy v(z) and Dg =
{z € V: v(z) < B}. It follows from (6.7) that Dg C M is invariant with
respect to (6.6). Furthermore, it follows from (6.7), the positive definiteness
of v(+), and standard Lyapunov arguments that for every & > 0, there exists

0 > 0 such that B;s(0) C Dg C M and

T(xp) < ((V(zg))™%, zge N, (6.8)

=)l < & llzolh <6, (6.9)
where || - [|; denotes the absolute sum norm, Bj(0) is defined in terms of
the absolute sum norm | - ||1, and ¢ € Z;. Moreover, since the solution z(t)

to (6.6) is bounded for all t € Z,,, it can be extended on the semi-infinite
interval [0, 00) [87], and hence, z(t) is defined for all ¢ > 0.
Furthermore, it follows from Corollary 2.2 with ¢ = 1, w(y,z) =
w(y) = —cy®, and z(t) = s(t,v(2p)), where a € (0, 1), that
<

v(z(t)) < s(t,v(20)), 20 € B;(0), tel0,00), (6.10)
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where s(-,-) is given by (6.3) with k£ = ¢. Now, it follows from (6.3), (6.10),
and the positive definiteness of v(-) that

A0 =0, 12 oG W €B0). (61

which implies finite-time convergence of the trajectories of (6.6) for all zy €
B;(0). This along with (6.9) implies finite-time stability of the zero solution
z(t) =0 to (6.6).

Next, it follows from the continuity of V(-) that there exists d; > 0
such that ||V (z0)||1 < 6 for all ||zo < 81, where || - | is the Euclidian norm
on R". Now, choose z9 = V(zo) € B;(0) for all |lzo| < 61. In this case,
it follows from (6.5) and Corollary 2.2 that V(x(t)) << z(¢) on a compact
interval [0,74,], where [0,74,) is the maximal interval of existence of the
solution x(t) to (6.1). Since z(t), t > 0, is bounded and e V() is positive
definite it follows that x(t), t € [0, 74,], is bounded, and hence, x(t) can be
extended to the semi-infinite interval [0, 00). Using (6.11) it follows that

1

eTV(x(t)) :eTZ(t) = O, t> m(U(ZO))l_a, zZ0 = V(]T[‘_)) S BS(O)
(6.12)
Since eV (+) is positive definite, it follows that
1 -
= P — @ )
o) =0 2 s V@) ol <6 (613)

which implies finite-time convergence of the trajectories of (6.1) for all
|zo|| < 61. Furthermore, it follows from (6.13) that the settling-time func-
tion satisfies

T(zo) < ﬁ(v(‘/(xo)))lav [[zol| < d1. (6.14)

Next, note that since e’V (z), € D, is positive definite, there exist
r > 0 and class K functions [85] «, 8 : [0, 7] — Ry such that B,(0) C D,
where B,.(0) is defined in terms of the Euclidean norm || - ||, and

a(llz]) < eV(z) < B(lzl), = € B(0). (6.15)

Let ¢ > 0 and choose 0 < é < min{e, r}. In this case, it follows from
the Lyapunov stability of the nonlinear vector comparison system (6.6) that
there exists = p(€) = p(e) > 0 such that if ||2o||1 < p, then ||2(f)]1 < a(é),
t > 0. Now, choose zgp = V(zg) >> 0,29 € D. Since V(z),z € D,
is continuous, eV (z), x € D, is also continuous. Hence, for u = p(¢) > 0
there exists § = 0(u(€)) = d(e) > 0such that 6 < min{dy, £}, and if ||zo|| < 6,
then etV (z9) = eT29 = ||20][1 < p, which implies that || z(t)[|; < «(¢), t > 0.
Now, with zp = V(z9) >> 0, 9 € D, and the assumption that w(-) € W,
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it follows from (6.5) and Corollary 2.2 that 0 << V(x(t)) << z(¢) on any
compact interval [0, 7], and hence, e'z(t) = ||z(t)||1, t € [0, 7].

Let 7 > 0 be such that z(t) € B,(0), t € [0,7], for all o € B;(0).
Thus, using (6.15), if ||x¢|| < &, then

al|z@)]) <etViz®) <elz(t) < a(é), te [0, 7], (6.16)

which implies ||z(t)]] < € < e, t € [0,7]. Now, suppose, ad absurdum, that
for some xg € B5(0) there exists £ > 7 such that ||z(£)|| = é. Then, for zy =
V(20) and the compact interval [0, {] it follows from (6.5) and Corollary 2.2
that V(z(f)) << z(t), which implies that (&) = a(||z(t)|]) < €TV (z(f)) <
eTz(t) < a(é), leading to a contradiction. Hence, for a given & > 0 there
exists 6 = d(e) > 0 such that for all g € Bs(0), ||z(t)|| < e, t > to, which
implies Lyapunov stability of the zero solution z(t) = 0 to (6.1). This, along
with (6.13), implies finite-time stability of the zero solution x(t) = 0 to (6.1)
with A" £ B;(0). Equation (6.8) implies that T'(-) is continuous at the origin,
and hence, by Proposition 2.4 of [24], continuous on N.

Finally, if D = R™ and v(-) is radially unbounded, then global finite-
time stability follows using standard arguments. O

Assume the conditions of Theorem 6.1 are satisfied with ¢ = 1. In this
case, there exists a continuously differentiable, positive definite function
V : D — QnNRy such that (6.5) holds, and there exists a continuously
differentiable, positive definite function v : @ — R, such that (6.7) holds.
Since ¢ = 1 and M is a neighborhood of the origin, it follows that there
exists v > 0 such that [0,7] C M. Furthermore, since v(-) is positive
definite, there exists § > 0 such that v'(z) > 0 for all z € [0,3]. Next,
consider the function 9(z) £ v(V(z)), € D, and note that 9(-) is positive
definite. Define V £ {z € D : V(z) < min{B,~7}}. Then it follows from
(6.5) and (6.7) that

= —¢(d(x))*, weV, (6.17)

which implies condition (4.7) in Theorem 4.2 of [24]. Thus, in the case where
g =1, Theorem 6.1 specializes to Theorem 4.2 of [24].

The next result is a specialization of Theorem 6.1 to the case where
the structure of the comparison dynamics directly guarantees finite-time
stability of the comparison system. That is, there is no need to require
the existence of a scalar function v(-) such that (6.7) holds to guarantee
finite-time stability of the nonlinear dynamical system (6.1).

Corollary 6.1. Consider the nonlinear dynamical system (6.1). As-
sume there exist a continuously differentiable vector function V : D —
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O NRY, where @ € R? and 0 € Q, and a positive vector p € R?% such that
V(0) = 0, the scalar function p*V (z), 2 € D, is positive definite, and

V'(2)f(z) << WV (), zeD, (6.18)

where a € (0,1), W € R9%7 is essentially nonnegative and Hurwitz, and
(V(z)lel &2 [(Vi(z), ..., (Vy(z))?]T. Then the zero solution z(t) = 0 to
(6.1) is finite-time stable. If, in addition, D = R", then the zero solution
x(t) =0 to (6.1) is globally finite-time stable.

Proof. Consider the comparison system given by
) = W), 20) =2, t>0, (6.19)

where zp € RY,. Note that the right-hand side in (6.19) is of class W and is
essentially nonnegative and, hence, the solutions to (6.19) are nonnegative
for all nonnegative initial conditions [69]. Since W € R?*? is essentially
nonnegative and Hurwitz, it follows from Lemma 2.1 that there exist positive
vectors p € RY and r € RY such that

0=W1Tp+r (6.20)

Now, consider the Lyapunov function v(z) = plz, z € @i. Note
that v(0) =0, v(z) >0, z € RY, 2 # 0, and v(-) is radially unbounded. Let
g& ming—1,.. 7, Y = max;—1,..qPj, where r; and p; are the ith components
of r € R and p € RY, respectively. Then

o(z) =pt Wzl

=1
B e
< —; (;pz Zi)
A=Y
< ~ (;pz z)
B o
S—;(U(Z)) B
=—c(v(2))*, zeR%, (6.21)

where ¢ = g Thus, it follows from Theorem 4.2 of [24] that the comparison

system (6.19) is finite-time stable with the settling-time function 7T'(zy) <

C(l—l_a)(v(zo))lfa, 20 € R%. Next, it follows from Corollary 4.1 of [141]

that the nonlinear dynamical system (6.1) is asymptotically stable with the
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domain of attraction A/ C D. Now, the result is a direct consequence of
Theorem 6.1. O

It follows from Corollary 6.1 that the nonlinear dynamical system (6.1)

has a settling-time function T'(zg) < C(l—l_a)(v(V(xo)))l_‘", zo € N, where

v(z) =plz, 2z € Ei, and p € RY is as in the proof of Corollary 6.1.
6.3 Finite-Time Stabilization of Large-Scale Dynamical Systems

In Chapter 5, the notion of a control vector Lyapunov function was in-
troduced as a generalization of the classical notion of a control Lyapunov
function. Furthermore, a universal stabilizing feedback control law was con-
structed based on a control vector Lyapunov function. In this section, we
show that this control law can be used to stabilize large-scale dynamical
systems in finite time provided that the comparison system possesses non-
Lipschitzian dynamics.

Specifically, consider the large-scale dynamical system composed of ¢
interconnected subsystems given by

where f; : R® — R™ satisfying f;(0) = 0 and G; : R® — R™*™i are

continuous functions for all ¢ = 1,...,q, and u;(-), i = 1,...,q, satisfy
sufficient regularity conditions such that the nonlinear dynamical system
(6.22) has a unique solution forward in time. Let V = [Vi,...,V]T : R" —

Ki be a component decoupled continuously differentiable vector function,
that is, V(z) = [Vi(21),...,Vy(zy)]T, 2 € R?, p € RY be a positive vector,
and w : Ei — RY be a continuous function such that V(0) = 0, p'V(z),
x € R", is positive definite, and w(-) € W with w(0) = 0.

Define o;(z) £ V/(x;)fi(z), * € R", and Bi(x) & GF(z)V/T(z;), x €
R", and assume that

V;’(.%’Z)fl(l‘) < wl(V(x)), reER;y, 1=1,...,q, (623)

where R; = {z € R 2 # 0 : Bi(z) = 0},i = 1,...,q. Construct the
feedback control law ¢(z) = [¢1 (z), . .. ,gzb;r(x)]T, x € R", given by

_ (Cm n (m(w%wi(vmmd(g:;(é));z;()V(m)))%(ﬁ?(z)ﬁxww Bi(w),
dil@) = it Bi(x) £0,
0, if B;(x) =0,
(6.24)
where cp; >0,i=1,...,q. .
The vector Lyapunov derivative components V;(-), i = 1,...,q, along

the trajectories of the closed-loop dynamical system (6.22), with u = ¢(z),
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x € R", given by (6.24), satisfy

Vi(ai) = Vi (:)[fi(x) + Gi(x)¢i(x)]
= (@) + B ()i ()
B @)Bi(a) — f(ile) — wi (V@) + (57 () (o) ?
=\ +wi(V(z)), if Bi(z) #0,
a;i(x), if Bi(x) =0,

<w;(V(x)), =z=e€R"™

It follows from Theorem 6.1 that if there exist v : Ei — R, ¢> 0, and
a € (0,1) such that v(-) is positive definite and

V(2)w(z) < —c(v(2))Y, 2 €M, (6.25)

where M is a neighborhood of Ki containing the origin, then the zero
solution x(t) = 0 to (6.22) is finite-time stable with the settling time T'(xg) <
c(l—lia)(v(V(xo)))lfa, xo € R™. In this case, it follows from Theorem 5.1 that

V(x), x € R", is a control vector Lyapunov function.
IfR;,=0,i=1,...,q, then the function w(-) in (6.24) can be chosen
to be

w(z) =Wzl ze E‘i, (6.26)

where W € R9%7 is essentially nonnegative and Hurwitz, a € (0,1), and
Zled & e , 28], In this case, condition (6.25) need not be verified and
it follows from Corollary 6.1 that the closed-loop system (6.22) and (6.24)
with w(-) given by (6.26) is finite-time stable and, hence, the controller
(6.24) is finite-time stabilizing controller for (6.22).

Since f;(-) and G;(-) are continuous and V;(-) is continuously differen-
tiable for alli =1, ..., q, it follows that «;(z) and B;(z), z € R", i =1,...,q,
are continuous functions, and hence, ¢;(z) given by (6.24) is continuous for
all x € R™ if either §;(z) # 0 or a;(z) —w;(V(z)) <0 foralli=1,...,q.
Hence, the feedback control law given by (6.24) is continuous everywhere
except for the origin. However, as shown in Proposition 5.1, the feedback
control law ¢(x) given by (6.24) is continuous on R if and only if for every
e > 0, there exists § > 0 such that for all 0 < ||x|| < § there exists u; € R™
such that |lu;|| < ¢ and a;(2) + B (z)u; < w;(V(2)),i=1,...,q.

The following corollary addressing the case where ¢ = 1 is immediate
from the above arguments. In this case, the nonlinear dynamical system
(6.22) specializes to

z(t) = f(z(t)) + G(z(t)u(t), =(to) =xzo, t>to, (6.27)

where g € R™ and f : R" — R" satisfying f(0) = 0 and G : R" — R"*™
are continuous functions.
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Corollary 6.2. Consider the nonlinear dynamical system (6.27). As-
sume there exists a continuously differentiable function V : D — R4 such
that V(-) is positive definite, w(V (z)) £ —c(V(x))%, z € R", and

V'i(z)f(z) <w(V(z)) = —c(V(x))*, z€R, (6.28)

where ¢ > 0, a € (0,1), R £ {z € R,z # 0 : V'(x)G(x) = 0}. Then the
nonlinear dynamical system (6.27) with the feedback controller u = ¢(x),
x € R”, given by

a(z)—w(V(zx a(z)—w(V(x)))2 T(x)B(x))?
_ (CO 4 OV T VETTCPRR | ()
Pe) = it B(x) £ 0,

0, if B(z) =0, 629

where cg > 0, a(z) £ V'(z)f(z), z € R", and (z) 2 G (z)V' (2), z € R",
is finite-time stable with the settling time T'(zg) < ﬁ(V(wo))k“, xo €
R™. Furthermore, V (-) is a control Lyapunov function.

Next, we show that the control law (6.29) ensures finite-time stability
for a perturbed version of (6.27) with bounded perturbations. Specifically,
consider the more accurate description of the system (6.27) given by the
perturbed model

B(t) = f(x(t) + Ga(t)ut) + gt z(t), 2(to) =zo, t=>to, (6.30)

where g : [tg,00) x R” — R"™ is a continuous function that captures dis-
turbances, uncertainties, parameter variations, or modeling errors. Assume
that there exists a continuously differentiable function V : R® — R, such
that the conditions of Corollary 6.2 are satisfied. Then it follows from The-
orem 5.2 of [24] that there exist dg > 0, £ > 0, 7 > 0, and an open neighbor-
hood V of the origin such that for every continuous function g(-,-) with

0= sup |lg(t,x)| < do, (6.31)

[to,00)xR™

the solutions x(t), t > tg, to the closed-loop system (6.30) with u(t) given
by (6.29) and xy € V are such that x(t) € V, t > tg, and

|z@)[] < €57, t>, (6.32)

where v = le"‘
Note that, if in Corollary 6.2 a € (0, 3), then v > 1, which makes the
bound in (6.32) smaller for sufficiently small § compared to the case when

0 < < 1. In addition, if g(-,-) is such that

lg(t, )| < Lllz|, (¢, 2) € [to, 00) x R™, (6.33)
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Figure 6.1 Large-scale dynamical system G.

where L > 0, then it follows from Theorem 5.3 of [24] that x(t) =0, t > 7,
for all g € V. Finally, if g : R® — R"” is only a function of the dynamical
system state and

lg(@)l < Lilzll, = eR", (6.34)

where L > 0, then it follows from Theorem 5.4 of [24] that the zero solution
x(t) = 0 to the closed-loop system (6.30) with u(t) given by (6.29) is finite-
time stable.

Next, consider the large-scale dynamical system G shown in Figure 6.1
involving energy exchange between n interconnected subsystems. Let x; :
[0,00) — R, denote the energy (and hence a nonnegative quantity) of the ith
subsystem, let u; : [0,00) — R denote the control input to the ith subsystem,
and let o;; : Ki —R,,i#j,i,j5=1,...,n, denote the instantaneous rate
of energy flow from the jth subsystem to the ith subsystem.

An energy balance yields the large-scale dynamical system [81]

&(t) = f(z(t)) + G(z(t)u(t), z(to) =x0, t>to, (6.35)

where z(t) = [z1(t),...,z,(1)]%, t > to, fi(z) = > 7o i ij(x), where
¢ij(z) £ o4i(z) — oji(z), © € @1, i # 4, 4,7 = 1,...,q, denotes the
net energy flow from the jth subsystem to the ith subsystem, G(z) =
diag[G1(z1),...,Gn(zn)], = € E, Gi(xz;) = 0 if and only if z; = 0 for
all i = 1,...,n, and u(t) € R, t > ty. Here, we assume that o;;(z) = 0,
T € Ei, whenever z; = 0, i # j, 4,7 = 1,...,n. In this case, f(-) is
essentially nonnegative (i.e., fi(z) > 0 for all z € Erfr such that z; = 0,
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i = 1,...,n). The above constraint implies that if the energy of the jth
subsystem of G is zero, then this subsystem cannot supply any energy to
its surroundings. In addition, we assume that ¢;;(z") < ¢;;(2"), @ # j,
i,j = 1,...,n, for all 2/,2"” € R™ such that z} = z and 2}, < a}, k # 1,
where x; is the ith component of x. The above assumption implies that the
more energy the surroundings of the ith subsystem possess, the more energy
is gained by the ith subsystem from the energy exchange due to subsystem
interconnections. Finally, to ensure that the trajectories of the closed-loop
system remain in the nonnegative orthant of the state space for all nonneg-
ative initial conditions, we seek a feedback control law u(-) that guarantees
the closed-loop system dynamics are essentially nonnegative [69].

For the dynamical system G, consider the control vector Lyapunov
function candidate V(x) = [Vi(x1),..., Va(x,)]Y, = € Erfr, given by
't}

L

V(z) =[z1,...,2,]", z€R (6.36)

Note that V(0) = 0 and €TV (z), z € R, is positive definite and radially
unbounded. Furthermore, consider the function

VP (@) + 0y b1 (V (@)
w(V(z)) = : , zeR},

Vot (@) + 37y oo G0 (V ()
(6.37)

and note that it follows from the above constraints that w(-) € W and
w(0) = 0. Furthermore, note that R; 2 {x € R}, ; # 0 : V/(2;)Gi(z;) =
0} ={z R}, z; #0: 2; = 0} = @, and hence, condition (6.23) is satisfied
for V() and w(-) given by (6.36) and (6.37), respectively.

Next, consider the vector comparison system

2(t) = w(z(t), =z(tg) =20, t>to, (6.38)

where zy € Ki and the ith component of w(z) is given by w;(z) = 2

+
1
Z?:L i Pig (2), z € @1. In addition, consider the Lyapunov function candi-
datev(z) =elz, z € EZ, and note that v(-) is radially unbounded, v(0) = 0,

v(z) >0, z E@i, z # 0, and

VRwE) ==Y A4+ S ey(2)
i=1 i=1 j=1,j%#i
I T

n 1/2
<- ( Zi)
i=1



FINITE-TIME STABILIZATION 119
=—(w(2))¥?, zeR]. (6.39)

Thus, it follows from Theorem 6.1 with ¢ = 1, a = %, and M = Erfr that
the large-scale dynamical system (6.35) is finite-time stable with a settling
time T'(z) < 2(eTx0)'/?, 29 € R}, and V(z), € R}, given by (6.36) is a
control vector Lyapunov function for (6.35).

Finally, the feedback control law ¢(z) = [¢] (2),..., . (z)]T, where
¢i(z),i=1,...,n, is given by (6.24) with

ai(z) = V/ (z:) fi(w Z ¢z] $€Ki,
J=1,j#1
Bi(x) =Gy(x;), = €RY,

and cp; > 0,4 = 1,...,n, is a finite-time globally stabilizing decentralized
feedback controller for (6.35). It can be seen from the structure of the
feedback control law that the closed-loop system dynamics are essentially
nonnegative. Furthermore, since a;(z) — w;(V(z)) = (Vi(;))"/?, = € R},
i = 1,...,n, this feedback controller is fully independent from f(x), which
represents the internal interconnections of the large-scale system dynamics,
and hence, is robust against full modeling uncertainty in f(x).

6.4 Finite-Time Stabilization for Large-Scale
Homogeneous Systems

In this section, we use geometric homogeneity developed in [10,25] to con-
struct finite-time controllers for large-scale homogeneous systems. First, we
introduce the concept of homogeneity in relation to a scaling operation or
dilation.

Definition 6.2 ([10, 25]). Let 2 £ [z1,...,z,]* € R™. A dilation

Ax(z): (N z1,. . xn) = (A xg, ..., AN"x,) is a mapping that assigns to ev-
ery A > 0 a diffeomorphism Ay (x) = (AN, ..., A""zy,), where (z1,...,2,)
is a suitable coordinate on R™ and r; > 0, ¢ = 1,...,n, are constants. A

function V : R® — R is homogeneous of degree | € R with respect to the dila-
tion Ax(z) if V(N1 2q,...,A™x,) = MV (21,...,2,). Finally, a vector field
f(x) & [fi(@),..., fa(2)]" : R* = R is homogeneous of degree k € R with
respect to the dilation Ay(x) if fi(AN2y,. .., Axy,) = N7 fi(xy, ... 2y),
A>0,i=1,...,n

Proposition 6.1 ([25]). Consider the nonlinear dynamical system given
by (6.1). Assume f(-) is homogeneous of degree k € R with respect to the
dilation Ay(z). Furthermore, assume f(-) is continuous on D and z = 0 is
an asymptotically stable equilibrium point of (6.1). If £ < 0, then x = 0
is a finite-time stable equilibrium point of (6.1). Alternatively, suppose
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f(z) = gi(z) + -+ + g4(x), = € D, where for each i = 1,...,q, the vector
field g;(-) is continuous on D, homogeneous of degree k; € R with respect to
the dilation Ay(z), and k1 < --- < k4. If 2 = 0 is a finite-time stable equi-
librium point of ¢;(-), then x = 0 is a finite-time stable equilibrium point of
fC)-

If in Theorem 6.1 the comparison function w(-) is homogeneous of de-
gree k < 0 with respect to the dilation Ay(z) and z = 0 is an asymptotically
stable equilibrium point of (6.6), then the zero solution z(t) = 0 to (6.1) is
finite-time stable. In this case, there is no need to construct a scalar positive
definite function v(-) such that (6.7) holds.

Now, consider the large-scale dynamical system G involving energy ex-
change between n interconnected subsystems given by (6.35). Furthermore,
assume that there exists a constant £ € R such that

d)ij()\rlxl)”‘?)‘rnwn):)\Ti+k¢ij(w17"'7xn)7 i)j:17"'7Q7 Z#])

(6.40)
for every A > 0 and for given r; > 0, ¢ = 1,...,n. Next, consider the
decentralized controller given by

U; :wi(:vi), 1= 1,...,n, (6.41)

with v;(z;) satisfying
Gl()\nxl)wl(Ar’l‘l) = )\TIJrlGl(l‘l)dJl(l‘l), 1= 1, e,y T € Rn, (642)

and
> Gilii(z) <0, xR, (6.43)
i=1
for every A > 0 and for given r; > 0, i = 1,...,n, where [ € R, G(z) =
diag[Gi(z1), ..., Gp(xy)], and Gi(x;) =0ifand only if z; = 0,i=1,... ,n.
If Il = k < 0, then it follows from Proposition 6.1 that the closed-loop
system (6.35) with u(t) = [t1(z1),. . ., ¥n(z,)]T is globally finite-time stable.
Alternatively, if [ < k and [ < 0, then it follows from Proposition 6.1 that
the closed-loop system (6.35) with u(t) = [t1(71), . . ., ¥n(z,)] " is finite-time
stable.
Note that if I < k and I < 0, then stability is only local [25]. To obtain
a global result in this case, we need to examine the control vector Lyapunov
function of the large-scale homogeneous system. Specifically, for the dynam-
ical system G given by (6.35), consider the control vector Lyapunov function
candidate V'(-) given by (6.36). Furthermore, consider the function

—o1(Vi(x1)) + Z?:Ljil P15 (V(z))
w(V(z)) = : ., z€RY,
~0n(Va(@n)) + 251 jn 8 (V (@)
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where ;(-) satisfies o;(\"x;) = \'itlg;(z;) for each A > 0 and given 7; > 0,
i=1,...,n,1<0,2; € Ry, 04(0) =0, 0;(2) > 0for 2 # 0, z € R, and ¢;;(-)
satisfies (6.40) with k >l and ¢,5 =1,...,n, 1 # j.

Next, consider the comparison system given by (6.38) where the ith
component of w(2) is given by w;(z) = —0i(z;) + 227 ;4 ¢ij(2), 2 € Ei.
Then it follows from Proposition 6.1 that (6.38) is finite-time stable. Fur-
thermore, consider the Lyapunov function candidate v(z) = e'z, z € @i,
and note that v(-) is radially unbounded, v(0) = 0, v(z) > 0, z € R}, z # 0,
and

VRwE) ==Y iz Yy Y diz)
i=1

i=1 j=1,j%#1
== oi(z)
=1
<0, z#0, zeR}, (6.44)

which implies that (6.38) is globally asymptotically stable. Hence, (6.38) is
globally asymptotically stable, and thus, the large-scale homogeneous sys-
tem (6.35) with u; = ¢;(z;), ¢ = 1,...,n, is globally finite-time stable and
V(+) given by (6.36) is a control vector Lyapunov function for (6.35). Finally,
(6.24) with a;(x) = V() fi(w) = Y} ;4 6ij(2), Bi(x) = Gi(w:), = € RY,
and cp; > 0,4 =1,...,n, is a finite-time globally stabilizing decentralized
feedback controller for (6.35). It can be seen from the structure of the
feedback control law that the closed-loop system dynamics are essentially
nonnegative. Furthermore, since a;(z) — w;(V(x)) = 0;(Vi(x;)), = € Ei,
i = 1,...,n, this feedback controller is fully independent from f(z) which
represents the internal interconnections of the large-scale system dynamics,
and hence, is robust against full modeling uncertainty in f(x).

6.5 Decentralized Control for Finite-Time Stabilization of
Large-Scale Systems

In this section, we provide two numerical examples to illustrate the efficacy of
the proposed approach. In our first example, we consider the large-scale dy-
namical system shown in Figure 6.1 with the power balance equation (6.35)
where 0;;(z) = aijsz, oij > 0,4 # 3,47 =1,...,n, and Gi(z;) = xg/A‘,
i =1,...,n. Note that in this case ¢;;(z') < ¢;;(2”), i #j, 1,1 =1,...,n,
for all 2/, 2" € @1 such that o = 2 and z) < 2}, k # i. Furthermore,

with u; = —2xl-1/4, i =1,...,n, the conditions of Proposition 5.1 are satis-
fied, and hence, the feedback control law (6.24) is continuous on @i. For
our simulation we set n = 3, 12 = 2, 013 = 3, 091 = 1.5, 093 = 0.3,

g31 = 44, 039 = 06, Cco1 = 1, Co2 = 1, and Co3 = 025, with initial condition
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Figure 6.2 Controlled system states versus time.
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Figure 6.3 Control signals in each decentralized control channel versus time.

xo = [3,4, 1]T. Figure 6.2 shows the states of the closed-loop system ver-
sus time and Figure 6.3 shows control signals for each decentralized control
channel as a function of time.

For the next example, we consider control of thermoacoustic instabili-
ties in combustion processes. Engineering applications involving steam and
gas turbines and jet and ramjet engines for power generation and propul-
sion technology involve combustion processes. Due to the inherent coupling
between several intricate physical phenomena in these processes involving
acoustics, thermodynamics, fluid mechanics, and chemical kinetics, the dy-
namic behavior of combustion systems is characterized by highly complex
nonlinear models [8,9,47,103]. The unstable dynamic coupling between
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heat release in combustion processes generated by reacting mixtures re-
leasing chemical energy and unsteady motions in the combustor develop
acoustic pressure and velocity oscillations that can severely affect operating
conditions and system performance. These pressure oscillations, known as
thermoacoustic instabilities, often lead to high vibration levels, causing me-
chanical failures, high levels of acoustic noise, high burn rates, and even com-
ponent melting. Hence, the need for active control to mitigate combustion-
induced pressure instabilities is critical.

Next, we design a finite-time stabilizing controller for a two-mode,
nonlinear time-averaged combustion model with nonlinearities present due
to the second-order gas dynamics. This model is developed in [47] and is
given by

&1(t) = a1z (t) + 0122(t) — Blz1(D)w3(t) + 22(t)2a(t)) +ur (1),
(0) = 10, t> O, (6.45)
Bo(t) = —bhx1(t) + arze(t) + B2 (t)z3(t) — 21 (t)wa(t)) + ua(?),

22(0) = w20, (6.46)
d3(t) = agwa(t) + Oowa(t) + B2 (1) — 23(t)) +ua(t), 23(0) = w30,
(6.47)
T4(t) = —Oox3(t) + gy (t) + 2821 (t)xo(t) + ug(t), x4(0) = 249,
(6.48)

where ag,as € R represent growth/decay constants, 61,02 € R represent
frequency shift constants, § = ((y + 1)/8y)wi, where v denotes the ratio
of specific heats, wy is the frequency of the fundamental mode, and wu;,
i = 1,...,4, are control input signals. For the data parameters a; = 5,
o = =55, 01 = 4, 0 = 32, v = 14, w; = 1, and x9 = [2,3,1,1]7, the
open-loop (i.e., u;(t) = 0,7 = 1,...,4) dynamics (6.45)—(6.48) result in a
limit cycle instability.

To stabilize this system in finite time we design a feedback control law
given by (6.29), where V(z) = 322, z € R*, c =1, ¢g = 1, a = 2. In this
case, V'(z) = 2%, G(z) = I, and hence, R = {x € R4 r#0: 2T =0} =0.
Thus, condition (6.28) is trivially satisfied and it follows from Corollary
6.2 that the closed-loop system (6.45)—(6.48) with the feedback control law
(6.29) is finite-time stable. Furthermore, the hypotheses of Proposition 5.1
are satisfied for the case where ¢ = 1, and hence, the control law (6.29) is
continuous in R*. Specifically, with u = — f(z) — 27%/*g(z), where

RV
orry + 010 — 5(:U1$U3 + x2x4) %/3
fla) = | 0wt oame £ flears — d1z) gz) = | 2
ox3 + Oozy + B3 — 23) ’ x§/3 ’

—bOax3 + oy + 22172 xi/3
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the inequality
alz) + Y (x)u < w(V(z), 0<|z| <9, (6.49)

is satisfied, where a(z) 2 V/(z)f(z), Blz) & GY(z)V''(z), w(V(z)) =
—(V(2))¥*, zeR* and 0 < § < 1.
To see this, note that

a(z) + BT (x)u=—2"2" g(x)

4
— _9-3/4 Z x;&/i’)
=1

<273/ (Z x§>
=1

— V(@)
—w(V(z), 0<|z]<d<L1. (6.50)

In addition, since f(-) and g(-) are continuous and f(0) = g(0) = 0, it follows
from (6.50) that for every € > 0, there exists 0 < 6 < 1 such that for all
0 < ||| < & there exists u € R* such that |lu| < ¢ and inequality (6.49)
holds. Thus, the feedback control law (6.29) is continuous in R*. Figure 6.4
shows the states of the closed-loop system versus time and Figure 6.5 shows
the control signals versus time.



FINITE-TIME STABILIZATION 125

(L’l(t)

-2 . . . .

ZUQ(t)

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

-0.5 | | | |

0 0.2 04 0.6 0.8 1
Time

Figure 6.4 Controlled system states versus time.

20
S of
3 —20’\\// J
-40g 02 04 06 08 1
20
< 0ot
=
2 20 ]
40 02 0.4 06 0.8 1
5
=
5 ‘ ‘ ‘ ‘
0 02 04 06 08 1
2
5 0 J’\/
32 1
4 ‘ ‘ ‘ ‘
0 0.2 0.4 06 08 1

Time

Figure 6.5 Control signals in each control channel versus time.






Chapter Seven

Coordination Control for Multiagent
Interconnected Systems

7.1 Introduction

Modern complex multiagent dynamical systems are highly interconnected
and mutually interdependent, both physically and through a multitude of
information and communication networks. Distributed decision-making for
coordination of networks of dynamic agents involving information flow can
be naturally captured by graph-theoretic notions. These dynamical network
systems cover a very broad spectrum of applications, including cooperative
control of unmanned air vehicles (UAVs), autonomous underwater vehicles
(AUVs), distributed sensor networks, air and ground transportation sys-
tems, swarms of air and space vehicle formations, and congestion control
in communication networks, to cite but a few examples. Hence, it is not
surprising that a considerable research effort has been devoted to control of
networks and control over networks in recent years [15,27,29,37].

A key application area of multiagent network coordination within
aerospace systems is cooperative control of vehicle formations using dis-
tributed and decentralized controller architectures. Distributed control refers
to a control architecture wherein the control is distributed via multiple com-
putational units that are interconnected through information and commu-
nication networks, whereas decentralized control refers to a control archi-
tecture wherein local decisions are based only on local information. Vehicle
formations are typically dynamically decoupled, that is, the motion of a
given agent or vehicle does not directly affect the motion of the other agents
or vehicles. The multiagent system is coupled via the task which the agents
or vehicles are required to perform.

The complexity of cooperative maneuvers that multiagent systems
need to perform as well as environmental constraints often necessitate the
design of control algorithms that use information on current position and
velocity of each vehicle to steer them while maintaining a specified forma-
tion. In particular, for mobile agents operating in a foggy environment or
located far from each other, open-loop visual control for coordinated motion
becomes impractical. In this case, feedback control algorithms are required
for individual vehicle steering which determine how a given vehicle maneu-
vers based on positions and velocities of nearby vehicles and/or on those of
a formation leader. The leader could be real, that is, one of the vehicles in
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a formation leads the others, or the leader could be virtual, that is, vehicles
synthesize a leader and the motions of the vehicles in a formation are defined
with respect to a virtual agent whose positions and velocities are known at
each instant of time.

Analysis and control design for networks of mobile agents has re-
ceived considerable attention in the literature. Common formations of mul-
tiagent systems include flocking [142, 166], cyclic pursuit [130], (virtual)
leader following [53, 164], and rendezvous [36, 151]. Graph-theoretic no-
tions [51] are essential in the analysis and control design for a system of
mobile agents performing a common task [56,102]. Several researchers have
proposed different techniques for analyzing network systems. Specifically,
the authors in [45,159] use graph theory to model interconnected systems,
whereas [49, 56, 134, 135] invoke graph-theoretic notions for stability anal-
ysis of formations of large numbers of agents. Alternatively, the authors
in [124,142,143] use potential functions to analyze flocking and [144] resorts
to control Lyapunov functions to design feedback controllers for coordinated
motion of multi-robot platforms. Distributed control of robotic networks has
been extensively studied in [31,151] where the authors develop a variety of
control algorithms for network consensus. Furthermore, distributed non-
linear static and dynamic control architectures for multiagent coordination
using thermodynamic principles are presented in [95]. A survey of recent
research results in cooperative control of multivehicle systems is presented
in [140].

In this chapter, we develop stability analysis and a control design
framework for multiagent coordination predicated on vector Lyapunov func-
tions. In multiagent systems, several Lyapunov functions arise naturally
where each agent can be associated with a generalized energy function cor-
responding to a component of a vector Lyapunov function. Furthermore,
since a specified formation of multiple vehicles can be characterized by a
time-varying set in the state space, the problem of control design for multia-
gent coordinated motion is equivalent to design of stabilizing controllers for
time-varying sets of nonlinear dynamical systems. Thus, using a stability
and control design framework for time-varying sets, we design distributed
control algorithms for stabilization of multi-vehicle formations. These dis-
tributed control algorithms use only local information of the individual ve-
hicle relative position and velocity with respect to the leader to maintain a
specified formation for a system of multiple vehicles. Finally, we specialize
the results obtained for time-varying sets to address stabilization of time-
invariant sets and develop stabilizing control algorithms for static formations
(rendezvous) of multiple vehicles. The developed cooperative control algo-
rithms are shown to globally exponentially stabilize both moving and static
formations.
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7.2 Stability and Stabilization of Time-Varying Sets

In this section, we present results on stability and stabilization of time-
varying sets for time-varying nonlinear dynamical systems using vector Lya-
punov functions [14,118,133,141,159]. Specifically, consider the time-varying
nonlinear dynamical system given by

(t) = f(t,z(t)), x(to) =z0, t>to, (7.1)

where z(t) € D C R™, t > tg, is the solution to (7.1), top € [0,00), D is an
open set, 0 € D, f(t,0) =0, t > to, and f : [tg,00) x D — R™ is such that
f(,-) is jointly continuous in ¢t and z, for every t € [tg,00), and f(¢,-) is
locally Lipschitz in « uniformly in ¢ for all compact subsets of [0, 00).

The following definition introduces several types of stability for time-
varying sets of nonlinear time-varying dynamical systems. For this defini-
tion, Df £ Dy(t), t > tg, is a time-varying set such that, for every ¢ > to,
Dy(t) is a compact set and O (Do(t)) = {z € D : dist(x, Dy(t)) < €}, t > to,
defines the e-neighborhood of Dy(t) at each instant of time ¢ > ¢y, where
dist (2, Do(t)) £ infyepy ly — ||, t > to.

Definition 7.1. Consider the nonlinear time-varying dynamical system
(7.1). Let D§ be positively invariant with respect to (7.1) and, at each time
instant ¢ € [tg,00), Dp(t) is a compact set.

i) D} is Lyapunov stable if, for every € > 0 and ty € [0,00), there ex-
ists & = d(e,t9) > 0 such that ¢ € Os(Dy(to)) implies that z(t) €
O:(Dy(t)) for all ¢t > tg.

ii) DY is uniformly Lyapunov stable if, for every € > 0, there exists § =
d(e) > 0 such that xg € Os5(Dy(to)) implies that x(t) € O (Dy(t)) for
all t >ty and for all ¢y € [0, 00).

iii) Df is asymptotically stable if DY is Lyapunov stable and, for every
to € [0,00), there exists § = d(tg) > 0 such that xy € Os(Dy(to))
implies that lim;_, dist(x(t), Do (t)) = 0.

iv) DY is uniformly asymptotically stable if DY is uniformly Lyapunov sta-
ble and there exists 6 > 0 such that zy € Os(Dy(tg)) implies that
limy_, o dist(z(t), Dp(t)) = 0 uniformly in ¢y and z for all ¢y € [0, 00).

v) D} is globally asymptotically stable if DY is Lyapunov stable and limy_ .
dist(z(t), Do(t)) = 0 for all zy € R™ and g € [0, c0).

vi) D} is globally uniformly asymptotically stable if DY is uniformly Lya-
punov stable and lim;_, . dist(z(t), Dy(t)) = 0 uniformly in tp and z
for all o € R" and ¢ € [0, 00).
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vii) DY is uniformly exponentially stable if there exist scalars a > 0, 8 >
0, 6 > 0 such that g € O5(Dy(to)) implies that dist(x(t), Do(t)) <
adist(xo,Do(to))e_ﬁ(t_to), t > tg, for all ¢y € [0,00).

viii) D} is globally uniformly exponentially stable if there exist scalars o > 0,
B > 0 such that dist(z(t), Do(t)) < adist(xg, Dy(to))e PE10) ¢ > ¢,
for all zp € R™ and ¢y € [0, 00).

The following definition introduces the notion of class W functions
involving time-varying quasi-monotone increasing functions.

Definition 7.2 ([141, 159]). A function w = [wy, ..., w,]" : [0,00) x
R? — R? is of class W if, for every fixed ¢ € [0,00), each component w;(-,-),
i=1,...,q, of w(-,-) satisfies w;(t, 2") < w;(t, 2”) for all 2/, 2” € R? such that
2; <z2i,j=1,..,q, j #i, and z; = 2/, where z; denotes the ith component
of z.

Note that if w(t,-) € W and w(¢,0) = 0, then w(-,-) is essentially
nonnegative [72], which implies that a time-varying dynamical system whose
dynamics are represented by w(-,-) exhibits solutions that belong to the
nonnegative orthant for all nonnegative initial conditions [72]. The following
result presents sufficient conditions for several types of stability of time-
varying sets with respect to nonlinear time-varying dynamical systems using
vector Lyapunov functions.

Theorem 7.1. Consider the nonlinear time-varying dynamical system
(7.1). Assume that there exists a continuously differentiable vector function
Vit,z) = [Vi,...,Vg]T :[0,00) x D = QNRL, where @ C RY and 0 € Q,
a continuous function w = [wi,...,wy|T : [0,00) x Q — RY, and class
K functions «(-), S(:) such that Vi(t,x) = 0, © € D;(t), t > to, where
Di(t) C D, t > to, Vi(t,x) > 0, x € D\Dy(t), t > to, i = 1,...,q, Dj =
Do(t) £ NL_Di(t) # @ is positively invariant with respect to (7.1) and
Do(t) is compact at each time instant ¢ > to, w(t, ) € W, w(t,0) =0, t > 0,

a(dist(z, Dy (t))) < etV (t,z) < B(dist(x, Do(t))), (t,z) € [0,00) x D,
(7.2)

and
oVi(t,x)

BT + VI (t,2)f(t,x) <wi(t,V(t,z)), (t,z) € [0,00) x D,

i=1,...,q. (7.3)
In addition, assume that the vector comparison system
2(t) =w(t, 2(t), =2(0)=z, t>to, (7.4)

has a unique solution z(t), t > tg, forward in time. Then the following
statements hold:
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i) If the zero solution to (7.4) is uniformly Lyapunov stable, then D} is
uniformly Lyapunov stable with respect to (7.1).

i7) If the zero solution to (7.4) is uniformly asymptotically stable, then
D} is uniformly asymptotically stable with respect to (7.1).

iii) f D =R", Q =RI, o) and §(-) are class Ko functions, and the zero
solution to (7.4) is globally uniformly asymptotically stable, then D
is globally uniformly asymptotically stable with respect to (7.1).

iv) If there exist constants v > 1, a > 0, § > 0 such that

a[dist(x, Do(t))])” < eV (t,x) < Bdist(z, Do(t))]",
(t,z) € [0,00) x D, (7.5)

and the zero solution to (7.4) is uniformly exponentially stable, then
D} is uniformly exponentially stable with respect to (7.1).

v) If D = R", Q = R? and there exist constants v > 1, a« > 0, § > 0
such that (7.5) holds and the zero solution to (7.4) is globally uniformly
exponentially stable, then D is globally uniformly exponentially stable
with respect to (7.1).

Proof. i) Let € > 0. It follows from uniform Lyapunov stability of
the nonlinear dynamical system (7.4) that there exists y = p(e) > 0 such
that if ||zolly < p and 2 € RY, where || - [|; denotes the absolute sum
norm, then |z(t)|1 < af(e), t > to, and z(t) € RY, t > t5. Now, choose
20 = V(to,x9) >> 0, g € D, ty € [0,00), and, for u = p(e) > 0, choose
d = 6(u(e)) = d(e) > 0 such that 5(6) = p. Then, for g € Os(Dy(to)), it
follows from (7.2) that

z0lly = €20 = €V (to, wo) < B(dist(zo, Dy(to))) < B(S) = p, (7.6)

which implies that eTz(t) = ||z(t)||l1 < a(e), t > to. Now, with zy =
V(to, o) >> 0 and the assumption that w(¢,-) € W it follows from (7.3)
and the vector comparison principle [141] that 0 << V(¢,z(t)) << z(t),
t > to. Thus, using (7.2), it follows that if ¢ € O5(Dy(ty)), then

a(dist(z(t), Do(t))) < eV (t,z(t)) < elz(t) < ale), t>ty, (7.7)

which implies that x(t) € O(Dy(t)), t > to. This proves uniform Lyapunov
stability of the time-varying set DY with respect to (7.1).

ii) Uniform Lyapunov stability of D§ with respect to (7.1) follows from
i). Furthermore, since the zero solution to (7.4) is uniformly asymptotically
stable, there exists 1 > 0 such that if ||z0][1 < g, then lim; .o 2(¢) = 0. As
in 4), let zg = V(tg,20) >> 0, 29 € D, ty € [0,00), and choose § = d(u) > 0
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such that 5(d) = p. In this case, if xop € Os(Dy(to)), it follows from (7.2)
that

Izo0l1 = €20 = €V (to, z0) < B(dist(zo, Do(to))) < B(6) = p, (7.8)

which implies that lim;_,~ 2(t) = 0. Since w(t,-) € W and zg = V (g, zo), it
follows from (7.3) and the vector comparison principle that 0 << V (¢, z(t))
<< z(t), t > tg. Now, using (7.2), it follows that, for 2o € O5(Dy(to)),

a(dist(z(t), Do(t))) < etV (t,z(t)) < el 2(t), (7.9)

for all t > tg. Since limy_, o, 2(t) = 0, it follows from (7.9) that lim; . dist
(z(t),Dy(t)) = 0, which proves uniform asymptotic stability of D} with
respect to (7.1).

ii1) Uniform Lyapunov stability of Df follows from 7). Next, for every
zog € R, ty € [0,00), and zgp = V (to, o), identical arguments as in ii) can
be used to show that lim; o dist(x(t), Do(t)) = 0, which, along with the
uniform Lyapunov stability, implies global uniform asymptotic stability of
D} with respect to (7.1).

iv) Tt follows from the uniform exponential stability of the nonlinear
dynamical system (7.4) that there exist positive constants ~, u, and 1 such
that if ||20||1 < u, then

12()]l < Allzolle” ™70, £ >t (7.10)
As in i), let z9 = V (to,x0) >> 0,20 € D, ty € [0,00) and choose § = §(u) =
1

(%) > 0. In this case, if xg € Os(Dy(tp)), it follows from (7.5) that

Iz0ll1 = €' 20 = eV (to, o) < B[dist(wo, Do(to))]” < B6” = p. (7.11)

Since w(t,-) € W and zy = V(to,x0), it follows from (7.3) and the vector
comparison principle that 0 << V (¢, z(t)) << 2(t), t > to. Now, using (7.5)
and (7.10), it follows that, for zog € Os(Dy(to)),
a [dist(x(t), Do(t)))” < eV (t, (1))
<elz(t)
<vzoflre™™
< [dist(zo, Do(to)))” e™"7"), £ >4y, (7.12)

t—to)

which implies that
1
dist(z(t), Do(t)) < (?) dist(zo, Do(to))e »10) ¢ >to, (7.13)

establishing uniform exponential stability of D§ with respect to (7.1).
v) The proof is identical to the proof of iv). O



COORDINATION CONTROL FOR MULTIAGENT SYSTEMS 133

If we take w(t, z) = w(z) in Theorem 7.1, then uniform stability of (7.4)
is equivalent to the regular notion of stability for autonomous systems. In
addition, if D;(t) & {z € R" : X;(t,z) = 0}, t > tg, where X : [0,00) x R" —
R% are continuous functions for all i = 1,..., ¢, then Theorem 7.1 still holds
for the definition of a distance given by

N[

dist(z, Dy (t)) £ [XT(t,:U)X(t z)]?, (7.14)
where X (t,z) £ (X[ (t,z), ..., X} (t,2)]T.

Next, we use the result of Theorem 7.1 to design stabilizing controllers
for time-varying sets of multiagent dynamical systems composed of ¢ agents
whose dynamics are given by

.%’Z(t) = fi(t, l‘(t)) + Gi(t, x(t))ui(t), t>ty, t=1,...,q, (715)

where z(t) = [z (¢)..., 2] ()", x4(t) € R™, t > 0, and f; : [0,00) x
R™ — R™ and G; : [0,00) x R" — R™*™i are continuous functions for
all i = 1,...,q. Consider the time-varying sets given by D;(t) = {x € R" :
X;(t,z;) = 0}, t > to, where &; : [0,00) x R™ — R* are continuous functions
for all i = 1,...,q. Define the motion of the ith agent on the set D;(-) as
Zei(t), t > to, and note that Xj(t,ze(t)) = 0. Furthermore, assume there

exist vector functions ue;(t), t > tg, i = 1,...,q, such that
Gz(t7xe(t))uez(t):xel(t) _fi(t7xe(t))7 t> t07 i = 17"'7(]7 (716)

where z(t) £ [z (), ..., 20, (O)]F, t > to.
The next result presents a controller design that guarantees stabiliza-
tion of a time-varying set for the time-varying nonlinear dynamical system

(7.15) using vector Lyapunov functions.

Theorem 7.2. Consider the multiagent dynamical system given by
(7.15). Assume there exist a continuously differentiable, component decou-
pled vector function V' : [0, 00) x R" — Ri, that is, V(t,z) = [Vi(t,z1),. ..,

T

Vy(t,z)]Y, (t,x) € [0,00) x R", a continuous function w = [wy,...,w,]
[0,00) X E‘i — R, and class K functions a : [0,00) —> [O,oo) and S :
[0,00) — [0,00) such that V;(t,z;) =0, z € D;(t) C R™, to,i=1,...,q,
Vi(t,z) >0, x € R™\D;(t), t > to, i = 1,...,q, D} _D ( ) £ N Di(t) #
@, t > ty, is a compact set at each t > tg, w(t,-) € W, w(t,0) =0, ¢t >0,

a(dist(z, Do(t))) < eTV (¢, 2) < A(dist(z, Do(t))), (£, z) € [0,00) x R™,
(7.17)

and, forall : =1,...,q,

W + V/(t, ) fi(t, o) Sw;(t, V(t,2)), (t,z) € Ry, (7.18)
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where R; = {(t,z) € [0,00) x R : V/(t,x;)G,(t,x) = 0}, i =1,...,¢. In
addition, assume that the zero solution z(t) = 0 to

2(t) = w(t, z(t)), 2(0)=2z, t=>to, (7.19)

is uniformly asymptotically stable. Then D} is uniformly asymptotically
stable with respect to the nonlinear dynamical system (7.15) with the feed-
back control law u = ¢(t, ) = [¢] (¢,7),..., <Z>:Ir(t,x)]T, z eR" te€0,00),
given by

oty = | ) = (o Yot i o) £0, 1

ol (t,x)o;(t,x)

Uei (1), if o;(t,x) =0,

where ue;(t), t > to, satisfies (7.16), \;(t,z) £ p2(t,z) + (o} (t,z)0i(t, 7)),
uilt ) £ pit ) —wilt, V (1, 2) + T 4 o (1, @)ue(t), pilt, @) £ Vi (1, 0)
filt,x), oi(t,x) & GEt,2)V/T(t,2;), and cp; > 0, i = 1,...,q. If, in
addition, a(-) and B(-) are class Ko functions and the zero solution z(t) = 0
to (7.19) is globally uniformly asymptotically stable, then Df is globally
uniformly asymptotically stable with respect to (7.15) with the feedback
control law v = ¢(t, x) given by (7.20). Furthermore, if there exist constants
v>1,a>0,and 8 > 0 such that

a[dist(z, Do(t))]” < etV (t,z) < B [dist(z, Do(t))]”, (t,z) € [0,00) x R",
(7.21)

and the zero solution to (7.19) is uniformly exponentially stable, then D
is uniformly exponentially stable with respect to (7.15) with the feedback
control law (7.20). Finally, if (7.21) holds and the zero solution to (7.19)
is globally uniformly exponentially stable, then D} is globally uniformly
exponentially stable with respect to (7.15) with the feedback control law
(7.20).

Proof. The vector Lyapunov derivative components V;(-,-), i = 1,...,
q, along the trajectories of the closed-loop system (7.15), with u = ¢(¢t, z),
(t,x) € [0,00) x R™, given by (7.20), satisfy
. 8% t, ZT;
Gt = L0 410y 40T (0200,

Willad) 4 i (t,a) + 0T (¢, 2)uei (£)

_COiU;'T(t’ J")Ui (t’ l‘) - :U’l(t) l‘)

N —/Ai(t,x), if o;(t,x) #0,
Willzs) 4 pi(t, ), if oi(t, ) =0,

<w(t,V(t,z)), (t,x)e€[0,00)xR"

Now, the result is a direct consequence of Theorem 7.1. O
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Note that if in Theorem 7.2 ¢ = 1, D = {0}, and (7.15) is a time-
invariant system, then we can set x.(t) = 0, ue(t) = 0, w(t,z) = 0, and
V(t,z) = V(z). In this case, the feedback control law (7.20) specializes to
Sontag’s universal formula [165]. Alternatively, if R; = 0,7 =1,...,q, then
w(-,-) in (7.18) can be chosen arbitrarily so that the comparison system
(7.19) is (globally) uniformly asymptotically (respectively, exponentially)
stable. In addition, since D;(t) = {x € R" : X(t,z;) = 0}, t > to, then
Vi(-,+), i = 1,...,q, can be chosen arbitrarily provided that V;(¢,z;) = 0,
S 'Di(t), t > to, V;(t,xi) >0, 2 € Rn\Di(t), t>ty,t=1,...,q, and (717)
(respectively, (7.21)) holds.

For example, V;(-,-) can be taken as V(t,z;) = X (t, 2;)PX;(t, z;),
z; € R™_ where P; € R%*% ig such that P, > 0,4 =1,...,q. In this case,
a(dist(z, Dy(t))) = a [dist(x, Dy(t))]?, where 0 < a < mini—1,__¢{Amin(5)},
B(dist(z, Do(t))) = B[dist(z, Do(t))]?, where 8 > maxi—1, _q{ Amax(Pi)},

and dist(z, Dy(t)) £ [XT(t,x)X(t,x)]%, where X (t,x) = [X[(t,21),...,
X(;F (t,z4)]T. In this case, it follows from Theorem 7.2 that for the closed-
loop system (7.15) and (7.20) the time-varying set Df is (globally) uniformly
asymptotically (respectively, exponentially) stable.

7.3 Control Design for Multivehicle Coordinated Motion

In this section, we apply the results of Section 7.2 to a problem of coordi-
nated motion of multiple vehicles in pursuit of a (virtual) leader. Specifically,
we design a distributed feedback control law that drives individual vehicles
to a configuration with specified distance and orientation with respect to
a leader while maintaining this configuration throughout the motion of the
leader. The leader can be either real or virtual. In the latter case, the agents
synthesize a motion with respect to which they need to maintain a specified
formation.

Consider the planar motion of ¢ agents with the individual agent dy-
namics given by

«751 (t) = Um'(t), .%’Z(O) = Z50, .%’Z(O) = «7.51'0’ t Z 0, (722)
§i(t) =uyi(t), %i(0) =yio, ¥i(0) = Yio, (7.23)
where z; : [0,00) — R and y; : [0,00) = R, i = 1,...,q, are the displace-

ments of the ith agent in the horizontal and vertical directions, respectively,
and uy; and u,; are the control forces acting on the ith agent in the hori-
zontal and vertical directions, respectively. Next, define n; £ [x;, ys, 4, 93]
i=1,...,q,and n = [nf,... ,an]T. Then the generalized dynamics (7.22)

and (7.23) for ¢ agents can be written in the state space form as

i(t) = (Ig @ A)n(t) + (I, @ B)u(t), n(0) =no, ¢=0, (7.24)

)

_ [T T1T _ 3 ©. 1T & 7, T ™T AL
where 770_[77107"'777q0] )nio_[xi07yi0)xi0)yi0] )U_[u17"')uq] , Uy =
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Ui, Uyi] ¥, “®” is the Kronecker product [18], I, € R%%9 is the identit
Yy q y
matrix, and A, B are given by

0010 00
0001 00

A=lo o000l P71 (7.25)
0000 0 1

Furthermore, define the time-varying sets
Di(t) £ {n e R : i —pi(t) =0}, ¢>0, i=1,...,q, (7.26)
where

JIL(t) + lm'L
a | yu(t) + Ly -
A i (t) , t>0, i=1,...,q, (7.27)
gL (1)

xL(t), yr(t), t > 0, are, respectively, the horizontal and vertical positions of
the leader, #1,(t), y(t), t > 0, are, respectively, the horizontal and vertical
velocities of the leader, and I, 1, € R are, respectively, the desired hor-
izontal and vertical distances between the ith agent and the leader. Note
that each set D;(t),t > 0,7 =1,...,q, defines relative position and velocity
of the ith agent with respect to the leader. To construct the set D;(t), t > 0,
1=1,...,q, only local information of the ¢th agent position and velocity is
needed. The position and velocity of the leader at each instant of time are
assumed to be known. Furthermore, the intersection of the sets (7.26) given
by

pi(t)

Dy="Do(t) 2 () Dilt), t>0, (7.28)

1=1,...,q

characterizes the desired formation of the agents with respect to the leader
where all agents maintain specified distances and velocities with respect to
the leader.

Note that this approach of characterizing multivehicle formations via
time-varying sets also captures formations where only neighbor-to-neighbor
interactions are permitted [31,95,102,142,151]. In this case, as long as the
connectivity graph describing the entire multivehicle formation is strongly
connected [56,95], the formation is uniquely defined by a time-varying set
characterizing neighbor-to-neighbor relative positions and velocities.

Next, we define the component decoupled vector function V' : [0, c0) X
R4 — RY such that V(¢,1) = [Vi(t,m),..., Vy4(t,ny)]T, where

‘/l(tﬂh):(nl _pl(t))TP(nZ _pz(t))v T €R47 t> 07 1= 17"'7Q7
(7.29)
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and

> 0. (7.30)

SO O
OO = O
S = O =
O = O

Note that V;(t,1;) = 0,7 € D;(t), t > 0, and Vi(t,n;) > 0, n € RY\D;(t), t >
0,7=1,...,q. Inaddition, since Apin(P) = Amax(P) = 1, condition (7 21) is
satisfied with a = 3, 8 =2, v = 2, dist(n, Do(t)) = [(n — p(t))™( ()],
n € RY, t >0, where p(t) = [p{ (t),...,pg (t)]". Furthermore, 1t can be
shown that, for R; = {(n,t) € R% x [0,00) : V/(t,;)B =0}, i =1,...,q,
condition (7.18) is satisfied with

8‘/; (tv i (t))
ot

M\»—t ,_.

+ Vi (i) Ani(t) < =y Vit (1)), (¢,m) € Ry,
i=1,....q, (7.31)

for v; € (0,1], i=1,...,q.
In this case, the zero solution to (7.19) is globally exponentially stable
with

w(z) = [=7121, -y —Yg%q) - (7.32)

Hence, it follows from Theorem 7.2 that the time-varying set D} defined
by (7.28) is globally uniformly exponentially stable with respect to (7.24)
with the feedback control law u; = ¢;(t,n;), i = 1,...,¢q, given by (7.20)
with i (t,m) 2 pit,ms) — wi(Vilt, i) + P20 4 o (¢, me)uea (8), palt,mi) =
Vit m) Ani, 03t mi) 2 BTV (t,mi), uez(t) [EL(t), 3 (1)]T, and w(V (¢, 7))
given by (7.32). Note that the feedback control law u; = ¢;(t,n;), i =
1,...,q, is a distributed control algorithm [31,151] that uses only local in-
formation of the relative position and velocity of the ith agent with respect
to the leader. This allows us to use a fixed controller structure to steer in-
dividual agents while maintaining a specified formation with respect to the
leader.

In the following simulation, we consider two agents pursuing a leader

in a triangular formation. For this design, we set lp11, = —2, lylL = 2\/_
la;QL:—4,ly2L:0,C()Z 05 Z_12’)/Z— s 127710—[83 3],
and 790 = [-3,-5,3,—1]T. With this ch01ce of the parameters lmL and

lyi, © = 1,2, the agents will form a configuration of an equilateral triangle
with respect to the leader. Furthermore, the leader is set to be moving
counterclockwise around a circle of radius 1 characterized by xp,(t) = cost,
yL(t) = sint, ¢ > 0. For the feedback controller (7.20), Figure 7.1 shows
the position phase portrait of two agents following the leader and Figure 7.2
shows the time history of the control forces acting on each agent.
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1% 5 _ 10 15
Time

Figure 7.2 Control forces in horizontal and vertical directions versus time.

Next, we compare the performance of the control law (7.20) with the
performance of two other cooperative control algorithms developed in [151]
for the same formation control problem as above with the same data. Specif-
ically, the first control law that we consider for the system (7.22) and (7.23)
is given by

i (1), s ()] = =Ky i(t) — Dyt
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Figure 7.4 Control forces in horizontal and vertical directions versus time.

K (Ralt) = Riga (1))
Dy (hi(t) — hisa (1)), (7.33)

where i = 1,2, ﬁi(tlé hi(t) = hia(t), hi(t) £ [2;(t ) l(t)]T, hiq(t) = [zL(t) +
Loiv, yu(8) + L] ™, a(t) & ha(t ), hO( ) £ ha(t), h 3(t ) = ha(t), and ho(t) £
ha(t). The control gains K, € R?*? and D, € R**? are positive-definite
matrices and control gains Ky € R2%2 and Df € R?*? are nonnegative-
definite matrices. The second control law for the system (7.22) and (7.23)
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Figure 7.6 Control forces in horizontal and vertical directions versus time.

accounts for the actuator saturation and is given by

(i (1), wyi ()] = — kg tanh(khj (t) — Eig tanh(kh;(t))
—ky tanh(k(h;(t) — hi—1(t))]
—ky tanh[k(hi (t) — hit1(2))], (7.34)

where kg > 0, kK > 0, dg > 0, kf > 0, and tanh(-) is the hyperbolic tangent
defined componentwise.
Figures 7.3 and 7.4 show the performance of the controller (7.33) with
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Ky, =Dy, = Ky = Dy = I. Furthermore, Figures 7.5 and 7.6 show the
performance of the controller (7.34) with ky =7, dy =5, ky =5, and k = 1.
In both cases, the values of the control gains were slightly altered from the
ones in [151] to yield the best compromise between the convergence time
and the control effort. It was observed that both controllers, (7.33) and
(7.34), retain a steady-state error between the desired and actual positions
of each agent. This corresponds to a triangular steady-state formation of two
agents with respect to the leader that oscillates around a desired equilateral
triangle but never converges to it. Alternatively, controller (7.20) ensures
exponential stabilization of the desired formation. In addition, the rate of
change for the controller (7.34) is significantly higher than that of (7.20) and
(7.33).

7.4 Stability and Stabilization of Time-Invariant Sets

In this section, we present results on stabilization of time-invariant sets for
time-invariant nonlinear dynamical systems using vector Lyapunov func-
tions. Consider the time-invariant nonlinear dynamical system given by

#(t) = f(z(t), 2(0) =z, t>0, (7.35)

where z(t) € D C R"™, t > 0, is the system state vector, D is an open set,
0€ D, f(0) =0, and f(-) is Lipschitz continuous on D.

Definition 7.3. For the nonlinear dynamical system (7.35), let Dy C D
be a compact positively invariant set with respect to (7.35). Dy is Lya-
punov stable if, for every open neighborhood Oy C D of Dy, there exists
an open neighborhood Oy C O of Dy such that z(t) € O1, t > 0, for all
xg € Oy. Dy is asymptotically stable if Dy is Lyapunov stable and there
exists a neighborhood Oy of Dy such that dist(x(t),Dy) — 0 as t — oo for
all xg € O1. Dy is globally asymptotically stable if Dy is Lyapunov stable
and dist(x(t),Dg) — 0 as t — oo for all zyp € R™. Dy is exponentially sta-
ble if there exist « > 0, 8 > 0, and a neighborhood O; of Dy such that
dist(z(t), D) < adist(xg, Do)e P, t > 0, for all o € O;. Finally, Dy
is globally exponentially stable if there exist @ > 0 and S > 0 such that
dist(z(t), Dy) < adist(zg, Do)e P, t > 0, for all 2y € R™.

Theorem 7.3. Consider the nonlinear dynamical system (7.35). As-
sume there exists a continuously differentiable vector function V' = [Vi,...,
‘/(I]T : D — Qﬂ@i, where @ C R? and 0 € Q, such that Vj(z) = 0,
x € D;, where D; C D, i =1,...,q, Vi(x) >0, 2z € D\D;, i = 1,...,q,
Dy & NL_,D; # O is a compact positively invariant set with respect to
(7.35), and

V(z)f(z) <<w(V(z)), ze€D, (7.36)
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where w : @ — R? is continuous, w(-) € W, and w(0) = 0. In addition,
assume that the vector comparison system

2(t) = w(z(t)), =2(0)=z), t=>0, (7.37)

has a unique solution in forward time z(¢), ¢ > 0. Then the following
statements hold:

i) If the zero solution z(t) = 0 to (7.37) is Lyapunov stable, then Dy is
Lyapunov stable with respect to (7.35).

i1) If the zero solution z(t) = 0 to (7.37) is asymptotically stable, then
Dy is asymptotically stable with respect to (7.35).

iii) If D = R", Q = RY, and v(z) £ eV (z), 2 € R", is such that
v(x) — oo as dist(z, Dy) — oo, and the zero solution z(t) = 0 to (7.37)
is globally asymptotically stable, then Dy is globally asymptotically
stable with respect to (7.35).

iv) If there exist constants v > 1, « > 0, and > 0 such that
aldist(z, D)) <eTV(z) < p[dist(x, Do), x €D, (7.38)

and the zero solution z(¢) = 0 to (7.37) is exponentially stable, then
Dy is exponentially stable with respect to (7.35).

v) If D=R", Q@ =R, (7.38) holds for all ;5 € R", and the zero solution
z(t) = 0 to (7.37) is globally exponentially stable, then Dy is globally
exponentially stable with respect to (7.35).

Proof. The proof is similar to the proof of Theorem 7.1 and, hence,
is omitted. O

Next, we use the result of Theorem 7.3 to design controllers to stabilize
time-invariant sets for multiagent dynamical systems composed of ¢ agents
whose dynamics are given by

() = fi(z(t)) + Gi(x(t))us (t), t>ty, i=1,...,q, (7.39)

where z(t) = [z] (t). .. ,:Ug(t)]T, x;(t) e R™ t >0, f; : R — R™ satisfying
fi:(0) = 0 and G; : R™ — R™*™i are continuous functions for alli =1, ..., q,
and u;(-), i = 1,...,q, satisfy sufficient regularity conditions such that the

nonlinear dynamical system (7.39) has a unique solution forward in time.

Theorem 7.4. Consider the multiagent dynamical system given by
(7.39). Assume there exist a continuously differentiable, component decou-
pled vector function V : R" — E‘i, that is, V(z) = [Vi(z1),..., Vy(zy)]h,
z € R", and continuous function w = [wy, ..., wy]T : Ei — RY, such that
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Vife;)) =0,z € D; CR" i=1,...,q, Vi(x;) >0, z € R"\D;, i = 1,...,q,
Dy £ NL,D; # @ is a compact set, w(-) € W, w(0) = 0, and, for all
1=1,...,q,

Vi(zy) fi(x) <wi(V(z)), =€R; (7.40)

where R; £ {z € R" : V/(x;)Gi(x) = 0}, i =1,...,q. In addition, assume
that the zero solution z(t) = 0 to (7.37) is asymptotically stable. Then Dy is
asymptotically stable with respect to the nonlinear dynamical system (7.39)
with the feedback control law u = ¢(z) = [(blT(:U),...,qb;r(:U)]T, x € R™,
given by

I R 1 I AC2) RV ICOR W TR
¢i(z) = (COZ T T (@) (@) >"l(f”)’ if 0@ 0, 7
0, if o;(x) =0,

where Ai(2) £ (pi(z) —wi(V(2)))* + (0] (z)0:(2))?, pi(z) & V] () fi(2), = €
R™, o;(z) £ GH(2)V/T(z;), z € R", and cp; > 0,7 = 1,...,q. If, in addition,
v(z) £ eV (), 2 € R", is such that v(z) — oo as dist(x, Dy) — oo, and
the zero solution z(t) = 0 to (7.37) is globally asymptotically stable, then
Dy is globally asymptotically stable with respect to (7.39) with the feedback
control law (7.41). Furthermore, if there exist constants v > 1, @ > 0, and
B > 0 such that

a[dist(z, Do)]” < etV (x) < g [dist(x,Dp)]”, =z €R", (7.42)

and the zero solution to (7.37) is exponentially stable, then Dy is expo-
nentially stable with respect to (7.39) with the feedback control law (7.41).
Finally, if (7.42) holds and the zero solution to (7.37) is globally exponen-
tially stable, then Dy is globally exponentially stable with respect to (7.39)
with the feedback control law (7.41).

Proof. The vector Lyapunov derivative components V;(-), i = 1,... ¢,
along the trajectories of the closed-loop dynamical system (7.39), with u =
¢(x), x € R™, given by (7.41), are given by

V(i) =V} (@:)[fi(2) + Gi(x)¢i()]
= pi(x) + of (x)pi(x)
:{ —coioy ()oi(x) — /i) + wi(V (), if oy(z) #0,
pi(x), if o;(x) =0,
<w;(V(x)), z=e€R"™ (7.43)

Now, the result is a direct consequence of Theorem 7.3. O

IR, =0,i=1,...,q, then w(:) in (7.40) and (7.41) can be chosen
arbitrarily so that the comparison system (7.37) is (globally) asymptotically
(respectively, exponentially) stable. In addition, if D; = {z € R" : Xj(z;) =
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0}, where X; : R™ — R® are continuous functions for all i = 1,...,¢q,
then V;(-), i = 1,...,¢q, can be chosen arbitrarily provided that V;(x;) = 0,
x € Dy, and Vi(x;) >0, x € R"\D;, i = 1,...,q. For example, V;(-) can be
taken as Vj(z;) = X (z;) P Xi(z;), ©; € R™, where P; € R%*% is such that
P>0,i=1,...,q.

7.5 Control Design for Static Formations

In this section, we apply the results of Section 7.4 to stabilize static for-
mations of multiple vehicles. Specifically, we design a feedback control law
that drives two agents to a configuration with specified distance between
the agents and orientation with respect to the horizontal.

In particular, consider the dynamics of the two agents given by (7.22)
and (7.23) and note that we can rewrite them in the state space form as

&1(t)=A& () + Bin(t), &(0)=&o, >0, (7.44)
§a(t) = Aa(t) + Bia(t), &2(0) = &20, (7.45)
where & 2 [z1,20,41, %2, & £ [y y2.91,92)7, € & [,87, @ =
(g1, uga] T, g 2 [uyl,qu]T, and A, B are given by (7.25).
Next, define the sets D; = {€ € R®: E¢ —p, =0} and Dy £ {¢ €
R®: E& — p, = 0}, where

. (7.46)

o O

and [;,l, € R. Note that Dy £ Dy N Dy determines a family of formations
for the two agents where both agents are at the equilibrium and the distance
between the agents and the angle with respect to the horizontal, respectively,
is given by

arctan (%) , >0

L=@+12)7, 6= (7.47)

T + arctan (ﬁ—i) , Iz <O.

Furthermore, note that for every pair of L > 0 and 6 € [-7, %77], there exist
unique I, € R and [, € R such that (7.47) is satisfied.

Next, define a component decoupled vector function V : R® — R? such
that V(&) = [Vi(&1), Va(€)], € = [6], 671" € RS, where

Vile) =3 (Ba —p)"P(BE ), G R, (749

Va(62) = 5(BE — p) P(BE — 1), & € RS (7.49)
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and

pP= > 0. (7.50)

O = N
O N =
_— o O

Note that V;(&) =0, € € D;, and Vi(&) >0, £ € R¥\ Dy, i = 1,2. It can be
shown that, for R; = {¢ € R® : V/(&)B = 0}, condition (7.40) is satisfied
with

V/(6)AG < —Vi&), €€Ri, i=1,2 (7.51)

for v; € (0,1], ¢=1,2.
In this case, the zero solution to (7.37) is globally exponentially stable
with

-1V
V) = . 7.52

w(V) { —72 V2 } (752)
Furthermore, since Apin(P) = 1 and Apax(P) = 3, condition (7.42) is satis-

ﬁedwithaz%,ﬂz%,yzl and

dist(¢, Dg) = <[(E§1 — )b, (B& — )t [ gg :gz })5 , EERE
(7.53)

Thus, it follows from Theorem 7.4 that Dy is globally exponentially stable
with respect to (7.44), (7.45) with the feedback control law @; = ¢;(§;) given
by (7.41), where p;(&;) = V/ (&) A&, 0i(&) = BTV/T(&), i = 1,2, and w(V)
is given by (7.52).

In the following simulation, we set [, = %, ly = %, coi = 0.2, v; = %,
i=1,2, &0 = [2,5,-3,2]T, and &9 = [3,4,4,1]T. With this choice of the
parameters [, and [, the steady-state distance between agents is 1 with the
angle with respect to the horizontal being 7. Figure 7.7 shows the position
phase portrait of the two agents and Figure 7.8 shows the time history of
the control forces acting on each agent.

7.6 Obstacle Avoidance in Multivehicle Coordination

Obstacle avoidance strategies for multivehicle problems include decentral-
ized control approaches where local control laws are defined for each agent
based on local information [2,174] and behavior-based methods [50, 177].
Perhaps the most promising approach to obstacle avoidance is the poten-
tial field method, which has been extensively utilized for mobile robots
with static and dynamic obstacles implemented in real time experiments
[46,57,60,146] using robust sliding mode controllers [55].
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Figure 7.7 Position phase portrait of two agents.
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Figure 7.8 Control forces in horizontal and vertical directions versus time.

A more recent approach to obstacle avoidance is the limit cycle-based
method introduced in [54]. Specifically, the authors in [54] use limit cycles
to generate trajectories for robot manipulators by defining unstable limit
cycles as objects of finite size and shape in order to avoid complex obstacles.
The use of stable limit cycles as a navigation method has been introduced
for obstacle avoidance of mobile robots in [111,112]. The approach only
considers circular limit cycles for mobile robots which are suitable for shapes
with approximately the same length and width.

In this section, we use the results in this chapter to present an obstacle
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avoidance strategy that involves transitional trajectories defined as solutions
to a set of ordinary differential equations possessing a stable limit cycle of
a given elliptical shape. Specifically, the obstacle is encircled by an ellipse
and once detected, the trajectory of an agent is replanned in such a way
so that the new trajectory follows a solution to the aforementioned system
of ordinary differential equations. As soon as the obstacle is cleared, the
trajectory of the agent is set back to the original trajectory the agent was
following before encountering the obstacle.

For planar agent motion, our obstacle avoidance strategy is based on
approximating obstacles as continuously differentiable shapes that can be
represented as a limit cycle solution of a planar system of ordinary differ-
ential equations. Specifically, we encircle an obstacle by an ellipse which
serves as a limit cycle orbit of a certain two-dimensional dynamical system.
As soon as the obstacle is detected, the trajectory of an agent is replanned
so as to follow a new solution that clears the obstacle.

To elucidate this approach, let the state variables of the transitional
trajectory be given by

T =

T — Te, (7.54)

<
Il

where & and y denote horizontal and vertical displacements of an agent,
respectively, and (z¢,y.) denotes the location of the limit cycle origin. We
consider limit cycles of elliptical form given by the zero level set of the
function

1, (7.56)

:ECOS(Z)—i—gjsingbr_i_ [—isingb—i—g]cosd) 2

a.0)=| b

a
where Z and § are defined in (7.54) and (7.55), a and b are the semi-major
and semi-minor axes, respectively, and ¢ is the angle representing the orien-
tation of the ellipse’s semi-major axis relative to the horizontal axis. Thus,

U(7,§) =0 (7.57)

defines an ellipse centered at (x.,y.) with semi-major and semi-minor axes
a and b, respectively, and with the semi-major axis forming angle ¢ relative
to the horizontal axis.

Next, consider a planar dynamical system that exhibits a limit cycle
of the form (7.57) given by

?(t) = (2(t),5(8)) — 21z (t),5()), 2(0)
y(t) = ha(z(t),y(t)) — g(®)L(z(t),5(t), 5(0)

where h1(Z,7) and ho(Z,y) represent the agent dynamics on the limit cycle,
that is, the dynamics on I(Z,5) = 0. The dynamics of (7.58) and (7.59)

0, t>0, (7.58)
0, (7.59)

ST
Il
=

Il
<
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must ensure that a trajectory starting from every point outside of the limit
cycle, that is, every point (Z,9) € R? such that I(Z,7) > 0, will converge to
the limit cycle without crossing it.

The motion of a particle along the ellipse given by (7.57) with the
angular speed w is given by

Z(t) = a cos ¢ cos wt — bsin ¢ sinwt, (7.60)
y(t) = asin ¢ cos wt + b cos ¢ sin wt. (7.61)
Thus, the time derivative of (7.60) and (7.61) is given by
Z(t) = —w(a cos ¢ sinwt — bsin ¢ cos wt), (7.62)
4(t) = w(—asin ¢sinwt + bcos ¢ cos wt). (7.63)

Note that w > 0 and w < 0 represent counterclockwise and clockwise rota-
tion of the particle, respectively. Eliminating cos wt and sinwt from (7.60)—
(7.63) yields

* w - -
T(t) = %(hellx(t) — he129(1)), (7.64)
9 w - -
y(t)= %(hezll’(t) — he119(1)), (7.65)
where
hei1 = (a® — b”) sin ¢ cos ¢, (7.66)
hera = a® cos? ¢ + b? sin? ¢, (7.67)
heat = b2 cos? ¢ + a? sin® ¢, (7.68)
which represents the particle dynamics on the limit cycle. Thus, hy(Z,7)

and ha(Z,9) in (7.58) and (7.59) are given by

W . _
h(Z,9) = %(hellx — he127), (7.69)
W . _
ha(Z,9) = %(heﬂx — he119). (7.70)

Proposition 7.1. The system trajectories defined by (7.58) and (7.59)
asymptotically converge to the elliptical limit cycle given by (7.57) for all
initial conditions in N £ {(&,7) € R? : I(%,9) > 0}.

Proof. Consider the Lyapunov function candidate given by

272
a“b I
2
Note that V(z,9) > 0 for all (Z,7) € N. Now, the Lyapunov derivative

along the trajectories of (7.58) and (7.59) is given by

V(z,g) = (z,9), (z,9)€eN. (7.71)

V(&,9) = —1(&,7)[a*(—& sin ¢ + § cos $)? + b2(Z cos ¢ + §sin ¢)?] < 0,
(Z,9) €N,  (7.72)
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which implies asymptotic convergence of the trajectories of (7.58) and (7.59)
to the ellipse (7.57) for all initial conditions in N. O

Note that an agent is only required to remain on the trajectory con-
verging to a limit cycle for a finite time. As soon as the obstacle is cleared
the agent returns back to its original trajectory. Next, we consider the mul-
tivehicle coordinated motion discussed in Section 7.3 with obstacles present
in the path of the agents as well as the leader. Specifically, before an obstacle
is encountered, the decentralized feedback controllers given by (7.20) drive
each vehicle in the formation. Furthermore, in accordance with our obstacle
avoidance strategy, when obstacles are detected they are approximated by
ellipses. In this case, the dynamics of the ¢th agent is driven by

Ti(t) =h1(2i(t), 9:(t)) — T (O)U(@:(2), 9:(t)),  @i(0) = Zjo, ¢ =0, (7.73)

Yi(t) = ho(Zi(t), 9s(t)) — :(O)1(Z:(t), 5: (1)), 4:(0) = Fio, (7.74)
where #; £ x; — Tei, Ui = Yi — Yei, (Zci, Yei) 1s the position of the center of an
ellipse, and hq(+,-), ha(-,-), and I(-,) are given by (7.69), (7.70), and (7.56),
respectively.

First, we consider the case when an obstacle is detected in the path of
a formation leader. In this case, in addition to the elliptical limit cycle that
encircles an obstacle, we define an elliptical region surrounding the obstacle.
This region includes all points in R? satisfying I(Zr,gr) > k, where k is a
safety factor that specifies the size of the elliptical region. Introducing such
an elliptical region as a safety zone ensures that the leader will not collide
with the obstacle and will have enough time to change its trajectory and
converge to the elliptical limit cycle. When an obstacle is detected in the
elliptical region, the leader changes its path from its original path to the
path characterized by the solution to (7.73) and (7.74).

In order to ensure a smooth transition between the original and modi-
fied paths, we define an intermediate path for the leader given by a fifth-order
polynomial. Specifically, as soon as the leader reaches the boundary of the
elliptical region given by I(Z1,91,) = k at time t = ¢, the trajectory of the
leader is driven to follow

o1, (t) = as At + ayAth + azAt3 + ap At? + a1 At + ag, (7.75)
yL(t) = bs At® + by At* 4 b3 At + by At? + by At + by, (7.76)
where At £ t — to and coefficients a;, b;, i = 1,...,5, are determined from

the boundary conditions for the position, velocity, and acceleration of the
leader at times ty and t1, where t; denotes the end time of the transitional
path (7.75) and (7.76). After the transitional phase given by (7.75) and
(7.76) is executed, the motion of the leader switches to the dynamics given
by (7.73) and (7.74).

The decentralized control algorithm developed in Section 7.2 guar-
antees that when the leader bypasses the obstacle, the agents will follow
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the leader in a specified formation enforced by the exponential stability of
the time-varying set describing the formation. As soon as the obstacle is
cleared, the formation leader will switch its trajectory back to the original
trajectory. In order to find the proper point of departure from the motion
given by (7.73) and (7.74) to the motion on the original path, a line-drawing
method has been used. In particular, a line is drawn between the current
leader’s position and its original position corresponding to the case where
no obstacle is present. As long as there is an intersection between this line
and the ellipse [(Zy,91,) = 0, the leader’s dynamics will remain driven by
(7.73) and (7.74), and as soon as there is no intersection between the line
and the ellipse, the leader will switch back to its original path and obstacle
avoidance is guaranteed. The transition phase when the leader is departing
from the motion characterized by (7.73) and (7.74) to its original trajectory
is again described by the fifth-order polynomials given by (7.75) and (7.76).

Next, we consider the case when the kth agent in the formation en-
counters an obstacle. Recall that we design a stabilizing controller for the
time-varying set (7.26) for each agent to ensure that the agent will be on a
specified formation while following the formation leader. Now, as soon as
the kth agent detects an obstacle, the time-varying set (7.26) for this agent
is switched to

D)2 {n e RY : n —pp(t) =0}, t>0, (7.77)
where
Tr(t) + Tek
_ Ur(t) + Yek
t) & N t>0 7.78
pk( ) ij(t) ) = U, ( )
U(t)

and Zk(t), t > 0, and gx(t), t > 0, are solutions to (7.73) and (7.74). The
intersection of the sets (7.26) and (7.77) given by
Dh=Dot)2 () Di®)[)Dult), t>0, (7.79)
i=1,...,q,i#k

characterizes a temporary desired formation of the agents with respect to the
leader over the time interval until the obstacle is cleared by the kth agent.
Specifically, when the kth agent encounters an obstacle, the time-varying
set describing the desired formation will switch from (7.26) to (7.77). Then,
after the obstacle is cleared, the time-varying set describing the desired
formation will switch back to the original set (7.26). By switching between
the above time-varying sets, we guarantee obstacle avoidance for each agent
while maintaining the desired formation at steady state.

In the following simulation, we consider two agents pursuing a leader
in a triangular formation with an obstacle in the path of each agent as
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Figure 7.9 Position phase portrait of two agents following the leader. Thick
dashed line represents trajectory of the leader.

well as the leader. We set l,11, = =5, lyi, = 7, lpor, = —12, Lo, = 0,
coi = 02,0 =12~ =% i=12 mo=[-20,-2,—1,-2]T, and ny =
[~1,-10,3, —2]*. With this choice of the parameters the agents will form an
equilateral triangle configuration with respect to the leader. Furthermore,
the leader is set to be moving on a sinusoidal path given by zr,(t) = t and
yL(t) = 2sin(0.3t), t > 0. We define an obstacle for the first agent encircled
by an ellipse with the parameters z. = =15, y. =0, a =2, b =4, ¢ = 0.77
rad, and w = —0.75 rad/s, and we define an obstacle for the second agent
encircled by an ellipse with the parameters z. = —4, y. = —6, a = 2, b = 4,
¢ = —0.37 rad, and w = —0.32 rad/s. The obstacle for the leader is encircled
by the ellipse with parameters z. = 26, y. = 1.5, a =2, b = 4, ¢ = 0.77 rad,
and w = —0.22 rad/s. As soon as the leader detects the obstacle, it switches
its path to the path characterized by the solution of (7.73) and (7.74), and
after the obstacle is cleared, the leader switches its trajectory back to the
original sinusoidal path.

With feedback controller (7.20), Figure 7.9 shows the position phase
portrait of the two agents following the leader while each agent and the
leader avoid obstacles. Figure 7.10 shows that the agents eventually converge
to the desired triangular formation after all obstacles are cleared. Finally,
Figure 7.11 shows the time history of the control forces acting on each agent.
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Figure 7.10 Position phase portrait of two agents following the leader in a tri-
angular formation. Thick dashed line represents trajectory of the
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Figure 7.11 Control forces in horizontal and vertical directions versus time.



Chapter Eight

Large-Scale Discrete-Time Interconnected
Dynamical Systems

8.1 Introduction

Since most physical processes evolve naturally in continuous-time, it is not
surprising that the bulk of large-scale dynamical system theory has been de-
veloped for continuous-time systems. Nevertheless, it is the overwhelming
trend to implement controllers digitally. Hence, in this chapter we extend
the notions of dissipativity theory [70,170,171] to develop vector dissipativity
notions for large-scale nonlinear discrete-time dynamical systems. In par-
ticular, we introduce a generalized definition of dissipativity for large-scale
nonlinear discrete-time dynamical systems in terms of a vector dissipation
inequality involving a wector supply rate, a wvector storage function, and a
nonnegative, semistable dissipation matrix. Generalized notions of vector
available storage and vector required supply are also defined and shown to
be element-by-element ordered, nonnegative, and finite. On the subsystem
level, the proposed approach provides a discrete energy flow balance in terms
of the stored subsystem energy, the supplied subsystem energy, the subsys-
tem energy gained from all other subsystems independent of the subsystem
coupling strengths, and the subsystem energy dissipated.

Furthermore, for large-scale discrete-time dynamical systems decom-
posed into interconnected subsystems, dissipativity of the composite system
is shown to be determined from the dissipativity properties of the individual
subsystems and the nature of the interconnections. In particular, we de-
velop extended Kalman-Yakubovich-Popov conditions, in terms of the local
subsystem dynamics and the interconnection constraints, for characterizing
vector dissipativeness via vector storage functions for large-scale discrete-
time dynamical systems. Finally, using the concepts of vector dissipativity
and vector storage functions as candidate vector Lyapunov functions, we de-
velop feedback interconnection stability results of large-scale discrete-time
nonlinear dynamical systems. General stability criteria are given for Lya-
punov and asymptotic stability of feedback interconnections of large-scale
discrete-time dynamical systems. In the case of vector quadratic supply
rates involving net subsystem powers and input-output subsystem energies,
these results provide a positivity and small gain theorem for large-scale
discrete-time systems predicated on vector Lyapunov functions.
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8.2 Vector Dissipativity Theory for Discrete-Time Large-Scale
Nonlinear Dynamical Systems

In this section, we extend the notion of dissipative dynamical systems to
develop the generalized notion of vector dissipativity for discrete-time large-
scale nonlinear dynamical systems. First, however, we recall the regular
notions of dissipativity [40,70] and geometric dissipativity [70] for discrete-
time nonlinear dynamical systems G of the form

x(k+1)=f(x(k)) + G(x(k))u(k), x(ko) =m0, k> ko, (8.1)
y(k) =h(z(k)) + J(z(k))u(k), (8.2)

where z e DC R, uce UCR™ yecY CR! f:D — R” and satisfies
f(0) =0, G:D — R™ h:D — R and satisfies h(0) = 0, and J :
D — R>™_ For the discrete-time nonlinear dynamical system G we assume
that the required properties for the existence and uniqueness of solutions
are satisfied, that is, u(-) satisfies sufficient regularity conditions such that
(8.1) has a unique solution forward in time. Note that since all input-output
pairs u(-) € U and y(-) € Y of the discrete-time nonlinear dynamical system
G are defined on Z,, the supply rate [170] satisfying s(0,0) = 0 is locally
summable for all input-output pairs satisfying (8.1) and (8.2), that is, for
all input-output pairs u(-) € U and y(-) € Y satisfying (8.1) and (8.2), s(-,-)
satisfies Z',zzzkl |s(u(k),y(k))| < oo, k1,ko € Z.

Definition 8.1 ([70]). The discrete-time nonlinear dynamical system
G given by (8.1) and (8.2) is geometrically dissipative (respectively, dissi-
pative) with respect to the supply rate s(u,y) if there exist a continuous
nonnegative-definite function vs : R® — R, called a storage function, and
a scalar p > 1 (respectively, p = 1) such that v5(0) = 0 and the dissipation

mequality

ka—1
pF2og(x(ks)) < pMrog(a(ka)) + Y p s(uli)y(@), ke >k, (8:3)

i=k1

is satisfied for all ko > ki > ko, where z(k),k > ko, is the solution to
(8.1) with u(-) € U. The discrete-time nonlinear dynamical system G given
by (8.1) and (8.2) is lossless with respect to the supply rate s(u,y) if the

dissipation inequality is satisfied as an equality with p = 1 for all ko > k1 >
ko.

An equivalent statement for dissipativity of the dynamical system (8.1)
and (8.2) is

Avs(x(k)) < s(u(k),y(k)), k=ko, w()el, y()el. (84)
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Alternatively, an equivalent statement for geometric dissipativity of the dy-
namical system (8.1) and (8.2) is

pvs(z(k + 1)) —vs(z(k)) < ps(u(k),y(k)), k=>ko, u()eU, y()e.
(8.5)

Next, to develop vector dissipativity theory for discrete-time large-
scale nonlinear dynamical systems, consider the discrete-time nonlinear dy-
namical systems G of the form

x(k+1)=F(z(k),u(k)), x(ko)=mxz0, k> ko, (8.6)
y(k) = H(x(k), u(k)), (8.7)

where z € D C R, u e U CR"” y €Y CR, F:DxU — R",
H :DxU — Y, Dis an open set with 0 € D, and F(0,0) = 0. Here,
we assume that G represents a discrete-time large-scale dynamical system
composed of g interconnected controlled subsystems G; such that, for all
1=1,...,q,

Hi(x;, ui) = hi(x;) + Ji(xi)uq, (8.9)

where z; € R™, u; € U; € R™, y; & Hy(x;,u;) € Y; € RY (ug,y) is
the input-output pair for the ith subsystem such that u;(-) € U;, y;(-) €
Yi, where U; and ); denote the ith subsystem input and output spaces,
fi : R — R™ and Z; : D — R™ are continuous and satisfy f;(0) = 0
and Z;(0) = 0, G; : R™ — R™*™ is continuous, h; : R™ — Rb and
satisfies h;(0) = 0, J; : R — Rbixmi N, =, 39 m; = m, and
>>9_,1; = . Furthermore, for the system G we assume that the required
properties for the existence and uniqueness of solutions are satisfied. We
define the composite input and composite output for the discrete-time large-
scale system G as u = [ulT,...,u:]F]T and y = [yir,...,y;f]T, respectively.
Note that in this case the set U = Uy x - - - x U, contains the set of input
values and Y = Y; x - -+ x ¥, contains the set of output values whereas
U=U X - xXUgand Y = Y X --- x Y, define the input and output spaces

for (8.6) and (8.7).

Definition 8.2. For the discrete-time large-scale nonlinear dynamical
system G given by (8.6) and (8.7) a vector function S = [si1,...,s4]T :
U xY — R? such that S(u,y) = [s1(u1,y1),- -, 8q(tuq, yg)]T and S(0,0) =0
is called a vector supply rate.

Note that since all input-output pairs (u;,y;) € Uy X Vi, i = 1,... ¢,
satisfying (8.6) and (8.7) are defined on Z, s;(+,-) in Definition 8.2 satisfies
Zﬁikl |si(ui(k), yi(k))| < 0o, ki,ko € Zy.
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Definition 8.3. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u,y) if there
exist a continuous, nonnegative definite vector function Vg = [vg1, . .. ,vsq]T :
D — Ei, called a wvector storage function, and a nonsingular nonnegative
dissipation matric W € R?7*? such that V5(0) = 0, W is semistable (respec-
tively, asymptotically stable), and the vector dissipation inequality

k—1
Vi(a(k)) << WHRV(a(ko)) + ) WS (u(i), y(8), k= ko,
i=ko

(8.10)

is satisfied, where z(k), k > ko, is the solution to (8.6) with u(-) € Y. The
discrete-time large-scale nonlinear dynamical system G given by (8.6) and
(8.7) is wector lossless with respect to the vector supply rate S(u,y) if the
vector dissipation inequality is satisfied as an equality with W semistable.

Note that if the subsystems G; of G are disconnected, that is, Z;(z) = 0
for all i = 1,...,q, and W € R?*? is diagonal, positive definite, and
semistable, then it follows from Definition 8.3 that each of the isolated sub-
systems G; is dissipative or geometrically dissipative in the sense of Definition
8.1. A similar remark holds in the case where ¢ = 1.

Next, define the vector available storage of the discrete-time large-scale
nonlinear dynamical system G by

K-1
Va(wo) & sup |= > W EHTRIg(uk), y(k) |, (8.11)
K>ko,u() k=ko

where x(k), k > ko, is the solution to (8.6) with xz(kg) = x9 and admissible
inputs u(-) € U. The supremum in (8.11) is taken componentwise, which
implies that for each component of V,(-) the supremum is calculated sepa-
rately. Note, that V,(zg) >> 0, 29 € D, since V,(xg) is the supremum over
a set of vectors containing the zero vector (K = kg). To state the main
results of this section the following definition is required.

Definition 8.4 ([70]). The discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7) is completely reachable if for all
xg € D C R", there exist a k; < ko and a square summable input u(-)
defined on [k, ko] such that the state z(k), k& > ki, can be driven from
z(ki) = 0 to (ko) = . A discrete-time large-scale nonlinear dynamical
system G is zero-state observable if u(k) =0 and y(k) = 0 imply z(k) = 0.

Theorem 8.1. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is completely
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reachable. Let W € R?%? be nonsingular, nonnegative, and semistable (re-
spectively, asymptotically stable). Then

K-1
ST W EHRIS k), y(k) 2> 0, K >k, u()eU,  (8.12)
k=ko

for x(kgp) = 0 if and only if V,(0) = 0 and V,(z) is finite for all z € D.
Moreover, if (8.12) holds, then V,(z), x € D, is a vector storage function
for G, and hence, G is vector dissipative (respectively, geometrically vector
dissipative) with respect to the vector supply rate S(u,y).

Proof. Suppose V,(0) =0 and V,(z), € D, is finite. Then

K-1

0=Va(0)= sup |—=> W EHRIGuk),y(k) |,  (8.13)
KZko,'LL(') k=k0

which implies (8.12).
Next, suppose (8.12) holds. Then, for x(kq) = 0,

K-1

sup | = 3 WEHTIS (k) y(k) | <<0. (8.14)
K>ko,u(-) k=ko

which implies that V,(0) << 0. However, since V,(zg) >> 0, 29 € D, it
follows that V,(0) = 0. Moreover, since G is completely reachable it follows
that for every xzy € D there exists k > ko and an admissible input u(-)

defined on [ko, k] such that (k) = xo. Now, since (8.12) holds for x(ky) = 0
it follows that for all admissible u(-) € U,

K-1
> wokRI S (k) y(k) >> 0, K >k, (8.15)
k=ko

or, equivalently, multiplying (8.15) by the nonnegative matrix W’A“*ko, k>
ko, yields

K-1 k—1 R
=S W RS k), y(k) << 3 W RS (u(k), y(k))

k=Fk k=ko
<< Q(wo)
<<oo, K>k u()elU, (816)

where @ : D — RY. Hence,
K—1 )
Va(mo) = sup  |— > W FHRS(u(k), y(k))
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<< Q(=x0)
<<oo, x9€D, (8.17)

which implies that V,(xg), xo € D, is finite.
Finally, since (8.12) implies that V,(0) = 0 and V,(z), = € D, is finite
it follows from the definition of the vector available storage that
K-1
~Va(wo) << Y W FHTRIG(u(k), y(k))
k=ko
kg—1
= Y WERIS u(k), y(k))
k=ko
K-1
+ > W EHTRIS (k) y(k), K >k (8.18)
k=ks

Now, multiplying (8.18) by the nonnegative matrix Wk o kr > kg, it
follows that

ke—1
WHROV, (o) + Y WM S (u(k), y(k))
k=ko
K-1
>> sup = Y WEHTRG(u(k), y(k))
K>k, u(-) k=k¢
= Va(z(kr)), (8.19)

which implies that V,(z), € D, is a vector storage function, and hence,
G is vector dissipative (respectively, geometrically vector dissipative) with
respect to the vector supply rate S(u,y). O

It follows from Lemma 2.2 that if W € R?*9 is nonsingular, nonnega-
tive, and semistable (respectively, asymptotically stable), then there exist a
scalar o > 1 (respectively, @ > 1) and a nonnegative vector p € Ei, p # 0,
(respectively, p € R) such that (2.97) holds. In this case,

DT = ap ™D = = ok ke T (8.20)

Using (8.20), we define the (scalar) available storage for the discrete-time
large-scale nonlinear dynamical system G by

K-1

va(mo) & sup = > pTW RIS (u(k), y(k))
KZko,'LL(') k=k0

K-1
= sup = 3 aFHRs(u(k), y(k) | (s.21)
K>ko,u(-) k=ko
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where s : U x Y — R defined as s(u,y) £ ptS(u,y) is the (scalar) supply
rate for the discrete-time large-scale nonlinear dynamical system G. Clearly,
va(x) > 0 for all x € D. As in standard discrete-time dissipativity theory,
the available storage v, (), x € D, denotes the maximum amount of (scaled)
energy that can be extracted from the discrete-time large-scale nonlinear
dynamical system G at any instant K.

The following theorem relates vector storage functions and vector sup-
ply rates to scalar storage functions and scalar supply rates of discrete-time
large-scale dynamical systems.

Theorem 8.2. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Suppose G is vector dissipative (re-
spectively, geometrically vector dissipative) with respect to the vector supply
rate S : U x Y — R? and with vector storage function V5 : D — R . Then
there exists p € RY 4. p #0, (vespectively, p € RY) such that G is dlss1patlve
(respectively, geometrically dissipative) with respect to the scalar supply
rate s(u,y) = p* S(u,y) and with storage function vs(z) £ pTVi(z), = € D.
Moreover, in this case v,(z), = € D, is a storage function for G and

0 <wva(x) <ws(z), x€D. (8.22)

Proof. Suppose G is vector dissipative (respectively, geometrically
vector dissipative) with respect to the vector supply rate S(u,y). Then there
exist a nonsingular, nonnegative, and semistable (respectively, asymptoti-
cally stable) dissipation matrix W and a vector storage function V; : D — Ei
such that the dissipation inequality (8.10) holds. Furthermore, it follows
from Lemma 2.2 that there exist a@ > 1 (respectively, @ > 1) and a nonzero
vector p € @i (respectively, p € R%) satisfying (2.97). Hence, premultiply-
ing (8.10) by pT and using (8.20) it follows that

k—1
ue(k)) < a0 u(a (ko)) + 3 o~ B Ds(u(i), y(i),
i=ko

k> ko, u(t) €U, (8.23)

where vs(z) = p'Vi(z), z € D, which implies dissipativity (respectively,
geometric dissipativity) of G with respect to the supply rate s(u,y) and
with storage function vs(z), = € D.

Moreover, since v5(0) = 0, it follows from (8.23) that for z(kg) = 0,

k—1
D af T Rs(u(i), y(i) >0, k>ko, u(-) €U, (8.24)

i=ko

which, using (8.21), implies that v,(0) = 0. Now, it can be easily shown
that v,(x), x € D, satisfies (8.23), and hence, the available storage defined
by (8.21) is a storage function for G.
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Finally, it follows from (8.23) that

k—1
vs(2(ko)) > ¥ Fou(w(k)) — Y o Ros(ui), y(i))
i=ko
k—1 ‘
>= > o Ros(u(i),y(i), k>ko, u()EeU,  (8.25)
i=ko
which implies
k—1 '
vi(a(ke)) > sup =D o Rs(u(i),y(D) | = vale(k)),  (8.26)
k>ko,u(-) i=ko
and hence, (8.22) holds. O

It follows from Theorem 8.1 that if (8.12) holds for z(ky) = 0, then
the vector available storage V,(x), € D, is a vector storage function for G.
In this case, it follows from Theorem 8.2 that there exists p € E‘i, p # 0,
such that vs(w) = pTV,(7) is a storage function for G that satisfies (8.23),
and hence, by (8.22), va(z) < pTVa(z), € D. Tt is important to note that
it follows from Theorem 8.2 that if G is vector dissipative, then G can either
be (scalar) dissipative or (scalar) geometrically dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions, that
is, vs(z) = pTVi(x), of a given vector dissipative discrete-time large-scale
nonlinear dynamical system are positive definite.

Theorem 8.3. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is zero-state ob-
servable. Furthermore, assume that G is vector dissipative (respectively, ge-
ometrically vector dissipative) with respect to the vector supply rate S(u,y)
and there exist & > 1 and p € RY such that (2.97) holds. In addition,
assume that there exist functions k; : Y; — U; such that £;(0) = 0 and
si(ki(yi),y:) < 0,y; # 0, for all i = 1,...,q. Then for all vector storage
functions Vi : D — R% the storage function vs(z) £ pTVi(z), = € D, is
positive definite, that is, v5(0) = 0 and vs(z) > 0, z € D, x # 0.

Proof. It follows from Theorem 8.2 that v,(z), z € D, is a storage
function for G that satisfies (8.23). Next, suppose, ad absurdum, that there
exists € D such that v,(z) = 0, © # 0. Then it follows from the definition
of va(x), x € D, that for z(ky) = x,

K-1
> oF s (u(k),y(k) >0, K>k, u(-)€U. (8.27)
k=ko
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However, for u; = k;(y;) we have s;(k;(y;),y;) <0, y; # 0, foralli =1,...,q
and since p >> 0 it follows that y;(k) = 0, k > ko, i = 1,...,q, which further
implies that u;(k) =0, k > ko, i = 1,...,q. Since G is zero-state observable
it follows that x = 0, and hence, v,(z) = 0 if and only if z = 0. The result
now follows from (8.22). Finally, for the geometrically vector dissipative case
it follows from Lemma 2.2 that p >> 0 with the rest of the proof identical,
as above. O

Next, we introduce the concept of vector required supply of a discrete-
time large-scale nonlinear dynamical system. Specifically, define the vector
required supply of the discrete-time large-scale dynamical system G by

ko—1

(o) 2 inf —(k+1=ko) 5 (u(k), y (k 2
Vi (o) Kz—é?+1,u<.>k_Z_KW S(u(k)y(k),  (8:28)

where z(k), k > — K, is the solution to (8.6) with z(—K) = 0 and z(ko) =
xo. Note that since, with z(ko) = 0, the infimum in (8.28) is the zero vector
it follows that V;(0) = 0. Moreover, since G is completely reachable it follows
that V;(z) << oo, © € D. Using the notion of the vector required supply we
present necessary and sufficient conditions for dissipativity of a large-scale
dynamical system with respect to a vector supply rate.

Theorem 8.4. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is completely
reachable. Then G is vector dissipative (respectively, geometrically vector
dissipative) with respect to the vector supply rate S(u,y) if and only if

0<<V(z) << oo, z€D. (8.29)

Moreover, if (8.29) holds, then Vi(z), x € D, is a vector storage function for
G. Finally, if the vector available storage V,(z), € D, is a vector storage
function for G, then

0 << Va(x) << Vi(z) << o0, x€D. (8.30)

Proof. Suppose (8.29) holds and let z(k), k € Z, satisfy (8.6) with
admissible inputs u(-) € U, k € Z,, and x(kg) = xg. Then it follows from
the definition of V;(+) that for —K < kf < kg — 1 and u(-) € U,

ko—1
Vi(wo) << Y W RS (u(k), y(k))
= Y w RIS (u(k), y(k))

k=—K
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ko—1
+ > W kRS (u(k), y(k)), (8:31)
k=ks
and hence,
ke—1
o << ko— ks inf 7(k+1*kf) k k
Vi(wo)sswho™™  inf _Z_KW S(u(k), y(k))
ko—1
+ Y W kRS (u (k) y(k))
k=ks
ko—1
= WRRY (k) + Y WRTES (u(k), y(k)), (8:32)
k=k;

which shows that Vi(x), x € D, is a vector storage function for G, and hence,
G is vector dissipative with respect to the vector supply rate S(u,y).

Conversely, suppose that G is vector dissipative with respect to the
vector supply rate S(u,y). Then there exists a nonnegative vector storage
function Vi(z), x € D, such that V5(0) = 0. Since G is completely reachable
it follows that for x(kg) = zo there exist K > —k¢ and u(k), k € [— K, ko],
such that x(—K) = 0. Hence, it follows from the vector dissipation inequal-
ity (8.10) that

ko—1
0 << Vi(a(ko)) << WRHEV(2(=K) + ) WS (u(k), y(k)),
=K
(8.33)
which implies that for all K > —kg + 1 and u(-) € U,
0 << Z SRS (u(k), y (k) (8.34)
or, equivalently,
ko—1
0<< f W k+1=ko) gy (k), y(k)) = V(o). 8.35
S (u(k),y(0) = Vilwo).  (8.35)

Since, by complete reachability V;(z) << oo, z € D, it follows that (8.29)
holds.

Finally, suppose that V,(z), x € D, is a vector storage function. Then
for z(—K) =0, x(ko) = zg, and u(-) € U, it follows that

ko—1
Va(z(ko)) << WV (2(-K)) + ) W S(u(k), y(k)), (8.36)
k=—K
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which implies that

0 << Va(z(ko))
ko—1
<< inf —(k+1~ko) k), y(k
—_Kz—ii?ﬂ,u(.)k_z_:KW S(u(k),y(k))
— Vi(z(ky)), x€D. (8.37)

Since x(ko) = xo € D is arbitrary and, by complete reachability, V;(z) <<
oo, € D, (8.37) implies (8.30). O

The next result is a direct consequence of Theorems 8.1 and 8.4.

Proposition 8.1. Consider the discrete-time large-scale nonlinear dy-
namical system G given by (8.6) and (8.7). Let M = diag[u1,...,1q] be
such that 0 < p; < 1,i=1,...,q. If Vo(z), z € D, and Vi(z), = € D, are
vector storage functions for G, then

Vi(x) = MVy(z) + (I — M)Vi(z), x€D, (8.38)
is a vector storage function for G.

Proof. Note that M >> 0 and I, — M >> 0 if and only if M =
diag [pt1,..., g and p; € [0,1],7 = 1,...,q. Now, the result is a direct
consequence of the vector dissipation inequality (8.10) by noting that if
Va(x) and Vi (x) satisfy (8.10), then Vi(x) satisfies (8.10). O

Next, recall that if G is vector dissipative (respectively, geometrically
vector dissipative), then there exist p € E‘i, p#0, and o > 1 (respectively,
p € R% and o > 1) such that (2.97) and (8.20) hold. Now, define the (scalar)
required supply for the large-scale nonlinear dynamical system G by

ko—1

. 2 inf Tyr7—(k+1—Fko) k k
wloo)® it 2 PV S(u(k). y(k))
ko—1
= . f k+1—ko k k D '
Kz—iglﬂ,u(ﬁk;z(a s(uk),y(k)), o €D, (8.39)

where s(u,y) = p*S(u,y) and z(k), k > —K, is the solution to (8.6) with
2(—K) =0 and x(ko) = z¢. It follows from (8.39) that the required supply
of a discrete-time large-scale nonlinear dynamical system is the minimum
amount of generalized energy that can be delivered to the discrete-time
large-scale system in order to transfer it from an initial state z(—K) = 0 to
a given state x(kg) = xo. Using the same arguments as in the case of the
vector required supply, it follows that v,(0) = 0 and v.(z) < oo, x € D.
Next, using the notion of required supply, we show that all storage
functions of the form wvs(x) = pTVi(z), where p € @i, p # 0, are bounded



164 CHAPTER 8

from above by the required supply and bounded from below by the available
storage. Hence, a dissipative discrete-time large-scale nonlinear dynamical
system can deliver to its surroundings only a fraction of all of its stored
subsystem energies and can store only a fraction of the work done to all of
its subsystems.

Corollary 8.1. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6), (8.7). Assume that G is vector dissipative with
respect to a vector supply rate S(u,y) and with vector storage function
Ve: D — E‘i. Then v, (x), x € D, is a storage function for G. Moreover, if

vs(x) £ pTVi(z), z € D, where p € RY,, p # 0, then
0 < wa(z) <wvs(x) <wvp(z) <00, z€D. (8.40)

Proof. It follows from Theorem 8.2 that if G is vector dissipative with
respect to the vector supply rate S(u, y) and with a vector storage function
Vi:D — Ri, then there exists p € R+, p # 0, such that G is dissipative
with respect to the supply rate s(u,y) = p'S(u, y) and with storage function
vs(z) = p ' Vi(z), z € D. Hence, it follows from (8.23), with z(—K) = 0 and
x(ko) = xo, that

ko—1
> T Rs(u(k),y(k) >0, K >—ko, u(-)eU, (841

which implies that v, (xzg) > 0, 29 € D. Furthermore, it is easy to see from
the definition of a required supply that v.(z), = € D, satisfies the dissipation
inequality (8.23). Hence, v;(x), x € D, is a storage function for G.

Moreover, it follows from the dissipation inequality (8.23), with z(—K)
=0, z(ko) = o, and u € U, that

ko—1

foug(x(ko)) <o Fos(a(=K)) + Y o s(u(k), y(k))
k=—K

ko—1
= Y o s(u(k),y(k)), (8.42)
k=—K
which implies that
ko—1
vs(w(ko)) < o éﬁ‘flu Z oF R0 g (u(k), y(k)) = ve(z(ko)).  (8.43)

Finally, it follows from Theorem 8.2 that v,(x), € D, is a storage function
for G, and hence, using (8.22) and (8.43), (8.40) holds. O

It follows from Theorem 8.4 that if G is vector dissipative with respect
to the vector supply rate S(u,y), then Vi(z), z € D, is a vector storage
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function for G and, by Theorem 8.2, there exists p € @i, p # 0, such that
vs(z) £ pTVi(z), € D, is a storage function for G satisfying (8.23). Hence,
it follows from Corollary 8.1 that pTV;(z) < v.(z), € D.

The next result relates vector (respectively, scalar) available storage
and vector (respectively, scalar) required supply for vector lossless discrete-
time large-scale dynamical systems.

Theorem 8.5. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Assume that G is completely reach-
able to and from the origin. If G is vector lossless with respect to the vector
supply rate S(u,y) and V,(x), x € D, is a vector storage function, then
Va(z) = Vi(z), = € D. Moreover, if Vi(x), x € D, is a vector storage func-
tion, then all (scalar) storage functions of the form vs(z) = pTVi(z), x € D,
where p € Ei, p # 0, are given by

Ky-1
vs(@o) = va(0) = vr(wo) =~ D oM H0s(u(k), y(k))
k=ko
ko1
= Y ot Rs(u(k),y(k),  (8.44)
=K

where z(k), k > ko, is the solution to (8.6) with u(-) € U, z(ko) = 9 € D,
and s(u,y) = pLS(u,y) for every K_, K, such that x(—K_) = 0 and

Proof. Suppose G is vector lossless with respect to the vector supply
rate S(u,y). Since G is completely reachable to and from the origin it
follows that for every xg = (ko) € D there exist K > ko, —K_ < ko,
and u(k) € U, k € [-K_, K], such that z(-K_) = 0, z(Ky) = 0, and
x(ko) = xg. Now, it follows from the dissipation inequality (8.10), which is
satisfied as an equality, that

Ky—1

0= > WHR1FS(u(k),y(k)), (8.45)
k=—K_

or, equivalently,
Ki—1
0= Y W EITRIS(uk), y(k))
k=—K_
ko—1

= Y WS (), ()
k=—K_
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Ky-1
+ 3 W ERRIS(u(k), y(k))
k=ko
ko—1
. . W (k41— ko)S k k
- ,g)lHu ZK (u(k), y(k))

inf Z W RS (u(k), y (k)

K>k0, k %o

= Vi(wo) — Va($0)> (8.46)

which implies that Vi(xzg) << Vi(zo), x9 € D. However, it follows from

Theorem 8.4 that if G is vector dissipative and V,(z), x € D, is a vector

storage function, then V,(x) << Vi(x), x € D, which along with (8.46)

implies that Va(x) = Vi(x), x € D Furthermore, since G is vector lossless

there exist a nonzero vector p € ]R and a scalar a > 0 satisfying (2.97).
Next, it follows from (8.45) that

Ki—1
Z p W RIS (u(k), y(k))
Ki—1
= Y oFTRs(u(k), y(k))
k=—K_
ko—1 Ki—1
Z ak—l—l ko Z ak+1 ko ) y(k‘))
k=ko
ko—1
> f k+1— ko k
P ;i?+1u Za (k),y(k))
f k+1— ko k
+ it kZ; a (k), y(k))
0
=uv(z9) — valxo), o €D, (8.47)

which along with (8.40) implies that for any (scalar) storage function of the
form vg(x) = p'Vi(x), z € D, the equality v,(z) = vs(z) = v(x), z € D,
holds. Moreover, since G is vector lossless the inequalities (8.23) and (8.42)
are satisfied as equalities and

Ki—1 ko—1
= D0 M Rsu(k),yk) = Yo o RS (uk), (k).
k=ko h=—K-
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where x(k), k > ko, is the solution to (8.6) with u(-) € U, x(—K_) = 0,
x(K4) =0, and x(ko) = z¢ € D. O

The next proposition presents a characterization for vector dissipativ-
ity of discrete-time large-scale nonlinear dynamical systems.

Proposition 8.2. Consider the discrete-time large-scale nonlinear dy-
namical system G given by (8.6) and (8.7), and assume Vi = [vg1, . .., vsg] "
D — Ei is a continuous vector storage function for G. Then G is vector
dissipative with respect to the vector supply rate S(u,y) if and only if

Vs(z(k + 1)) << WVi(z(k)) + S(u(k),y(k), k= ko, u(k)eU. (8.49)
Proof. The proof is immediate from (8.10) and, hence, is omitted. O

As a special case of vector dissipativity theory we can analyze the sta-
bility of discrete-time large-scale nonlinear dynamical systems. Specifically,
assume that the discrete-time large-scale dynamical system G is vector dis-
sipative (respectively, geometrically vector dissipative) with respect to the
vector supply rate S(u,y) and with a continuous vector storage function
Vs : D — @i. Moreover, assume that the conditions of Theorem 8.3 are
satisfied. Then it follows from Proposition 8.2, with u(k) = 0 and y(k) =0,
that

Ve(x(k +1)) << WVi(x(k)), k> ko, (8.50)

where z(k), k > ko, is a solution to (8.6) with x(kg) = x9 and u(k) = 0.
Now, it follows from Corollary 2.6, with w(r) = Wr, that the zero solution
x(k) =0 to (8.6), with u(k) = 0, is Lyapunov (respectively, asymptotically)
stable.

More generally, the problem of control system design for discrete-time
large-scale nonlinear dynamical systems can be addressed within the frame-
work of vector dissipativity theory. In particular, suppose that there exists
a continuous vector function Vi : D — @i such that V;(0) =0 and

Vs(z(k +1)) << F(Va(z(k)), u(k)), k=ko, wu(k)eU, (851)

where 7 : RY x R™ — R? and F(0,0) = 0. Then the control system
design problem for a discrete-time large-scale dynamical system reduces to
constructing an energy feedback control law ¢ : Ri — U of the form

u=¢(Ve(x)) £ [¢] (Vs(@)), ..., dg Vs(x)]", =z €D, (8.52)

where ¢; : @i — Ui, ¢;(0) = 0,7 = 1,...,q, such that the zero solution
r(k) = 0 to the comparison system

r(k+1) =w(r(k)), r(ko)=Vs(z(ko)), Kk > ko, (8.53)
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is rendered asymptotically stable, where w(r) = F(r,¢(r)) is of class Wy.
In this case, if there exists p € R such that vs(z) = ptVis(z), z € D, is
positive definite, then it follows from Corollary 2.6 that the zero solution
x(k) =0 to (8.6), with u given by (8.52), is asymptotically stable.

As in the continuous-time case, using an energy feedback control archi-
tecture and exploiting the comparison system within the control design for
discrete-time large-scale nonlinear dynamical systems can significantly re-
duce the dimensionality of a control synthesis problem in terms of a number
of states that need to be stabilized. It should be noted, however, that for
stability analysis of discrete-time large-scale dynamical systems the com-
parison system need not be linear as implied by (8.50). A discrete-time
nonlinear comparison system would still guarantee stability of a discrete-
time large-scale dynamical system provided that the conditions of Corollary
2.6 are satisfied.

8.3 Extended Kalman-Yakubovich-Popov Conditions for
Discrete-Time Large-Scale Nonlinear Dynamical Systems

In this section, we show that vector dissipativeness (respectively, geomet-
ric vector dissipativeness) of a discrete-time large-scale nonlinear dynamical
system G of the form (8.6) and (8.7) can be characterized in terms of the
local subsystem functions f;(-), G;(-), hi(-), and J;(-), along with the inter-
connection structures Z;(-) for i = 1,...,q. For the results in this section
we consider the special case of dissipative systems with quadratic vector
supply rates and set D = R™, U; = R™, and Y; = Rb. Specifically, let
R; € S™, S; € RiX™i and Q; € S be given and assume S(u,y) is such
that s;(u;, vi) = y& Qiyi + 2yt Siv; + ul Riug, i = 1,...,q.
For the statement of the next result recall that « = [z1,...,z7]T
[u?,...,u;r]T, y = [le,...,qu]T, z; €ER™, u; e R™ y; e R i =1,...,q,
T.n;=n,>% mi=m,and >.I I, = [. Furthermore, for (8.6) and
(8.7) define F : R* — R™, G : R® — R™™ h:R" = R! and J : R"* — RI*™
by f(x) £ [fir(;p), cet ?f:]r(w)]Ta where *FZ(;U) = fl(wz) +Iz(x)7 i=1,...,q,
G(z) = block—diag[G1(z1), ..., Gq(xq)], h(z) £ [T (x1),. .. ,th(xq)]T, and
J(z) £ block—diag[Ji(x1),...,Jy(z,)]. In addition, for all i = 1,...,q,
define R; € S S; e R>™ - and Ql € S! such that each of these matrices
consists of zero blocks except, respectively, for the matrix blocks R; € S,
S; € Rlixmi and Q; € S on (i,i) position. Finally, we introduce a more
general definition of vector dissipativity involving an underlying nonlinear
comparsion system.

’u:

Definition 8.5. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u,y) if there
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exist a continuous, nonnegative definite vector function Vg = [vg1, . .. ,vsq]T :
D — @i, called a wvector storage function, and a class Wy function w :
Ei — RY such that V5(0) =0, w(0) = 0, the zero solution r(k) = 0 to the
comparison system

r(k+1)=w(r(k)), r(ko)=ro, k> ko, (8.54)

is Lyapunov (respectively, asymptotically) stable, and the vector dissipation
inequality

Vs(z(k +1)) << w(Vi(x(k))) + S(u(k), y(k), k =k,  (855)

is satisfied, where z(k), k > ko, is the solution to (8.6) with u(-) € U. The
discrete-time large-scale nonlinear dynamical system G given by (8.6) and
(8.7) is wvector lossless with respect to the vector supply rate S(u,y) if the
vector dissipation inequality is satisfied as an equality with the zero solution
r(k) = 0 to (8.54) being Lyapunov stable.

If in Definition 8.5 the function w : Ki — RY is such that w(r) = Wr,
where W € R, then W is nonnegative and Definition 8.5 collapses to
Definition 8.3.

Theorem 8.6. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Let R; € S™, S; € RlX™i and
Q; €Sl i=1,...,q. If there exist functions V; = [vg, ... ,vsq]T R — Ri,
Py R* — R Pyt R — N w = [wy,...,wy]T Ei — RY,
4 : R" — R% and Z; : R" — R%*™ such that vg(-) is continuous,
vsi(o) =0,i=1,...,q, w € Wy, w(o) =0,

vi (F(z) + G(z)u) = vgi(F(x)) + Pri(x)u + ul Poy(z)u, = €R™, wueR™,
(8.56)

the zero solution (k) = 0 to (8.54) is Lyapunov (respectively, asymptoti-
cally) stable, and, for all x € R" and i =1,...,q,

0=1si(F(x)) — h* (2)Qihlz) — wi(Va(x)) + € (2)ti(x), (8.57)

0=3Pi(x) — BT (x)(S: + QiJ () + £F (z) Zi(x), (8.58)

0=R; + J"(2)S; + ST J(2) + I ()QiJ (z) — Poi(x) — 2] (2) Zi(=),
(8.59

)
then G is vector dissipative (respectively, geometrically vector dissipative)
with respect to the vector quadratic supply rate S(u,y), where s;(u;,y;) =
u;FRZuZ + Qy?Siui + y;eryz, 1=1,...,q.

Proof. Suppose that thgre exist functions vg; : R” — @+, f; - R* —
R%, Z; : R® — R%X™ Ri — RI, P; : R — R>™ Py . R* —
N™, such that vg(-) is continuous and nonnegative-definite, v (0) = 0, i =
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1,...,q, w(0) = 0, w € Wy, the zero solution r(k) = 0 to (8.54) is Lyapunov
(respectively, asymptotically) stable, and (8.56)—(8.59) are satisfied. Then
for every admissible input u(-) € i and z € R, i =1,...,¢q, it follows from
(8.56)(8.59) that

si(ui, yi) = uTRiu + 2yTS'iu + yTQiy
=K (2)Q:ih(z) + 20T (2)(S; + Qi (z))u
u (JY(2)QiJ () + J¥(x)S; + ST () + Ri)u
= v3i(F(2)) — wi(Va(x)) + Pri(z)u + € (x)0;(x)
+20F () 2 (x)u + uT Pyy(x)u + uT ZF (2) Z;(z)u
=05 (F(2) + G(z)u) — w;i(Vs(z))
+li(z) + Zi(@)u] T [li(x) + Zi(z)u]
> vgi(F(z) + G(z)u) — wi(Vs(z)), (8.60)

where z(k), k > ko, satisfies (8.6). Now, the result follows from (8.60) with
vector storage function Vi(x) = [vs1 (), ..., vs(2)]T, z € R™ O

Using (8.57)—(8.59) it follows that for & > kg and i =1,...,q,

si(ui(k), yi(k)) + [wi (Vs(z(k))) — vsi(2(k))] = Avgi(x(k))
+ [l (k)) + Zi(x(k)u()] " [li(x(k) + Zi(e(k)u(k)],
(8.61)

where Vi(z) = [vs1(2),...,vs5(2)]T, @ € R", which can be interpreted as
a generalized energy balance equation for the ith subsystem of G where
Auvgi(z(k)) is the change in energy between consecutive discrete times, the
two discrete terms on the left are, respectively, the external supplied energy
to the ith subsystem and the energy gained by the ith subsystem from the
net energy flow between all subsystems due to subsystem coupling, and the
second discrete term on the right corresponds to the dissipated energy from
the ith subsystem.

Note that if G with u(k) = 0 is vector dissipative (respectively, ge-
ometrically vector dissipative) with respect to the vector quadratic supply
rate where Q; < 0,7 =1,...,q, then it follows from the vector dissipation
inequality that

Va(a(k + 1)) << w(Vi(z(k))) + S(0,y(k)) << w(Va(z(k))), k> ko,
(8.62)

where S(O)y) - [31(0,91),. .. ’Sq(oqu)]T’ 81(07yl(k)) - sz(k)szz(k) S 07
k>ko,i=1,...,q and xz(k), k > ko, is the solution to (8.6) with u(k) = 0.
If, in addition, there exists p € R% such that ptVi(z), x € R™, is positive
definite, then it follows from Corollary 2.6 that the undisturbed (u(k) =
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0) large-scale nonlinear dynamical system (8.6) is Lyapunov (respectively,
asymptotically) stable.

Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 8.6. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) with m; = l;, i = 1,...,q, is vector passive
(respectively, geometrically vector passive) if it is vector dissipative (respec-
tively, geometrically vector dissipative) with respect to the vector supply
rate S(u,y), where s;(ui, y;) = 2yfu;, i =1,...,q.

Definition 8.7. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector nonexpansive (respectively, geomet-
rically vector nonexpansive) if it is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u,y), where

si(wi,yi) = V2uivu; —yly,, i=1,...,¢,and v; > 0,9 = 1,...,q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider discrete-time large-scale
nonlinear dynamical systems G that are vector dissipative with respect to
vector supply rate S(u,y), where s;(ui,y;) = 2ytu;, i € Zyp, sj(uj,y;) =
'yjzu;-ruj — ijyj, v >0, j € Zne, and Zp U Zye = {1,...,q}. Furthermore,
vector supply rates for vector input strict passivity, vector output strict
passivity, and vector input-output strict passivity generalizing the passivity
notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a vector quadratic supply rate
for the case where the vector storage function Vi(z), € R™, is component
decoupled, that is, Vi(z) = [vs1(x1), ..., vsq(z4)]T, 2 € R™

Theorem 8.7. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Assume that there exist functions

Vs = [vsl,...,vsq]T_:R” — Ei, P; : R" — Rlxmi, Py : R®" — N™i,
w = [wi,...,w," RS — RI, £; : R® — R%, Z; : R" — R%*™i such that
vsi(+) is continuous, vg;(0) = 0,4 = 1,...,q, w € Wy, w(0) = 0, the zero

solution r(k) = 0 to (8.54) is Lyapunov (respectively, asymptotically) stable,
and, forall t e R® and i =1,...,q,

0 <wgi(Fi(x)) — v (Fi(x) + Gi(xi)u;) + Pri(x)u; + 'LL;-FPQZ'(.’,U)Ui, (8.63)

0> v5i(Fi(2)) — by (2)Qihi(wi) — wi(Va(w)) + €] (i) i (s), (8.64)
0=5Pui(x) — b (2:)(Si + QiJi(w:)) + € (x:) Zi(s), (8.65)
0< R; + Ji (2:)S; + ST Ji(xi) + T (2) Qi Ji(wi) — Poi(x)

—Z{ (i) Zi(xs). (8.66)

Then G is vector dissipative (respectively, geometrically vector dissipative)
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with respect to the vector supply rate S(u,y), where s;(u;,y;) = u Riu; +
2leSlul+leQlyl, 7= 1,...,q
Proof. For every admissible input u = [uf,... ,ug]T such that u; €
R™ ke Zy,andi=1,...,q, it follows from (8.63)—(8.66) that
si(ui(k), yi(k)) = ul (k) Riui(k) + 2y (k) Siwi(k) + yi' (k)Qiyi(k)
= h{ (i(k))Qihi(xi(k))
+2hT(9€z( ))(5 + QiJi(wi(k)))ui (k)
ui () (I (2i(k)QiJi(wi(k)) + i (zi(K))S;
+ST Ji(zi(k)) + R; )u,(k)
)

> vsi(Fi((k))) + Pri(a(k))ui (k) + 6 (i (k)i (i (k)
+20 (i(k)) Zi (s (k) )ui (k) + g (k) Pai(2(k))ui (k)
+ug (k) 2] (2i(k) Zi(wi(k)ui (k) — wi(Vs(z(k)))
> vsi(wi(k + 1)) — wi(Vs(z(k)))
Hli(i(k)) + Zii (k) yus (k)] € (i (k)
+Zi(i(k))ui (k)]
> vgi(xi(k+ 1)) —w;(Vs(z(k))), (8.67)
where z(k), k > ko, satisfies (8.6). Now, the result follows from (8.67) with
vector storage function Vi(x) = [vs1(21), . .., vsq(z4)]T, 7 € R™. O

Finally, we provide necessary and sufficient conditions for the case
where the discrete-time large-scale nonlinear dynamical system G is vector
lossless with respect to a vector quadratic supply rate.

Theorem 8.8. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Let R; € S™, S; € Rli*™i and
Q; € S, i =1,...,q. Then G is vector lossless with respect to the vec-
tor quadratic supply rate S(u,y), where s;(u;,y;) = u} Riu; + 2y Su; +
yIQiyi, i =1,...,q, if and only if there exist functions Vi = [ve1, . . ., vsg] T
R" — RY, Pyt R? — R™ Py i R? o N™, w = [wy, ..., wy]T : RS — RY
such that vg(+) is continuous, vs(0) = 0,7 = 1,...,q, w € Wy, w(0) = 0,
the zero solution r(k) = 0 to (8.54) is Lyapunov stable, and, for all z € R,
i=1,...,q, (8.56) holds and

0 =g (F(z)) — h¥(2)Qih(x) — w;(Vi(z)), (8.68)
0=1Py(x) — hT(2)(Si + QiJ(2)), (8.69)
0=R; + J (2)S; + ST J(z) + J (2)QiJ (z) — Py (). (8.70)

Proof. Sufficiency follows as in the proof of Theorem 8.6. To show
necessity, suppose that G is lossless with respect to the vector quadratic sup-
ply rate S(u,y). Then, there exist continuous functions Vg = [vs1, ..., vsg] " :
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R" — RY and w = [wy,...,wy]" : RS — R such that V(0) = 0, the zero
solution r(k) = 0 to (8.54) is Lyapunov stable and

vsi (F () + G(x)u) =w;(Vs(z)) + si(ug, ys)
=w;(Vi(x)) + uT Ryu + 2y Su + T Qiy
= wi(Va(z)) + h" (2)Qih(z)
+2hT (2)(Q; J () + Si)u
+uT(R; + SET(x) + JT(2)S; + T¥ (2)QiJ (x))u,
z€eR" wuweR™ (8.71)

Since the right-hand side of (8.71) is quadratic in w it follows that vg; (F(z)+
G(r)u) is quadratic in u, and hence, there exist P; : R” — RX™ and
Py; : R™ — N™ such that

vei (F(x) + G(x)u) = vgi(F(z)) + Pri(x)u + u' Py(2)u,
r€eR", weR™ (8.72)

Now, using (8.72) and equating coefficients of equal powers in (8.71) yields
(8.68)(8.70). 0

8.4 Specialization to Discrete-Time Large-Scale Linear
Dynamical Systems

In this section, we specialize the results of Section 8.3 to the case of discrete-
time large-scale linear dynamical systems. Specifically, we assume that w €
Wy is linear so that w(r) = Wr, where W € R?*? is nonnegative, and
consider the discrete-time large-scale linear dynamical system G given by

x(k+1)=Ax(k) + Bu(k), xz(ko) =x9, k > ko, (8.73)
y(k) =Cz(k) + Du(k), (8.74)

where A € R™™ and A is partitioned as A £ [A;5],4,7 = 1,...,q, Ai; €
R™*"5 %™ n; =n, B = block-diag[B, ..., By], C = block-diag[Cy, ...,
C,], D = block—diag[D1, ..., D], Bi € R%*mi C; € RiXm_ D, € Rixmi,
andi=1,...,q.

Theorem 8.9. Consider the discrete-time large-scale linear dynamical
system G given by (8.73) and (8.74). Let R; € S™, S; € Rix™mi Q; €
Sti, i =1,...,q. Then G is vector dissipative (respectively, geometrically
vector dissipative) with respect to the vector supply rate S(u,y), where
si(ug, yi) = uZTRZuZ + 2yZTSiui + yiTQiyi, i=1,...,q, and with a three-times
continuously differentiable vector storage function if and only if there exist
W eR™ P, e N" L, € R%*" and Z; € R%*™ ¢ =1,...,q, such that W
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is nonnegative and semistable (respectively, asymptotically stable), and, for
alli=1,...,q,

0=AT"PA—-CTQ,C — ZW VPj+ LTL;, (8.75)
7=1

0=A"P,B - CY(S;+ Q;D) + LY Z;, (8.76)

0=R; + DS+ S'D+ DYQ;,D — B"P,B - Z} Z,. (8.77)

Proof. Sufficiency follows from Theorem 8.6 with F(z) = Ax, G(z) =
B, h(z) = Cx, J(z) = D, Py(x) = 2V A PB, Pu(x) = B' BB, ul
Wr, £i(z) = Liz, Zi(x) = Z;, and v (z) = 2 Pz, i =1,...,q

To show necessity, suppose G is vector dissipative with respect to the
vector supply rate S(u,y), where s;(u;, y;) = ui Riui+2yF Sivi+yl Qiyi, i =
1,...,q. Then, with w(r) = Wr, there exists V5 : R" — @i such that W

is nonnegative and semistable (respectively, asymptotically stable), V(x) £

[s1(2), ... vsq(2)]T, 2 € R, V5(0) = 0, and for all € R", u € R™,
Vs(Az + Bu) — WV;(2) << S(u,y). (8.78)

Next, it follows from (8.78) that there exists a three-times continuously
differentiable vector function d = [dy,...,d,]T : R x R™ — RY such that
d(xz,u) >> 0, d(0,0) =0, and

0 = Vs(Ax + Bu) — WVi(x) — S(u, Cx + Du) + d(x, u). (8.79)

Now, expanding vg;(-) and d;(-, ) via a Taylor series expansion about = = 0,
u = 0, and using the fact that vs(-) and d;(-, ) are nonnegative and vg;(0) =
0,d;(0,0) =0,i=1,...,q, it follows that there exist P, € N, L; € R%*"
Z; € R%*™ §=1,...,q, such that

'Usz'(x) = xTPix + 'Usri(x)a (8.80)
di(z,u) = (Liz + Zu) T (Liz + Zu) + dei (2, 1),
reR" weR™ i=1,...,q, (8.81)
where vg; : R” — R and d;; : R® x R™ — R contain the higher-order terms

of vgi(+) and d;(-,-), respectively.
Using the above expressions, (8.79) can be written componentwise as

q
= (Az + Bu)"Pj(Az + Bu) = > W,
j=1
—(:UTCTQZC:U +227C"Q;Du+ v DY Q; Du

+22TCTSu + 20T DT Sju + uTRzu)
+(Liw + Ziuw) T (Lix + Ziu) + (2, u), (8.82)
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where §(z,u) is such that

B
| 2(”’_“” =0, (8.83)
llz/|2+ )20 ||2]|2 + [Ju]]

Now, viewing (8.82) as the componentwise Taylor series expansion of (8.79)
about £ = 0 and u = 0 it follows that for all z € R™ and u € R™,

q
=2T(ATRA =Y W, P — CTQiC + L Li)a
j=1
+2:1(ATPB - 0TS, — CTQiD + LY Z))u
u(ZFz; — D*Q;D — DTS, — SFD — R +BTP, B)
=1,... (8.84)

Now, equating coefficients of equal powers in (8.84) yields (8.75)—(8.77). a

Note that (8.75)—(8.77) are equivalent to

[Ai Bi}:_{L;FMLi Z;1<0, i=1,....q, (8.85)

B ¢ zZr
where, for allt=1,...,q,
q
Ai=ATPA-CTQ,C =Y WP, (8.86)
j=1
Bi=AYP,B — C"(S; + Q;D), (8.87)
Ci=—(R;+ D"S;+ 5D+ DTQ;D — B'P,B). (8.88)

Hence, vector dissipativity of discrete-time large-scale linear dynamical sys-
tems with respect to vector quadratic supply rates can be characterized via
(cascade) linear matrix inequalities (LMIs) [26]. A similar remark holds for
Theorem 8.10 below.

The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a vector quadratic supply rate in the case
where the vector storage function is component decoupled.

Theorem 8.10. Consider the discrete-time large-scale linear dynam-
ical system G given by (8.73) and (8.74). Let R; € S™, S; € RL>Xmi,
Q; € Sk, i =1,...,q, be given. Assume there exist matrices W € RI%9,
P, e N, Ly € R%>m  7Z,; € RWX™i 4 = 1,...,q, Ljj € R*%>™ and
Ziy; € R%>XM 4,5 = 1,...,q,1 # j, such that W is nonnegative and
semistable (respectively, asymptotically stable), and, for alli =1,...,q,

a
0> AP Ay — CFQiCi — Wi P+ LiLi+ > LijLy, (8.89)
=1, i
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0=ALP,B; — Cr'S; — CrQ:D; + Lk Z,
0<R; + DI'S; + ST D; + DY Q;D; — BY P,B; — Z} Zy,

and, for j=1,...,¢,l=1,...,q, ] i, 1l #1i,1+# ],

0=A}P;B;,

0=ALP Ay,

0=ALPA; + L.T.Zij,

0< WP — Zi5Zij — AL P Ay

CHAPTER 8

Then G is vector dissipative (respectively, geometrically vector dissipative)

with respect to the vector supply rate S(u,y) = [s1(u1,y1),- ..

where s;(u;, yi) = ul Ryu; + 2y Sivi + yl Qivi, i =1,... . q

Proof. Since P, € N" the function v (7;) = x} Py, x;

T

>5q(uqa yq)]Ta

€ R™ is
nonnegative definite and vs;(0) = 0. Moreover, since vg;(-) is continuous it
follows from (8.89)—(8.95) that for all u; € R™ i=1,...,q, and k > ko,

q
vei(zi(k + 1)) Z Agzi(k) + Biui(k) | P | Y Aga;(k) + Biug(k)

q
<! (k) Wanbi + CrQiC; — LiLi; — Z L;FjLij z; (k)

=1, j#i

_ zq: L)L Zijj (k) + 2 (k) CF Syui (k)

j=1,j#i
+2xT( YCFQiDyu;(k) — 22F (k) Lk Zius (k)

+ Z WP — Z5 Zij)ai (k) + (k) Rywi (k)
J=1,j#i

+2u] (k) D} Syui(k) + uf (k) D} Qi Dyus(k)

—ug (k) Zjj Zizui (k)

=Y Weijyvsi(aj(k)) + uf (k) Riui(k)
=1

+2y (k) Syui(k) + yif (k) Qiyi(k)
—[Lul‘l(k) + Z“ul(k:)]T[L“xl(k) + Zuul(k:)]

_ Z (Ll]xz(k) + Zijxj(k:))T(Lijxi(k) =+ Zz‘j

j=1,j#i

zj(k))
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q

<si(wik), yi(k) + D> Wi jyvs(s(k)), (8.96)
j=1

or, equivalently, in vector form
Vi(w(k+1)) << WV(e(k) + S(u,y), well, k>ky,  (8.97)

where Vi(z) £ [vs1(21), ..., vsq(x4)]*, € R™. Now, it follows from Proposi-
tion 8.2 that G is vector dissipative (respectively, geometrically vector dissi-
pative) with respect to the vector supply rate S(u,y) and with vector storage
function Vi(z), x € R™. O

8.5 Stability of Feedback Interconnections of Discrete-Time
Large-Scale Nonlinear Dynamical Systems

In this section, we consider stability of feedback interconnections of discrete-
time large-scale nonlinear dynamical systems. Specifically, for the discrete-
time large-scale dynamical system G given by (8.6) and (8.7) we consider
either a dynamic or static discrete-time large-scale feedback system G.. Then
by appropriately combining vector storage functions for each system we
show stability of the feedback interconnection. We begin by considering the
discrete-time large-scale nonlinear dynamical system (8.6) and (8.7) with
the large-scale feedback system G, given by

xo(k+1)=Fo(xc(k),uc(k)), xc(ko)=1xc0, k> ko, (8.98)
Ye(k) = He(c(k), uc(k)), (8.99)
where F, : R™ x U, — R™, H, : R x U, — Y., F. & [chi,...,Fg]]T,

He 2 [HY, ..., HL]Y, U C R Y. € R™. Moreover, for all i = 1,...,q, we
assume that

Fci(l'c’ Uci) = fci(«rci) + Ici(xc) + Gci(xci)uciv (8100)

Hci(xcb uci) = he; ($cz) + Jci(xci)ucia (8-101)

where ue; € Ugg € RY, yoi 2 Hei(ei, o) € Yy € R™i ) (e, yei) is the input-
output pair for the ith subsystem of G, fo; : R" — R and Z;; : R" —
R satisfy f;(0) = 0 and Z;(0) = 0, G¢; : R — R%iXli p; o RMei — R™M
and satisfies he; (0) = 0, Jg; : R — R™> and o0 ne = ne.
Furthermore, we define the composite input and composite output for

the system G, as ue = [ud, ... ,ug:I]T and y. = [yY, ... ,ygz]T, respectively.
In this case, U. = Uy X - -+ X Ugg and Y, = Yo X - - - X Y, Note that
with the feedback interconnection given by Figure 8.1, u. = y and y. = —u.

We assume that the negative feedback interconnection of G and G. is well
posed; that is, det(I,, + Jei(zei)Ji(z;)) # 0 for all z; € R™, z,; € R and
i =1,...,q. Furthermore, we assume that for the discrete-time large-scale
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Ge

Figure 8.1 Feedback interconnection of large-scale systems G and G..

systems G and G., the conditions of Theorem 8.3 are satisfied; that is, if
Vs(z), z € R™, and Vgg(xe), x. € R are vector storage functions for G and
Ge, respectively, then there exist p € RY and p. € RY such that the functions
vs(x) = pTVi(x), z € R™, and ves(wc) = plVes(ze), 7o € R, are positive
definite. The following result gives sufficient conditions for Lyapunov and
asymptotic stability of the feedback interconnection given by Figure 8.1.

Theorem 8.11. Consider the discrete-time large-scale nonlinear dy-
namical systems G and G, given by (8.6) and (8.7), and (8.98) and (8.99),
respectively. Assume that G and G. are vector dissipative with respect to
the vector supply rates S(u,y) and Sec(uc,¥yc), and with continuous vector
storage functions V() and Vi(-) and dissipation matrices W € R?*9 and
W, € R?*4, respectively.

i) If there exists ¥ £ diag[oy,...,04] > 0 such that S(u,y) + XS (ue, ye)
<< 0 and W € R?%? is semistable (respectively, asymptotically sta-
ble), where

Wi gy £ max{W ), (SWeE )65}
gj; ..

= max{W; j), a_jWC(i’j)}’ i,j=1,....q, (8.102)

then the negative feedback interconnection of G and G. is Lyapunov
(respectively, asymptotically) stable.

ii) Let Q; € Sli, S; € Rlixmi, R, € S Qe € S"™, Sy € Rmini,
and R.; € S%, and suppose S(u,y) = [s1(u1,v1),- -, 84(tuq,yq)]* and
Sc(um yc) = [Scl(ucla yc1)> s >5q(ucq> ycq)]T7 where 51’(“1‘7 yz) = U;rRzUH‘
2y Siuityf Qiyi and sei (Ui, Yoi) = U Reitiei+2y5 Seitiei+Y s Qcileir @ =
1,...,q. If there exists ¥ £ diagloy,...,0, > 0 such that for all
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5 s | Qit+oiRe  —Si+0:S;
P2 ¢ | < 1

@ —SF +0iSei Ri + 0iQci =0 (8.103)

and W € R9%Y is semistable (respectively, asymptotically stable),

where

W(z 7) _maX{sz)> (E WCZ_I) zj)}
—rnax{W”), I Waant hi=1,....q, (8.104)

then the negative feedback interconnection of G and G, is Lyapunov
(respectively, asymptotically) stable.

Proof. i) Consider the vector Lyapunov function candidate V (x, )
= Vi(z) + EVis(xe), (z,2c) € R™ x R™ and note that

Vzk+1),z(k+1)) = Vi(@(k+1)) + SVes(ze(k + 1))
<< S(u(k),y(k)) + ESec(uc(k), yo(k))
+WVi(2(k)) + SWVes(wc (k)

SWVi(x(k)) + SWeE ™ SV (e (K))
<W (Vi(a(k)) + SVes (e (K)))

= WV(x(k),z.(k)),
(z(k), ze(k)) € R® x R™, k> ko (8.105)

Now, since for Vi(z), z € R", and Vis(x.), . € R™, there exist,
by assumption, p € R% and p. € R% such that the functions vs(z) =
pIVi(z), x € R™, and ves(we) = plVes(xe), 7o € R™, are positive definite
and noting that veg(x.) < maxizl,m’q{pci}eTVCS(wc), where p; is the ith
component of p. and e = [1,...,1]T, it follows that eV (z.), 2. € R,
is positive definite. Next, since minl-zlym,q{piai}eT%S(xc) < p'eVig(ze), it
follows that pTXVis(z.), 2. € R, is positive definite. Hence, the function
v(z, ) = pTV(z, 1), (x,2.) € R® x R is positive definite. Now, the
result is a direct consequence of Corollary 2.6.

i1) The proof follows from i) by noting that, for all : = 1,...,¢

)

T
$i(Wi, Yi) + OiSci(Uci, Yei) = [ yyc } Qi [ ;/C ] , (8.106)

and hence S(u,y) + XS5¢(tc,yc) << 0. O

For the next result note that if the discrete-time large-scale nonlinear
dynamical system G is vector dissipative with respect to the vector supply
rate S(u,y), where s;(u;, y;) = 2yl u;, i = 1,..., q, then with ;(y;) = —k;yi,
where x; > 0,7 = 1,...,q, it follows that s;(k;(y;),y:) = —K;Z-yiTyi < 0,
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yi 70,1 =1,...,q. Alternatively, if G is vector dissipative with respect to
the vector supply rate S(u, y), where s;(u;, y;) = Y2 uiu;—yly;, wherev; > 0,
i=1,...,q, then with x;(y;) = 0, it follows that s;(x;(y:), %) = —vy. y; <0,
yi #0,4=1,...,q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist & > 1 and p € R% such that (2.97) holds,
then it follows from Theorem 8.3 that (scalar) storage functions of the form
vs(z) = pTVi(x), x € R™, where V;(-) is a vector storage function for G, are
positive definite. If G is geometrically vector dissipative, then p is positive.

Corollary 8.2. Consider the discrete-time large-scale nonlinear dynam-
ical systems G and G, given by (8.6) and (8.7), and (8.98) and (8.99), respec-
tively. Assume that G and G. are zero-state observable and the dissipation
matrices W € R?7*9 and W, € R?*? are such that there exist, respectively,
a>1,peRy, ac>1, and p. € RL such that (2.97) is satisfied. Then the
following statements hold:

i) If G and G, are vector passive and W e R9%9 is asymptotically stable,
where W(; = max{W; jy, Wiy}, 4,5 = 1,...,¢, then the negative
feedback interconnection of G and G, is asymptotically stable.

ii) If G and G, are vector nonexpansive and W e RI¥4 is asymptotically
stable, where W(; ;) = max{W ;y, Weiijy}s 4,5 = 1,...,¢q, then the
negative feedback interconnection of G and G, is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 8.11. Specifi-
cally, 7) follows from Theorem 8.11 with R; =0, S; = In,,, Qi =0, Re; =0,
Sei = Imyy Qi = 0,1 =1,...,q, and ¥ = I, while 7i) follows from The-
orem 8.11 with R; = 21, Si = 0, Q; = —1Ij;, Rei = Y41, Sei = 0,
Qci=—1Im;,i=1,...,q,and X = 1. O



Chapter Nine

Thermodynamic Modeling for
Discrete-Time Large-Scale
Dynamical Systems

9.1 Introduction

Thermodynamic principles have been repeatedly used in continuous-time dy-
namical system theory as well as information theory for developing models
that capture the exchange of nonnegative quantities (e.g., mass and energy)
between coupled subsystems [21,27,30,69,147,170,179]. In particular, con-
servation laws (e.g., mass and energy) are used to capture the exchange of
material between coupled macroscopic subsystems known as compartments.
Fach compartment is assumed to be kinetically homogeneous, that is, any
material entering the compartment is instantaneously mixed with the mate-
rial in the compartment. These models are known as compartmental models
and are widespread in engineering systems as well as biological and ecological
sciences [4,29,62,72,100,101,156]. Even though the compartmental models
developed in the literature are based on the first law of thermodynamics
involving conservation of energy principles, they do not tell us whether any
particular process can actually occur, that is, they do not address the second
law of thermodynamics involving entropy notions in the energy flow between
subsystems.

The goal of the present chapter is directed toward developing nonlin-
ear discrete-time compartmental models that are consistent with thermody-
namic principles. Specifically, since thermodynamic models are concerned
with energy flow among subsystems, we develop a nonlinear compartmental
dynamical system model that is characterized by energy conservation laws
capturing the exchange of energy between coupled macroscopic subsystems.
Furthermore, using graph-theoretic notions we state three thermodynamic
assumptions consistent with the zeroth and second laws of thermodynam-
ics that ensure that our large-scale dynamical system model gives rise to a
thermodynamically consistent energy flow model. Specifically, using a large-
scale dynamical systems theory perspective, we show that our compartmen-
tal dynamical system model leads to a precise formulation of the equivalence
between work energy and heat in a large-scale dynamical system.

Next, we give a deterministic definition of entropy for a large-scale
dynamical system that is consistent with the classical thermodynamic defi-
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nition of entropy and show that it satisfies a Clausius-type inequality leading
to the law of entropy nonconservation. Furthermore, we introduce a new and
dual notion to entropy, namely, ectropy, as a measure of the tendency of a
large-scale dynamical system to do useful work and grow more organized,
and show that conservation of energy in an isolated thermodynamically con-
sistent system necessarily leads to nonconservation of ectropy and entropy.
Then, using the system ectropy as a Lyapunov function candidate, we show
that our thermodynamically consistent large-scale nonlinear dynamical sys-
tem model possesses a continuum of equilibria and is semistable; that is, it
has convergent subsystem energies to Lyapunov stable energy equilibria de-
termined by the large-scale system initial subsystem energies. In addition,
we show that the steady-state distribution of the large-scale system ener-
gies is uniform, leading to system energy equipartitioning corresponding to
a minimum ectropy and a maximum entropy equilibrium state.

9.2 Conservation of Energy and the First Law
of Thermodynamics

To develop discrete-time compartmental models that are consistent with
thermodynamic principles, consider the discrete-time large-scale dynamical
system G shown in Figure 9.1 involving ¢ interconnected subsystems. Let
E; : 7y — R, denote the energy (and hence a nonnegative quantity) of the
ith subsystem, let S; : Z, — R denote the external energy supplied to (or
extracted from) the ith subsystem, let o;; : E‘i =Ry, i#74,4,j=1,...,q,
denote the exchange of energy from the jth subsystem to the ith subsystem,
and let oy; : @i — R,,i=1,...,q, denote the energy loss from the ith
subsystem.
An energy balance equation for the ith subsystem yields

q
AE(k)= > [oy(E(k) — 05i(E(k))] — 0u(E(k)) + Si(k), k> ko,
=1, j#i
(9.1)
or, equivalently, in vector form,
Ek+1)=w(E(k)) —d(E(k)) + S(k), k> ko, (9.2)

where E(k) = [E1(k),..., Bq(k)]", S(k) = [Si(k),...,Sq(k)]", d(E(k)) =
(011 (E(K)), . .., 04g(E(R)]T, k > ko, and w = [wy,...,w,]" : RS — R?is
such that
q
wi(B) =Ei+ Y. [oy(E) - o), EeR). (9.3)
=1, j#i
Equation (9.1) yields a conservation of energy equation and implies
that the change of energy stored in the ith subsystem is equal to the external
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Figure 9.1 Large-scale dynamical system G.

energy supplied to (or extracted from) the ith subsystem plus the energy
gained by the ith subsystem from all other subsystems due to subsystem
coupling minus the energy dissipated from the ith subsystem. Note that
(9.2) or, equivalently, (9.1) is a statement reminiscent of the first law of
thermodynamics for each of the subsystems, with E;(-), Si(-), 04;(-), ¢ #
j, and o4(-), i = 1,...,q, playing the role of the ith subsystem internal
energy, energy supplied to (or extracted from) the ith subsystem, the energy
exchange between subsystems due to coupling, and the energy dissipated to
the environment, respectively.

To further elucidate that (9.2) is essentially the statement of the prin-
ciple of the conservation of energy, let the total energy in the discrete-time
large-scale dynamical system G be given by U £ e'E, E € Ei, where
el £ [1,...,1], and let the energy received by the discrete-time large-
scale dynamical system G (in forms other than work) over the discrete-time
interval {ki,...,ka} be given by Q = Z’,zzzkl el[S(k) — d(E(k))], where
E(k), k > ko, is the solution to (9.2). Then, premultiplying (9.2) by e and
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using the fact that eTw(F) = eTE, it follows that
AU = Q, (9.4)

where AU = U(kg) — U(ky) denotes the variation in the total energy of the
discrete-time large-scale dynamical system G over the discrete-time interval
{k1,...,ko}. This is a statement of the first law of thermodynamics for the
discrete-time large-scale dynamical system G and gives a precise formulation
of the equivalence between variation in system internal energy and heat.

It is important to note that our discrete-time large-scale dynamical
system model does not consider work done by the system on the environ-
ment nor work done by the environment on the system. Hence, () can be
interpreted physically as the amount of energy that is received by the system
in forms other than work. The extension of addressing work performed by
and on the system can be easily handled by including an additional state
equation, coupled to the energy balance equation (9.2), involving volume
states for each subsystem [81]. Since this slight extension does not alter
any of the results in this chapter, it is not considered here for simplicity of
exposition.

For our large-scale dynamical system model G, we assume that 0;;(E) =
0, F e Ei, whenever E; = 0, 4,5 = 1,...,q. This constraint implies that
if the energy of the jth subsystem of G is zero, then this subsystem can-
not supply any energy to its surroundings nor dissipate energy to the en-
vironment. Furthermore, for the remainder of this chapter we assume that
E;, > O'“(E) -5 — ny]‘:l,j;ﬁi[gij(E) — O'ﬂ(E)] = -AFL;,, F € Rq, S € RY,
1 =1,...,q. This constraint implies that the energy that can be dissipated,
extracted, or exchanged by the ith subsystem cannot exceed the current en-
ergy in the subsystem. Note that this assumption implies that E(k) >> 0
for all k > k.

Next, premultiplying (9.2) by el and using the fact that eTw(FE) =
el E, it follows that

k1—1 k1—1
e"E(k) = e"E(ko) + Y _ e"S(k) — > _ eTd(E(k)), ki >k (9.5)
k=ko k=ko

Now, for the discrete-time large-scale dynamical system G define the input
u(k) £ S(k) and the output y(k) £ d(E(k)). Hence, it follows from (9.5)
that the discrete-time large-scale dynamical system G is lossless [170] with
respect to the energy supply rate r(u,y) = e"u — e’y and with the energy
storage function U(E) £ e"E, E € R’.. This implies that (see [170] for
details)

0 < Ua(Fo) = U(Ey) = U(Ep) < 00, Fp€RY, (9.6)
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where
K-1
A : T T
Ua(Ep) = — u(.)g;éko I;O(e u(k) — e y(k)), (9.7)
ko—1
U(Ep)2  inf D (eTu(k) — ey (k)), (9.8)

u(’), K>—ko+1 Py
and Fy = E(ky) € R,

Since U,(Ep) is the maximum amount of stored energy that can be
extracted from the discrete-time large-scale dynamical system G at any
discrete-time instant K, and U,(Fp) is the minimum amount of energy
that can be delivered to the discrete-time large-scale dynamical system G
to transfer it from a state of minimum potential F(—K) = 0 to a given
state F(kg) = Ep, it follows from (9.6) that the discrete-time large-scale
dynamical system G can deliver to its surroundings all of its stored sub-
system energies and can store all of the work done to all of its subsys-
tems. In the case where S(k) = 0, it follows from (9.5) and the fact that
oi(F) > 0, FE € R?,i =1,...,q, that the zero solution E(k) = 0 of the
discrete-time large-scale dynamical system G with the energy balance equa-
tion (9.2) is Lyapunov stable with Lyapunov function U(E) corresponding
to the total energy in the system.

The next result shows that the large-scale dynamical system G is lo-
cally controllable.

Proposition 9.1. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2). Then for every equilibrium state
E, € Ri and every € > 0 and T € Z,, there exist So € RY, o > 0, and

T € {0,---,T} such that for every E € R% with |E — E.|| < aT, there
exists S : {0,---,T} — R? such that ||S(k) — Se|| < e, k € {0,---,T}, and
E(k) = Eo + 222k ke {0, T}

Proof. Note that with S, = d(FE,) — w(E,) + E,, the state E, € Ei
is an equilibrium state of (9.2). Let # > 0 and T" € Z,, and define

M(0,T)= sup |lw(Ee + kOE) — w(FE,)
EeB1(0), ke{0,---,T}
—d(E. + kOE) + d(E,) — kOE]|. (9.9)

Note that for every T' € Z,, limy_,g+ M(0,7) = 0. Next, let € > 0 and
T € Z4 be given, and let > 0 be such that M(a,T) + o < e. (The
existence of such an « is guaranteed since M (o, T) — 0 as a — 07). Now,
let E € R be such that |E — Eo|| < oT. With T 2 [HE%E‘%”} < T, where
[x] denotes the ceiling function returning the smallest integer greater than
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or equal to x, and

S(k) =—w(E(k)) +d(E(k)) + E(k) + ﬂ, ke {0,--- ,T},
[HE;Eell"|
(9.10)
it follows that
o, (E-E) .
E(k)=FE.+ ”EA;EQM k, ke{0,---,T}, (9.11)

is a solution to (9.2).

The result is now immediate by noting that F(7) = E and

109 = 5.l < (e + E=EL) ) - o+ LLEe)y)

| E—Ee| —FEe||
[ o |
E—E,
d(E.) — gk“ ta
[HE*EeM
<M(a,T) + «
<e, ke {O)’T} (912)
This completes the proof. O

It follows from Proposition 9.1 that the discrete-time large-scale dy-
namical system G with the energy balance equation (9.2) is reachable from
and controllable to the origin in E‘i. Recall that the discrete-time large-scale
dynamical system G with the energy balance equation (9.2) is reachable from
the origin in E‘i if, for all By = E(kg) € K‘i, there exists a finite time k; < kg
and an input S(k) defined on {ki,..., ko} such that the state E(k), k > ki,
can be driven from E(k;) = 0 to E(kg) = Fy. Alternatively, G is control-
lable to the origin in E‘i if, for all Ey = E(kg) € E‘i, there exists a finite
time kf > ko and an input S(k) defined on {ko,...,k¢} such that the state
E(k), k > ko, can be driven from E(ky) = Ey to E(k¢) = 0.

We let U, denote the set of all admissible bounded energy inputs to the
discrete-time large-scale dynamical system G such that for every K > —k,
the system energy state can be driven from E(—K) = 0 to E(kg) = Ey € Ei
by S(-) € Uy, and we let U. denote the set of all admissible bounded energy
inputs to the discrete-time large-scale dynamical system G such that for
every K > ko, the system energy state can be driven from FE(kg) = Ey € @i
to E(K) =0 by S(-) € U.. Furthermore, let U be an input space that is a
subset of bounded continuous R%-valued functions on Z. The spaces U, U,
and U are assumed to be closed under the shift operator, that is, if S(-) € U
(respectively, U, or Uy ), then the function Sk defined by Sk (k) = S(k+ K)
is contained in U (respectively, U, or U;) for all K > 0.
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9.3 Nonconservation of Entropy and the Second Law
of Thermodynamics

The nonlinear energy balance equation (9.2) can exhibit a full range of non-
linear behavior including bifurcations, limit cycles, and even chaos. How-
ever, a thermodynamically consistent energy flow model should ensure that
the evolution of the system energy is diffusive (parabolic) in character with
convergent subsystem energies. Hence, to ensure a thermodynamically con-
sistent energy flow model we require the following assumptions. For the
statement of these assumptions recall Definition 4.1 and let ¢;;(F) £ 0;;(E)—
0i(E), E € Ei, denote the net energy exchange between subsystems G; and
G; of the discrete-time large-scale dynamical system G.

Assumption 9.1. The connectivity matrix C € R9*? associated with
the large-scale dynamical system G is defined by

a0, ifegy(E)=0, . . .
C(ZJ) - { 17 otherwise, ? 7£ 7 ] = 17 -4, (913)
and
q
Cin2— D Cuw i=4 i=1....q (9.14)
k=1, ki

and satisfies rank C = g — 1. Moreover, for every ¢ # j such that C(; ;) = 1,
¢i;(E) = 0 if and only if F; = Ej.

Assumption 9.2. For i,j =1,...,q, (E; — E;)¢i;(E) <0, E € R,.

SEp > -1, Ei £ Ej.

The fact that ¢;;(£) = 0 if and only if E; = Ej, i # j, implies that sub-
systems G; and G; of G are connected; alternatively, ¢;;(£) = 0 implies that
G; and G; are disconnected. Assumption 9.1 implies that if the energies in the
connected subsystems G; and G; are equal, then energy exchange between
these subsystems is not possible. This is a statement consistent with the
zeroth law of thermodynamics, which postulates that temperature equality
is a necessary and sufficient condition for thermal equilibrium. Furthermore,
it follows from the fact that C = C* and rank C = ¢— 1 that the connectivity
matrix C is irreducible, which implies that for any pair of subsystems G; and
Gj, © # j, of G there exists a sequence of connected subsystems of G that
connect G; and G;.

Assumption 9.2 implies that energy is exchanged from more energetic
subsystems to less energetic subsystems and is consistent with the second
law of thermodynamics, which states that heat (energy) must flow in the

Assumption 9.3. Fori,j=1,...,q,
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direction of lower temperatures. Furthermore, note that ¢;;(E) = —¢;i(E),
FE e E‘i, 1#j,4,5=1,...,q, which implies conservation of energy between
lossless subsystems. With S(k) = 0, Assumptions 9.1 and 9.2 along with
the fact that ¢;;(E) = —¢;(E), E € R%, i # j,4,j = 1,...,q, imply
that at a given instant of time energy can only be transported, stored, or
dissipated but not created and the maximum amount of energy that can be
transported and/or dissipated from a subsystem cannot exceed the energy
in the subsystem.

Finally, Assumption 9.3 implies that for every pair of connected sub-
systems G; and Gj, © # j, the energy difference between consecutive time
instants is monotonic, that is, [E;(k+1) — E;(k+ 1)][E; (k) — E;(k)] > 0 for
all Ei#Ej, k‘Zk‘o, i,jzl,...,q

Next, we give a deterministic definition of entropy for the discrete-
time large-scale dynamical system G that is consistent with the classical
thermodynamic definition of entropy.

Definition 9.1. For the discrete-time large-scale dynamical system G
with energy balance equation (9.2), a function S : R%. — R satisfying

S Silk) — oal(B(K)
S(E(ky)) > S(E(ky)) +kz];z; C+E T (9.15)

for every ko > ki > ko and S(-) € U, is called the entropy of G.
The next proposition gives a closed-form expression for the entropy of

g.

Proposition 9.2. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2) and assume that Assumptions 9.2
and 9.3 hold. Then the function S : Ri — R given by

S(E) =e"log.(ce + E) — qlog,c, FE R, (9.16)

where ¢ > 0, is an entropy function of G.

Proof. Since E(k) >> 0, k > ko, and ¢;;(E) = —¢;(E), E € RY,,
1#£3j,4,7=1,...,q, it follows that

AS(E(k) = _log. [1 - %]

S22

I AE;(k)
=2 ¢+ Ei(k) + AE(k)
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AE;(k)
c+ Ei(k+1)
S

-

=1

z(k)_azz (rblj )
c+E(k+1 L Z ot By k:+1)

't”ﬂe

s
I
—_

Si(k) — 0ui(E(k))
c+ Ei(k+1)

: ¢ij (E(k)) ¢ij (E(K))
2 Z <c+E( +1)_c+Ej(k:+1)>

Si(k) — 0ii(E(k))

e

~
Il
Q=
—_

_l’_

HM

7

'pllqa

~ c+ Ei(k+1)
-1 q
i (E(R)(E;(k+1) — Ei(k +1))
2 c+E k+1>><c+Ej<k+1>>
> Z SZEI:)_ ;,:ZZ:_ EI;)), k> ko, (9.17)

=1

where in (9.17) we used the fact that log.(1 +z) > 5,2 > —1. Now,

summing (9.17) over {k1,...,ko — 1} yields (9.15). O

Note that it follows from the first equality in (9.17) that the entropy
function given by (9.16) satisfies (9.15) as an equality for an equilibrium
process and as a strict inequality for a nonequilibrium process. The entropy
expression given by (9.16) is identical in form to the Boltzmann entropy for
statistical thermodynamics. Due to the fact that the entropy is indetermi-
nate to the extent of an additive constant, we can place the constant qlog, ¢
to zero by taking ¢ = 1. Since S(F) given by (9.16) achieves a maximum
when all the subsystem energies E;, ¢ = 1,...,q, are equal, entropy can be
thought of as a measure of the tendency of a system to lose the ability to
do useful work, lose order, and settle to a more homogeneous state.

9.4 Nonconservation of Ectropy

In this section, we introduce a new and dual notion to entropy, namely
ectropy, describing the status quo of the discrete-time large-scale dynamical
system G. First, we present the definition of ectropy for the discrete-time
large-scale dynamical system G.

Definition 9.2. For the discrete-time large-scale dynamical system G
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with energy balance equation (9.2), a function & : E‘i — R satisfying

kz—l q

E(B(k)) < E(E(k1)+ D Y Eilk + D)[Si(k) — ou(B(K))], (9.18)

k=Fky i=1

for every ko > ki > ko and S(-) € U, is called the ectropy of G.

The next proposition gives a closed-form expression for the ectropy of

G.

Proposition 9.3. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation @2) and assume that Assumptions 9.2
and 9.3 hold. Then the function £ : Ri — R given by

E(E)=1ETE, EeR], (9.19)

is an ectropy function of G.

Proof. Since E(k) >> 0, k > ko, and ¢;;(E) = —¢;(E), E € R%,
1#£3j,4,7=1,...,q, it follows that

AE(E(k)) = lET(k +1)E(k+1) — 3ET(k)E(k)

_ZE (k + 1D)[Si(k) — o5 (E(K))]

=1
2
_%Z Z gb” (k) Uzz(E(k))
i=1 |j=1,j#i
+> 0N Ei(k + )6y (E(k))
i=1 j=1,j5#i
=" Ei(k+1)[Si(k) — oii(E(k))]
=1 q q 9
S| S euEw) + s - ou(E)
=1 |j=1,j57#i
qg—1 q
+ZZ (Ei(k+1) — Ej(k +1))¢i; (E(k))
=1 j=1+41
q
<" Eilk+1)[Si(k) — 0u(EGR))], k> ko. (9:20)
i=1

Now, summing (9.20) over {ki,..., ks — 1} yields (9.18). O
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Note that it follows from the last equality in (9.20) that the ectropy
function given by (9.19) satisfies (9.18) as an equality for an equilibrium
process and as a strict inequality for a nonequilibrium process. It follows
from (9.19) that ectropy is a measure of the extent to which the system
energy deviates from a homogeneous state. Thus, ectropy is the dual of
entropy and is a measure of the tendency of the discrete-time large-scale
dynamical system G to do useful work and grow more organized.

9.5 Semistability of Discrete-Time Thermodynamic Models

Inequality (9.15) is analogous to Clausius’ inequality for equilibrium and
nonequilibrium thermodynamics as applied to discrete-time large-scale dy-
namical systems, whereas inequality (9.18) is an anti-Clausius inequality.
Moreover, for the ectropy function defined by (9.19), inequality (9.20) shows
that a thermodynamically consistent discrete-time large-scale dynamical sys-
tem is dissipative [170] with respect to the supply rate ETS and with storage
function corresponding to the system ectropy £(E). For the entropy func-
tion given by (9.16) note that S(0) = 0, or, equivalently, limg_,o S(E) = 0,
which is consistent with the third law of thermodynamics (Nernst’s theo-
rem), which states that the entropy of every system at absolute zero can
always be taken to be equal to zero.

For the isolated (i.e., S(k) = 0 and d(E(k)) = 0) discrete-time large-
scale dynamical system G, (9.15) yields the fundamental inequality

S(E(ks)) > S(E(k1)), ko > k1. (9.21)

Inequality (9.21) implies that, for any dynamical change in an isolated
discrete-time large-scale system, the entropy of the final state can never
be less than the entropy of the initial state. It is important to stress that
this result holds for an isolated dynamical system. It is, however, possible
with energy supplied from an external dynamical system (e.g., a controller)
to reduce the entropy of the discrete-time large-scale dynamical system.
The entropy of both systems taken together, however, cannot decrease. The
above observations imply that when an isolated discrete-time large-scale
dynamical system with thermodynamically consistent energy flow charac-
teristics (i.e., Assumptions 9.1, 9.2, and 9.3 hold) is at a state of maximum
entropy consistent with its energy, it cannot be subject to any further dy-
namical change since any such change would result in a decrease of entropy.
This of course implies that the state of mazimum entropy is the stable state
of an isolated system and this state has to be semistable.

Analogously, it follows from (9.18) that for an isolated discrete-time
large-scale dynamical system G the fundamental inequality

E(E(ka)) < E(E(k1)), ko > ki, (9.22)

is satisfied, which implies that the ectropy of the final state of G is always
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less than or equal to the ectropy of the initial state of G. Hence, for the
isolated large-scale dynamical system G the entropy increases if and only
if the ectropy decreases. Thus, the state of minimum ectropy is the stable
state of an isolated system and this equilibrium state has to be semistable.
The next theorem concretizes the above observations.

Theorem 9.1. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2) with S(k) =0 and d(F) =0, and
assume that Assumptions 9.1, 9.2, and 9.3 hold. Then for every a > 0, e
is a Lyapunov equilibrium state of (9.2). Furthermore, E(k) — %eeTE (ko)
as k — oo and %eeTE(ko) is a semistable equilibrium state. Finally, if
for some m € {1,...,q}, Omm(E) > 0, E € RL, and 0, (E) = 0 if and
only if E,, = 0,} then the zero solution E(k) = 0 to (9.2) is a globally
asymptotically stable equilibrium state of (9.2).

Proof. It follows from Assumption 9.1 that ae € Ei, a > 0, is an
equilibrium state for (9.2). To show Lyapunov stability of the equilibrium
state cve consider the system shifted ectropy &(E) = 1(E — ae)T(E — ae)
as a Lyapunov function candidate. Now, since ¢;;(F) = —¢;i(E), E € Ei,
i # 4,0, =1,...,q, and e"E(k + 1) = e E(k), k > ko, it follows from
Assumptions 9.2 and 9.3 that

AE(E(R)=3(E(k+1) — ae) (BE(k+ 1) — ae)
(E(k) — ae)T(E(k) — ae)

q
S Bk + )6y (E(k)

N
|

i=1 j=1,j#i
q q 2
=1 D su(E®)
i=1 | j=1,j#¢
g—1 q
=) > (Ei(k+1) — Ej(k+1))¢i;(E(K))
1=1 j=1
J 1 )
q q
> D 6u(E®)
i=1 | j=1,5#1
<0, E(k)eRL, k> ko, (9.23)

which establishes Lyapunov stability of the equilibrium state ce.

"The assumption oymm(F) > 0, E € R}, and omm(E) = 0 if and only if E,, = 0 for
some m € {1,...,q} implies that if the mth subsystem possesses no energy, then this
subsystem cannot dissipate energy to the environment. Conversely, if the mth subsystem
does not dissipate energy to the environment, then this subsystem has no energy.
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To show that ae is semistable, note that

2
q q q
A(c/‘s :Z Z Ez (Z)zg )) =+ % Z Z ¢z](E(k))
i=1 j=1, j#i i=1 |j=1,j%#i
-1 q
>y Y (Eilk) = Bj(k)i; (E(k))
i=1 j=i+1
qg—1
= (k))¢ii (E(k), E(k) Ry, k= ko,
i=1 ]EICZ

(9.24)
where K; £ N; \ UZ1{l} and

Ni2{ie{l,...,q}: ¢;j(E) =0if and only if E; = E;}, i=1,...,q.
(9.25)

Next, we show that A&(E) = 0 if and only if (E; — E;)¢;;(E) =0, i =
1,...,q,j € K;. First, assume that (E;—E;)¢;;(E) =0,i=1,...,q,j € K;.
Then it follows from (9.24) that A& (E) > 0. However, it follows from (9.23)
that A&(E) < 0. Hence, A&(E) = 0. Conversely, assume A&(E) = 0. In
this case, it follows from (9.23) that (E;(k+1) — Ej(k+1))¢i(E(k)) =0
and Z] 1 ]#gﬁij(E(k)) =0,k>kyt,j=1,...,q, 17 j. Since

[Ei(k +1) — Ej(k + 1)]¢y;(E(k)) = [Ei(k) — E;(k)l¢i; (E(k))
+ Z ¢zh(E k

h=1, h#i

S bn(E®) | 6y (EH)
I=1,1#j
= [Ei(k) — E;(F)]oi; (E(F)),
kaO) i’jzl)“‘)Q) 7’#]7 (926)

it follows that (Ez — E])QZ)U(E) =0,1=1,...,q,j € K;.

Let R 2 {F € R} : A&(E) =0} = {F € R} : (B — E})¢i(E) =
0,i=1,...,q,j € K;}. Now, by Assumption 9.1 the directed graph asso-
ciated with the connectivity matrix C for the discrete-time large-scale dy-
namical system G is strongly connected, which implies that R = {E €
Ei : By = ... = E;}. Since the set R consists of the equilibrium
states of (9.2), it follows that the largest invariant set M contained in R
is given by M = R. Hence, it follows from the Krasovskii-LaSalle invari-
ant set theorem that for every initial condition E(ky) € R, E(k) — M
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as k — oo, and hence, ae is a semistable equilibrium state of (9.2). Next,
note that since e'E(k) = el E(kg) and E(k) — M as k — oo, it fol-
lows that FE(k) — %eeTE(k:o) as k — oo. Hence, with a = %eTE(k:o),
ae = %eeTE (ko) is a semistable equilibrium state of (9.2).

Finally, to show that in the case where for some m € {1,...,q},
Tmm(E) > 0, E € R, and 0, (E) = 0 if and only if E,, = 0, the zero
solution E(k) = 0 to (9.2) is globally asymptotically stable, consider the
system ectropy £(E) = %ETE as a candidate Lyapunov function. Note that
£(0)=0,&E(E) >0, EcR’, E+#0, and £(F) is radially unbounded. Now,
the Lyapunov difference is given by

AE(E(k))=3E"(k+1)E(k+1) — sET(k)E(k)

= =Bk + )omn(BR) =4 | D 0wy (B(R))

-1 q
+> Y (Bilk+1) — Ej(k +1)¢; (E(k))
=1 j=i+1
<0, E(k)eRL, k>k, (9.27)

which shows that the zero solution E(k) =0 to (9.2) is Lyapunov stable.
To show global asymptotic stability of the zero equilibrium state, note
that
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2
q
+% Z (Z)mj(E(k)) - Umm(E(k))
j=1,j#m
q—1
> (Ei(k) — Ej(k))¢ij (E(k)) — Em(k)omm(E(k)),
i=1 jek;
E(k) €RY, k> k. (9.28)

Next, we show that AE(E) = 0 if and only if (E; — Ej)¢i;(E) = 0 and
omm(E) = 0,1 =1,...,q, j € Ki, m € {1,...,q}. First, assume that
(Ez —E])(]SU(E) =0 and O'mm(E) =0,i=1,...,q,j € K;, m€ {1,...,(]}.
Then it follows from (9.28) that AE(E) > 0. However, it follows from (9.27)
that AE(E) < 0. Thus, AE(E) = 0. Conversely, assume AE(E) = 0.
Then it follows from (9.27) that (E;(k + 1) — Ej(k + 1))¢s;(E(k)) = 0,
j=1...,q,1 7&]7 231:17]751(1)1](12(]{:)) =0,i=1,...,¢1 ?é m, k > ko,
and opmm(E) = 0, m € {1,...,q}. Note that in this case it follows that
Omm(E) = 325_1 jzm ®mj(E) = 0, and hence,
[Ei(k + 1) = Ej(k + D]gi (E(K)) = [Ei(k) — E;(F)]¢i; (E(F)),
k> ko, 4,5=1,...,q, Z#]v (929)

which implies that (E; — E;)¢i;(E) = 0, ¢ = 1,...,q, j € K;. Hence,
(Ez - E])QZ)U(E) = 0 and O'mm(E) =0,1=1,...,q, € K;, m € {1,...,(]}
if and only if AE(E) = 0.

Let R 2 {E€R, : AE(E) =0} = {F €R. : 0ym(E) =0,m €
{1,...,¢}} N{E € RY : (B — E;)¢i;(E) =0,i=1,...,q, j € K;}. Now,
since Assumption 9.1 holds and 0, (F) = 0 if and only if E,,, = 0, it follows
that R={E cRL: B, =0,me {1,...,¢}}N{E R, : E; = By =
.-+ = Ey} = {0} and the largest invariant set M contained in R is given
by M = {0}. Hence, it follows from the Krasovskii-LaSalle invariant set
theorem that for every initial condition E(kg) € Ei, E(k) - M = {0} as
k — oo, which proves global asymptotic stability of the zero equilibrium
state of (9.2). O

It is important to note that Assumption 9.3 involving monotonicity
of solutions is explicitly used to prove semistability for discrete-time com-
partmental dynamical systems. However, Assumption 9.3 is a sufficient
condition and not necessary for guaranteeing semistability. Replacing the
monotonicity condition with Z?:szl’#j a;j(E) fi;(E) > 0, where

s | B E 4 E,
Q5 (E) = { EJO’EZ El _ Ej7 (930)
fij(E) 2 [Ei(k) — Ej(k)][Ei(k + 1) — Ej(k + 1)], (9.31)
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provides a weaker sufficient condition for guaranteeing semistability. How-
ever, in this case, to ensure that the entropy of G is monotonically increasing,
we additionally require that Zgzld:l’i# Bii(E) fi;(E) > 0, where

1 . _9ii(EK)) , ,
B,(E)2 ] EEERDEEED)  Hk-nm: L7 B (9.32)
O) El - E],
Thus, a weaker condition for Assumption 9.3 that combines
q
S ay(E)fi(E) >0 (9.33)
i=1,j=1,i#j
and
q
> Bu(E)fy(E) >0, (9.34)
i=1,j=1,i#j
is
q
> (B fi(E) >0, (9.35)
i=1,j=1,i#j
where
vi;(E) 2 ij(E) + Bi;(E) — sgn(fi;(E))|eij (E) — Bi;(E)|  (9.36)
and

sgn(fij () £ | fi (B)|/ fij (E). (9.37)

In Theorem 9.1 we used the shifted ectropy function to show that
for the isolated (i.e., S(k) = 0 and d(E) = 0) discrete-time large-scale
dynamical system G with Assumptions 9.1, 9.2, and 9.3, E(k) — %eeTE (ko)
as k — oo and %eeTE (ko) is a semistable equilibrium state. This result can
also be arrived at using the system entropy for the isolated discrete-time
large-scale dynamical system G with Assumptions 9.1, 9.2, and 9.3. To see
this, note that since eTw(FE) = e'E, E € Ei, it follows that eTAE(k) =
0, k > ko. Hence, e"E(k) = e"E(kg), k > ko. Furthermore, since E(k) >>
0, k > ko, it follows that 0 << E(k) << eeTE(kg), k > ko, which implies
that all solutions to (9.2) are bounded. Next, since by (9.21) the entropy
S(E(k)), k > ko, of G is monotonically increasing and E(k), k > ko, is
bounded, the result follows by using similar arguments as in Theorem 9.1
and using the fact that 7 <log.(1 +z) <z for all z > —1.

Theorem 9.1 implies that the steady-state value of the energy in each
subsystem G; of the isolated large-scale dynamical system G is equal; that is,
the steady-state energy of the isolated discrete-time large-scale dynamical
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Figure 9.2 Thermodynamic equilibria (- - -), constant energy surfaces ( —),
constant ectropy surfaces (— — —), and constant entropy surfaces

system G given by Fo, = %eeTE(k:o) = H 7 Ei(k:o)] e is uniformly dis-
tributed over all subsystems of G. As noted in Chapter 4, this phenomenon
is known as equipartition of energy [20,21,81,88,129,148] and is an emer-
gent behavior in thermodynamic systems. The next proposition shows that
among all possible energy distributions in the discrete-time large-scale dy-
namical system G, energy equipartition corresponds to the minimum value

of the system’s ectropy and the maximum value of the system’s entropy (see
Figure 9.2).

Proposition 9.4. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2), let £ : R% — R and S : Ei —R
denote the ectropy and entropy of G given by (9.19) and (9.16), respectively,
and define D, £ {E € Kﬁ_ : e'E = B}, where 3 > 0. Then,

: «_ B
ar ergln(S(E)) = arger%;:x(S(E)) E* = Ee. (9.38)

Furthermore, Emin = E(E*) = %ﬂ2 and Spax £ S(E*) = qloge(c + g) —
qlog, c.

Proof. This is a restatement of Proposition 4.1 for discerete-time
large-scale dynamical systems. O
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It follows from (9.21), (9.22), and Proposition 9.4 that conservation of
energy necessarily implies nonconservation of ectropy and entropy. Hence,
in an isolated discrete-time large-scale dynamical system G all the energy,
though always conserved, will eventually be degraded (diluted) to the point
where it cannot produce any useful work. Hence, all motion would cease and
the dynamical system would be fated to a state of eternal rest (semistability)
wherein all subsystems would possess identical energies (energy equiparti-
tion). Ectropy would be a minimum and entropy would be a maximum
giving rise to a state of absolute disorder.

9.6 Entropy Increase and the Second Law of Thermodynamics

In the preceding discussion it was assumed that our discrete-time large-
scale nonlinear dynamical system model is such that energy is exchanged
from more energetic subsystems to less energetic subsystems, that is, heat
(energy) flows in the direction of lower temperatures. Although this uni-
versal phenomenon can be predicted with virtual certainty, it follows as a
manifestation of entropy and ectropy nonconservation for the case of two
subsystems. To see this, consider the isolated (i.e., S(k) =0 and d(F) = 0)
discrete-time large-scale dynamical system G with energy balance equation
(9.2) and assume that the system entropy is monotonically increasing and
hence AS(E(k)) > 0, k > ko. Now, since

0<AS(E(K))
I AE;(k)
- Z_; 108 {1 Tor Ei(k)}
. AE;(k)
= Z:: ¢+ Ei(k)

g i (E(k ¢i; (E(k
Z[ (E(k))  ¢i(E(K))
¢

(c+ Ei(k))(c+ Ej(k)) k= ko,

(9.39)

it follows that for ¢ = 2, (F1 — E2)¢12(E) <0, E € Ei, which implies that
energy (heat) flows naturally from a more energetic subsystem (hot object)
to a less energetic subsystem (cooler object). The universality of this emer-
gent behavior thus follows from the fact that entropy (respectively, ectropy)
transfer, accompanying energy transfer, always increases (respectively, de-
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creases).

In the case where we have multiple subsystems, it is clear from (9.39)
that entropy and ectropy nonconservation does not necessarily imply As-
sumption 9.2. However, if we invoke the additional condition (Assumption
9.4) that if for any pair of connected subsystems Gy and G;, k # [, with
energies E > Ej (respectively, Fr < Ej), and for any other pair of con-
nected subsystems G,,, and G, m # n, with energies E,, > E,, (respectively,
E,, < E,) the inequality ¢ (E)dmn(E) > 0, E € E‘i, holds, then non-
conservation of entropy and ectropy in the isolated discrete-time large-scale
dynamical system G implies Assumption 9.2. The above inequality postu-
lates that the direction of energy exchange for any pair of energy similar
subsystems is consistent; that is, if for a given pair of connected subsystems
at given different energy levels the energy flows in a certain direction, then
for any other pair of connected subsystems with the same energy level, the
energy flow direction is consistent with the original pair of subsystems. Note
that this assumption does not specify the direction of energy flow between
subsystems.

To see that AS(E(k)) > 0, k > ko, along with Assumption 9.4 implies
Assumption 9.2, note that since (9.39) holds for all k > ko and E(ky) € R%.
is arbitrary, (9.39) implies

i (E)(E; — Ey)
ZZ c]+E )(c+ Ej)

=1 jeK;

v

0, EcRY. (9.40)

Now, it follows from (9.40) that for any fixed system energy level E € Ei
there exists at least one pair of connected subsystems G, and G, k # [,
such that ¢ (E)(E; — Ex) > 0. Thus, if Ex > E; (respectively, Fy < Ej),
then ¢ (E) < 0 (respectively, ¢ (E) > 0). Furthermore, it follows from
Assumption 9.2 that for any other pair of connected subsystems G,,, and G,,
m # n, with E,, > E, (respectively, E,, < E,) the inequality ¢,,,(F) <0
(respectively, ¢mn(E) > 0) holds, which implies that

Thus, it follows from (9.41) that energy (heat) flows naturally from more
energetic subsystems (hot objects) to less energetic subsystems (cooler ob-
jects). Of course, since in the isolated discrete-time large-scale dynamical
system G ectropy decreases if and only if entropy increases, the same re-
sult can be arrived at by considering the ectropy of G. Since Assumption
9.2 holds, it follows from the conservation of energy and the fact that the
discrete-time large-scale dynamical system G is strongly connected that non-
conservation of entropy and ectropy necessarily implies energy equipartition.

Finally, we close this section by showing that our definition of entropy
given by (9.16) satisfies the eight criteria established in [67] for the accep-
tance of an analytic expression for representing a system entropy function.
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In particular, note that for a dynamical system G: i) S(E) is well defined
for every state E € E‘i as long as ¢ > 0. i) If G is isolated, then S(E(k)) is
a nondecreasing function of time. #ii) If S;(E;) = log,.(c+ E;) — log, ¢ is the
entropy of the ith subsystem of the system G, then S(E) = Y7 | Si(E;) =
e'log,(ce+ E) —qlog, ¢, and hence, the system entropy S(E) is an additive
quantity over all subsystems. iv) For the system G, S(F) > 0 for all E € Ei.
v) It follows from Proposition 9.4 that for a given value 8 > 0 of the total en-
ergy of the system G, one and only one state, namely, £* = & corresponds
to the largest value of S(E). vi) It follows from (9.16) that for the system
G, the graph of entropy versus energy is concave and smooth. wvii) For a
composite discrete-time large-scale dynamical system Gg of two dynamical
systems Ga and Gg, the expression for the composite entropy S¢ = Sa + Sg,
where Sy and Sp are entropies of Gy and Gg, respectively, is such that
the expression for the equilibrium state where the composite maximum en-
tropy is achieved is identical to those obtained for G and Gg individually.
Specifically, if go and gp denote the number of subsystems in Gy and Gp,
respectively, and Ss and g denote the total energies of G4 and Gg, respec-
tively, then the maximum entropy of G and Gg individually is achieved at
E\ = g—ie and K = %e’ respectively, while the maximum entropy of the

composite system G¢ is achieved at Ef = %e. viii) It follows from

Theorem 9.1 that for a stable equilibrium state £ = ge, where 8 > 0 is the
total energy of the system G and ¢ is the number of subsystems of G, the
entropy is totally defined by /3 and ¢; that is, S(E) = qlog,(c+ g) —qlog, c.
Dual criteria to the eight criteria outlined above can also be established for
an analytic expression representing system ectropy.

9.7 Thermodynamic Models with Linear Energy Exchange

In this section, we specialize the results of Section 9.2 to the case of large-
scale dynamical systems with linear energy exchange between subsystems,
that is, w(E) = WE and d(F) = DE, where W € R?*? and D € R?*%. In
this case, the vector form of the energy balance equation (9.2), with ky = 0,
is given by

E(k+1)=WE(k) — DE(k) + S(k), E(0) = Ey, k>0. (9.42)

Next, let the net energy exchange from the jth subsystem G; to the ith
subsystem G; be parameterized as ¢;;(E) = <I>Z-TjE, where ®;; € R? and

JONS Ei. In this case, since w;(E) = E; + Zgzlyj# ¢i;(E), it follows that
T

o, - (9.43)

1

q q
W:Iq+ Zq)lj,..., Z ‘I)l'j,...,

Jj=2 J=Lj# Jj=1
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Since ¢;;(E) = —¢;i(E), i,j = 1,...,q,i # j, E € R%, it follows that
®;; = —Pj;, 1 # 7, 1,5 =1,...,q9. The following proposition considers the
special case where W is symmetric.

Proposition 9.5. Consider the large-scale dynamical system G with
energy balance equation given by (9.42) and with D = 0. Then Assumptions
9.1 and 9.2 hold if and only if W = W1 (W —1,)e = 0, rank (W —1,) = ¢—1,
and W is nonnegative. In addition, if S = 0 and Assumption 9.3 holds, then
rank (W + I;) = ¢ and rank (W? — 1) = ¢ — 1.

Proof. Assume Assumptions 9.1 and 9.2 hold. Since, by Assumption
9.2, (E; — E;)¢;;(E) < 0, E € RY, it follows that ET® e E <0, i,j =
1,...,q,1# j, where E € Ei and e;; € RY is a vector whose ith entry is 1,
Jth entry is —1, and remaining entries are zero. Next, it can be shown that
ET® e E <0, E€RY,i#j,i,j=1,...,q if and only if ®;; € R? is such
that its ¢th entry is —o;;, its jth entry is oy, and its remaining entries are
zero, where o;; > 0. Furthermore, since ®;; = —®;;, ¢ # j,4,5=1,...,q, it
follows that o;; = 0ji, @ # j, 4,j = 1,...,q. Hence, W is given by

1-— Zq_ : Okq 1= ]
W o = k=1,k#j "k ° g 9.44
(4,5) { ij, i 7, (9.44)

which implies that W is symmetric (since o;; = ;) and (W — I;)e = 0.

Note that since at any given instant of time energy can only be trans-
ported or stored but not created and the maximum amount of energy that
can be transported cannot exceed the energy in a compartment, it follows
that 1 > Zzzl,k;&j oy;. Thus, W is a nonnegative matrix. Now, since by
Assumption 9.1, ¢;;(E) = 0 if and only if E; = E; for all 4,5 = 1,...,q,
i # j, such that C(; ;) = 1, it follows that o;; > 0 for all 4,5 =1,...,q,1 # j,
such that C; ;) = 1. Hence, rank (W — I;) =rank C = ¢ — 1. The converse
is immediate and, hence, is omitted.

Next, assume Assumption 9.3 holds. Since, by Assumption 9.3, (E;(k+
1) — Ej(k+1))(Ei(k) — Ej(k)) > 0,4, =1,...,q, 1 # j, k > ko, it follows
that E'(k + 1)eije;-l;E(k) > 0 or, equivalently, ET(k:)WTeije;-l;E(k) >0,
i,j=1,...,q, 1 # j, k > kg, where I € Ei. Next, we show that I, + W
is strictly diagonally dominant. Suppose, ad absurdum, that 1+ W; ;) <
Z;}:”#i Wi,y for some i, 1 < i < q. Let E(ko) = e;, @ = 1,...,q, where
e; € @i is a vector whose ith entry is 1 and remaining entries are zero.
Then,

ET(ko)WTeije?jE(ko) = e;-FWTel-jeiTjei
=Waii) = Wa)

q
=1- E O’kj—O’Z'j

k=1,k#j
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>0, i,j=1,....q, i%j. (9.45)
Now, it follows from (9.45) that

q
L+ Wiy S1+Wen < >, Way, d=1,...,q, j#i, 1<i<gq,

I1=1,l#i
(9.46)
or, equivalently,
q
1< > Wap, d=L...,q, j#i, 1<i<q (9.47)
I=1,1#i,1#]
However, since W is compartmental and symmetric, it follows that
q q q
Yo Wap= > Wyp= > o<1, i=1...,4q (9.48)
1=1,l#i 1=1,1#i I=1,l#i
Now, since W; jy = 0y5 > 0 for all 4,5 = 1,...,q, i # j, it follows that
q q
Yo Wup< Y Wep <1, i=1,....4q, (9.49)
1=1,14,15j I=1,l#i

which contradicts (9.47).

Next, since I, + W is strictly diagonally dominant it follows from
Theorem 6.1.10 of [92] that rank (I, + W) = ¢. Furthermore, since rank
(W? — 1) = rank (W + I,)(W — 1), it follows from Sylvester’s inequality
that

rank (W + 1) + rank (W — I,) — ¢ <rank (W? — I,)
<min{rank (W + I,), rank (W — I,)}.
(9.50)

Now, rank (W2 — I,) = ¢ — 1 follows from (9.50) by noting that rank (W —
I,) = q—1and rank (W + I;) = q. O

Next, we specialize the energy balance equation (9.42) to the case
where D = diag[o11,092, . ..,04]. In this case, the vector form of the energy
balance equation (9.2), with kg = 0, is given by

E(k+1)=AE(k)+ S(k), E()=Ey, k€Zy, (9.51)
where A £ W — D is such that

_ 1_2%:10%]') Z:])
Aup={ T ER 122 (5:52)
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Note that (9.52) implies Y 7_; Aijy=1—0y <1,j=1,...,q, and hence
A is a Lyapunov stable compartmental matrix. If o;; > 0,7 =1,...,q, then
A is an asymptotically stable compartmental matrix.

An important special case of (9.51) is the case where A is symmetric
or, equivalently, 0;; = 0j;, ©t # j, i,j = 1,...,q. In this case, it follows from
(9.51) that for each subsystem the energy balance equation satisfies

=1, j#

Note that ¢;(E) £ ;]‘:1,]‘7&1' 0ij(Ei—Ej), i =1,...,q, represents the energy
exchange from the ith subsystem to all other subsystems and is given by the
sum of the individual energy exchanges from the ith subsystem to the jth
subsystem. Furthermore, these energy exchanges are proportional to the
energy differences of the subsystems, that is, £; — E;. Hence, (9.53) is an
energy balance equation that governs the energy exchange among coupled
subsystems and is completely analogous to the equations of thermal transfer
with subsystem energies playing the role of temperatures. Furthermore, note
that since 0;; > 0, 4,7 = 1,...,q, energy is exchanged from more energetic
subsystems to less energetic subsystems; this phenomenon is consistent with
the second law of thermodynamics, which requires that heat (energy) must
flow in the direction of lower temperatures.

The next lemma and proposition are needed for developing expres-
sions for steady-state energy distributions of the discrete-time large-scale
dynamical system G with linear energy balance equation (9.51).

Lemma 9.1. Let A € R?%? be (discrete-time) compartmental and let
S € R4. Then the following properties hold:

i) I; — A is an M-matrix.
i) |A] <1, A espec(A).

i7i) If A is semistable and A €spec(A), then either |A\| < 1 or A =1 and
A =1 is semisimple.

iv) ind(l; — A) <1 and ind(A) < 1.
v) If A is semistable, then limy_,o, A¥ = I, —(A—-1,)(A—- Iq)# >>0.

vi) RIA=1,) =N, — (A—I1,)(A—1,)%) and N(A—I,) = R(I, — (A —
I)(A = I,)*).

vii) Yo AT = (A= 1) # (AR — 1)+ (k+1)[I,— (A= I,)(A-I))*], k € Zy.

viii) If A is semistable, then Y ;% A'S exists if and only if S € R(A — 1),
where S € RY.
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iz) If A is semistable and S € R(A—I,), then 322, A*S = —(A—I,)#5.

)
z) If Aissemistable, S € R(A—1,),and S >> 0, then —(A—1,)#S >> 0.
xi) A — I, is nonsingular if and only if I, — A is a nonsingular M-matrix.

)

xit) If A is semistable and A — I, is nonsingular, then A is asymptotically

stable and (I, — A"t >>0.

Proof. i) Note that ATe = [—(1 =37, A; 1)), —(1 — X1, Aj o)),
—(1-Y"7, A )]" +e. Then (I;—A)"e >> 0 and I,— A is a Z-matrix.

It follows from Theorem 1 of [16] that (I, — A)T, and hence, I, — A is an
M-matrix.

i1) The result follows from ¢) and Lemma 1 of [71].

iii) The result follows from Theorem 2 of [71].

w) Since (I, — A)Te >> 0 it follows that I, — A is an M-matrix
and has “property ¢” (see [15]). Hence, it follows from Lemma 4.11 of [15]
that I; — A has “property ¢” if and only if ind(I; — A) < 1. Next, since
ind(/; — A) < 1, it follows from the real Jordan decomposition that there
exist invertible matrices J € R™", where r = rank(I, — A), and U € R9*¢
such that J is diagonal and

gl 0
Iq—A—U[O O]U , (9.54)
which implies
- I.—J 0 1
A—U[ 0 I, ]U . (9.55)

Hence, ind(A) < 1.
v) The result follows from Theorem 2 of [71].
vi) Let € R(A — 1), that is, there exists y € RY such that z =
(A= Ly Now, (I ~(A~L)(A- 1)) = ~(A— LA~ )* (A Ly =
—(A—1I,)y = 0, which implies that R(A—Iq) CN(I,—(A—I,)(A—I,)#).
Conversely, let © € N(I; — (A — I )(A I,)7). Hence, (I, (A I )(A -

I,)*)z = 0, or, equivalently, x = (A )( — 1, )#x Wthh implies that
x € R(A — I;), and hence, proves R(A I) ( — (A= I)(A—-I,)%).
The equality N (A —I;) = R(I; — (A — I)(A — ) ) can be proved in an

analogous manner.
vii) Note since A = U[
follows that

I.—J 0

U~1 and J is invertible it
0 I,
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=U _ Zi:O(éT_J) (k+§])lqr ] Ut
i -1 k+1
Sy [0 T
:U__‘é_l S]U_IU[(I”_J);H_I” 8}U—1
U [ 0 (k:+g)1qr } vt

= (A - Iq)#(Ak+1 - Iq) +
J—1, 0 _ J—-I)1 0 _
-<Iq—U 0 O}UlU[( ) ]U1>
=(A—I)* (A" = I)) + (k+ D[l — (A= I)(A - I)7],
keZ,. (9.56)

viit) The result is a direct consequence of v)—wviz).

iz) The result follows from v) and vii).

z) The result follows from iz).

zi) The result follows from ).

zii) Asymptotic stability of A is a direct consequence of iz). (I, —
A)~t >> 0 follows from Lemma 1 of [71]. O

Proposition 9.6 ([71]). Consider the discrete-time large-scale dynam-
ical system G with energy balance equation given by (9.51). Suppose Ey >>
0, and S(k) >> 0, k € Z,. Then the solution E(k), k € Zy, to (9.51) is
nonnegative for all k € Z, if and only if A is nonnegative.

Next, we develop expressions for the steady-state energy distribution
for a discrete-time large-scale linear dynamical system G for the cases where
A is semistable, and the supplied system energy S(k) is a periodic function
with period 7 € Z,, 7 > 0, that is, S(k + 1) = S(k), k € Z, and S(k) is
constant, that is, S(k) = S. Define e(k) = E(k) — E(k +7), k € Z, and
note that

e(k+1) = Ae(k), e(0)=FE@0)—-E(r), keZ,. (9.57)
Hence, since
e(k) = A¥[E(0) — E(7)], keZ,, (9.58)
and A is semistable, it follows from v) of Lemma 9.1 that
lim e(k)= klgrolo[E(k) — E(k+71)]

k—o0

=[I; = (A= I)(A = I)¥][E(0) — E(7)], (9.59)
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which represents a constant offset to the steady-state error energy distribu-
tion in the discrete-time large-scale nonlinear dynamical system G. For the
case where S(k) =S, 7 — oo, and hence, the following result is immediate.

Proposition 9.7. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Suppose that A is
semistable, Ey >> 0, and S(k) =S >> 0. Then Ey = limy_,o F(k) exists
if and only if S € R(A — I;). In this case,

Fe = [Iq - (A - Iq)(A - Iq)#]EO - (A - Iq)#S (9‘60)

and Fy, >> 0. If, in addition, A — I, is nonsingular, then F., exists for all
S >> 0 and is given by

Ew=(I,— A)7'S. (9.61)
Proof. Note that the solution E(k), k € Z,, to (9.51) is given by

k—1
E(k) = AEy+ Y A*1708(3), ke Z,. (9.62)
1=0

Now, the result is a direct consequence of Proposition 9.6 and v), viii), iz),
and x) of Lemma 9.1. O

Next, we specialize the result of Proposition 9.7 to the case where there
is no energy dissipation from each subsystem G; of G, that is, o;; = 0, ¢ =
1,...,q. Note that in this case el (A — I,) = 0 and hence rank (4 — I,) <
q — 1. Furthermore, if S = 0 it follows from (9.51) that e"AE(k) = T (A4 —
I)E(k) = 0, k € Z4, and hence, the total energy of the isolated discrete-
time large-scale nonlinear dynamical system G is conserved.

Proposition 9.8. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Assume rank (A—1,) =
rank (A> —I,) =q—1,0;=0,i=1,...,q, and A = AT. If Ey >> 0, and
S = 0, then the equilibrium state ae, a > 0, of the isolated system G
is semistable and the steady-state energy distribution E., of the isolated
discrete-time large-scale dynamical system G is given by

14
g 2P
1721

If, in addition, for some m € {1,...,q}, Gmm > 0, then the zero solution
E(k) =0 to (9.51) is globally asymptotically stable.

Proof. Note that since eT (4 — I,) = 0 it follows from (9.51) with
S(k) = 0 that e*AE(k) = 0, k > 0, and hence, e’ E(k) = el Fy, k > 0.

Eo = e. (9.63)
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Furthermore, since by Proposition 9.6 the solution E(k), k > ko, to (9.51)
is nonnegative, it follows that 0 < E;(k) < eTE(k) = eTEy, k > 0, i =
1,...,q. Hence, the solution E(k), k > 0, to (9.51) is bounded for all Ey €
Ki Next, note that (Z)ZJ(E) = Uij(Ej _Ez) and (EZ—E])¢ZJ(E) = _Uij(Ei_
Ej)2 <0,EeR%,i+#3j,i,j=1,...,q, which implies that Assumptions 9.1
and 9.2 are satisfied. Thus, £ = ae, a > 0, is the equilibrium state of the
isolated large-scale dynamical system G. Furthermore, define the Lyapunov
function candidate &(E) = 1(E — ae)T(E — ae), E € R%. Since A is
compartmental and symmetric, it follows from 47) of Lemma 9.1 that

A&(E) = 3(AE — ae)T(AE — ae) — 3(E — ae) " (E — ae)
= %ET(AZ - Iq)E
<0, (9.64)

which implies Lyapunov stability of the equilibrium state e, o > 0.

Next, consider the set R £ {E € R : A&(E) = 0} = {E € R% :
ET(A%? — I,)E = 0}. Since A is compartmental and symmetric it follows
from i) of Lemma 9.1 that A? — I, is a negative semi-definite matrix and
hence ET(A? — I,)E = 0 if and only if (A% — I,)E = O. Furthermore, since,
by assumption, rank (4 — I;) = rank (A2 — I,) = ¢ — 1, it follows that there
exists one and only one linearly independent solution to (A2 —1,)E = 0 given
by E = e. Hence, R = {E € @i : E = e, o > 0}. Since R consists of only
equilibrium states of (9.51) it follows that M = R, where M is the largest
invariant set contained in R. Hence, for every Ey € E‘i, it follows from
the Krasovskii-LaSalle invariant set theorem that E(k) — ae as kK — oo
for some a > 0 and, hence, ae, o > 0, is a semistable equilibrium state of
(9.51). Furthermore, since the energy is conserved in the isolated large-scale
dynamical system G it follows that qo = eTEy. Thus, o = 523:1 Ei,
which implies (9.63).

Finally, to show that in the case where o,,,, > 0 for some m €
{1,...,q}, the zero solution E(k) = 0 to (9.51) is globally asymptotically
stable, consider the system ectropy E(F) = 1ETE FEeR! 1, as a candidate
Lyapunov function. Note that Lyapunov stablhty of the zero equilibrium
state follows from the previous analysis with @ = 0. Next, note that

AE(E)=3EY(A* - I))E
[

=3 ET[(W — D) ~ IJE
=iET(W? - 1,)E — SEY(WD + DW — D*)E
:%ET(W2 q)E EZ 1Z¢m0mm0sz E;
—0mm (Wonm) — Omm) B2, — 302,24, E€RL. (9.65)

Consider the set R £ {E € E‘i : AE(E) =0} ={F ¢ Ki c B = =
EJn{E € R : E, =0,m € {1,...,q}} = {0}. Hence, the largest
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invariant set contained in R is given by M =R = {0}, and thus, it follows
from the Krasovskii-LaSalle invariant set theorem that the zero solution
E(k) =0 to (9.51) is globally asymptotically stable. O

Finally, we examine the steady-state energy distribution for large-
scale nonlinear dynamical systems G in case of strong coupling between
subsystems, that is, o;; — 00, ¢ # j. For this analysis we assume that A
given by (9.51) is symmetric, that is, 055 = 0}, ¢ # j, 4,7 = 1,...,q, and

o >0,9=1,...,¢q. Thus, I, — A is a nonsingular M-matrix for all values
of 05,1 # j, 4,5 = 1,...,q. Moreover, in this case it follows that if Z—Zl —1
as 0;j — 00, © # j, and oy — 00, k # [, then
. R R o T\1—1
aijilorgi#j(lq A) Uh_}II;O[D o(—qly+ee’)] 7, (9.66)
where D = diag[o11,...,04e) > 0. The following lemmas are needed for the

next result.

Lemma 9.2. Let Y € R?9be such that ind (Y) < 1. Then limy_o0 (14—
oY)l =1, - Y#Y.

Proof. Note that
(I,—oY) =L +o(l,— oY) 'Y

1 —1
=L+ (=1,-Y) Y

1 —1
=1, - <Y — ;Iq> Y. (9.67)
Now, using the fact that if A € R?*? and ind A < 1, then
lim (A + al) ' A = AA" = AT A, (9.68)
a—0
it follows that
1 —1
lim (I, — oY) ! = I, — lim <Y — —Iq> Y=1,—- Y#Y, (9.69)
o—00 %%0 g
which proves the result. O

Lemma 9.3. Let D € R9%9 and X € R9%? be such that D > 0 and
X =—ql,+ eel. Then

1 1
Dzeel Dz

I, - Y*Y =
4 eTDe

(9.70)

where Y 2 D2 XD 3.
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Proof. Note that
Y =D 3(—ql, + eeT)D 2 = —qD~' + D 2ee" D 2. (9.71)

Now, using the fact that if N € R?*? is nonsingular and symmetric and
b € RY is a nonzero vector, then

(N +bb")*T = (1 NlbbTN1> N1

- BTN-2p
1
NI = ———N"1opITN! 9.72
< bTN—-2p ’ ( )
it follows that
1 D2ee’ D3 DieeT D3
y#=- |, -=———"\|D|I,- ——— . .
q ( 1 eTDe ) ( 1 eTDe ) (9.73)
Hence,
DieeT D3 Dieel D3
Y#Y=—|I,- —— " |D|(I,-
eTDe el De
<D1 — -D 3ee™D z>
1 1
Dz2eel D2
=1, —— . 9.74
( q eTDe > ( )
Thus, I, — Y#Y — Dieetn? O
’ 4 — eTpe -

Proposition 9.9. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Let S(k) = S, S €
R7*9 A € R?7*Y be compartmental and assume A is symmetric, o;; > 0, 7 =
1,...,q, and g—:l — 1 as g;; — 00,1 # j, and oy — 00, k # [. Then the
steady-state energy distribution E, of the discrete-time large-scale dynam-
ical system G is given by

T
B = [2‘2750] e. (9.75)
i=1~u

0ij . .
e — 1 as 055 = 00, % # j, and

o — 00, k # 1, it follows that the corresponding limit of (I, — A)~! can

be equivalently taken as in (9.66). Next, with D = diagloi1,...,04e] and

X = —ql,+ee”, it follows that [,—A = D—oX = D2(I,—~oD 2 XD %)Dx.

Now, it follows from Lemmas 9.2 and 9.3 that

eel [ els }
e’

Ex= 1 I,—A)7ls = S =
o aijﬁlg,i#j( 1 ) eTDe Z?:l (o7

Proof. Note that in the case where

(9.76)
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which proves the result. O

Proposition 9.9 shows that in the limit of strong coupling the steady-
state energy distribution E. given by (9.61) becomes

E lim (I, — A)~'S 'S 1, (9.77)
o = 1 — = | ———"" s .
Tij—00,iF£] I Z?Zl Oii

which implies energy equipartition.



Chapter Ten

Large-Scale Impulsive Dynamical Systems

10.1 Introduction

The complexity of modern controlled large-scale dynamical systems is fur-
ther exacerbated by the use of hierarchical embedded control subsystems
within the feedback control system, that is, abstract decision-making units
performing logical checks that identify system mode operation and spec-
ify the continuous-variable subcontroller to be activated. As discussed in
Chapter 1, such systems typically possess a multiechelon hierarchical hybrid
decentralized control architecture characterized by continuous-time dynam-
ics at the lower levels of the hierarchy and discrete-time dynamics at the
higher levels of the hierarchy. The lower-level units directly interact with
the dynamical system to be controlled, while the higher-level units receive
information from the lower-level units as inputs and provide (possibly dis-
crete) output commands that serve to coordinate and reconcile the (some-
times competing) actions of the lower-level units. The hierarchical controller
organization reduces processor cost and controller complexity by breaking
up the processing task into relatively small pieces and decomposing the fast
and slow control functions. Typically, the higher-level units perform logical
checks that determine system mode operation, and the lower-level units ex-
ecute continuous-variable commands for a given system mode of operation.

In light of the fact that energy flow modeling arises naturally in large-
scale dynamical systems, and vector Lyapunov functions provide a powerful
stability analysis framework for these systems, it seems natural that hybrid
dissipativity theory [68,74,75,82], on the subsystem level, should play a key
role in analyzing large-scale impulsive dynamical systems. Specifically, hy-
brid dissipativity theory provides a fundamental framework for the analysis
and design of impulsive dynamical systems using an input, state, and out-
put description based on system energy-related considerations [74, 75, 82].
The hybrid dissipation hypothesis on impulsive dynamical systems results
in a fundamental constraint on their dynamic behavior, wherein a dissipa-
tive impulsive dynamical system can deliver only a fraction of its energy to
its surroundings and can store only a fraction of the work done to it. Such
conservation laws are prevalent in large-scale impulsive dynamical systems
such as aerospace, power, network, telecommunications, and transportation
systems. Since these systems have numerous input-output properties re-
lated to conservation, dissipation, and transport of energy, extending hybrid
dissipativity theory to capture conservation and dissipation notions on the
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subsystem level would provide a natural energy flow model for large-scale
impulsive dynamical systems.

Aggregating the dissipativity properties of each of the impulsive sub-
systems by appropriate storage functions and hybrid supply rates would
allow us to study the dissipativity properties of the composite large-scale
impulsive system using wvector storage functions and vector hybrid supply
rates. Furthermore, since vector Lyapunov functions can be viewed as gener-
alizations of composite energy functions for all of the impulsive subsystems,
a generalized notion of hybrid dissipativity, namely, vector hybrid dissipa-
tivity, with appropriate vector storage functions and vector hybrid supply
rates, can be used to construct vector Lyapunov functions for nonlinear
feedback large-scale impulsive systems by appropriately combining vector
storage functions for the forward and feedback large-scale impulsive sys-
tems. Finally, as in classical dynamical system theory, vector dissipativity
theory can play a fundamental role in addressing robustness, disturbance re-
jection, stability of feedback interconnections, and optimality for large-scale
impulsive dynamical systems.

In this chapter, we develop vector dissipativity notions for large-scale
nonlinear impulsive dynamical systems. In particular, we introduce a gener-
alized definition of dissipativity for large-scale nonlinear impulsive dynam-
ical systems in terms of a hybrid vector dissipation inequality involving a
vector hybrid supply rate, a vector storage function, and an essentially non-
negative, semistable dissipation matrix. Generalized notions of a vector
available storage and a vector required supply are also defined and shown
to be element-by-element ordered, nonnegative, and finite. On the impul-
sive subsystem level, the proposed approach provides an energy flow bal-
ance over the continuous-time dynamics and the resetting events in terms
of the stored subsystem energy, the supplied subsystem energy, the subsys-
tem energy gained from all other subsystems independent of the subsystem
coupling strengths, and the subsystem energy dissipated. Furthermore, for
large-scale impulsive dynamical systems decomposed into interconnected im-
pulsive subsystems, dissipativity of the composite impulsive system is shown
to be determined from the dissipativity properties of the individual impul-
sive subsystems and the nature of the interconnections.

In addition, we develop extended Kalman-Yakubovich-Popov condi-
tions, in terms of the local impulsive subsystem dynamics and the inter-
connection constraints, for characterizing vector dissipativeness via vector
storage functions for large-scale impulsive dynamical systems. Finally, using
the concepts of vector dissipativity and vector storage functions as candidate
vector Lyapunov functions, we develop feedback interconnection stability re-
sults of large-scale impulsive nonlinear dynamical systems. General stability
criteria are given for Lyapunov and asymptotic stability of feedback large-
scale impulsive dynamical systems. In the case of vector quadratic supply
rates involving net subsystem powers and input-output subsystem energies,
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these results provide a positivity and small-gain theorem for large-scale im-
pulsive systems predicated on vector Lyapunov functions.

10.2 Stability of Impulsive Systems via Vector
Lyapunov Functions

In this section, we consider state-dependent impulsive dynamical systems
[82] given by

j(t)zfc(x(t))v $(t0) = 20, x(t) ¢ Z, tEIzov (10'1)
Az(t) = fa(z (b)), x(t) € Z, (10.2)

where z(t) € D C R", t € Z,,, is the system state vector, Z,, is the maximal
interval of existence of a solution x(¢) to (10.1) and (10.2), D is an open
set, 0 € D, f. : D — R" is Lipschitz continuous and satisfies f.(0) = 0,
fda : D — R" is continuous, Az(t) £ z(tt) — z(t), where z(tt) £ z(t) +
fa(z(t)) = limesox(t +¢), z(t) € Z, and Z2 C D C R" is the resetting
set. For a particular trajectory x(t), t > 0, we let tx, = 7¢(z0), 9o € D,
denote the kth instant of time at which z(t) intersects Z. Note that z, € D
is an equilibrium point of (10.1) and (10.2) if and only if f.(z.) = 0 and
fa(ze) = 0. To ensure the well-posedness of the resetting times we make the
following assumptions [82]:

Assumption 10.1. If z € Z\Z, then there exists ¢ > 0 such that,
for all 0 < 0 < e, ¥(0,z) € Z, where ¢(-,-) denotes the solution to the
continuous-time dynamics (10.1).

Assumption 10.2. If z € Z, then z + fq(z) € Z.

Assumption 10.1 ensures that if a trajectory reaches the closure of Z at
a point that does not belong to Z, then the trajectory must be directed away
from Z, that is, a trajectory cannot enter Z through a point that belongs to
the closure of Z but not to Z. Furthermore, Assumption 10.2 ensures that
when a trajectory intersects the resetting set Z, it instantaneously exits
Z. Furthermore, note that if zyg € Z, then the system initially resets to
$8_ = x0 + fa(xo) € Z, which serves as the initial condition for continuous-
time dynamics (10.1). Note that if z* € D satisfies fq(x*) = 0, then z* & Z.
To see this, suppose z* € Z. Then z* + fq(z*) = 2* € Z, contradicting
Assumption 10.2. Thus, if x = z, is an equilibrium point of (10.1) and
(10.2), then z, ¢ Z, and hence, x, € D is an equilibrium point of (10.1) and
(10.2) if and only if fi(xz.) = 0. In addition, note that it follows from the
definition of 74 (+) that 7 (z) > 0, z € Z, and 7y (x) = 0, z € Z. Finally, since
x+ fa(z) ¢ Z for every x € Z, it follows that mo(z) = 71 (x)+ 71 (z+ fa(x)) >
0. For further details, see [82].

A function z : Z,;, — D is a solution to the impulsive dynamical system
(10.1) and (10.2) on the interval Z,, C R with initial condition x(0) = =z,
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where Z,, denotes the maximal interval of existence of a solution to (10.1)
and (10.2), if z(-) is left-continuous and z(t) satisfies (10.1) and (10.2) for
all t € Z,,. For further discussion on solutions to impulsive differential
equations, see [11,13,28,74,82,117,137,155,175]. For convenience, we use
the notation s(t,zg) to denote the solution x(¢) of (10.1) and (10.2) at time
t > 0 with initial condition x(0) = xg.

For a particular trajectory z(t), we let t;, = 71(20) denote the kth
instant of time at which z(t) intersects Z, and we call the times t; the
resetting times. Thus, the trajectory of the system (10.1) and (10.2) from
the initial condition z(0) = xg is given by ¥ (t,xg) for 0 < t < t1, where
(-, x0) is the solution to (10.1) starting at x¢. If and when the trajectory
reaches a state x; = x(t) satisfying ; € Z, then the state is instantaneously
transferred to 1 £ 21 + fq(21) according to the resetting law (10.2). The
trajectory z(t), t; < t < tg, is then given by (¢t — t1,2]), and so on.
Our convention here is that the solution z(¢) of (10.1) and (10.2) is left
continuous, that is, it is continuous everywhere except at the resetting times
tg, and z = z(ty) = lUm. o+ z(t — €) and af £ 2(ty) + falz(ty)) =
lim, g+ z(tx +¢) for k=1,2,....

Since the resetting times are well defined and distinct, and since the
solution to (10.1) exists and is unique, it follows that the solution of the
impulsive dynamical system (10.1) and (10.2) also exists and is unique over
a forward time interval. However, it is important to note that the analysis
of impulsive dynamical systems can be quite involved. In particular, such
systems can exhibit Zenoness and beating, as well as confluence, wherein
solutions exhibit infinitely many resettings in a finite time, encounter the
same resetting surface a finite or infinite number of times in zero time,
and coincide after a certain point in time. In this chapter we allow for
the possibility of confluence and Zeno solutions; however, Assumption 10.2
precludes the possibility of beating. Furthermore, since not every bounded
solution of an impulsive dynamical system over a forward time interval can
be extended to infinity due to Zeno solutions, we assume that existence
and uniqueness of solutions are satisfied in forward time. For details, see
[11,13,117].

The next result presents a generalization of the comparison principle
given in Corollary 2.2 to impulsive dynamical systems. For this result and
the remainder of the monograph we use the notation WW and W, interchange-
ably.

Theorem 10.1. Consider the impulsive dynamical system (10.1) and
(10.2). Assume there exists a continuously differentiable vector function
V :D — Q CRY such that

V(@) fe(x)
V(z + fa(z))

we(V(z),x), x¢2Z, (10.3)
V(z) +wa(V(x),x), ze€2Z, (10.4)

IA N
IA N
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where w. : @ X D — R? and wq : @ x Z — R? are continuous functions,
we(,x) € We, wq(,z) € Wy, and the comparison impulsive dynamical
System

2(t) =we(2(t),z(t)), =z(to) =20, (t) €2, t €Ly, (10.5)
Az(t) =wq(z2(t), x(t)), =x=(t) € Z, (10.6)

has a unique solution z(t), t € Z,, 4,, where z(t), t € Z,,, is a solution to
(10.1) and (10.2). If [to, to + 7] € Zyy N Lz 40, then

V(zg) << 20, 20€Q, z0€D, (10.7)
implies
V(x(t) << 2(t),  t€ [to, to+ 7). (10.8)

Proof. Without loss of generality, let g &€ Z, g € D. If zg € Z,
then by Assumption 10.2, xg + fq(zo) & Z serves as the initial condition
for the continuous-time dynamics. If for zyp ¢ Z the solution z(t) ¢ Z for
all ¢ € [to,to + 7], then the result follows from Corollary 2.2. Next, suppose
the interval [tg,to + 7] contains the resetting times 74 (29) < Tp11(20), k €
{1,2,...,m}. Consider the compact interval [to, 71 (zo)] and let V(zg) <<
29. Then it follows from (10.3) and Corollary 2.2 that

V(a(t)) << z2(t), ¢ € [to, 71 (20)]; (10.9)

where z(t), t € Z,,, is the solution to (10.5). Now, since wq(-,z) € Wy it
follows from (10.4) and (10.9) that

V(z(r (20))) <<V (2(m1(20))) + wa(V (2(11(20))), (11 (20)))
< z(11(wo)) + wa(2(m1(x0)), x(71(0)))
(71" (x0))- (10.10)

Consider the compact interval [r; (z0), Ta(w0)]. Since V(z(r; (z0)))
<< 2(1{ (20)), it follows from (10.3) that

<
<

V(x(t) << 2(t), te€[r (o), m2(x0)]. (10.11)

Repeating the above arguments for ¢ € [ (z0), Tht1(z0)], k = 3,..., m,
yields (10.8). Finally, in the case of infinitely many resettings over the time
interval [to,to + 7], let limg 00 7k(20) = Too(x0) € (to,to + 7]. In this case,
[to, Too(x0)] = [to, T1(z0)] U [UZil[Tk(xo),Tk+1(xo)]]. Repeating the above
arguments, the result can be shown for the interval [to, 7o (z0)]. O

Note that if the solutions to (10.1), (10.2), (10.5), and (10.6) are glob-
ally defined for all zg € D and zy € Q, then the result of T heorgm 10.1
holds for every arbitrarily large but compact interval [t,tg + 7] C R,. For
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the remainder of this chapter we assume that the solutions to the systems
(10.1), (10.2), (10.5), and (10.6) are defined for all ¢ > ty. Next, consider
the cascade nonlinear impulsive dynamical system given by

2(t) =we(2(t),z(t)), =z(to) =20, x(t)¢Z, t>tg, (10.12)
B(t) = fe(x(t)), x(to) =, x(t) & Z, (10.13)
Az(t) =wq(z2(t), x(t)), =(t) € Z, (10.14)
Ax(t) = fa(z(t)), z(t) € Z, (10.15)

where 20 € Q CRY, g € D C R", [21(¢),2T(#)]*, t > to, is the solution to
(10.12)—(10.15), we : @ x D — R? and wq : Q X Z — RY are continuous,
We(,x) € We, wa(,xz) € Wy, we(0,0) = 0, fo : D — R" is Lipschitz
continuous on D, f.(0) =0, and fgq : D — R™ is continuous.

The following definition introduces several types of partial stability of
the nonlinear state-dependent impulsive dynamical system (10.12)-(10.15).

Definition 10.1 ([82]). i) The nonlinear impulsive dynamical system
(10.12)—(10.15) is Lyapunov stable with respect to z if, for every ¢ > 0 and
zo € R", there exists § = d(¢,x9) > 0 such that ||29|| < ¢ implies that
|z(t)|| < e for all £ > 0.

i7) The nonlinear impulsive dynamical system (10.12)-(10.15) is Lya-
punov stable with respect to z uniformly in xg if, for every € > 0, there exists
0 = 6(e) > 0 such that ||zg]| < ¢ implies that ||z(t)|| < e for all ¢ > 0 and for
all xgp € R™.

i41) The nonlinear impulsive dynamical system (10.12)—(10.15) is asymp-
totically stable with respect to z if it is Lyapunov stable with respect to z
and, for every xo € R", there exists 6 = d(xo) > 0 such that ||2o|| < 0 implies
that lim_,o 2(t) = 0.

iv) The nonlinear impulsive dynamical system (10.12)—(10.15) is asymp-
totically stable with respect to z uniformly in xg if it is Lyapunov stable with
respect to z uniformly in zy and there exists 6 > 0 such that ||zo| < ¢
implies that lim; o, z(t) = 0 uniformly in 2y and z for all g € R™.

v) The nonlinear impulsive dynamical system (10.12)—(10.15) is glob-
ally asymptotically stable with respect to z if it is Lyapunov stable with
respect to z and lim;_,o 2(t) = 0 for all zy € R? and xg € R™.

vi) The nonlinear impulsive dynamical system (10.12)—(10.15) is glob-
ally asymptotically stable with respect to z uniformly in xq if it is Lyapunov
stable with respect to z uniformly in z¢ and lim; o, 2(¢) = 0 uniformly in
zp and zq for all zg € R? and zg € R™.

vii) The nonlinear impulsive dynamical system (10.12)-(10.15) is ez-
ponentially stable with respect to z uniformly in xg if there exist scalars
@, 3,0 > 0 such that ||zo| < d implies that ||z(t)|| < allzolle™?, t > 0, for
all xgp € R™.

viii) The nonlinear impulsive dynamical system (10.12)-(10.15) is
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globally exponentially stable with respect to z uniformly in xg if there ex-
ist scalars a, 3 > 0 such that ||2(t)|| < a|zolle™?t, t > 0, for all zp € R? and
xg € R™.

Theorem 10.2. Consider the impulsive dynamical system (10.1) and
(10.2). Assume that there exist a continuously differentiable vector function
V:D — QN R, and a positive vector p € R% such that V(0) = 0, the
scalar function v : D — R, defined by v(z) £ p'V(z), z € D, is such that
v(xz) >0, z # 0, and

V(@) fe(x)
V(z+ fa(z))

where we : @ xD — R? and wq : @ X Z — R? are continuous, we (-, x) € W,
wq(-, ) € Wy, and w.(0,0) = 0. Then the following statements hold:

we(V(z),x), z=d&2Z, (10.16)

<
<V(z)+wq(V(z),z), z€Z, (10.17)

<
<

i) If the nonlinear impulsive dynamical system (10.12)—(10.15) is Lya-
punov stable with respect to z uniformly in x(, then the zero solution
z(t) =0 to (10.1) and (10.2) is Lyapunov stable.

i7) If the nonlinear impulsive dynamical system (10.12)—(10.15) is asymp-
totically stable with respect to z uniformly in x(, then the zero solution
z(t) = 0 to (10.1) and (10.2) is asymptotically stable.

iii) If D=R", Q =RY9, v : R" — R, is radially unbounded, and the non-
linear impulsive dynamical system (10.12)—(10.15) is globally asymp-
totically stable with respect to z uniformly in x(, then the zero solution
z(t) =0 to (10.1) and (10.2) is globally asymptotically stable.

iv) If there exist constants v > 1, a > 0, and 3 > 0 such that v : D — R,
satisfies

aflz]|” <v(z) < Bllz|”, = €D, (10.18)

and the nonlinear impulsive dynamical system (10.12)-(10.15) is ex-
ponentially stable with respect to z uniformly in zy, then the zero
solution x(t) = 0 to (10.1) and (10.2) is exponentially stable.

v) If D = R", Q@ = RY, there exist constants ¥ > 1, « > 0, and § > 0
such that v : R® — R, satisfies (10.18), and the nonlinear impulsive
dynamical system (10.12)—(10.15) is globally exponentially stable with
respect to z uniformly in x, then the zero solution z(t) = 0 to (10.1)
and (10.2) is globally exponentially stable.

Proof. Assume there exist a continuously differentiable vector func-
tion V: D — QN Ri and a positive vector p € RL such that v(z) =
ptV(z), x € D, is positive definite, that is, v(0) = 0 and v(z) > 0, v #
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0. Since v(z) = pTV(z) < max;—i__ ,{pi}eTV(z), z € D, where e £
[1,...,1]T, the function e™V (), € D, is also positive definite. Thus, there
exist 7 > 0 and class K functions «, § : [0, r] — Ry such that B,(0) C D
and

a(zll) < e'V(z) < B(l|z])), @ € B(0). (10.19)

i) Let ¢ > 0 and choose 0 < € < min{e, r}. It follows from Lyapunov
stability of the nonlinear impulsive dynamical system (10.12)-(10.15) with
respect to z uniformly in xg that there exists u = p(é) = u(e) > 0 such
that if ||z0[1 < p, where ||z]l; = Y%, || and z; is the ith component of z,
then ||z(¢)|1 < a(é), t > to, for every xzog € D. Now, choose zg = V (zg) >>
0, 2o € D. Since V(z), € D, is continuous, the function e*V (), z € D, is
also continuous. Hence, for p = p(€) > 0 there exists § = 0(u(€)) = d(e) > 0
such that § < ¢ and if ||xg|| < J, then eIV (xg) = eTzy = ||20]l1 < p, which
implies that ||z(t)|[1 < a(é), t > to. Now, with 2o = V(z9) >> 0, z9 € D,
and the assumption that wc(-,z) € W, and wq(-,x) € Wy, it follows from
(10.16), (10.17), and Theorem 10.1 that 0 << V(z(t)) << z(t) on every
compact interval [tg, to + 7], and hence, eT2(¢) = ||z(t)||1, [to, to + 7]- Let
T > to be such that z(t) € B,(0), t € [to,to + 7] for all 29 € Bs(0). Thus,
using (10.19), it follows that for |zo|| < d,

a(lz@®)) < eV (@) < eT2(t) < ad), tefto, to+7],  (10.20)

which implies ||z(t)|| < é < e, t € [to, to+ 7).

Next, suppose, ad absurdum, that for some xo € Bs(0) there exists ¢ >
to + 7 such that ||z(f)|| > &. Then, for zg = V(x¢) and the compact interval
[to, 1] it follows from (10.16), (10.17), and Theorem 10.1 that V(x(f)) <<
2(t), which implies that a(8) < a(|lz@)|]) < eTV(2(f)) < eTz(t) < a(é).
This is a contradiction, and hence, for a given € > 0 there exists § = d(¢) > 0
such that for all g € Bs(0), ||z(t)|| < e, t > to, which implies Lyapunov
stability of the zero solution x(t) = 0 to (10.1) and (10.2).

i1) It follows from i) and the asymptotic stability of the nonlinear
impulsive dynamical system (10.12)—(10.15) with respect to z uniformly in
xo that the zero solution x(t) = 0 to (10.1) and (10.2) is Lyapunov stable,
and there exists p > 0 such that if ||z9||1 < w, then lim; o 2(t) = 0 for
any xo € D. As in i), choose zg = V(x9) >> 0, g € D. It follows from
Lyapunov stability of the zero solution z(t) = 0 to (10.1) and (10.2), and
the continuity of V : D — Q N Ki that there exists 0 = d(u) > 0 such that
if ||lzo|| < 6, then ||z(t)|| < r, t > to, and €TV (zg) = €29 = |lz0]1 < -
Thus, by asymptotic stability of (10.12)—(10.15) with respect to z uniformly
in xzg, for every arbitrary € > 0 there exists 7' = T'(¢) > tp such that
lz(t)|lh < a(e), t > T. Thus, it follows from (10.16), (10.17), and Theorem
10.1 that 0 << V(z(t)) << z(t) on any compact interval [T, T 4 7|, and
hence, e'z(t) = ||z(t)||1, t € [T, T + 7], and, by (10.19),

a(zt)]) < TV (z(t)) < e z(t) < ale), te[l, T+r).  (10.21)
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Now, suppose, ad absurdum, that for some xg € Bs(0), lim; o 2:(t)
# 0, that is, there exists a sequence {t}o> T with ¢, — oo as n — oo,
such that ||J;( W)l > é, n € Zy, for some 0 < & < r. Choose € = ¢ and the
interval [T', T+ 7] such that at least one t,, € [T,T +7]. Then it follows from
(10.21) that a(e) < a(||z(tn)]]) < a(e), which is a contradiction. Hence,
there exists 0 > 0 such that for all ¢ € Bs(0), lim;_, o 2(t) = 0, which along
with Lyapunov stability implies asymptotic stability of the zero solution
z(t) =0 to (10.1) and (10.2).

iii) Suppose D = R", @ = RY, v : R® — R, is radially unbounded,
and the nonlinear impulsive dynamical system (10.12)—(10.15) is globally
asymptotlcally stable with respect to z uniformly in xy. In this case, V :
R™ — R+ satisfies (10.19) for all z € R", where the functions o, 3 : R, —
Ry are of class Ko [110]. Furthermore, Lyapunov stability of the zero
solution z(t) = 0 to (10.1) and (10.2) follows from 7). Next, for every
zo € R™ and zy = V(z0) € R, identical arguments to those in i) can be
used to show that lim;_, ., 2(t) = 0, which proves global asymptotic stability
of the zero solution z(¢) =0 to (10.1) and (10.2).

iv) Suppose (10.18) holds. Since p € R%, then

allz|)” < e V() < B||z||¥, = €D, (10.22)

where & 2 a/max;—1,. 4{pi} and e B/ mini—1 __.{pi}. It follows from the
exponential stability of the nonlinear impulsive dynamical system (10.12)—
(10.15) with respect to z uniformly in zo that there exist positive constants
v, i, and 7 such that if ||zg]|; < p, then

1211 < vllzolle ™), £ > ¢, (10.23)

for all zp € D. Choose zyp = V(zg) >> 0,29 € D. By continuity of

V :D — QNRY, there exists § = () > 0 such that for all zo € Bs(0),
etV (zg) = eT29 = ||20]l1 < p. Furthermore, it follows from (10.16), (10.17),
(10.22), (10.23), and Theorem 10.1 that for all zy € B5(0) the inequality

allz®]l” < €TV (@(1) < €"a(t) < llzolie M) < 4B o] Ve )

holds on every compact interval [tg,tg + 7]. This in turn implies that for
every zo € B;s(0),

llz(t)|| < (W;) llxolle™ p(t=to) ¢ g [to, to + 7). (10.24)

Now, suppose, ad absurdum, that for some zo € Bs(0) there exists £ > tg+7
such that

WﬁW><?)waytm (10.25)
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Then for the compact interval [to,#], it follows from (10.24) that ||z(#)|] <

N R
%)V Hx0||e_g(t_t0), which is a contradiction. Thus, inequality (10.24)

holds for all ¢ > tj, establishing exponential stability of the zero solution
z(t) =0 to (10.1) and (10.2).
v) The proof is identical to the proof of iv). O

ItV :D— 9n E‘i satisfies the conditions of Theorem 10.2 we say that
V(z), x € D, is a vector Lyapunov function [159]. Note that for stability
analysis each component of a vector Lyapunov function need not be positive
definite, nor does it need to have a negative definite time derivative along
the trajectories of (10.1) and (10.2) between resettings and negative semi-
definite difference across the resettings. This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of impulsive dynamical systems. The
next corollary is immediate from Theorem 10.2.

Corollary 10.1. Consider the impulsive dynamical system (10.1) and
(10.2). Assume that there exist a continuously differentiable vector function
V:D—=92n E‘i and a positive vector p € R% such that V(0) = 0, the
scalar function v : D — R defined by v(z) £ p'V(z), € D, is such that
v(xz) >0, z # 0, and

V'(x) fe(x) <
V(z+ fa(z)) <

where w : @ — RY is continuous, w(-) € W, and w(0) = 0. Then the
following statements hold:

wV(z)), =¢2Z, (10.26)
V(z), z€2Z, (10.27)

i) If the zero solution z(t) = 0 to
2(t) = w(z(t), z(to) =20, t>to, (10.28)

is Lyapunov stable, then the zero solution z(t) = 0 to (10.1) and (10.2)
is Lyapunov stable.

i1) If the zero solution z(t) = 0 to (10.28) is asymptotically stable, then
the zero solution z(¢) = 0 to (10.1) and (10.2) is asymptotically stable.

iii) If D=R", @ = RY v:R" — R, is radially unbounded, and the zero
solution z(t) = 0 to (10.28) is globally asymptotically stable, then the
zero solution z(¢) = 0 to (10.1) and (10.2) is globally asymptotically
stable.

iv) If there exist constants v > 1, o > 0, and 3 > 0 such that v : D — R
satisfies

allzl]” <wv(z) < Bllz||¥, =z €D, (10.29)
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and the zero solution z(f) = 0 to (10.28) is exponentially stable, then
the zero solution z(t) = 0 to (10.1) and (10.2) is exponentially stable.

v) f D =R", Q =R, there exist constants v > 1, « > 0, and 5 > 0 such
that v : R® — R, satisfies (10.29), and the zero solution z(t) = 0 to
(10.28) is globally exponentially stable, then the zero solution z(t) = 0
to (10.1) and (10.2) is globally exponentially stable.

Proof. The proof is a direct consequence of Theorem 10.2 with
we(z,2) = w(z) and wq(z,z) = 0. O

Next, we use the vector Lyapunov stability results of Theorem 10.2 to
develop partial stability analysis results for nonlinear impulsive dynamical
systems [41, 78]. Specifically, consider the nonlinear impulsive dynamical
system (10.1) and (10.2) with partitioned dynamics! given by

21(t) = fre(xr(t), z11(t)), w1(to) = x10, x(t) € Z, t >ty, (10.30)
o11(t) = fue(zi(t), zu(?)), xulto) = zmo, x(t) € Z, (10.31)
Azi(t) = fra(z1(t), 2 (t)), (t) € Z, (10.32)
A.%’H(t) = fHd(J,‘I(t), .%’H(t)), x(t) € Z, (1033)

where z1(t) € Dy, t > to, D1 € R™ is an open set such that 0 € Dy,
.%’H(t) e R™MI ¢t > tg, AJII(t) = JII(t+) - .%’I(t), AJIH(t) = JIII(t+) — J,‘H(t),
fic : Dr x R™M1 — R™ js such that, for all z;y € R™! fi.(0,z11) = 0 and
fic(-, ) is locally Lipschitz in zy, fi1e : D1 x R™! — R™I is such that, for
every x1 € D1, fue(xr,-) is locally Lipschitz in xyp, fig : Dp x R™M — R™
is continuous and fiq(0,z11) = 0 for all zyp € R™1, fiq : Dp x R™M — R™1
is continuous, Z € Dy x R™ML, z(t) £ [zl (t),25(#)]T € D = Dy x Rt C
R™, t > tg, 0 = [x%, xITIO]T, and ny + ny; = n. For the nonlinear impulsive
dynamical system (10.30)—(10.33) the definitions of partial stability given
in [78] hold. Furthermore, for a particular trajectory z(t) = (z1(t), zm(t)),
t >0, we let tx(= 7k (x10, 2110)) denote the kth instant of time at which x(t)
intersects Z, and we assume that Assumptions 10.1 and 10.2 hold for z(t) =
(x1(t),z1(t)), t > 0. Note that for the impulsive dynamical system (10.1)
and (10.2), fo(zr, zn) = [fi- (21, 2n), fi (@ 20)]T, (21, 20) € Dr x R™, and
fa(zr,zn) = [f(znzn), fig(znzn)]”, (2, 20) € D x R
For the following result define

AV (zr,z11) £ V(21 + fua(en, o), 2 + fia (e, 2n)) — V(zr, zn),

for a given vector function V : D x R™ — RY,

'Here we use the Roman subscripts I and II as opposed to Arabic subscripts 1 and 2
for denoting the partial states of & not to confuse the partial states with the component
states of the vector Lyapunov function.
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Theorem 10.3. Consider the nonlinear impulsive dynamical system
(10.30)—(10.33). Assume that there exist a continuously differentiable vector
function V' : Dy x R™ — QN Ki, a positive vector p € RZ, and class K
functions a(-) and §(-) such that the scalar function v : Dy x R™ — R
defined by v(zr, z11) = p'V (1, z11) satisfies

a(l|z1]]) < v(z,zn) < B([J21]),  (21,21m) € D x R™, (10.34)
and

V' (1, 2n) f(z1, 21)
AV (z1,211)

(V(x1,zn), x1,21),  (x,an) € 2, (10.35)

<< we
<<wq(V(xr,zn),z, zn), (zr,2m) € 2, (10.36)

where w, : @ X Dy x R™I — R? and wq : @ X Z — RY, where Z C Dy x R™1I,
are continuous, we(-, 1, x11) € We, wq (-, 1, 211) € Wy, and w¢(0,0,0) = 0.
Then the following statements hold:

i) If the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)—
(10.33) is Lyapunov (respectively, asymptotically) stable with respect
to z uniformly in (z19, z110), then the nonlinear impulsive dynamical
system (10.30)—(10.33) is Lyapunov (respectively, asymptotically) sta-
ble with respect to x1 uniformly in zyg.

it) If Dy = R™, Q = RY, the functions «(-) and B(-) are class K4, and
the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)—
(10.33) is globally asymptotically stable with respect to z uniformly
in (210, x110), then the nonlinear impulsive dynamical system (10.30)—
(10.33) is globally asymptotically stable with respect to z; uniformly
in zp.

iii) If there exist constants v > 1, a > 0, and 8 > 0 such that v :
Dp x R™M — R, satisfies

allzi]]” <v(zr,zn) < Bllxil)”,  (zr,zn) € Dr x R™M, (10.37)

and the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)—
(10.33) is exponentially stable with respect to z uniformly in (x19, z110),
then the nonlinear impulsive dynamical system (10.30)-(10.33) is ex-
ponentially stable with respect to z1 uniformly in xyg.

iv) If D = R™, Q = RY, there exist constants v > 1, a > 0, and 8 > 0
such that v : R™ x R™I — R satisfies (10.37), and the nonlinear im-
pulsive dynamical system (10.12), (10.14), (10.30)—(10.33) is globally
exponentially stable with respect to z uniformly in (g, z110), then
the nonlinear impulsive dynamical system (10.30)—(10.33) is globally
exponentially stable with respect to 1 uniformly in zyp.



LARGE-SCALE IMPULSIVE DYNAMICAL SYSTEMS 223

Proof. Since p € RY is a positive vector it follows from (10.34) that

a(l|lzt])/ maxi—1,.. o{pi} < €™V (1, znu) < B(||1]])/ mini—1,.._o{p:},
(JII,JJH) € Dr x R™1, (1038)

Next, let ¢ > 0 and note that it follows from Lyapunov stability of the
nonlinear impulsive dynamical system (10.12), (10.14), (10.30)—(10.33) with
respect to z uniformly in (xy9, x110) that there exists p = p(e) > 0 such that
if ||z0/[1 < p, where |21 £ Y%, |2i| and 2; is the ith component of z, then
lz(t)|lh < a(e)/ maxi=1,._ q{pi}, t > to, for every (x19, z110) € DrxR™I. Now,
choose zg = V (210, z110) >> 0, (2710, 21710) € D1 X R™1. Since V(+, ) is contin-
uous, the function e™V (-, ) is also continuous. Moreover, it follows from the
continuity of B(-) that for u = u(e) there exists 6 = d(u(e)) = d(g) > 0 such
that 6 < e and if ||z10|| < d, then S(||xr]|)/ min—1,._¢{p:} < p, which, by
(10.38), implies that €™V (19, z110) = €29 = [|20]|1 < p for all zyy € R™I,
and hence, ||z2(t)|l1 < a(e)/max;—1, 4{pi}, t > to. In addition, it follows
from (10.35), (10.36), and Theorem 10.1 that 0 << V(xy(t), z11(t)) << z(¢)
on every compact interval [tg, to + 7], and hence, €' z(t) = ||z||1, [to,to + 7).
Thus, it follows from (10.38) that for all ||zp] < 6, xpg € R™I, and
t € [to, to + 7],

() max {} €MV (ar(t) en(e)
<elz(t)
<ale)/ iirll?.).(,q{pi}, (10.39)

which implies that ||z1(¢)|| < ¢, t € [to, to + 7]

Next, suppose, ad absurdum, that for some xyg € Dy with ||zp] < §
and for some x1y9 € R™! there exists > to +7 such that ||z1(f)| > . Then,
for 29 = V (210, ¥110) and the compact interval [to, ] it follows from Theorem
10.1 that V(z1(£), 211(f)) << z(#), which implies that

a(e) ~_a(l=®ID
max;—1,..q{Pi} ~ max;—1,. ¢{pi}
S eTV(xI(f),xH(f))
<elz(f)
a(e)

(10.40)

This is a contradiction and hence, for a given ¢ > 0 there exists § = d(¢) > 0
such that for all z1g € Dy with ||zy|| < § and for all zro € R™1, ||z1(2)] <
g, t > tg, which implies Lyapunov stability of the nonlinear impulsive dy-
namical system (10.30)—(10.33) with respect to x1 uniformly in 2.
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The remainder of the proof involves similar arguments as those above
and as those in the proof of parts ii) — v) of Theorem 10.2 and, hence, is
omitted. O

Note that Theorem 10.3 allows us to address stability of time-dependent
nonlinear impulsive dynamical systems via vector Lyapunov functions. In
particular, with .%’I(t) = l‘(t), J,‘H(t) =1t n =n, ng = 1, fIC(JII,JJH) =
fe(@(),1), fuc(z1(t), zu(t)) = 1, fu(zn, 2n) = fa(z(t),t), fua(zi(t), zu(t)) =
0,and Z = Dx T, with T = {t1,ts, ...}, Theorem 10.3 can be used to estab-
lish stability results for the nonlinear time-dependent impulsive dynamical
system given by

$(t) = fc($(t),t), x(to) = T, t 7& tk, t> to, (10.41)
Ax(t) = fa(z(t),t), t=ty, (10.42)

where g € D C R". For details on the unification between partial sta-
bility of state-dependent impulsive systems and stability theory for time-
dependent impulsive systems see [78, 82].

10.3 Vector Dissipativity Theory for Large-Scale Impulsive
Dynamical Systems

In this section, we develop vector dissipativity theory for impulsive large-
scale dynamical systems. For that, first recall the standard notions of dissi-
pativity and exponential dissipativity [68,74] for input/state-dependent im-
pulsive dynamical systems G of the form [82]

#(6) = fola(t) + Gela(®)uelt),  lto) = 70, (2(t),uelt)) ¢ 2, (10.43)
Ax(t) = fa(z(t)) + Ga(z(t))ua(t), (x(t),uc(t)) € Z, (10.44)
Ye(t) = he(x(t)) + Je(@(t))uc(t), (x(t),uc(t)) & Z, (10.45)
ya(t) =ha(z(t) + Ja(z(@)ua(t), (z(t),uc(t)) € Z, (10.46)
where t > tg, z(t) € D C R", uc(t) € U. C R, uq(ty) € Ug C R™4,

t;. denotes the kth instant of time at which (z(t),uc(t)) intersects Z C
D x U, for a particular trajectory x(t) and input uc(t), ye(t) € Yo C R,
ya(ty) € Yqg C R4, f.: D — R" is Lipschitz continuous and satisfies f.(0) =
0, Ge : D — R™™Me_ fi : D — R"™ is continuous, Gq : D — R™™d
he : D — Rle satisfies he(0) = 0, J. : D — RleXme hy : D — Rl and
Jgq : D — Rlaxma_ For the impulsive dynamical system G we assume that the
required properties for the existence and uniqueness of solutions are satisfied,
that is, uc(-) satisfies sufficient regularity conditions such that (10.43) has a
unique solution forward in time.

For the impulsive dynamical system G given by (10.43)—(10.46) defined
on the state space D C R, U £ U. x Uy and Y £ Y. x V4 define an
input and output space, respectively, consisting of left-continuous bounded



LARGE-SCALE IMPULSIVE DYNAMICAL SYSTEMS 225

U-valued and Y-valued functions on the semi-infinite interval [0,00). The
set U £ U, x Uy, where U, € R™ and Uy C R™d, contains the set of
input values, that is, for every u = (uc,uq) € U and t € [0,00), u(t) € U,
uc(t) € Ue, and ug(ty) € Ug. The set Y £ Y, x Yy, where Y, C Rlc and
Yy C R4, contains the set of output values, that is, for every y = (ye,%q) € Y
and t € [0,00), y(t) € Y, y.(t) € Ye, and yq(tx) € Yq. The spaces U and
Y are assumed to be closed under the shift operator, that is, if u(-) € U
(respectively, y(-) € V), then the function up (respectively, yr) defined by
ur £ u(t +T) (respectively, yr = y(t + T)) is contained in U (respectively,
Y) foral T > 0.

For convenience, we use the notation s(t, 7, xo, u) to denote the solution
x(t) of (10.43) and (10.44) at time ¢ > 7 with initial condition z(7) =
xg, where u = (uc,uq) : Rx T — U, x Ug and T £ {t1,t2,...}. Thus,
the trajectory of the system (10.43) and (10.44) from the initial condition
x(0) = g is given by ¥(t,0, xg, uc) for 0 < t < t1, where ¥(-,0, zg, uc) is the
solution to (10.43) with the input u.(-) € U.. If and when the trajectory
reaches a state z 2 x(t1) satistying (x1,u1) € Z, where uy 2 uc(t1), then
the state is instantaneously transferred to = = 21+ fa(z1) + Ga(x)ua(ty),
where uq(-) € Uy is a given input, according to the resetting law (10.44).
The trajectory z(t), t1 < t < to, is then given by (¢, t1,2],uc), and so
on. As in the uncontrolled case, the solution z(¢) of (10.43) and (10.44) is
left-continuous, that is, it is continuous everywhere except at the resetting
times tj, and

a2 x(ty) = lim z(t, — ¢), (10.47)
e—0+
o Sa(te) + fa(e(ty) + Ga(w(ty) Jualte)
= lim x(tk +€), ud(tk) € Uy, (10.48)
e—0t
for k = 1,2,.... Furthermore, the analogs to Assumptions 10.1 and 10.2

become:

Assumption 10.3. If (z(t), uc(t)) € Z\ Z, then there exists ¢ > 0 such
that, for all 0 < § < ¢,

Wt + 6,t, (1), uc(t + 6)) & 2. (10.49)

Assumption 10.4. If (z(ty),uc(tx)) € 0Z N Z, then there exists € > 0
such that, for all 0 < ¢ < & and uq(t;) € Ug,

1/)(tk + 6, t, l‘(tk) + fd(.%’(tk)) + Gd(l‘(tk))ud(tk), uc(tk + 5)) ¢ Z. (1050)

Thus, it follows from Assumptions 10.3 and 10.4 that if (z,u.) € Z,
then (z + fq(x) + Ga(z)uq,uc) € Z, uq € Ug. In addition, if at time ¢
the trajectory (z(t),uc(t)) € Z\Z, then there exists ¢ > 0 such that for
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0<d<e (x(t+6),uc(t+9)) ¢ Z. Finally, in the case where Z = Z, x U,
and Z, C D, we refer to (10.43)-(10.46) as a state-dependent impulsive
dynamical system. Alternatively, for Z 2 D x Z,_, where Z,, C U, we refer
0 (10.43)—(10.46) as an input-dependent impulsive dynamical system, while
in the case where Z 2 (2, x U.) U (D x Z,,) we refer to (10.43)-(10.46) as
an input/state-dependent impulsive dynamical system.

For the impulsive dynamical system G given by (10.43)—(10.46) a func-
tion (S¢(Ue, Ye ), Sa(ud,yd)), where sc : Ue X Yo — R and sq : Ug x Yg — R are
such that s.(0,0) = 0 and s4(0,0) = 0, is called a hybrid supply rate [68,74]
if it is locally integrable for all input-output pairs satisfying (10.43) and
(10.45), that is, for all input-output pairs uc(-) € U, and y.(-) € V. satisfy-
ing (10.43) and (10.45), s.(-, ) satisfies ftt |5c(ue(0),ye(0))|do < oo, t,t > 0.
Note that since all input-output pairs uq(-) € Uy and yq(-) € Vg satis-
fying (10.44) and (10.46) are defined for dlscrete instants, sq(-,) satisfies
ZkEZ |sd(ud(tk) yd(tk))| < 00, where Z[tt) = {k‘ t <t < t}

Definition 10.2 ([82]). The impulsive dynamical system G given by
(10.43)—(10.46) is exponentially dissipative (respectively, dissipative) with re-
spect to the hybrid supply rate (sc, sq) if there exist a continuous, nonnegative-
definite function vs : D — R and a scalar ¢ > 0 (respectively, € = 0) such
that v5(0) = 0, called a storage function, and the hybrid dissipation inequal-
ity

T
eETUS(x(T)) Segtovs(x(to)) +/t eEtSC(UC(t)vyc(t))dt
+ Y Msq(ualty) ya(te)), T = to, (10.51)
kEZ[tO T)

is satisfied for all T' > to, where x(t), t > %o, is the solution of (10.43)—(10.46)
with (uc(-),uq(:)) € Ue x Ug. The impulsive dynamical system G given by
(10.43)—(10.46) is lossless with respect to the hybrid supply rate (Sc,sq) if
the hybrid dissipation inequality is satisfied as an equality with € = 0 for all
T >t and (uc(-),ua(-)) € Ue X Ug.

The following result gives necessary and sufficient conditions for dis-
sipativity over an interval ¢t € (t,tr41] involving the consecutive resetting
times t; and tgy1. First, however, the following definition is required.

Definition 10.3 ([82]). A large-scale impulsive dynamical system G
given by (10.43)-(10.46) is completely reachable if for all (to,x;) € R x D,
there exist a finite time t; < tp, a square integrable input wu.(t) defined
on [ti,to], and inputs ug(ty) defined on k € Zy, ), such that the state

x(t), t > t;, can be driven from x(t;) = 0 to x(tp) = x;. A large-scale impul-
sive dynamical system G given by (10.43)(10.46) is zero-state observable if

(uc(t),uq(ty)) =0 and (yc(t),ya(tx)) = 0 implies x(t) = 0.
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Theorem 10.4 ([82]). Assume G is completely reachable. Then G
is exponentially dissipative (respectively, dissipative) with respect to the
hybrid supply rate (s¢, sq) if and only if there exist a continuous nonnegative-

definite function vs : D — R and a scalar € > 0 (respectively, ¢ = 0) such
that v5(0) = 0 and for all k € Z,

~ A t A~
eflug(x(t)) < elog(z(t)) +/ €95 (ue(8), ye(s))ds, tp <t <t <tpiq,
t

(10.52)

vs(x(tr) + fa(@(te)) + Galz(te))ua(te)) < vs(z(tr)) + sa(ua(te), ya(te))-
(10.53)

Finally, G given by (10.43)—(10.46) is lossless with respect to the hybrid
supply rate (s, sq) if and only if (10.52) and (10.53) are satisfied as equalities
with e =0 for all k € Z,.

To develop vector dissipativity notions for large-scale impulsive dy-
namical systems we consider input/state-dependent impulsive dynamical
systems G of the form

B(t) = Fo(z(t),uct)), =(to) =z, (2(t),uc(t)) € 2, t=to, (10.54)
w(t) = Fa(z(t), ua(t), (x(t),uc(t)) € Z, (10.55)
ye(t) = He(z(t), uc(t)), (x(t),uc(t)) & Z, (10.56)
ya(t) = Ha(x(t), ua(t)), (x(t),uc(t)) € Z, (10.57)
where z(t) € D C R", t > tg, uc(t) € U. C R™, uy(ty) € Ug C R™4,

ye(t) € Yo C R, ya(ty) € Ya C R4, Fo: D x Uy — R™, Fy : D x Uy — R,
H.: DxU. =Y, Hy : D xUg — Yy, D is an open set with 0 € D,
Z C D x U, and F.(0,0) = 0. Here, we assume that G represents a large-
scale impulsive dynamical system composed of ¢ interconnected controlled
impulsive subsystems G; such that, for alli =1,...,¢,

Fei(z,uci) = fei(wi) + Zei(x) + Gei(@i)ueis (10.58)
Foi (7, uai) = fdz(l’z) + Zai(w) + Gai(wi)uai, (10.59)
cz(xzv ucz) (:Uz) =+ Jci(xi)ucz} (10'60)
Ha;(wi, uai) = hai(zi) + Jai(2)uai, (10.61

where #; € D; € R™, uy € Uy C R™i, ug; € Uy C R™i) y; £
Hei(zi ue) € Yo C Rlei) yg; 2 Hyi(wi,uq;) € Yai € RUi, ((uei, uai),
(Yeir Ydi)) is the hybrid input-output pair for the ith subsystem such that
Uei() € Ueis uai(-) € Uais Yei(-) € Vei, yai(-) € Vai, where (Uei,Uq;) and
(Vei, Yai) denote the ith subsystem input and output spaces, fc; : R™ — R™
and Z,; : D — R™ are Lipschitz continuous and satisfy f.;(0) = 0 and
Z.i(0) =0, fg; : R™ — R™ and Zy; : D — R™ are continuous, G¢; : R™ —
R *Mei and Gq; : R™ — R™*™Mai are continuous, he; : R™ — Rl and
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satisfies he;(0) = 0, hg; : R™ — Rlai, J, @ R — RleiXmei  Jo. o R —
Rlaixmai T ni=mn, >0 meg=me, Yty ma =mg, Yol =L, and
> iy lai = la-

Here, fo; : D; CR™ — R™ and fy; : D; € R™ — R™ define vector
fields of each isolated subsystem of (10.54) and (10.55), and Z.; : D — R™
and Zy; : D — R™ define the structure of the interconnection dynamics
of the ith impulsive subsystem with all other impulsive subsystems. Fur-
thermore, for the large-scale dynamical system G we assume that the re-
quired properties for the existence and uniqueness of solutions are satisfied,
that is, for each i € {1,...,q}, uci(-) and ug;(-) satisfy sufficient regularity
conditions such that the system (10.54) and (10.55) has a unique solution
forward in time. We define the composite input and composite output for

the large-scale impulsive dynamical system G as ue = [ul, ... ,uCTq]T, ug =
JAN AN .
[udTl, .. ,uqu]T, Yo = [yCTl, .. ,yCTq]T, and yq = [ygl, .. ,ygq]T, respectively. In

addition, we define i = U, xUg and Y £ V. x Yy, where U = Uy X - - - X Uegq,
Us = Ugs X - X Uags Ve = Vo1 X -+ X Vegy Ya = Va1 X -+ X Vag» to be
input and output spaces, respectively, for the system (10.54)—(10.57) con-
sisting of left-continuous bounded U-valued and Y-valued functions on the
semi-infinite interval [0, c0).

Definition 10.4. For the large-scale impulsive dynamical system G giv-
en by (10.54)—(10.57) a vector function (S¢(ue, yc), Sq(ud,yq)), where

Sc(uc’ yc) £ [Scl(ucl’ycl)’ ceey ch(ucq’ ycq)]T’ (1062)
Sa(ua, ya) = [sa1(uar, ya1), - - - » Sag(udg, Yaq)] " (10.63)

Sei t Ui XYy — R, and sq; : Ugy x Yy — R, ¢ = 1,...,q, such that
S.(0,0) = 0 and S4(0,0) = 0, is called a wvector hybrid supply rate if
it is locally componentwise integrable for all input-output pairs satisfying
(10.54)—(10.57), that is, for every i € {1,...,q} and for all input-output
pairs ue;(+) € Uy and yei(+) € Ve satisfying (10.54)—(10.57), sci(,-) satisfies

ftt |5ei (Ui (8), Yei (8))|ds < oo, t, 1 > to.

Note that since all input-output pairs ug;(-) € Ug; and yqg;(-) € Vg, are
defined for discrete instants, s4;(+,-) in Definition 10.4 satisfies

> Isaiuai(ts), yai(te))| < oo, (10.64)
kEZ[t,f)

where Zy, j £ (k. t <t <t}. For the statement of the next definition,

recall that a matrix W € RI%Y is semistable if and only if lim;_,o, eV’

exists [21,69], while W is asymptotically stable if and only if lim;_,, eV = 0.

Definition 10.5. The large-scale impulsive dynamical system G given
by (10.54)—(10.57) is wector dissipative (respectively, exponentially vector



LARGE-SCALE IMPULSIVE DYNAMICAL SYSTEMS 229

dissipative) with respect to the vector hybrid supply rate (Sc,Sq) if there ex-
ist a continuous, nonnegative definite vector function Vy = [vg, ... ,vsq]T
D — @i, called a wvector storage function, and an essentially nonnegative
dissipation matriz W € R9*9 such that V5(0) = 0, W is semistable (respec-
tively, asymptotically stable), and the vector hybrid dissipation inequality

T
Va(z(T)) << T 0V (w(to)) + | €T D8 (ue(t), ye(t))dt
to
+ Y VIS (ua(ty), yalt)), T >to, (10.65)
kGZ[tO,T)

is satisfied, where z(t), t > t¢, is the solution to (10.54)—(10.57) with (uc(-),
ug(+)) € UexUq and z(tg) = x¢. The large-scale impulsive dynamical system
G given by (10.54)—(10.57) is vector lossless with respect to the vector hybrid
supply rate (Se, Sq) if the vector hybrid dissipation inequality is satisfied as
an equality with W semistable.

Note that if the subsystems G; of G are disconnected, that is, Z.;(x) =
0 and Zg;(z) = 0 for all « = 1,...,q, and —W € R?*? is diagonal and
nonnegative definite, then it follows from Definition 10.5 that each of the
disconnected subsystems G; is dissipative or exponentially dissipative in the
sense of Definition 10.2. A similar remark holds in the case where ¢ = 1.

Next, define the wvector available storage of the large-scale impulsive
dynamical system G by

T
Vilzo) = — inf / e Wlt=to) g (y t), yc(t))dt
a( 0) (o), 1 (), T>to o c( c( ) yc( ))
+ > e WIS, (ug(tr), ya(t)) |
kEZ[zO,T)

(10.66)

where x(t), t > to, is the solution to (10.54)-(10.57) with x(t9) = zo and
admissible inputs (uc(+),uq(-)) € Ue x Ug. The infimum in (10.66) is taken
componentwise, which implies that for each element of V;(-) the infimum is
calculated separately. Note that V,(zg) >> 0, zo € D, since V,(x¢) is the
infimum over a set of vectors containing the zero vector (1" = ty).

Theorem 10.5. Consider the large-scale impulsive dynamical system
G given by (10.54)-(10.57) and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (S¢, Sq) if and only if there exist
a continuous, nonnegative-definite vector function V5 : D — Ei and an
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essentially nonnegative dissipation matrix W € R9* such that V5(0) = 0,
W is semistable (respectively, asymptotically stable), and for all k € Z,

Va(a(d)) << eV DV, (a / W) 8, (1 (3), e (5))ds,

tr <t < t < trt1, (10.67)
Va(@(te) + Fa(x(te),ua(tr))) << Vi(o(te)) + Sa(ualte), ya(te)). (10.68)

Alternatively, G is vector lossless with respect to the vector hybrid supply
rate (Sc,Sq) if and only if there exists a continuous, nonnegative-definite
vector function Vi : D — E‘i such that (10.67) and (10.68) are satisfied as
equalities with W semistable.

Proof. Let k € Z, and suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector hybrid supply
rate (Sc,Sq). Then, there exist a continuous nonnegative-definite vector
function V5 : D — R and an essentially nonnegatlve matrix W € R9%4¢
such that (10.65) holds Now, since for ty, <t <t <t 1, Ly gy = 9, (10.67)
is immediate. Next, it follows from (10.65) that

++

Va((t5)) << VGOV, (a(t) + / b W) (g (3), ye(s))ds

+ 3 VIS, (g (t), va(t)) (10.69)

keZ
D

which, since Z,, o = k, implies (10.68).
Conversely, suppose (10.67) and (10.68) hold and let ¢ > t > ¢y and
Z[t,f) ={i,i+1,...,5}. (Note that if Z[t,f) = (), then the converse result is
a direct consequence of (10.67).) If Zj, ; # ©, then it follows from (10.67)
and (10.68) that
V(z(t)) - ew(tlt)Vs(fv(t))
= Va(a(D) = V(1)
P 4+
+€W(t t )Vs(x(tj)) _eW(t 2 1)Vs($(t}tl))
It It
+eM TV @t ) - - V()
+M IV (a(t)) — MOV ()
= Vala(B) — "IV ()
+eW V(@ (ty) + Fa(a(ty), ua(t))) — eV Vi ( ()
+e MV a(t) - IV () + -
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+eV DV, (2(t) + Fa(w(ty), ualty))) — Val(a(t)))]
+eV Vi (a(ty) — eV BTV (e )] +

+ VDV (2(t;) + Fa(z(t), ua(t))) — Vi(z(t:))]
_i_eW(t*ti) [‘/S(J,‘(tl)) — CW(tlit)Vvs(x(t))]

<</ W) S (ue(s), ye(s))ds + € 719 Sy (wa(ty), va(ty)

tﬂ/ 795, (ue(s), () ds + -+
+€W( ) Sa(ualts), ya(t:)

eV / M5 (g (s), ye(s))ds

/ W(E=9)8, (1o (5), yo(5))ds

+ > e W) Sy (g (), ya (), (10.70)
keZy, 5,

which implies that G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector hybrid supply rate (S¢, Sq).

Finally, similar constructions show that G is vector lossless with respect
to the vector hybrid supply rate (S¢, Sq) if and only if (10.67) and (10.68)
are satisfied as equalities with W semistable. O

Theorem 10.6. Consider the large-scale impulsive dynamical system
G given by (10.54)—(10.57) and assume that G is completely reachable. Let
W € R9% be essentially nonnegative and semistable (respectively, asymp-
totically stable). Then

T
/ e WU G (ue(t), ye()dt + D e VT Sy (uq (1), ya(tr)) > 0,

to kE€Zjyy 1)
T > to, (10.71)

for z(tg) = 0 and (uc(-),ua(-)) € Us x Uy if and only if V,(0) = 0 and V()
is finite for all z € D. Moreover, if (10.71) holds, then V,(z), z € D, is a
vector storage function for G, and hence, G is vector dissipative (respectively,



232 CHAPTER 10

exponentially vector dissipative) with respect to the vector hybrid supply
rate (Sc(uc,ye), Sa(ud, ya))-

Proof. Suppose V,(0) =0 and V,(x), € D, is finite. Then

T
0="V,(0)=-— inf / e W=t g (y t), ye(t))dt
+0) (e (), wa()), T2t0 | Sy o{eue(t), ()
+ > e WIS, (ug(ty), ya(ts)) | (10.72)
kEZ[zO,T)

which implies (10.71).
Next, suppose (10.71) holds. Then for x(tp) = 0,

T
R, / e WUI=0) S (ug(t), yo(£))dt

(ue()ua (). T=t0 | Jig

+ Y e WIS, (ua(t), ya(tr)) | <<0,
keZ[to,T)

(10.73)

which implies that V,(0) << 0. However, since V,(z¢) >> 0, 9 € D, it
follows that V,(0) = 0. Moreover, since G is completely reachable it follows
that for every zo € D there exists t > to and an admissible input u(-) defined
on [to, ] such that 2(f) = x.

Now, since (10.71) holds for x(t9) = 0 it follows that for all admissible
(1e(), 9e()) € Ue X Ve and (ua(-), ya(-)) € Ua x Va,

T
| S e et + 3 TSt (b)) 220,

to kE€Zjyy 1)

or, equivalently, multiplying (10.74) by the nonnegative matrix eW(f_tO),
t > to, (see Corollary 2.1) yields

T . N
- /t e WG (uet), ye())dt — > e VTG, (ug(tr), ua(t))

kEZ[fyT)
t .
<< / WD G (ug(t), ye(t))dt
to

I Z W=D G (uq (te), ua(ts))

keZh,ﬂ
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<< Q(zo)
<<oo, T=> tAv (uC()7ud()) € Ue X Uy, (1075)
where @) : D — RY. Hence,

T A,
Va(wo) = —  inf / WD, (e (8), yel(t))dt
(ue(+), ua (), T>t h

+ Z W (it~ t)Sd(Ud(tk) uq(tr))

kGZ[tyT)
<< Q(zo)
<<oo0, x9€D, (10.76)
which implies that V,(xq), zo € D, is finite.

Finally, since (10.71) implies that V,(0) = 0 and V,(x), x € D, is finite
it follows from the definition of the vector available storage that

~Va(wg) << / ) e W10 S, (ue(t), ye(t))dt

to

+ > e W) gy (ug (), ualte))
k€Zsg,1)
tg

= / €_W(t_t0)sc(uc(t)7yC(t))dt

to

+ Y e IS, (ug(ty), ua(t))
kez[to tf)

T

+ / e WE—10) S, (ue(t), ye(t))dt

n Z W (ts—to) Sa(uq(ty),uq(ty)), T >to. (10.77)
kGZ[tf T)

Now, multiplying (10.77) by the nonnegative matrix eV =) t. > ¢, (see
Corollary 2.1) it follows that

tg
eW(tf—tO)Va(xo)-i- VDS, (ue (1), e (t))dt

+ Z Wt=t) S (ug (tr), ua(te))

k€Zy, tf)
T
2z it | Y0 o), )
Ucl ), Ud\")), L = £
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+ Z W0 S (g (t), wa ()
k‘GZ[tfyT)

= Va(z(te)), (10.78)

which implies that V,(z), x € D, is a vector storage function, and hence,
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (Se(ue, ye), Sq(ud, ya))- O

Recall that it follows from Lemma 2.1 that if W € R?*? is essentially
nonnegative and semistable (respectively, asymptotically stable), then there
exist a scalar a > 0 (respectively, @ > 0) and a nonnegative vector p €
E‘i, p # 0, (respectively, positive vector p € R%) such that (2.4) holds. In
this case,

preVt=pt[I, + Wt + W22 + .. ]
=p (I, — atl, + Lat21, + - -]
=e T teR. (10.79)

Using (10.79), we define the (scalar) available storage for the large-
scale impulsive dynamical system G by

T

S— T W(ito)
VL) = inf e Scuct,ct dt
( 0) (uC(')vud('))ﬂTZtO /to p ( ( ) y ( ))

+ > ple WISy (ug (), ya (tr))

k‘GZ[tO T)
g (t—t0)
—— inf /ea—oscuct,ct dt
(e ua () Tt0 | iy (uc(t), ye(t))

+ 0> e s (ug (), yalte) | (10.80)
k‘GZ[tO,T)

where s, : Us x Yo — R and sq : Ug x Yqg — R defined as sc(uc,ye) =
P Se(uc,ye) and sq(ug,yq) = pSq(ug,yq) form the (scalar) hybrid sup-
ply rate (s, sq) for the large-scale impulsive dynamical system G. Clearly,
va(x) > 0 for all z € D. As in standard hybrid dissipativity theory [74,82],
the available storage v, (z), = € D, denotes the maximum amount of (scaled)
energy that can be extracted from the large-scale impulsive dynamical sys-
tem G at any time 7.

The following theorem relates vector storage functions and vector hy-
brid supply rates to scalar storage functions and scalar hybrid supply rates
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of large-scale impulsive dynamical systems.

Theorem 10.7. Consider the large-scale impulsive dynamical system
G given by (10.54)—(10.57). Suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector hybrid supply
rate (Se(te,Ye), Sa(ud, ya)) : (U X Y, Ugq X Yy) — R? x R? and with vector
storage function Vg : D — R . Then there exists p € R , p # 0, (respec-
tively, p € RY %) such that G is d1551pat1ve (respectively, exponentially dissipa-
tive) with respect to the scalar hybrid supply rate (sc(uc,ye), sa(ud,ya)) =
(pTSc(ue, ye), pT Sa(ug, yq)) and with storage function vg(z) = ptVi(x), = €
D. Moreover, in this case v,(x), x € D, is a storage function for G and

0 <wva(x) <ws(z), x€D. (10.81)

Proof. Suppose G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector hybrid supply rate (Se(uc,yc),
Sqa(ug,yq)). Then there exist an essentially nonnegative, semistable (respec-
tively, asymptotically stable) dissipation matrix W and a vector storage
function V5 : D — @i such that the dissipation inequality (10.65) holds.
Furthermore, it follows from Lemma 2.1 that there exist a > 0 (respec-
tively, & > 0) and a nonzero vector p € E‘i (respectively, p € RY) satisfying
(10.79). Hence, premultiplying (10.65) by p' and using (10.79) it follows
that

T
€Ty (2(T)) < e*ug(x(to)) + / € 5o (ue(t), yo ()t
+ > e™sa(ualte), ya(te)),
kGZ[tO,m

T >tg, (uc(-),ud()) € Ue x Uy, (10.82)

where vs(z) = p'Vi(z), z € D, which implies dissipativity (respectively,
exponential dissipativity) of G with respect to the scalar hybrid supply rate
(sc(te,ye), Sa(ud,yq)) and with storage function vg(x), z € D. Moreover,
since vg(0) = 0, it follows from (10.82) that for z(tg) = 0,

T
/ea(ttO)Sc(uc(t)’yC(t))dt—i- > et 0sq(ug(ty), ya(te)) > 0,

to k€Zjsy 1)
T > tOv (UC()vud()) € Z/[C X Z/{d? (1083)

which, using (10.80), implies that v,(0) = 0. Now, it can be easily shown
that va(x), © € D, satisfies (10.82), and hence, the available storage defined
by (10.80) is a storage function for G.

Finally, it follows from (10.82) that

T
us(e(tn)) > T vy (2(T)) — / e110) s e (£), e (1) )dt

to
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— > e Tsq(ug(ty), ya(te))

kEZ[zO,T)

T

> [ et (ul), yie)e
to
— > s (ug(ty), ya(te)),
kEZ[zO,T)
T > tOv (UC(),Ud()) € Z/[C X Z/{dv (1084)
which implies
’ (t—to)
vs(z(tg)) > — inf /eaoscuct,ct dt
(z(to)) et | i (uc(t), ye(t))

+ Z etk _to)sd(ud (k) ya(tr))

kGZ[tO,T)
=wv,(z(to)), (10.85)
and hence, (10.81) holds. O

It follows from Theorem 10.6 that if (10.71) holds for z(¢p) = 0, then
the vector available storage Va(x), z € D, is a vector storage function for
G. In this case, it follows from Theorem 10.7 that there exists p € R,

p # 0, such that vs(z) = pTV,(z) is a storage function for G that satisfies
(10.82), and hence, by (10.81), va(z) < p*Va(z), * € D. Furthermore, it
is important to note that it follows from Theorem 10.7 that if G is vector
dissipative, then G can either be (scalar) dissipative or (scalar) exponentially
dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions,
that is, vs(z) = ptVi(x), of a given vector dissipative large-scale impulsive
nonlinear dynamical system are positive definite.

Theorem 10.8. Consider the large-scale impulsive dynamical system
G given by (10.54)—(10.57) and assume that G is zero-state observable. Fur-
thermore, assume that G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector hybrid supply rate (S¢(uc,yc),
Sa(ud,ya)) and there exist @ > 0 and p € RL such that (2.4) holds. In
addition, assume that there exist functions k¢; : Yo; — Ug and ky; @ Yy —
Ug; such that k¢ (0) = 0, £4;(0) = 0, Sci(kei(Yei), yei) < 0, ye; # 0, and
Sdi(Kai(Ydi)s yai) < 0, ya; # 0, for all ¢ = 1,...,q. Then for all vector stor-
age functions Vs : D — R the storage function v(x) £ pTV(x), z € D, is
positive definite, that is, v5(0) = 0 and vs(z) > 0, z € D, x # 0.
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Proof. It follows from Theorem 10.7 that v,(x), x € D, is a storage
function for G that satisfies (10.82). Next, suppose, ad absurdum, that there
exists © € D such that v,(z) = 0, x # 0. Then it follows from the definition
of va(x), x € D, that for z(tg) = x,

T
/ s (ue(t), ye()dt + D e BT sy (ua(tr), yalt)) > 0,
to keZyy )

T>to, (uo(-),ual)) € Us x Ua. (10.86)

However, for ue; = fei(Yei) and ug; = kai(yai) we have se;(Kei(Yei), Yei) < 0,
5ai(Kdi(Ydi)> Ydi) < 0,¥ei # 0,ya; # 0 for all 4 = 1,..., ¢, and since p >> 0,
it follows that ye;(t) = 0,tx < t < tpy1,yai(ty) = 0,k € Zyyi = 1,...,q,
which further implies that uc;(t) = 0,tx < t < tgi1, and ug;(tg) = 0,k €
Z.,i=1,...,q. Since G is zero-state observable it follows that = 0, and
hence, v,y(x) = 0 if and only if z = 0. The result now follows from (10.81).
Finally, for the exponentially vector dissipative case it follows from Lemma
2.1 that p >> 0, with the rest of the proof being identical to that above. O

Next, we introduce the concept of wvector required supply of a large-
scale impulsive dynamical system. Specifically, define the vector required
supply of the large-scale impulsive dynamical system G by

>

Vi(zo) / ’ e W) S, (ue(t), ye (1)) dt

inf
(uc(+),ua(-)), T<to T

+ > e WG, (ug(tr), yalte) |
keZir 1)

(10.87)

where z(t), ¢ > T, is the solution to (10.54)-(10.57) with (7)) = 0 and
x(to) = mo. Note that since, with x(fp) = 0, the infimum in (10.87) is
the zero vector, it follows that V;(0) = 0. Moreover, since G is completely
reachable it follows that V;(z) << oo, x € D. Using the notion of the vector
required supply we present necessary and sufficient conditions for vector
dissipativity of a large-scale impulsive dynamical system with respect to a
vector hybrid supply rate.

Theorem 10.9. Consider the large-scale impulsive dynamical system
G given by (10.54)-(10.57) and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (Sc(ue,yc), Sa(ud,ya)) if and only
if

0<<Vi(z) << o0, z€D. (10.88)
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Moreover, if (10.88) holds, then V;(z), z € D, is a vector storage function for
G. Finally, if the vector available storage V,(z), z € D, is a vector storage
function for G, then

0 << Vp(x) << Vi(z) << 00, x€D. (10.89)
Proof. Suppose (10.88) holds and let z(t), ¢t € R, satisfy (10.54)-
(10.57) with admissible inputs (uc(-), ua(-)) € U x Uy and x(tg) = . Then,
it follows from the definition of Vi(+) that for T < t¢ < tg, uc(-) € U, and
Ud() € Z/{d,
to
Vifao) << [0S ), et

4 Z Wtk — tO)Sd(Ud(tk) Ya(te))
k€Zir 1)

tg
_ / e W10 G (uo (1), yeo(t))dt
T

+ Y e W) Gy (ug (t), yaltr)

kEZ[Tth)
to

+ / e W) G (ug(t), ye(t))dt
te

+ e W10 S (uq (tr), ya(te)), (10.90)
kEZ[ifﬂfo)

and hence,
tg
Vi(zg) << W (to—tr) inf / efW(tftf)Sc uc(t), ye(t))dt
(z0) << (we()ua (), T<te | Jr (1), e (£)

+ D GW(tktf)Sd(Ud(tk),yd(tk))]

KE€Zim,4p)

of Y WO, (g (), 1))

+ Wt=10) S (ug (), ya (tr))
k€Zity 1)

to
= eW(tO_tf)Vr(fU(tf)) +/ e_W(t_tO)Sc(uC(t)ayc(t))dt

tg

4 Z Wt —to) Sa(ua(te), va(te)), (10.91)
kEZ[if to)
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which shows that Vi(z), x € D, is a vector storage function for G, and
hence, G is vector dissipative with respect to the vector hybrid supply rate
(Sc(uc’ yc)’ Sd(”dv yd))

Conversely, suppose that G is vector dissipative with respect to the
vector hybrid supply rate (S¢(ue,¥yc), Sqa(ud,yq)). Then there exists a non-
negative vector storage function V(z), z € D, such that V5(0) = 0. Since
G is completely reachable it follows that for x(tg) = xg there exist T' < tg
and uc(t), t € [T,to], and uq(tr), k € Zjry,), such that z(T') = 0. Hence, it
follows from the vector hybrid dissipation inequality (10.65) that

0 << Vi(z(to)) << eV =Dy (z / V08, (ue(t), ye(£))
+ oy MRSy (ua (), ya(th)), (10.92)
KEZT 1)

which implies that for all T' < tg, uc(t) € Ue, and uq(tx) € Uy,

0<< / VD5, e (1), e (1)) dt

+ Z Wto=tk) Sy (ua(te), ya(tr)) (10.93)
kGZ[TtO)

or, equivalently,

to
"= ) / V0D S (ue(t), ye(t))dt
T (ue()ua(+)), T<to (uc(t), ye(t))

Y M 5 g (1), paltr)
kE€Zr 1)

= Vi(wo). (10.94)

Since, by complete reachability, V;(z) << oo, x € D, it follows that (10.88)
holds.

Finally, suppose that V,(z), = € D, is a vector storage function. Then
for z(T) = 0, x(tg) = xo, uc(+) € Ue, and uq(-) € Uy, it follows that

Va(e(ty)) << e 0TV, (2(T)) + / ! WO, 1) e 1))
T

+ > VTS (uq(tr), yaltr), (10.95)
kGZ[T,tO)

which implies that
0 << Va(z(to))
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<< inf / Wto t)S wu(t Mdt
(uc()sa (), T<to (ue(t), ye(t))

n Z eW(tU*tk)Sd(Ud (tr), ya(tr))
kE€Zr 1)

= Vi(z(ty)), =e€D. (10.96)

Since z(tg) = z¢ € D is arbitrary and, by complete reachability, V;(z) <<
0o, x € D, (10.96) implies (10.89). O

The next result is a direct consequence of Theorems 10.6 and 10.9.

Proposition 10.1. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)—(10.57) and assume G is completely reachable. Let
M = diag[p,..., gl besuch that 0 < p; <1,i=1,...,q. If Vo(z), x € D,
and Vi(z), = € D, are vector storage functions for G, then

Vs(z) = MVy(x) + (Iy — M)Vi(z), zeD, (10.97)

is a vector storage function for G.

Proof. First note that M >> 0 and I, — M >> 0 if and only if
M = diag[p1,...,1q] and p; € [0,1],4 = 1,...,¢q. Now, the result is a
direct consequence of the complete reachability of G along with vector hy-
brid dissipation inequality (10.65) by noting that if V,(x) and V;(z) satisfy
(10.65), then Vi(x) satisfies (10.65). O

Next, recall that if G is vector dissipative (respectively, exponentially
vector dissipative), then there exist p € R%, p # 0, and o > 0 (respectively,
p € RY and o > 0) such that (2.4) and (10.79) hold. Now, define the (scalar)
required supply for the large-scale impulsive dynamical system G by

1>

vp(z0)

to
/ ple W) G (ug (1), ye(t))dt

inf
(uc()sua(-), T<to | JT

+ Z W (ty— tO)Sd(Ud(tk) ya(ty))
kEZ[T to)
0 (t—to)
= inf /eO‘OSCUct,Ct dt
(UC(')rud(‘)),TSto T ( ( ) y ( ))

+ Y e (ua(tr), yalte)) | z0 €D, (10.98)
kE€ZiT.1)



LARGE-SCALE IMPULSIVE DYNAMICAL SYSTEMS 241

where s¢(te, ye) = T Se(ue, ye), sa(ud,ya) = p*Sa(uq,ya), and z(t), t > T,
is the solution to (10.54)—(10.57) with z(T') = 0 and z(tg) = zo. It follows
from (10.98) that the required supply of a large-scale impulsive dynamical
system is the minimum amount of generalized energy that can be delivered
to the large-scale system to transfer it from an initial state x(7) = 0 to
a given state xz(tg) = xo. Using the same arguments as in the case of the
vector required supply, it follows that v,(0) = 0 and v, (x) < oo, 2 € D.

Next, using the notion of the required supply, we show that all storage
functions of the form wvs(z) = p* Vi(z), where p € E‘i, p # 0, are bounded
from above by the required supply and bounded from below by the available
storage. Hence, a dissipative large-scale impulsive dynamical system can de-
liver to its surroundings only a fraction of all of its stored subsystem energies
and can store only a fraction of the work done to all of its subsystems.

Corollary 10.2. Consider the large-scale impulsive dynamical system G
given by (10.54)—(10.57). Assume that G is vector dissipative with respect to
the vector hybrid supply rate (Sc (e, Yc), Sa(ud, ya)) and with vector storage
function V5 : D — Ei. Then v, (z), z € D, is a storage function for G.

Moreover, if vg(x) 2 pTVi(z), x € D, where p € Ei, p # 0, then
0 <wva(z) <wgx) <o) <oo, z€D. (10.99)

Proof. It follows from Theorem 10.7 that if G is vector dissipative with
respect to the vector hybrld supply rate (Sec(uc,ye), Sa(ud, ya)) and with a
vector storage function Vi : D — R+, then there exists p € R +, p # 0,
such that G is dissipative With respect to the hybrid supply rate (s¢(ue, ye),
sa(ua,ya)) = (PTSe(uc, ye), pT Sa(ug,yqa)) and with storage function vs(x) =
ptVi(x), z € D. Hence, it follows from (10.82), with z(T') = 0 and z(ty) =
o, that

to
/ 05 (ue (), ye(t))dt + Z e 10) 54 (ua(tr), ya(tr)) > 0,

T kGZ[T,tO)
T <to, (ue(-),uq()) € Us x Ug, (10.100)

which implies that v.(xg) > 0, zg € D.

Furthermore, it is easy to see from the definition of the required sup-
ply that v.(x), z € D, satisfies the dissipation inequality (10.82). Hence,
v(z), € D, is a storage function for G. Moreover, it follows from the
dissipation inequality (10.82), with z(T) = 0, x(t9) = xo, uc(-) € U, and
ud() € Uy, that

to

e (x(to)) < e*Tvy(a(T)) + / € o (ue(t), yo ()t
T

+ ) e rsalualte), ya(tr)

kGZ[T,tO)
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_ / " e (ue(t), yel(t))dt

+ Y esq(ualte), yalte)), (10.101)
kEZ[T to)
which implies that
nzt) < inf /“aﬂ%w&wawwawmt
(we()ua (), T<to | J1

+ Z (te=10) 54 (ua (), ya (tr))
kGZ[TtO)

= v, (z(to)). (10.102)

Finally, it follows from Theorem 10.7 that v,(z), x € D, is a storage function
for G, and hence, using (10.81) and (10.102), (10.99) holds. O

It follows from Theorem 10.9 that if G is vector dissipative with respect
to the vector hybrid supply rate (Sc(uc,yc),Sq(ug,vyq)), then Vi(x), z €
D, is a vector storage function for G and, by Theorem 10.7, there exists
p € RL, p # 0, such that vs(z) = ptVi(z), x € D, is a storage func-
tion for G satisfying (10.82). Hence, it follows from Corollary 10.2 that
ptVi(z) < v(x), z € D. The next result relates the vector (respectively,
scalar) available storage and the vector (respectively, scalar) required sup-
ply for vector lossless large-scale impulsive dynamical systems.

Theorem 10.10. Consider the large-scale impulsive dynamical system
G given by (10.54)—(10.57). Assume that G is completely reachable to and
from the origin. If G is vector lossless with respect to the vector hybrid
supply rate (Sc(uc,¥ye),Sa(uq,yq)) and Vy(z), © € D, is a vector storage
function, then V,(z) = Vi(z), z € D. Moreover, if Vi(z), x € D, is a vector
storage function, then all (scalar) storage functions of the form wvs(x) =
ptVi(x), x € D, where p € Ei, p # 0, are given by

Ty
ve(e0) = vnlan) = vrloo) == [ € scuc(t) elt)de

to
B Z ea(tk—to)sd(ud(tk),yd(tk))
k‘GZ[tO Ty)
t
_ / ea(t—to)sc( (t) Ye (t))dt
T_
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where x(t), t > to, is the solution to (10.54)—(10.57) with uc(-) € Ug, uq(-) €
Z/{dv x(tO) =xy < D7 SC(”C? yC) = pTSC(uC7 yC)) and Sd(Ud, yd) = pTSd(Ud7 yd))
for every T > tg and T_ < ¢ such that (7} ) = 0 and z(7_) = 0.

Proof. Suppose G is vector lossless with respect to the vector hybrid
supply rate (S¢(uc,yc), Sa(ud,yq)). Since G is completely reachable to and
from the origin it follows that for every xg = x(tg) € D there exist T} > to,
T_ < to, uc(t), t € [T-,Ty], and uqg(tx), k € Zip_ 1., such that z(7-) = 0,
x(Ty) = 0, and z(tg) = xo. Now, it follows from the dissipation inequality
(10.65), which is satisfied as an equality, that

Ty
0= / VTG (u(t), yo(t))dt

+ Z eW(TJr*t’“)Sd(Ud(tk%yd(tk))> (10.104)
kGZ[Ti,TJr)

or, equivalently,

T+
0 = / e W0 G (4o (1), ye(t))dt

+ > e WIS, (ug (t), ya )

T

to
+ > e WIS, (ug(ty), ya(te))
k‘GZ[tO,T+)

to
== i) / e WUITI0) S, (ue (t), ye (t))dt
(uC(.)7ud('))1T7§t0 T ( ( ) y ( ))

+ Y e WS, (ug(tr), yaltn))

keZ[T_,to)
Ty
o / W05, (ue(t), ye (1)) dt
Ucl:)ud(*)), L4+ =2 0
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+ e W) G (uq (), yalte))
kEZ[tO,T+)

= Vi(zo) — Va(xo), (10.105)

which implies that Vi(xzg) << Vi(zo), xo € D. However, it follows from
Theorem 10.9 that if G is vector dissipative and V,(z), x € D, is a vector
storage function, then V,(z) << Vi(z), x € D, which along with (10.105)
implies that V,(z) = Vi(z), = € D.

Next, since G is vector lossless there exist a nonzero vector p € Ki
and a scalar a > 0 satisfying (2.4). Now, it follows from (10.104) that

Ty
0= / pTe W0 S (ue(t), ye(t))dt
T

+ Z pTe”W=t) S, (ug(ty), ya(tr))

k€Zir_ Ty)
Ty
:/ O10) 5 (e (), e (1))t
T
+ et =) sy (ug (tr), ya(tr))
kC€Zir_ 1)
to
_ / e710) s (e (1), o))t
T_
+ Z alte=t0) s (ug (th), ya (tx))
kEZ[T o)

Ty
n / e (t10) 5 (1o (), o (£) )it
to

4 Z ea(tk_to)Sd(Ud(tk)v yd(tk))

keZ[to,T+)
fo (t—to)
Z inf / ea_oScUct,ct dt
(uc(')ﬂud(')),T7St0 T ( ( ) y ( ))

+ Y e sy (ug(tr), yaltn)

kEZ[T_ tO)
Ty
ot /t eO=10) 5 (g (1), o (1))t
U ,u *))s = 0
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Y e i)
k‘GZ[tO,T+)

=uv:(20) — va(x0), w0 €D, (10.106)

which along with (10.99) implies that for any (scalar) storage function of
the form vs(x) = pTVi(z), © € D, the equality v,(7) = vs(x) = v(x), v €
D, holds. Moreover, since G is vector lossless the inequalities (10.82) and
(10.101) are satisfied as equalities and

Ty
va(0) = — / e@1710) g (e (£), ye (£))dt
to
_ e =t0) 54 (ug (), ya(tr))
kEZ[zo Ty)

to

_ / =10) s (ue (), yo (1)) dt

T_

i eo‘(tk_to)Sd(Ud(tk),yd(tk))’ (10.107)
KE€Zir_ 10)

where x(t), t > to, is the solution to (10.54)—(10.57) with u.(-) € Ue, uq(-) €
Ug, 2(T-) =0, z(Ty) =0, and z(tg) = xp € D. O

The next proposition presents a characterization for vector dissipa-
tivity of large-scale impulsive dynamical systems in the case where V4(-) is
continuously differentiable.

Proposition 10.2. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)(10.57), assume Vi = [vg1,...,v]" : D — RY is a
continuously differentiable vector storage function for G, and assume G is
completely reachable. Then G is vector dissipative with respect to the vector
hybrid supply rate (Sc(uc, ye), Sa(ud,yq)) if and only if

Va(z(t)) << WVa(m(t)) + Se(ue(t),ye(t), tr <t <tpy1, (10.108)
Va(a(tr) + Fa(z(ty), ua(te))) << Vi(z(ty)) + Sa(ualtr), ya(tr)), k€ Zy,
(10.109)

where V;(z(t)) denotes the total time derivative of each component of V(-)
along the state trajectories x(t),tx <t < txy1, of G.

Proof. Suppose G is vector dissipative with respect to the vector
hybrid supply rate (Sc(uc,yec), Sa(ud,yq)) and with a continuously differ-
entiable vector storage function Vi : D — @i. Then, with T = ¢ and
to = t, it follows from (10.67) that there exists a nonnegative vector func-
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tion I(t,t, 20, uc(+)) >> 0,tpyq >t >t > ty, 20 € D, uc(-) € U, such that
Vi(a(d) = Wit / WE=0)S, (ue(0), ye())do
Ut F, w0, ue(-)), (10.110)

or, equivalently,

W, (a(d)) — e WV (a(t)) = / WS (ue(0), ye(0))do
—e W (t,E, 20, uc(")). (10.111)

Now, dividing (10.111) by # — ¢ and letting £ — ¢*, (10.111) is equiva-
lent to

eV (o) = e S e 1) e 1)

_e—Wt lim l(t7 tv xo, ’LLC())

. . (10.112)
ot d—t

where the limit in (10.112) exists since V() is assumed to be continuously
differentiable. Next, premultiplying (10.112) by eVt t > 0, yields

. . l t, E) Lo, Uc\

Vaa(1) ~ WV(a(0) = Se(ue(t), (1)) — im (B0l 30145

t—t+ t—1

which, since lim; ,,+ w >> 0 and t is arbitrary, gives (10.108).

Inequality (10.109) is a restatement of (10.68).
The converse is immediate from Theorem 10.5. O

Recall that if a disconnected subsystem G; (i.e., Z¢;(x) = 0 and Zg;(z) =
0,7 € {1,...,q}) of a large-scale impulsive dynamical system G is exponen-
tially dissipative (respectively, dissipative) with respect to a hybrid supply
rate (Sci(Ueis Yei ), Sdi(Udi, Ydi)), then there exist a storage function vg; : R —
R, and a constant ¢; > 0 (respectively, &; = 0), i = 1,...,q, such that the
dissipation inequality

T
e T (2(T)) < e¥ug(x(t)) + / %1 505 (uei (1), yei (1)) dt

to

+ > e thsgi(ugi(te), yai(te), T >to, (10.114)
keZ[to,T)

holds. In the case where vy; : R™ — R, is continuously differentiable and G
is completely reachable, (10.114) yields

Vi (23) (fei(23) + Gei(Ti)uei) < —€ivsi (24) + Sei(Ueiy Yei )
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v ¢ Z;, ue€Usg (10.115)
Vsi (w5 + fai(ws) + Gai(xi)ugi) < vsi(wi) + 8qi(udi Yai), T € 25, ua; € Ugs,
(10.116)

where Z; £ R™ x --- x R%-1 x Z,. x R%+1 x ... x RY C R" and Z,, C R™,
i =1,...,q. The next result relates exponential dissipativity with respect
to a scalar hybrid supply rate of each disconnected subsystem G; of G with
vector dissipativity (or, possibly, exponential vector dissipativity) of G with
respect to a vector hybrid supply rate.

Proposition 10.3. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)-(10.57) with Z, = U, Z;. Assume that G is com-
pletely reachable and each disconnected subsystem G; of G is exponentially
dissipative with respect to the hybrid supply rate (sc;(tei, Yei), Sai(Udis Ydi))
and with a continuously differentiable storage function vg; : R — Ry, i =

1,...,q. Furthermore, assume that the interconnection functions Z; : D —
R™ and Zyg; : D — R™,4=1,...,q, of G are such that
v (2i)Lei(2) < 3004 &ij(@)vgj(25), o & 2o, (10.117)

Usi (25 + fai(zi) + Zai(x) + Gai(@i)uai) < vsi(zi + fai(xi) + Gai(xi)ugs),
x€Zy, ug €Uy, i=1,...,q, (10.118)

where §;; : D — R, 4,j =1,...,q, are given bounded functions. If W € R9*4
is semistable (respectively, asymptotically stable), with

_ ) —eitan, 1=,
W) _{ AR (10.119)
where ; > 0 and oy; 2 max{0,sup,ep &j(x)}, for all 4,5 = 1,...,q, then

G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate

Sc1(Uct s Ye1) sa1(udi, Y1)
(Sc(ucvyc)vsd(udvyd)) = ) (10120)
ch(ucq> ycq) Sdgq (udq> ydq)
and with vector storage function V;(z) 2 [ve1 (1), .. . ,Usq(zg)]Y, w € D.

Proof. Since each disconnected subsystem G; of G is exponentially
dissipative with respect to the hybrid supply rate sc;(tei,yei), ¢ = 1,...,4¢,
it follows from (10.115)—(10.118) that, for all u,; € Ue; and i = 1,...,q,

bsi (i (£)) = v (i (1)) [fei (5 (8)) + Zei (2(t)) + Gei (i (t) Juci (1)

< i (5 (t)) + Sci(uei (8), Yei (£)) + Y &ij((t))vg; (5 (1))
i=1
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< _5iUsz‘($i (t)) + Sci(ucz ycz + Z Q5 Vs $g

tk <t <tpyr, (10.121)

and

Vsi (i () + fai(wi(tr)) + Zai((tr)) + Gai(w(te))uai(tr))
<wsi(wi(te) + fai(zi(te)) + Gai(zi(te) ) uai(te))
<wgi (@i (t)) + sai(uai (te), yai(te)), k€ Zy.  (10.122)

Now, the result follows from Proposition 10.2 by noting that for all
subsystems G; of G,

Va(z(t)) << WVel@(8) + Seluc(t), ye(t),  th <t <tryr, uc(-) € Ue,
(10.123)

Vi(x(ty) + Fa(z(te), ua(te))) << Vi(z(tr)) + Sa(ua(te), ya(te)),
ke€Zy, ug(’) €Uy, (10.124)

where W is essentially nonnegative and, by assumption, semistable (respec-

tively, asymptotically stable), and the vector function Vi(z) = [ve1 (1), - . . ,
vsq(x4)] T, for all x € D, is a vector storage function for G. O

As a special case of vector dissipativity theory we can analyze the sta-
bility of large-scale impulsive dynamical systems. Specifically, assume that
the large-scale impulsive dynamical system G is vector dissipative (respec-
tively, exponentially vector dissipative) with respect to the vector hybrid
supply rate (S¢(uc,¥c), Sd(ud,yd)) and with a continuously differentiable
vector storage function Vy : D — R . Moreover, assume that the conditions
of Theorem 10.8 are satisfied. Then it follows from Proposition 10.2, with
uc(t) =0, uq(ty) =0, yo(t) =0, and yq(tx) = 0, that

Vi(z(t)) << WVi(z(t), te <t <tp (10.125)
Va(z(te) + fa(x(tr)) + Za(x(tr)) << Vi(z(tr)), ke€Zy, (10.126)

where x(t), t > tg, is a solution to (10.54)—(10.57) with z(tg) = x9, u.(t) =0,
and uq(ty) = 0. Now, it follows from Theorem 10.2, with w.(z) = Wz and
wq(z) = 0, that the zero solution z(t) = 0 to (10.54)—(10.57), with u.(t) =0
and uq(tx) = 0, is Lyapunov (respectively, asymptotically) stable.

More generally, the problem of control system design for large-scale im-
pulsive dynamical systems can be addressed within the framework of vector
dissipativity theory. In particular, suppose that there exists a continuously
differentiable vector function V; : D — Ei such that V4(0) = 0 and

Vi(a(t) << Fo(Vala(®)sue(®), th <t <tprt, ue(-) €U, (10.127)
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Vi(z(te) + Fa(x(tr),ua(tr))) << Va(z(tn), k€ Zy, wua(-) €U,
(10.128)

where . : R} xR™ — R? and F,(0,0) = 0. Then the control system design
problem for a large-scale impulsive dynamical system reduces to constructing
a hybrid energy feedback control law (¢, ¢q) : Ri X Ri — U, x Uq of the
form

>

Uec = (Zsc(vs(x))
ug = ¢a(Vs())

where ¢¢; : Ki — Uciy, ¢¢i(0) = 0, ¢q; : @i — Uy, i =1,...,q, such that
the zero solution z(t) = 0 to the comparison system

A1) =we(2(1)),  z(to) = Va(z(to)), > to, (10.131)

[ber (Va(@))s -+ bg(Va(@)]T, @ & 2o, (10.129)
(b4 (Va(@)), ..., o4, (Va(@))]",  x € Z,,  (10.130)

1>

2

is rendered asymptotically stable, where w¢(z) = Fc(z, ¢c(2)) is of class W,
and Assumptions 10.1 and 10.2 hold. In this case, if there exists p € Ri

such that vg(x) 2 pTVi(z), € D, is positive definite, then it follows from
Theorem 10.2 that the zero solution z(t) = 0 to (10.54)—(10.57), with u. and
uq given by (10.129) and (10.130), respectively, is asymptotically stable.

As can be seen from the above discussion, using an energy feedback
control architecture and exploiting the comparison system within the control
design for large-scale impulsive dynamical systems can significantly reduce
the dimensionality of a control synthesis problem in terms of the number
of states that need to be stabilized. It should be noted, however, that for
stability analysis of large-scale impulsive dynamical systems the comparison
system need not be linear as implied by (10.125). A nonlinear comparison
system would still guarantee stability of a large-scale impulsive dynamical
system provided that the conditions of Theorem 10.2 are satisfied.

10.4 Extended Kalman-Yakubovich-Popov Conditions for Large-
Scale Impulsive Dynamical Systems

In this section, we show that vector dissipativeness (respectively, exponential
vector dissipativeness) of a large-scale impulsive dynamical system G of the
form (10.54)—(10.57) can be characterized in terms of the local subsystem
functions fci(')y Gci(')? hCi(')v JCi(')a fdi(')7 Gdi(')7 hdi(')? and Jdi(')? along
with the interconnection structures Z.;(-) and Zg;(-) for i« = 1,...,q. For
the results in this section we consider the special case of dissipative systems
with quadratic vector hybrid supply rates and set D = R”, Uy = R,
Uy = R™i Y, = Rlei and Yy, = Rlai. Furthermore, we assume that
Z = Z; x R™e, where Z, C D, so that resetting occurs only when z(t)
intersects Z,. Specifically, let Re; € S™ei, S € RleiX™ei Qi € Slei, Ry; €
Smai - Sy, € RlaiXmai and Qq; € Sl be given, and assume S¢(ue,yc) is
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such that Sci(uch yci) = ngcini + 2y;l;Sczucz + U;[‘Z'Rciuci and Sd(Ud, yd) is
such that sq;(uai, yai) = yg;Qaiyai + 2v3;Saiai + ug; Raiuai, © = 1,...,q.
Furthermore, for the remainder of this chapter we assume that there exists
a continuously differentiable vector storage function Vy(z), z € R™, for the
large-scale impulsive dynamical system G.

For the statement of the next result recall that x = [2],... ,:U:]F]T
[urcrlw"a Cq] y Yo = [yaa"'vy(r:l:]]Taud: [ugp"'vudq] » Yd = [ydp "7ygq]T7
T; € R™ y Uci RmCia Yei € RlCi> Ud; € Rmdia Ydi € Rldza 1= 17 -y q,
Zgzl n; =mn, Zgzl Mei = Me, 23:1 mq; = mq, Z?:l lei = l¢, and Z?Zl lai =
lq. Furthermore, for (10.54)—(10.57) define F. : R — R", G, : R" —
R™Me ho: R™ — Rle, Jo : R — RleXMe Fy: R" — R™, Gq : R" — R™™4,
hq : ]R” Rl and Jy : R® — RlaXma by F(x) = []—"CTl(x),...,f(g(x)]T,

AN A

Falz) & [FL (= ),...,deq(x)]T, where Fo;(x) = fei(x;) + Zei(x), Fai(z) =

fdz(xz) + Idz( )’ 1 = 1 -y 4, Gc(‘r) é blOCk*diag[Gcl («751), cee ch(xq)]v
AN

Gq(z) = 2 block— diag[Ga1(z1), ..., Gag(zg)], he(x) = [RL (1), ..., R (x)]T,

s heq
ha(z) = [hgl (z1), . hgq(xq)]T, Jo(z) = block-diag [Je1(21), - - ., Jeg(4)],
and Jd( ) = block— d1ag[Jd1 (1), . qu(xq)] Moreover, for alli =1,...,q,
define Re; € S™¢, S¢; € Rlexme, Q € Sk, Ry; € S™4, Sy; € Rldxmd and
Qd € Sl such that each of these block matrlces cons1sts of zero blocks
except, respectively, for the matrix blocks Ry € S™ci, S € RbeiXmei
Qei € Sli, Ry; € S™ai, Sg; € Rlaixmai and Qg; € SY on (i,4) position.

The next result introduces a more general definition of vector dissipa-
tivity involving an underlying nonlinear comparison system.

y Ue =

Definition 10.6. The large-scale impulsive dynamical system G given
by (10.54)—(10.57) is wector dissipative (respectively, exponentially vector
dissipative) with respect to the vector hybrid supply rate (S¢(uc, ye), Sa(ud, yd))
if there exist a continuous, nonnegative definite vector function Vy = [vg, .. .,
Usq]T : D — E‘i, called a wvector storage function, and a class W function
We : ﬁi — RY such that V;(0) = 0, wc(0) = 0, the zero solution z(¢) = 0 to
the comparison system

2(t) =we(z(t)), z(to) = 20, t > to, (10.132)

is Lyapunov (respectively, asymptotically) stable, and the vector hybrid dis-
stpation inequality

T T
Vs(x(T))SSVs(:v(to)H/t we(Va(a())dt + | - Se(uc(t), ye(t))dt
+ Y Sa(ualte),ya(te)), T > to, (10.133)

k‘GZ[tO,T)

is satisfied, where x(t), t > to, is the solution to (10.54)—(10.57) with u.(-) €
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U. and ug(-) € Uy. The large-scale impulsive dynamical system G given by
(10.54)—(10.57) is vector lossless with respect to the vector hybrid supply rate
(Se(te, Ye), Sa(uq,ya)) if the vector hybrid dissipation inequality is satisfied
as an equality with the zero solution z(¢) = 0 to (10.132) being Lyapunov
stable.

If G is completely reachable and Vi(-) is continuously differentiable,
then (10.133) can be equivalently written as

Va(a(t) << we(Va(z(®) + Se(uc(®), ye(t)), te <t < tpr1, (10.134)

Va(a(tr) + Fa(z(ty), ua(tr))) << Va(z(ty)) + Sa(ualte), va(t)), k€ Zq,
(10.135)

with uc(-) € U and uq(-) € Ug. If in Definition 10.6 the function w :
Ri — RY is such that we(z) = Wz, where W € R?7*4, then W is essentially
nonnegative and Definition 10.6 collapses to Definition 10.5.

Theorem 10.11. Consider the large-scale impulsive dynamical system
G given by (10.54)-(10.57). Let Ry € S™ei, Sy € Rleixme Q€ Slei
Ry; € S™ai| Sg; € Rlaixmai and Qq; € Sli,i = 1,...,q. Then G is vector
dissipative (respectively, exponentially vector dissipative) with respect to
the quadratic hybrid supply rate (Sc(uc, ye), Sa(uq, yd)), where sc;(tei, Yei) =
Yo Qeilei + 25 Seitiei + ul Rejtie; and sq;(Uas, Yai) = Yy QaiVai + 2y Saivai +
uEiRdiudi, i =1,...,q, if there exist functions Vi = [vs1,...,05g]" : R" —
Ei, We = [We, ..y Weq]T E(i — RY, £ : R® — R, Z : R? — RSeiXMe
Ly - R? — RS, Zg : R? — RSaXma P R® — R4 and Py, : R® —
N™d such that vg(+) is continuously differentiable, vg;(0) = 0,7 = 1,...,q,
we(+) € W, wc(0) = 0, the zero solution z(¢) = 0 to (10.132) is Lyapunov
(respectively, asymptotically) stable,

vsi(x + Fq(x) + Ga(r)uq) = vsi (@ + Fq(x)) + Pri(x)ug + UEPQi(x)Ud,
x € Z,, ug€RM™ (10.136)

and, forall i =1,...,q,
0=l (2)Fe(x) — hd (2)Qeihe(w) — wei (Ve (@) + €5 (2)lei (), @ & Zq,

(10.137)
0=30,(2)Ge(w) = he (2)(Sei + Qeide()) + L5 (2) Zei(m), = & Za,
(10.138)
0=Rei + JF(2)Se; + SEJe(z) + JF (2)Qeide(z) — ZE(2) Zei(x), = & Z,,
(10.139)
0=1gi(2 + Fa(z)) — hY (2)Qaiha(x) — vei(x) + (5 (x)lgi (), 2z € Z,,
(10.140)

0=1Pi(z) — bl (2)(Sai + QaiJa(@)) + €3:(2) Zas(x), =€ Z,,  (10.141)
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0= Rq; + J4 (x)Sai + S§;Ja(z) + Jq (2)QaiJa(z) — Pai(x)
—Z3i(2) Zai(x), w€ 2, (10.142)
Proof. Suppose that there exist functions vg; : R™ — @Jr, lei : R —
RSci, Zo; o R® — RciXMe g4 0 R™ — RS, Zg. : R — RSiX™Md qp,, : Ei —
RY, Py; : R™® — RY>™a and Py; : R® — N4 such that vg;(+) is continuously
differentiable and nonnegative definite, vg;(0) = 0,7 = 1,...,¢q, w.(0) = 0,
we(-) € W, the zero solution z(t) = 0 to (10.132) is Lyapunov (respectively,
asymptotically) stable, and (10.136)—(10.142) are satisfied. Then for every
uc(t) ER™, t,t Rty <t <t<tpy1,k€Zy,andi=1,...,q, it follows

from (10.137)-(10.139) that

7 t . A
l%mamemw=[wH@%w@+%ﬂ@%%@
+z{cT (0)Qeiye(0)]do
_ /t IWT (2(0))Qeihe(2(0))
+2hT(l‘(0))(Scz+ch C(JJ(O’)))UC(U) .
+ug (0)(J) (2(o ))Qci Je(2(0)) + JL (2(0))Sei
+S§ (2(0)) + Rei)uc(o)|do
:/t (V5 (2(0)) (Fe(x(0)) + Gelz(0))uc(0))
)

O ((or)) ()
wﬂ<<»mmwm
w3 (0) 23 (2(0)) Zes(2(0) e (0)
lingrainuisin

=[mww»

b (2(0)) + Zes(2(0))ue ()] (o))

+Za(2(0)ue(0)] — wea(Va (o))l

> () = (e (®) — [ w(Vi(e(o))der
(10.143)

o

—
)

~—

where z(0), 0 € (tg, try1], satisfies (10.54). B
Next, for every uq(ty) € R™, t;, € R, and k € Z4, it follows from
(10.136) and (10.140)—(10.142) that

vsi(z + Fa(z) + Ga(w)ua) — vsi(w)
=vgi(x + Fa(z)) — vsi(z) + Pri(x)uqg + udTPgi(x)ud
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= hg (2)Qaiha(x) — £3;(x)la; (x) + 2[hg (2)(Qai Ja(x)
+54i) — £gi(x) Zqi(2)]ua + ud [Ra; + S3;Ja ()

~

+J3 (2)Sai + J4 (2)QuiJa(@) — 23;(2) Zai(2)]ud
= 8qi (Ui, Yai) — [lai(x) + Zai(z)ua] " [Cai(x) + Zai(x)uq]
< 5qi(udi, Ydi)- (10.144)

Now, using (10.143) and (10.144) the result is immediate with vector storage
function Vi(z) = [vs1(), ..., vsg(2)]T, x € R™. O

Using (10.137)—(10.142) it follows that for T' > tq > 0, k € Zy, 1), and
1=1,...,q,

T T
/ i1t () e ()t + / wa(Vaa @)t + 3 sai(ualti), valty))

fo fo k€2, 1)

T
:%@@»—%u%»+/wamm+zaamwwﬁ

WKH»+am@m@h
+ Y [laile(tn) + Zas(@(te))ua (b)) [lai(e(t)) + Zas(2(tr))ua(tr)],

kEZ[zo T)
(10.145)

where Vi(z) = [vs1(), ..., vsq(2)]T, € R™, which can be interpreted as a
generalized energy balance equation for the ith impulsive subsystem of G,
where vg;(z(T)) — vsi(x (o)) is the stored or accumulated generalized energy
of the ith impulsive subsystem; the two path-dependent terms on the left
are, respectively, the external supplied energy to the ith subsystem over
the continuous-time dynamics and the energy gained over the continuous-
time dynamics by the ith subsystem from the net energy flow between all
subsystems due to subsystem coupling; the last discrete term on the left
corresponds to the external supplied energy to the i¢th subsystem at the re-
setting instants; the second path-dependent term on the right corresponds to
the dissipated energy from the ith impulsive subsystem over the continuous-
time dynamics; and the last discrete term on the right corresponds to the
dissipated energy from the ith impulsive subsystem at the resetting instants.
Equivalently, (10.145) can be rewritten as

Osi(@(t)) = Sci(uci(t), Yei (1)) + wei(Vs(z(2)))
—[lei((t)) + Zei(m(t))ue()] [lei(2(8)) + Zei(2(t) Jue ()],
tp <t <tpy, i=1,...,q, (10.146)
Usi (2 () + Falz(t)) + Galz(te))ua(te)) — vsi(z(tx))
= sai(ua(tr), ya(te)) — Wai(z(tr)) + Zai(@(tr))ua(te)]"
ai(x(tr)) + Zai(z(te))ualte)], k€ Zy, (10.147)
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which yields a set of g generalized energy conservation equations for the
large-scale impulsive dynamical system G. Specifically, (10.146) shows that
the rate of change in generalized energy, or generalized power, over the time
interval t € (tg,tr4+1] for the ith subsystem of G is equal to the general-
ized system power input to the ith subsystem plus the instantaneous rate
of energy supplied to the ith subsystem from the net energy flow between
all subsystems minus the internal generalized system power dissipated from
the ith subsystem; (10.147) shows that the change of energy at the reset-
ting times t;, k € Z,, is equal to the external generalized system supplied
energy at the resetting times minus the generalized dissipated energy at the
resetting times.

Note that if G, with (uc(t),uq(tx)) = (0,0), is vector dissipative (re-
spectively, exponentially vector dissipative) with respect to the quadratic
hybrid supply rate, and Q.; < 0 and Qq; < 0,47 = 1,...,q, then it follows
from the vector hybrid dissipation inequality that for all k € Z,

Va(a(t)) << we(Va(@(t))) 4 Se(0, ye(t) << we(Va(z (1)),  te <t <ty
(10.148)
Vs(z(tr) + Fa(z(te))) — Vs(z(tr)) << Sa(0,ya(te)) << 0, (10.149)

where 50(07 yc) = [SC1(07 y01)7 s 730q(07 qu)]T) Sd(o) yd) = [Sdl (O) yd1)7 R
T
qu(o’ydq)] s

5ei(0,yei (1) =ys (D Qeivei (t) <0, i=1,....q, (10.150)
5ai(0,yai (tr)) = va; (1) Qaiyai(te) <0, t, <t <tpi1, k€L,
i=1,...,q, (10.151)

and z(t), t > tp, is the solution to (10.54)—(10.57) with (uc(t),ua(ts)) =
(0,0). If, in addition, there exists p € R% such that ptVi(z), z € R™, is
positive definite, then it follows from Theorem 10.2 that the undisturbed
((uc(t),uq(ty)) = (0,0)) large-scale impulsive dynamical system (10.54)—
(10.57) is Lyapunov (respectively, asymptotically) stable.

Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 10.7. The large-scale impulsive dynamical system G given
by (10.54)—(10.57) with m¢; = lei, ma; = lai, @ = 1,...,q, is vector pas-
sive (respectively, vector exponentially passive) if it is vector dissipative
(respectively, exponentially vector dissipative) with respect to the vector
hybrid supply rate (Se(uc,ye), Sa(ud, ya)), where se;(uei, Yei) = 2yLue and
Sdi(udivydi) = 2y(};’udi7 i = 17 - q-

Definition 10.8. The large-scale impulsive dynamical system G given
by (10.54)—(10.57) is vector nonexpansive (respectively, vector exponentially
nonexpansive) if it is vector dissipative (respectively, exponentially vector
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dissipative) with respect to the vector hybrid supply rate (S¢(uc, yc), Sq(uq,

2, T T 2. T
Ya)), where s¢;i(tci, Yei) = Valeitei — Yei¥ei and Sq; (Udis Ydi) = V35U Udi —

ygiydi, 1=1,...,q,and v, > 0,vq; >0,i=1,...,q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider large-scale impulsive dy-
namical systems G that are vector dissipative with respect to vector hybrid
supply rates (Sc(uc, yc), Sa(ud, ya)), where sei(tei, yei) = 2y tcis Sai(Udis Yai)
= 2yg,udis © € Lp, 8¢j(Ucjy Yej) = Vejliajtici — Yoi¥esi» Yej > 05 8aj(udj, yaj) =
'ygjugjudj—ygjydj, Yaj > 0, J € Zne, LiyNZpe = D, and ZpUZne = {1,...,q}.
Furthermore, hybrid supply rates for vector input strict passivity, vector out-
put strict passivity, and vector input-output strict passivity generalizing the
dissipativity notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a quadratic hybrid supply rate
for the case where the vector storage function Vi(z), z € R™, is component
decoupled, that is, Vi(z) = [vs1(x1), ..., vsq(z4)]T, € R™

Theorem 10.12. Consider the large-scale impulsive dynamical system
G given by (10.54)—(10.57). Assume that there exist functions Vs = [vg1, .. .,

vsq]T : R* — Ei, We = [wcl,...,wcq]T : E‘i — RY9, £, : R — RS,
Zy o RY — RSeiXMei fo R — R4 Zg : R" — RSaXMai P . R —
RIXmai - and Py; : R® — N™ai such that Vi(z) = [ve1 (1), ..., vsg(7g)]T,

vsi(+) is continuously differentiable, vs;(0) = 0,7 = 1,...,q, w.(-) € W,
we(0) = 0, the zero solution z(¢) = 0 to (10.132) is Lyapunov (respectively,
asymptotically) stable, and, for all z € R™ and i = 1,...,q,
0 <wsi(zi + Fai()) — vsi(@i + Fai() + Gai(wi)uai) + Pri(w)uai
+ul; Poi(z)ugi, © € 2y, ug € R™, (10.152)
0> vl () Fei (@) — by (23) Qeihei (i) — wei(Va(x)) + €5 () bei(24),
vd 2, (10.153)
0= 30l (%) Gei(xi) — h% (2:) (Sei + Qeidei (@) + €% (%) Zei (),
x §Z Z,,  (10.154)
0 < Rei + J&i (20)Sei + S Jei (i) + Jos (1) QeiJei (w3) — 24 (1) Zei (i),
v d Z,,  (10.155)
0> vgi(@; + Fai(®)) — hgy () Qaihai (i) — vsi(ws) + €4 (i) las(2s),
reZ,  (10.156)
0=3Py(x) — hl;(2:)(Sa; + Qaidas (%)) + €5 (i) Zai(w;), @ € Za,
(10.157)
0 < Rai + Jai () Sai + SaiJai (i) + Jgi(w:)QaiJai (w:) — Pai()
—Zji() Zai(w:), ® € Z,. (10.158)

Then G is vector dissipative (respectively, exponentially vector dissipative)
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with respect to the vector hybrid supply rate (Sc(uc, ye), Sa(ud, ya)), where
Sci(Uciy Yei) = Ugy Reitiei+2y 5 Seitiei Y Qeiyei and s4; (Wais Yai) = Ug; Raitiai+
2yd;Saitiai + Yg;Qaiyai, i = 1,... . q.

Proof. For every admissible input u.(t) = [u} (2),... ,uCTq(t)]T such
that ue(t) € R™ei t,t e Rt <t <t<tpi1, k€Zy,andi=1,...,q, it
follows from (10.153)—(10.155) that

/t Sci(uci(a)>yci(0))d(f:/t (g3 (0) Reittes (0) + 2y (0) Seittei (o)
+y}5(0)chycz(U)]dU
:/t [hd (2:(0)Qeihei(i(0))

+2h % (2i(0))(Sei + Qeidei(wi()))

Uei (0) + ug (o) (J& (2i(0)) Qeidei (i (o))
+JE(2i(0))Sei + Sk Jei(x5(0))
+]j?ci)uci(a)]da

> /t (06 (i (0)) [Fei (2(0)) + Glei(i(0) Juci(0)]

+0X (25 (0)lei (zi(0))
+205(2i(0)) Zei (i (0) Juci (o)

Ful(0) 22 (24(0)) Zei (zi(0) Juei (o)
—we;i(Vs(x(0)))ldo

:/t [Vsi(zi(0)) + [lei(zi(0))

+Zei(2i(0))uci ()] [lei(xi(0))
+Zi(zi(0))uci(0)] — wci(‘{s(x((’)))]da

i
> vsi(i(t)) — vsi(i(t)) —/t wei (Vs(2(0)))do,
(10.159)
where z(0), tp < 0 < tj41, satisfies (10.54).
Next, for every admissible input uq(ty) = [ul, (), . .. ,ugq(tk)]T such

that ug;(ty) € R™4i, ¢, € R, k € Zy, and i = 1,...,q, it follows from
(10.152) and (10.156)(10.158) that

Sai(Uai(t) s yai (tr)) = uds (tk) Rasuas (te) + 2yg; (tk) Saiuas (te)
94 (te) Qaivai (tr)
= hg;(i(tr))Qaihas (xi(tr))
+2h; (@i (t)) (Sai + QaiJai (@i (tr)))uai (te)
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Fud; (tr) (T (i(te)) Qai Jai (i (1))

+J 45 (@i (tk)) Sai + SqiJai (wi(t)) + Ras)uai(ts)

> vsi(2i(t) + Fai(z(tk))) + Pri(z(te))uai(tr)

(i (b)) ai (i (1)) + 260; (i (tr)) Zai (i (t) uai (t)

gy (te) Pai (2 () Juai (t)

Fud; (te) 243 (i (t)) Zai (i (tr) Juai (tr) — vei (wi(tr)

> Vi (@ (t) + Fai(z(tr)) + Gai(wi(t) ) uai(te))
+lai(wi(tr) + Zaa(wi(tr))uai (b)) [Cai(wi(tr))
+Zai(wi(tr) Juai (tr)] — vsi(zi(tr))

> Vi (@ (t) + Fai(z(tr)) + Gai(wi(t) ) uai(te))

—vsi (i (tr)), (10.160)
where z(t;), k € Z,, satisfies (10.55). Now, the result follows from (10.159)
and (10.160) with vector storage function Vy(z) = [vs1(21),. .., vsq(zg)]*, @ €
R™. O

Finally, we provide necessary and sufficient conditions for the case
where the large-scale impulsive dynamical system G is vector lossless with
respect to a quadratic hybrid supply rate.

Theorem 10.13. Consider the large-scale impulsive dynamical system
G given by (10.54)-(10.57). Let Re; € S™<i, S¢; € Rleixmei Q€ Slei | Ry, €
Smai Sy, € Rlaixmai and Qq; € Sk, 4 = 1,...,q. Then G is vector loss-
less with respect to the quadratic hybrid supply rate (Sc(uc, ye), Sa(ud, vd)),
where Sei(Uci, Yoi) = UgReitici + 2y Seitici + Yo QeiYei and sq;(udi, yai) =

udTiRdiudi+2y(};Sdiudi+ygiQdiydi, i =1,...,q, if and only if there exist func-
tions Vg = [Usl,...,’USq]T : RZ—> Ri, Py R* - R>ma P, . R® — N™da,
and we = [Wet,y ..., Weq| T : Ri — RY such that vg(+) is continuously dif-

ferentiable, vg;(0) = 0,7 = 1,...,q, we € W, w.(0) = 0, the zero solution
z(t) = 0 to (10.132) is Lyapunov stable, and, for all x € R, i = 1,...,¢q,
(10.136) holds and

=vl;(2) Fe(@) — Y (2)Qeihe(7) — wei(Va(2)), « & Za, ( )
10i(@)Ge(@) = hi (2)(Sei + QeiJe(2)),  x & Za, ( )
= Rei + JX(2)Sei + SEJ.(2) + JY (2)QeiJe(2), 1z & Z,, (10.163)
=vsi(z + Fa(x)) — by (2)Qaiha(x) — vsi(x), € Z,, ( )
0=3Py(x) — hi(2)(Sa; + Qaida(x)), € 2, ( )
0= Ry; + JI (2)Sqi + ST Jq(x) + JE (2)QaiJa(x) — Poi(x), z € Z,.

(10.166)

Proof. Sufficiency follows as in the proof of Theorem 10.11. To show
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necessity, suppose that G is lossless with respect to the quadratic hybrid
supply rate (Sc(uc,¥ye), Sa(ua,yq)). Then, there exist continuous functions
Ve = [Us1,...,05g]T : R® — @i and we = [Wet, ..., Weq) T E‘i — RY such
that V5(0) = 0, the zero solution z(t) = 0 to (10.132) is Lyapunov stable,
and forall k€ Z,,i=1,...,q,

i i
vai((0)) — va(2(1)) = / sei(ttei(0), i (0))do + / wa(Va(a(0)))do,
ty <t <t<tp1, (10.167)

and

vsi(z(tr) + Fa(z(tr)) + Ga(w(te))ua(tr)) = vsi(w(te)) + sai(uai(tr), yai(te))-
(10.168)

Now, dividing (10.167) by # — t* and letting  — ¢*, (10.167) is equivalent
to

Dsi((2)) = v (2(8)) [Fe (2(£)) + Ge(x(t)Jue(t)]
= sci(tci(t), yei(t)) + wei(Va(2(t))), e <t <tggr. (10.169)

Next, with t = £, it follows from (10.169) that

vgi (o) [Fe(wo) + Ge(o)uc(to)] = sci(uci(to), Yei(to)) + wei(Vs(2o)),
o) ¢ Ze, uc(to) € R™Me, (10.170)

Since xo € Z, is arbitrary, it follows that

Vi (@) [Fe(@) + Ge()ue) = wei(Va(@)) + g Rejtie + 2y Seitte + Yo Qeive
=wei(Va(2)) + he (2)Qeihe(x)
+2h7 (2)(QeiJe () + Sei)uc
+ul (Rei + S5Je(@) + JF (2)Ses
+J;f($)QCZ'JC($))uC, zeR" wu.eR™,
(10.171)

Now, equating coefficients of equal powers yields (10.161)—(10.163).
Next, it follows from (10.168) with k = 1 that

vsi(x(tr) + Fa(z(tr)) + Ga(z(t1))ua(tr)) = vsi(x(t1)) + sai(uai(t1), yai(t1))-
(10.172)

Now, since the continuous-time dynamics (10.54) are Lipschitz, it follows
that for arbitrary = € Z, there exists xg ¢ Z, such that z(¢;) = z. Hence,
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it follows from (10.172) that

vsi(@ + Fa(z) + Ga(@)ua) =vsi(x) + ud Ragua + 24 Saiua + yd Qaiva
=vsi(x) + h (2)Qaiha(x)
+2h] (2)(QaiJa(z) + Sai)uq
+ug (Ra; + Sk Ja(x) + Ji (2)Sai
+JT(2)QaiJa(x))ug, = €R™  ug e R™,
(10.173)
Since the right-hand side of (10.173) is quadratic in uq it follows that vg;(z+
Fa(x)+Gq(x)uq) is quadratic in uq, and hence, there exist Py; : R® — R1X™a
and Py; : R" — N ¢=1,...,¢q, such that
vei(x + Fa(x) + Ga(2)ug) = vei(@ + Fa(x)) + Pri(z)uq + ug Poi(z)ug,
z€R" wugeR™.  (10.174)

Now, using (10.174) and equating coefficients of equal powers in (10.173)
yields (10.164)(10.166). O

10.5 Specialization to Large-Scale Linear Impulsive
Dynamical Systems

In this section, we specialize the results of Section 10.4 to the case of large-
scale linear? impulsive dynamical systems. Specifically, we assume that
we(-) € W is linear so that w.(z) = Wz, where W € R%%Y is essentially
nonnegative, and consider the large-scale linear impulsive dynamical system
G given by

#(t) = Aca(t) + Beue(t), a(t) ¢ Z (10.175)
Ax(t):(Ad — L)a(t) + Baua(t), x(t) € Z,, (10.176)
yc(t) = ch(t) + Dcuc(t)v x(t) ¢ Za, (10'177)
a(t) = Caz(t) + Daua(t), z(t) € Z,, (10.178)

where A, € R™ " is partitioned as A, = [Acij), 4,5 = 1,...,q, Auj €
R™ixm %4 1nl = n, B, = block-diag[Bci,..., B, Cc = block-diag
[Cet, - - - ,ch] = block—diag[De1, . . ., Deg), Bei € R"X™ei Oy € RleiXni,
Dy € Rleixmei Ad € R™" i partitioned as Aq = [A4ij], 4,5 = 1,...,q,
Adij S Rnixnj, By = blOCk—diag[Bdl, ey qu], Cq = b]OCk—diag[Cdl, ceey

*Impulsive dynamical systems with f.(z) = Acz, Ge(z) = Be, fa(z) = (Aq — D,
Ga(x) = Bag, he(x) = Cex, Jo(x) = Dc, ha(z) = Caz, and Ja(z) = Dq are not linear.
However, this minor abuse in terminology provides a natural way of differentiating between
impulsive dynamical systems with nonlinear vector fields and nonlinear input functions
versus impulsive dynamical systems with linear vector fields and linear input functions.
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Caq), Da = block—diag[Dqy, . .., Dqg], Bai € R"*™Mai, Cy; € Rlaix™i Dy; €
RlaiXmai and i=1,...,q.

Theorem 10.14. Consider the large-scale linear impulsive dynamical
system G given by (10.175)-(10.178). Let Ry € S™<i, Sy € Rleixmei Q. €
Slei, Ryq; € SMdi, Sy; € Rlaixmai Qq. e Slai § =1,...,¢q. Then G is vector
dissipative (respectively, exponentially vector dissipative) with respect to
the vector hybrid supply rate (Sc(ue,yc), Sq(ud,ya)), where Se;(uci, Yei) =
Ul Rejtic; + 2y L Seitici + Y& Qeiyyes and sa; (uai, yai) = ug; Raivai + 2y Saiviai +
ygiQdiydi, i =1,...,q, if there exist W € R P, € N" | L, € R%*",
Zei € RSciXMe [, € R%X" and Zy; € R%i*X™d ¢ = 1, ... ¢, such that
W is essentially nonnegative and semistable (respectively, asymptotically
stable), and, for all i = 1,...,q,

q
0=aT(AL P+ PiA. — CTQeiCe = > W j Py + LEiLe)z, x ¢ Z,,
j=1

( )
2T (PiB. — CY(Sei + QeiDe) + LEZ), & Z,, ( )
Rei+ DY S + SEDc + DI QeiDe — 25 Ze, (10.181)

( )
( )
( )

2 T(ATPAg — CFQuiCa — P+ Ly Lai)x, =€ Z,,
2T (A PBy — CF (Sai + QaiDa) + LY, Za1), = € Z,,
= Rai + DY Sy4i 4+ SEDg + DYQqiDy — BYPiBy — Z1. Zg;.

0
0
0
0
0

Proof. The proof follows from Theorem 10.11 with F.(x) = Acx,
Ge(x) = Be, he(x) = Cexy Jo(x) = Dey we(r) = Wr, Lei(x) = Leix, Zei(x) =
Zeiy Fa(r) = Agqz, Ga(x) = By, ha(z) = Caz, Ja(x) = Dq, Lai(x) =
Lyiz, Zai(x) = Zai, Pri(z) = 22T AI P,Bq, Pai(z) = B] P,Bq, and vg;(x) =
zTPx, i=1,...,q. O

Note that (10.179)—(10.184) are implied by

Aci Bci LT
a1 2 <0 (10.155)
ci (& ct
. . T
{Jg? lgj% } _ { éc% ] [ Lai Zai ] <0, i=1,...,q, (10.186)
7 1 di
where, for alli =1,...,q,
) q
Aci = ACTB + PA:c — C;Fchcc - Z W(i,j)Pj’ (10.187)
j=1
Bei=P;Be — C2 (Sei + QeiDe), (10.188)

Coi = —(Rei + D" + S1De + DX QuiDe), (10.189)
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Adi = A4 PiAq — C{ QaiCa — P, (10.190)
By = AT P,Bq — C (S4i + QaiDa), (10.191)

Hence, vector dissipativity of large-scale linear impulsive dynamical systems
with respect to quadratic hybrid supply rates can be characterized via (cas-
cade) linear matrix inequalities (LMIs) [26]. A similar remark holds for
Theorem 10.15 below.

The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a quadratic hybrid supply rate in the case
where the vector storage function is component decoupled.

Theorem 10.15. Consider the large-scale linear impulsive dynami-
cal system G given by (10.175)—(10.178). Let Ry € S™ei, S € Rleixmei,
Qci € S, Ry; € S™i, Sg; € Rlaixmai and Qg; € Slai, 5 =1,..., ¢, be given.
Assume there exist matrices W € R, P, € N, L., € Réix™ 7 .. €
Rsciixmci, Ly € deiixni, Zgii € deiixmci’ 1 =1,...,q, ch’j c Rscijxni,
Zoij € RPN Lg;; € R%6X™ and Zg;; € R¥6*M 4,5 =1,...,q,1 # J,
such that W is essentially nonnegative and semistable (respectively, asymp-
totically stable), and, for all i =1,... ¢,

% cit cit

0>z | AL P+ PiAci — CLQeiCoi — Wb + LEiLeii

q
J=1,j#i
0=a} (PiBei — CpSei — CEQeiDei + L5 Zeii), & 2 (10.194)

0>a} | AL PiAgii — C1:QaiCai — Pi + LY Lays

K3 T

q
+ > LijLlaij | 7, w€ 2, (10.196)
j=1,5#i
0=x} (AL PiBy; — CL.Sq; — C1.QaiDai + LY, Zaii), © € Z.,
(10.197)
0< Ra; + D;Sai + Si;Dai + D3;QaiDai — By; PiBai — Zay; Zaiis
(10.198)

and for j=1,...,¢,l=1,...,q, 7 %1, 1l #1,
0= (PiAcij + L Zcij),  © & Zu, (10.199)

cij
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0< x;(w(ij)P ZCzJZCU)xjv T Zy, (
0=x] (A5;;PBa;), =€ Z,, (
0> (Ag; PAa)z, = € 2, (10.202
0> (AL PiAdi; + Ly  Zaij)vj, « € Za, (
0=x; (Zq;; Zaij)xj, @ € Za. (

10.200
10.201

10.203
10.204

Then G is vector dissipative (respectively, exponentially vector dissipative)
with respect to the vector hybrid supply rate (Sc(uc, ye), Sa(ud, ya)), where
Sci(Ucis Yei) = U Reitiei+2y 5 Seitici Yo Qeitier and s4; (Ui, Yai) = ug; Raitiai+

291 Saitai + Y5, Qaiyai, i =1,...,q.

Proof. Since P, is nonnegative definite, the function vg;(z;) = x} P,
€ R™, is nonnegative definite and vs;(0) = 0. Moreover, since vg;(-)
is continuously differentiable it follows from (10.193)-(10.204) that for all

Uci(t) € R™Mei ug;(t) € R™Mai 4 =1,...,q, and tx <t <tpy1, k € Z+,

i (wi(t))

ZACZ]x] + Bczucz( )

< (t) W(i,i)]Di+C£QciCci_ ciiLecii — Z chchzg z(t)

Jj=1,j#i
q
- Z ( )ch]ZClj ( )
J=1,j#1

+2x?(t)C§;SCiuCZ( ) t) ch czucz( )

q
—21’ ( )LcuZ uuCl Z ZJ)P ZcngCZ]] ( )

Jj=1,7

gy (1) Rejuucs () + 2ugy (1 )D;E'Sciuci( t) + ue; (£) D Qei Deitici (t)
u (t)ZT Zm-um- (t)

C?

oy

Wi jyvsi (25(£)) + uds () Reitici () + 2y (£) Seitiei(t)

<
Il
—

i (£) Qeityei ()

—~[Leiiwi(t) + Zeiiuei (0] [Leiizi(t) + Zeizuei(t)]

— Z (Leiji(t) + Zeijwj ()" (Leijai(t) + Zeija; (t))
=1,
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q

<sei(uei(t), yei(t)) + Z Wi jyvsi (5 (t))- (10.205)

=1
Furthermore,
T
q
Z Agijrj(ty) + Bajuai(ty) | = Z Agijr(tr) + Bajugi(tr)
=1 =1

q
Z Agijzj(ty) + Baiugi(tr)
=1

q
<l (ty) | P+ CHiQuiCai — LijiLaii — », LiijLaij | wilte)
=1, j#i

q

— Z 2x;r(tk)LdTijZdij$j(tk) + 2xiT(tk)CdTiSdiudi(tk)
j=1,j5#i

+227 (1) O Qai Daivai (te) — 227 (te) Ly Zaiuai (tr,)

q
Z :U tk Zdzy Zdljxj (tk) + udz(tk)Rdszz(tk)
=1,j#1
+2udz(tk)DdiSdiudi(tk) + udTi (tk)D(};QdiDdiudi (tx)
—ug; (tk) Zdy Zaiitiai (te)
=vsi(zi(tr)) + ud; (te) Raivai (tk) + 2yd; (tr) Saiai (tr) + yai (te) Qaiyai (tr)

—[Lagizi(tr) + Zaguai(tr)]" [Laizi(te) + Zasvai (te)]
q
= Y [Laiwilte) + Zaija; (te)] " [Lasgzi(tr) + Zaij; (b))
=1,
< sqi(udi(te), Yai(te)) + vsi(zi(tr))- (10.206)
Writing (10.205) and (10.206) in vector form yields
V() << WVi(x) + Se(ue, ye), ue € R™, & Z,, (10.207)
Vs(Aqx + Bauq) << Vi(x) + Sq(ug,yq), uq € R™, ze€ Z,, (10.208)
where Vi(z) 2 [vs(21), . .. ,Usq(7)]T, € R™. Now, it follows from Defini-
tion 10.6 that G is vector dissipative (respectively, exponentially vector dissi-

pative) with respect to the vector hybrid supply rate (Sc(ue, ye), Sa(ud, yd))
and with vector storage function Vi(z), z € R™. O
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10.6 Stability of Feedback Interconnections of Large-Scale
Impulsive Dynamical Systems

In this section, we use the concepts of vector dissipativity and vector stor-
age functions as candidate vector Lyapunov functions to develop feedback
interconnection stability results of large-scale impulsive dynamical systems.
General stability criteria are given for Lyapunov and asymptotic stability
of feedback large-scale impulsive dynamical systems. Specifically, we con-
sider input/state-dependent impulsive large-scale dynamical systems G of
the form

10.209
10.210
10.211
10.212

(x(t),uc(t)) € 2, t>

( )
( )
( )
( )

where z(t) € D C R", t > tg, uc(t) € Uc C R™<, uq(ty) € Ug C R™4,
Ye(t) € Yo C R, yq(ty) € Yy CRU, F, : D x U, = R", Fy: D x Ug — R",
H. : DxU. —- Y., Hg : D xUgq — Yyg, D is an open set with 0 € D,
Z C D x U, and F.(0,0) = 0.

Here, we assume that G represents a large-scale impulsive dynamical
system composed of ¢ interconnected controlled impulsive subsystems G;
such that, for all i =1,...,q,

Fei(z,uci) = fei(wi) + Zei(x) + Gei(wi)uei, (10.213)
Fai(x,uq;) = fai(xs) + Zai(x) + Gai () ug;, (10.214)
Hei(x5,u¢) = hei(i) + Joi (i) Uess (10.215)
Hy;i (x5, ug;) = hai(x3) + Jgi (i) uq;, (10.216)

where z; € D; C R™, uy; € Uy C R yg € Uy C R™i gy,
Hei(ziue) € Yo C Re, yg = Hy(zi,ua) € Yai © RM ((uei, uai),
(Yeir Yai)) is the hybrid input-output pair for the ith subsystem, f.; : R™ —
R™ and Z,; : D — R™ are Lipschitz continuous and satisfy f.;(0) = 0
and Z.(0) = 0, fq; : R™ — R™ and Zg; : D — R™ are continuous,
Ge @ R™M — R™X™ci gnd Gg; : R™ — R"™*™di are continuous, hg; :
R™ — Rlei and satisfies he;(0) = 0, hg; : R — Rli | Jo; 0 R — RleiXmei
Jai @ RM — Rlaixmai 5™ p = n 37 mg = me, Yot Ma; = Ma,
>4l =lc, and D" | lg; = lg. Furthermore, for the large-scale dynami-
cal system G we assume that the required properties for the existence and
uniqueness of solutions are satisfied, that is, for each i € {1,...,q}, u¢(-) and
ug;(-) satisfy sufficient regularity conditions such that the system (10.209)
and (10.210) has a unique solution forward in time. We define the com-
posite input and composite output for the large-scale impulsive dynamical
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AN A A
system G as u, = [uch,...,uCTq]T7 Uuq = [“gp---auqu]Ta Yo = [y;rlw”’y;rq]T’
A .
and yq = [ygl, e ,ygq]T, respectively.
Next, we consider a dynamical large-scale impulsive feedback system
G given by

Te(t 10.217

| |
3
o

8
o
—~
N
IS

(c(t), uee(t)) & 2,

CC(t))> xc(tO = Zc0,
) € Z,

)
)s Uce

) ( )
ch(t) :ch(xC(t)’udC(t))v ( (t ( (10218)
Yee(t) = Hee(we(t), tee(t)),  (zc(t), ucc(t)) € Ze, (10.219)
Yo (t) = Hac(xe(t), ude(t),  (2e(t), uce(t)) € Ze, (10.220)

where Fe : R X Uge = R™, Fge : R™ x Uge = R, Hee : R™ X Uee = Yo,

Hge : R™ x Uge — Yae, Foe = [Fiby,. o, Fib]¥, Fao = [FLy,... FL )",
He = [HE,,... HEJY, Hae = [HY,, .. HL Y, Use € R, Uge € Rla,
Yoo € R™e, Yy, € R™d, Moreover, for all i = 1,...,q, we assume that

Fcci(wm ucci) = fcci(wci) + Icci(wc) + Gcci (wci)uccia (10'221)
Faci(Te, Udei) = fdcz( i) + ZLaci(wc) + Gaci(Tei)tdei,  (10.222)
Heei(Teis Ueei) = Peci(Tei) + Jeci(Tei)Ueei, (10.223)
Haci(Zcis tdei) = hdei(Tei) + Jaci(%ei ) udei, (10.224)

. X AN
where i € Ueei C lev Udei € Udei C Rldlv Yecei = HCCi(xCi7uCCi) €

. JAN . . .
Yeei © R™e ygei = Hdci(xcivudci) € Yy C© R™Mt) fooy o Rt — RN
and Zg; @ R™ — R satisfy fee;(0) = 0 and Zee;(0) = 0, fyei @ R —
}:R"‘L(:i7 IdCZ : Rnc — Rnci’ GCCi : Rnci — IRTLC'L'chi7 GdCZ : Rnci — Rncindi’
heei + R — R™< and satisfies heei(0) = 0, hqe; @ R — R™di Jog; -
Rrei — RMeixlei  Jy; 0 R — RMaixlai and >°9_) ne; = ne. Furthermore,

we define the composite input and composite output for the system G, as
AN A

20T T 1T AT T T 1T

Uge = [uccl,...,uccq] , Ude = [udcl,...,udcq] y Yoo = [yccl,...,yccq] , and
AN T T 1T . .

Yde = [ydd,...,ydcq] , respectively. In this case, Usc = Ucer X -+ X Ugey,

Udc:Udclx“‘XUdcq7 Yee = Year X"‘X}/ccqv andec:chlx"'Xchq‘
Note that with the negative feedback interconnection given by Figure 10.1,
(uccvudc) = (yC)yd) and (yCC)ydC) - (_UC) —Ud).

We assume that the negative feedback interconnection of G and G, is
well posed, that is, det[L,,, +Joci(@ci) Jei ()] # 0, det[ I, +Jdci (i) Jai (x4)]
# 0 for all z; € R™, z,; € R™, and i = 1,...,q. Next, we assume that
Ze 2 Zepo X Zonee = {(Tes Uee) + Xe(Tey Uee) = 0}, where X, : R x Uy — R,
and define the closed-loop resetting set

2:70 é Zx X Zcxc U {(l’,l’c) : (ECC(JJ,JIC)7 Ec(wiC)) € ZCUcc X Zuc}7 (10225)

where L (-,-) and Lc(-,-) are functions of z and z. arising from the alge-
braic loops due to u.. and wuc, respectively. Note that since the feedback
interconnection of G and G. is well posed, it follows that 25; is well de-
fined and depends on the closed-loop states & = [#T 21]T. Furthermore, we
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Ge

Figure 10.1 Feedback interconnection of large-scale systems G and G..

assume that for the large-scale systems G and G, the conditions of The-
orem 10.8 are satisfied, that is, if Vi(z), x € R", and Vis(zc), 2o € R,
are vector storage functions for G and G., respectively, then there exist
p € RY and p. € RY such that the functions vg(z) = p'Vi(z), z € R™,
and ves(ze) = pl Ves(ze), 1o € R, are positive definite. The following re-
sult gives sufficient conditions for Lyapunov and asymptotic stability of the
feedback interconnection given by Figure 10.1.

Theorem 10.16. Consider the large-scale impulsive dynamical sys-
tems G and G, given by (10.209)-(10.212) and (10.217)-(10.220), respec-
tively. Assume that G and G. are vector dissipative with respect to the
vector hybrid supply rates (Sc (um yc)v Sd (Ud7 yd)) and (Scc (Ucm ycc), Sdc (Udm
Yde)), and with continuously differentiable vector storage functions V4(-) and
Ves(+), and dissipation matrices W € R?7*? and W, € R9%9, respectively.

i) If there exists ¥ = diagloy, . .. ,04] > 0 such that

(10.226)

Se (uca yc) + EScc(ucm ycc) <<0,
<<0, (10.227)

Sa(ud,ya) + XSdc(Ude, Ydc)

and W € R9%7 is semistable (respectively, asymptotically stable),
where

Wii.j) 2 max {W ), (EWe2 Y p )

= Imax {W(z,])>

oF} .o

S Wein s, di=1,...,q, (10.228
o; o ,])} J q ( )
then the negative feedback interconnection of G and G, is Lyapunov
(respectively, asymptotically) stable.

ZZ) Let Q; € Sl”, Se; € RlCimei, R.; € S™<i, Qg; € Sldi, Sa; € Rldixmdi,
Rdi € Smdi’ Qcci € SmCiv Scci € RmCinCiv Rcci € SlCi’ Qdci € Smdiv
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Sgei € RMaixlai and Ry.; € Sk, and suppose
P

Seltic; Ye) = [Se1(Uet, Ye1), - - - » Seq(ticq: Yeq)] (10.229)

Sa(ud, ya) = [sa1 (a1, Ya1), - - - » Sdg(Udgs Yag)] s (10.230)

See(tices Yee) = [Scct (Ueet, Yot )y - -+ Sccq(Ueeqs Yeeg)] > (10.231)

Sac(Ude, Ydc) = [Sde1 (Ude1, Yde1 ), - - - » Sdeg(Udegs Ydeq)] > (10.232)
where

Sci(Ueis Yei) = ugs Reitici + 2y Seitici + Yoy Qeileis (10.233)

54 (Udi, Yai) = U Raitiai + 2y Saittdi + Yo QaiYdis (10.234)

Scci (Ueci Yeci) = Ugei Reciticei + 2Yegi Sceiticei + YooiQecileei,  (10.235)

Sdei (Udeir Ydei) = Ui Rdcitides + Ui Sdcitldei + YdeiQaciidei,  (10.236)

for all i = 1,...,q. If there exists X = diag[oy,...,04] > 0 such that
foralli=1,...,q,
Qci +0iReci  —Sei + UzSECZ
<0,  (10.237
ch |: ST +0iScci  Rei +0iQcci - ( )
le |: Qa; +0iRac;  —Sai + UzSZ{Cl

<0,  (10.238
—S1 +0iSaci  Rai + 0iQaci ] - ( )

and W € R9%Y is semistable (respectively, asymptotically stable),
where

Wi j) £ max {W(; 1), (S WS}

o; .
=max {W(m-), ﬁ . Wc(i,j)} , 4,j=1,...,q, (10.239)
J
then the negative feedback interconnection of G and G, is Lyapunov
(respectively, asymptotically) stable.

Proof. Let 7¢ £ T e YU Tap e @nd tg € T°, k € Z,. First, note
that it follows from Assumptions 10.1 and 10.2 that the resetting times
tr(= 76(Z0)) for the feedback system are well defined and distinct for every
closed-loop trajectory.

i) Consider the vector Lyapunov function candidate V(x, z.) = Vi(z)+
YVes(xe), (x,2.) € R™ x R™, and note that the corresponding vector Lya-
punov derivative of V' (z,x.) along the state trajectories (z(t),z.(t)), t €

(tg,tkr1), is given by
V(x(t),ze(t)) = Vi((t)) + SVes(ae(t))

(z
<< Se(ue(t), ye(t)) + BSee(Uee(t), Yee (t)) + WVi(2(t))
I W Ves (e (1))
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<WVi(z(t)) + SWD 10V (2 (1))
< W(Vs(a(t)) + BVes (a(1))) i
= WV (2(t),z.(1), (x(t),2:(t)) & Zz, (10.240)

and the Lyapunov difference of V(x,z.) at the resetting times t3, k € Z,,
is given by

AV (x(ty), zc(tr)) = AVi(z(tr)) + BAVes(we(tr))

<< Sq(ua(te), ya(te)) + XSac(ude(te), Yac(te))
<<0, (2(t),zc(t) € Zz. (10.241)

Next, since for Vi(z), z € R", and Vg(xc), x. € R™, there exist, by as-
sumption, p € R% and p. € R such that the functions vs(z) = pIVi(x), z €
R™, and ves(c) = pl Ves(2e), ze € R, are positive definite, and noting that
Ves(xe) < maxizl’wq{pci}eTVCS(:UC), where pg; is the ith element of p. and

e=[1,..., 1], it follows that €T Vs(x), 2. € R™, is positive definite. Now,
since
l.:Hllin q{piai}eT%S(xC) < pTEVcs(wc)v (10.242)

it follows that p* X Vis(xe), 2. € R", is positive definite. Hence, the function
v(z,z.) 2 ptV(x, ), (r,2.) € R x R", is positive definite. Now, the
result is a direct consequence of Theorem 10.2.

i1) The proof follows from i) by noting that, for all : = 1,... ¢,

T
Sci(uciayci) +Ui5cci(ucci>ycci): |: ;Jc :| Qci [ ;jc :| R (10.243)
CcC CcC
Y T Y
8di(Udis Ydi) + 0iSdei(Udeis Ydei) = { yj ] Qai [ yj } ; (10.244)
C C

and hence, Sc(uc,yc) + BSec(tee, Yoe) << 0 and Sq(uq, yq) + LSqc(ugde,
ydc) << 0. O

For the next result note that if the large-scale impulsive dynamical
system G is vector dissipative with respect to the vector hybrid supply
rate (Sc(ue,Ye), Sa(ud,ya)), where se;(tei, Yei) = 2ystc and sq;(ud;, yai) =
2yd;udi> © = 1,...,q, then, with ke;(yei) = —FKeiyei and £g;(Yai) = —KaiYdis
where ke; > 0, kg; > 0, @ = 1,...,q, it follows that se¢;(Kci(Yei), Yei) =
—2KciYolei < 0 and sqi(Kai(Yai)s Yai) = —2kai¥giyai < 0, Yoi # 0, yai #
0, i = 1,...,q. Alternatively, if G is vector dissipative with respect to
the vector hybrid supply rate (Sc(ue,¥c), Sq(ud,ya)), where Se;i(tci,Yei) =
Vugtei — YoiYei and sqi(ugi,ydi) = VI;UqUdi — Ya;Ydis Where e > 0,
vai > 0,1=1,...,¢, then, with x¢;(yci) = 0 and kg;(ya;) = 0, it follows that

Sci(Kei(Yei ) Yoi) = —YaiYei < 0 and sg;(kai(Yai), Yai) = —Yg;¥ai < 0, Yei # 0,
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yai #0,7=1,...,q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist @ > 0 and p € R% such that (2.4) holds,
then it follows from Theorem 10.8 that (scalar) storage functions of the form
vs(z) = pTVi(x), x € R™, where V() is a vector storage function for G, are
positive definite. If G is exponentially vector dissipative, then p is positive.

Corollary 10.3. Consider the large-scale impulsive dynamical systems
G and G, given by (10.209)—(10.212) and (10.217)—(10.220), respectively.
Assume that G and G, are zero-state observable and the dissipation matrices
W € R?*? and W, € R?*7 are such that there exist, respectively, a > 0,
p€RY, ac >0, and p. € RL such that (2.4) is satisfied. Then the following
statements hold:

i) If G and G, are vector passive and W € R?%9 is asymptotically stable,
where W(i,j) = max{W jy, Weiijy}s i, = 1,..., ¢, then the negative
feedback interconnection of G and G, is asymptotically stable.

1) If G and G, are vector nonexpansive and W e R9%9 is asymptotically
stable, where W(i,j) = max{W(; j), Weijy}, 5 = 1,...,4q, then the
negative feedback interconnection of G and G, is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 10.16. Specif-
ically, statement ¢) follows from Theorem 10.16 with R.; = 0, S¢; = I,
Qci = 07 Rdi = O’ Sdi = dmg;» Qdi = O’ Rcci = O’ Scci = dmg;» Qcci = O’
Ryci = 0, Saci = Imy;y Qdei = 0,9 = 1,...,¢, and ¥ = I,. Statement
i1) follows from Theorem 10.16 with R, = 'Ygz‘-’mcm Sei =0, Qui = —11,,
Rq; = 7(211'Imd“ Sai = 0, Qqi = _Ildi’ Reei = 'chillciv Seci = 0, Qcci = _Imci’
Raci = Yaeiliys Sdei = 0, Qaci = —Imy,, i =1,...,¢, and X = I,. O






Chapter Eleven

Control Vector Lyapunov Functions for
Large-Scale Impulsive Systems

11.1 Introduction

The mathematical descriptions of many hybrid dynamical systems can be
characterized by impulsive differential equations [11,13,82,94,117,155]. As
shown in Chapter 10, impulsive dynamical systems can be viewed as a sub-
class of hybrid systems and consist of three elements—namely, a continuous-
time differential equation, which governs the motion of the dynamical system
between impulsive or resetting events; a difference equation, which governs
the way the system states are instantaneously changed when a resetting
event occurs; and a criterion for determining when the states of the system
are to be reset. Since impulsive systems can involve impulses at variable
times, they are in general time-varying systems, wherein the resetting events
are both a function of time and the system’s state. In the case where the
resetting events are defined by a prescribed sequence of times that are in-
dependent of the system state, the equations are known as time-dependent
differential equations [11,13,32,74,75,117]. Alternatively, in the case where
the resetting events are defined by a manifold in the state space that is
independent of time, the equations are autonomous and are known as state-
dependent differential equations [11,13,32,74,75,117).

Even though impulsive dynamical systems were first formulated by
Mil'man and Myshkis [138,139], the fundamental theory of impulsive dif-
ferential equations is developed in the monographs by Bainov, Lakshmikan-
tham, Perestyuk, Samoilenko, and Simeonov [11-13,117,155]. These mono-
graphs develop qualitative solution properties, existence of solutions, asymp-
totic properties of solutions, and stability theory of impulsive dynamical
systems. In a recent series of papers [37,74,75, 78], stability, dissipativity,
and optimality results have been developed for impulsive dynamical systems
that include invariant set stability theorems, partial stability, dissipativity
theory, and optimal control design.

In this chapter, we provide generalizations to vector Lyapunov theory
for continuous-time systems presented in Chapter 5 to address stability and
control design of impulsive dynamical systems via vector Lyapunov func-
tions. Vector Lyapunov theory has been developed to weaken the hypothe-
sis of standard Lyapunov theory to enlarge the class of Lyapunov functions
that can be used for analyzing system stability. In particular, as shown in
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Chapters 5 and 6 the use of vector Lyapunov functions in dynamical sys-
tem theory offers a very flexible framework since each component of the
vector Lyapunov function can satisfy less rigid requirements as compared to
a single scalar Lyapunov function. Weakening the hypothesis on the Lya-
punov function enlarges the class of Lyapunov functions that can be used
for analyzing system stability. In particular, each component of a vector
Lyapunov function need not be positive definite with a negative or even
negative-semidefinite derivative. Alternatively, the time derivative of the
vector Lyapunov function need only satisfy an element-by-element inequal-
ity involving a vector field of a certain comparison system. Since in this
case the stability properties of the comparison system imply the stability
properties of the dynamical system, the use of vector Lyapunov theory can
significantly reduce the complexity (i.e., dimensionality) of the dynamical
system being analyzed. Extensions of vector Lyapunov function theory that
include relaxed conditions on standard vector Lyapunov functions as well as
matrix Lyapunov functions appear in [52,131,132].

In this chapter, we extend the notion of control vector Lyapunov func-
tions presented in Chapter 5 to impulsive dynamical systems and show that
in the case of a scalar comparison system the definition of a control vector
Lyapunov function collapses into a combination of the classical definition of
a control Lyapunov function for continuous-time dynamical systems given
in [6] and the definition of a control Lyapunov function for discrete-time dy-
namical systems given in [3,38]. In addition, using control vector Lyapunov
functions, we present a universal hybrid decentralized feedback stabilizer for
a decentralized affine in the control nonlinear impulsive dynamical system
with guaranteed gain and sector margins. These results are then used to
develop hybrid decentralized controllers for large-scale impulsive dynamical
systems with robustness guarantees against full modeling and input uncer-
tainty.

11.2 Control Vector Lyapunov Functions for Impulsive Systems

In this section, we consider a feedback control problem and generalize the
notion of a control vector Lyapunov function introduced in Chapter 5 to
nonlinear impulsive dynamical systems. Specifically, consider the nonlinear
controlled impulsive dynamical system given by

z(t)=Fe(x(t),uc(t)), x(to) =z, z(t)&Z, t>to, (11.1)
Az(t)=Fyq(x(t),uq(t)), z(t) € Z, (11.2)

where zp € D, D C R" is an open set with 0 € D, uc(t) € U. C R™, t >
to, ua(ty) € Ug € R™d, t;, denotes the kth instant of time at which x(t)
intersects Z for a particular trajectory z(t) and input (uc(-),uq()), Fe :
D x U, — R™ is Lipschitz continuous for all (z,u.) € D x U, and satisfies
F.(0,0) =0, and Fy : DxUq — R™ is continuous. Here, we assume that u.(-)
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and uq(-) are restricted to the class of admissible control inputs consisting
of measurable functions such that (uc(t), uq(tx)) € Uc x Uq for all ¢ > t¢ and
k € Zyy 2 {k : tg < t}, < t}, where the constraint set U. x Uy is given
with (0,0) € U, x Uq. Furthermore, we assume that u.(-) and uq(-) satisfy
sufficient regularity conditions such that the nonlinear impulsive dynamical
system (11.1) and (11.2) has a unique solution forward in time. Let ¢, :
D — U. be such that ¢.(0) = 0 and let ¢q : Z — Uq. If (uc(t),uq(ty)) =
(pe(x(t)), da(x(ty))), where x(t), t > tg, satisfies (11.1) and (11.2), then
(uc(-),uq(+)) is called a hybrid feedback control.

Definition 11.1. If there exist a continuously differentiable vector func-
tion V = [v1,..., 9] : D — 9N Ei, continuous functions w. = [wei, .. .,
wcq]T : O x D — R? and wg = [wdl,...,wdq]T : O x Z — RY, and a
positive vector p € R% such that V(0) = 0, v(z) £ p'V(z),z € D, is
positive definite, we(-,z) € We, wa(-,z) € Wy, we(0,0) = 0, Fe(z) £
mgzlfci(x) ?é @7 T € D7 xz ¢ Z? z ?é 07 fd(x) = mg:1~7:di($) 7é ®7 T € Z7
where Foi(z) £ {uc € Ue @ vi(2)Fe(m,uc) < wei(V(z),2)}, 2 € D,z &
Zoo#0,i=1,...,q, and Fg;(xr) = {uq € Ug : vi(z + Fy(x,uq)) — vi(z) <
we;(V(z),z)}, x € Z,i=1,...,q, then the vector function V : D — Qﬂ@i
is called a control vector Lyapunov function candidate.

It follows from Definition 11.1 that if there exists a control vector
Lyapunov function candidate, then there exists a hybrid feedback control
law ¢ : D — U, and ¢q : Z — Uy such that

V'(2)Fe(x, () <<we(V(z),x), z€D, x¢&Z, x#0,
V(e + Fy(x,pq(2))) <<V(x) + wqg(V(x),z), z€2Z.

Moreover, if the nonlinear impulsive dynamical system

(z(t),z(t)), =z(to) =20, x(t)€Z, t=>to,
=F(x(t), de(x(t))), x(to) = w0, x(t) € Z,
(2(2) ;o x(t) € Z,
Ax(t) = Fa(x(t), pa(z(1))), 2(t) € Z,

where 29 € Q and xy € D, is asymptotically stable with respect to z
uniformly in xg, then it follows from Theorem 10.2 that the zero solution
x(t) =0 to (11.4) and (11.6) is asymptotically stable. In this case, the vec-
tor function V : D — Ei given in Definition 11.1 is called a control vector
Lyapunov function for impulsive dynamical system (11.1) and (11.2). This
is a generalization of the notion of control vector Lyapunov functions intro-
duced in Chapter 5 for continuous-time systems. Furthermore, if D = R",
Q =RYI, U, =R™, Uy = R™ v :R" — Ry is radially unbounded, and
the system (11.3)—(11.6) is globally asymptotically stable with respect to
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z uniformly in zo, then the zero solution z(t) = 0 to (11.1) and (11.2) is
globally asymptotically stabilizable.

If in Definition 11.1 we(z, ) = we(2), wq(z,z) = wq(z), and the zero
solution z(t) =0 to

2(t) =wc(2(t)), =z(to) =20, xz(t)€2Z, t>to, (11.7)
Az(t)=wq(2(t)), =x(t) € Z, (11.8)

where zg € Q, is asymptotically stable, then it follows from Theorem 10.2,
with we(z,x) = we(z), wq(z,x) = wq(z), that V : D — QN Ei is a control
vector Lyapunov function. In this case, the nonlinear impulsive comparison
system (11.7) and (11.8) is a time-dependent impulsive dynamical system
[82]. To see this, note that the resetting times 7i(z0), k € Z,, where
x(mx(z0)) € Z and x(t) is the solution to (11.1) and (11.2), are determined
by the state of (11.1) and (11.2), and hence, provide a prescribed sequence of
the resetting times for (11.7) and (11.8) since the dynamics of the impulsive
system (11.1) and (11.2) and the comparison system (11.7) and (11.8) are
decoupled.

In the case where ¢ = 1, we(z,2) = we(2), and wq(z,x) = wq(z),
Definition 11.1 implies the existence of a positive-definite continuously dif-
ferentiable function v : D — QN @Jr and continuous functions w. : @ — R
and wq : @ — R, where @ C R, such that w.(0) = 0, Fe(x) = {uc € Ug :
V() Fe(z,ue) < we(v(z))} # D,z €D, v & Z, x # 0, and Fy(z) = {uq €
Ug: v(z+ Fy(z,uq)) —v(z) <wg(v(z))} # O, x € Z, which implies

uiIGlfUc V(@) Fe(z,u0) <we(v(z)), =€ Z, x#0, (11.9)
ujrelfUd[v(:U + Fy(x,uq)) —v(z)] <wgq(v(z)), z€Z. (11.10)

Now, the fact that Fe(z) #QD, z € D,z ¢ Z, x # 0, and Fyq(x) # D,z € Z,
implies the existence of a hybrid feedback control law ¢. : D — U, and
¢q : Z — Ug such that v'(z)Fe(z, ¢pc(x)) < we(v(x)), z € D,z & Z, x # 0,
and v(z + Fy(x, pa(x))) — v(z) < wq(v(x)), x € Z. Moreover, if v: D — Ry
is a control vector Lyapunov function (with ¢ = 1), then it follows from the
discussion above that the zero solution z(t) = 0 to the system (11.7) and
(11.8) is asymptotically stable and, since ¢ = 1, this implies that w.(z) <
0, 2 € QNRy, z # 0. Thus, since v(-) is positive definite, (11.9) and (11.10)
can be rewritten as

ing V(z)Fe(z,uc) <0, ¢ Z, x#0, (11.11)
uceUc

inf [v(x + Fy(z,uq)) —v(x)] <wqg(v(z)), x€Z, (11.12)
ug€Uq
where (11.11) is similar to the definition of a scalar control Lyapunov func-
tion for continuous-time dynamical systems.
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Since the system (11.7) and (11.8) is time-dependent it is impossible
to determine the sign of wq(+), which, in this case, can vary for the different
values of the argument. The sign definiteness of w.(-) follows from the fact
that the system (11.7) and (11.8) is asymptotically stable and might exhibit
no resettings for a particular trajectory. However, asymptotic stability of
the zero solution to scalar state-dependent impulsive dynamical systems
necessarily implies the negative definiteness of both continuous-time and
discrete-time dynamics in a sufficiently small neighborhood of the origin.

Next, consider the case where the control input to (11.1) and (11.2)
possesses a decentralized control architecture so that the dynamics of (11.1)
and (11.2) are given by

xl(t):FCl( ( ) uCl(t))7 x(t) gzv t2t07 izl?"'?Q? (1113)
Azi(t) = Fai(x(t),uai(t)), z(t)€Z, i=1,...,q, (11.14)
where x;(t) € R%, z(t) = [z (t), ...,xg(t)]T, uci(t) € Uy C R™ei ¢ > ¢y,
ugi(ty) € Ugyy € R™ai k € Z4, tp denotes the kth resetting time for a
particular trajectory of (11.13) and (11.14), > 1 ni = n, DL me = me,
and Y7, mg; = mq. Note that z;(t) € R™,t > ty,i = 1,...,q, as long
as xz(t) € D,t > ty, and the sets of control inputs are given by U. =
UC1X"'><UngRmC and Ug = Uqy X-'-Xqungd.
In the case of a component decoupled control vector Lyapunov function
candidate, that is, V(2) = [v1(z1), ..., v4(z,)]T, € D, it suffices to require
in Definition 11.1 that, for all i =1,... ¢,

Fei(m) ={uc € Ue : vi(z;)Fei(m,uc) < wei(V(x),2)} #0, x€D,
v & Z, r#0, (11.15)
Fai(x) ={uq € Uq : vi(x; + Fyi(x,uq;)) — vi(x) <wgi(V(x),2)} # O,
reZ, (11.16)

to ensure that Fo(z) = N, Fei(z) Z#D, 2 € D,z ¢ Z, x # 0, and Fy(x) =
N, Fai(z) # O, x € Z. Note that for a component decoupled control vector
Lyapunov function V : D — QN E‘i, (11.15) is equivalent to

1nfU V(2)Fe(z,ue) <<we(V(z),x), ze€D, x¢&Z, x#0, (11.17)
uceUc

and (11.16) implies
inf [V(z+ Fy(z,uq)) — V(2)] <<wq(V(z),z), z¢€2Z, (11.18)

ug €Uy
where the infimum in (11.17) and (11.18) is taken componentwise, that
is, for each component of (11.17) and (11.18) the infimum is calculated
separately. It follows from the fact that Fe(z) # O, x € D, x € Z, x # 0,
and Fy(x) # O, z € Z, that there exists a hybrid feedback control law ¢, :
D — U and ¢q : £ — Uqg such that ¢c(z) = [¢4(z),. .., ¢4, (x)]", z € D,
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pa(z) = [¢E1(33)’ i ’QZ)g‘q(‘r)]Tv r € Z, where ¢¢; : D — Ui, ¢ai : Z2 — Ugi,
i) Foi(z, ¢ci(x)) < wei(V(z),z), 2 € D, x & Z, x # 0, and v;(z; +
Fyi(x, ¢gi(2))) — vi(x;) < wgi(V(z),x), x € Z, 4 = 1,...,q. Finally, note
that if we;(V(z),x) = 0 for x € D with z; = 0, then condition (11.15) holds
for all x € D such that x; # 0.

Next, we consider the special case of a nonlinear impulsive dynamical
system of the form (11.13) and (11.14) with affine control inputs given by

Ti(t) = fei(@(t)) + Gei(@(t))uci(t), «(t) € 2, t=to, i=1,....q,
(11.19)
Azi(t) = fai(x(1)) + Gai(z(t))uas (), () € 2, i=1,...,q, (11.20)

where f; : R" — R™ satisfying f;(0) = 0 and G¢; : R" — R™*™ei are
smooth functions (at least continuously differentiable mappings) for all i =
1,...,q, fai : R® — R™ and Gg; : R" — R™*™di are continuous for all
i =1,...,q, uq(t) € R™ei t > to, and ug;(ty) € R™4, k € Z,, for all
1=1,...,q.

Theorem 11.1. Consider the controlled nonlinear impulsive dynami-
cal system given by (11.19) and (11.20). If there exist a continuously dif-
ferentiable, component decoupled vector function V : R® — @i, continu-
ous functions Py, : R? — RX™Mai P, 0 R? — RMaiXMmai = 1, ... g,
We = [Wel, -y Weq) T :Ei x R™ — RY, wyq = [wdl,...,wdq]T :Ei x Z — R4,
and a positive vector p € R% such that V(0) = 0, the scalar function
v: R" = R, defined by v(z) £ ptV(z), z € R", is positive definite and
radially unbounded, wc(,z) € W, wq(-,x) € Wy, w(0,0) = 0, and, for all
1=1,...,q,

v (@i + fai(®) + Gai(®)ua;) = vi(zi + fai(2)) + Proi(2)ugi + vl Poui(T)uas,
xeR" wug € R™4 (11.21)

Vi) fei(z) < wei(V(z),2), =€ Ry, (11.22)
vi(a; + fai(x)) = vi(i) = §Pri(x) Py (2) Pl (2) < wai(V(2),2), = € Z,
(11.23)

where R; £ {z € Rz # 0 : v}(2;)Gei(x) = 0},i =1,...,q, and P3 (")
is the Moore-Penrose generalized inverse of Pyy;(-), then V : R" — Ei is a
control vector Lyapunov function candidate. If, in addition, there exist ¢, :
R" — R™ and ¢q : Z — R™ such that ¢c(z) = [¢)(2),..., ¢ (@), z €
R™, ¢q(x) = [gﬁgl(x),...,gdeq(ac)]T, x € Z, and the system (11.3)-(11.6) is
globally asymptotically stable with respect to z uniformly in xzg, then the
zero solution z(¢t) = 0 to (11.4) and (11.6) is globally asymptotically stable
and V : R" — @i is a control vector Lyapunov function.
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Proof. Note that for all i =1,...,q,

B et +Gale)={ e o, S EF,

Uci ER™ci
<wci(V(x),:U), .’,UER”, x#()?

which implies that Fei(z) # O, © € R", x # 0, i = 1,...,q. Next, note
that it follows from a Taylor series expansion about ) = x; + fq;(z) that
Pluz( ) - Uz( z)Gdl( ) and

1 0%v;
Prui(z) = Gi(2) = Gai(z). (11.24)
2 ox; |, ot
Since V(+) is continuously differentiable it follows that %2”22' is symmet-
i lz;=x}
ric, and hence, Pay;(-) is symmetric foralli=1,...,q.
Next, with ug; = —3Py (2)PL;(z), v € Z, i = 1,...,q, it follows

from (11.21) and (11.23) that

vi(2; + fai(z) + Gai(x)uq;) — vi(z;)

=vi(@; + fai(x)) — vi(2s) + Prui(2)ta; + ud; Poui(z)uq;
=vi(x; + fai(x)) — vi(z;) — iplui(x)PQuz( )P ()
<wg(V(z),z), z€Z, i=1,...,q, (11.25)

which implies that Fy;(z) # O, z € Z. Now, the result is a direct conse-
quence of the definition of a control vector Lyapunov function by noting that,
for component decoupled vector Lyapunov functions, (11.15) and (11.16) are
equivalent to F.(z) # O, x € R™, x # 0, and Fy(z) # O, xz € Z, respectively.

([l

Using Theorem 11.1 we can construct an explicit feedback control law
that is a function of the control vector Lyapunov function V'(+). Specifically,
consider the hybrid feedback control law ¢.(z) = [¢4 (2), ..., ¢>ch ()]t z €

R, and ¢q(z) =[5 (2), ... ,gbgq(x)]T, x € Z, given by

_ L (ei(@)—wei (V(2) @) +pai () '
¢>cz~(x)={ (e + ) B@) Bl 204y o)

0, BZ(x) =0,

and
pai(T) = PSLZ( )PL(z), =€ Z, (11.27)

where

i) 2 (0s(@) — wa V() 2)2 + (BT (0)Bi(@))2, (1128
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vi () fei (), (11.29)
G (@) (2:), € R, (11.30)

()
Bi(x)
and ¢g; > 0, i =1,...,q. The derivative V() along the trajectories of the

dynamical system (11.19), with u. = ¢c(z), z € R", given by (11.26), is
given by

(i) = vi(x) (fei () + Geiz) dei(2))
=ai(z) + B (2)ei ()

Y
L

_ { —coif3} () Bi(x) — pi(x) + wei (V (x),2), Bi(x) # 0,
a;(z), Bi(z) =0,
<we(V(z),xz), xe€R"™ (11.31)

In addition, using (11.21), the difference of V' (z) at the resetting in-
stants with uq = ¢q(x), x € Z, given by (11.27), is given by

Avi(z;) =vi(z; + fai(®) + Gai(z)dai(z)) — vi(w;)
=vi(x; + fai(z)) — vi(zs) — ipluz(x)P;m(x)Pll;n(x)
<wq;(V(z),z), x€2Z. (11.32)

Thus, if the zero solution z(t) = 0 to (11.3)—(11.6) is globally asymptot-
ically stable with respect to z uniformly in z(, then it follows from The-
orem 10.2 that the zero solution z(t) = 0 to (11.19) and (11.20) with
U = ¢o(z) = [p4(2),... ,(Z)CTq(x)]T, x € R", given by (11.26) and uq =
pa(z) = [¢3,(2), ..., <Z>Eq(x)]T, x € Z, given by (11.27) is globally asymp-
totically stable.

If in Theorem 11.1 wc(z,z) = we(z), wq(z,z) = wq(z), and the zero
solution z(t) =0 to (11.7) and (11.8) is globally asymptotically stable, then
it follows from Theorem 10.2 that the hybrid feedback control law given by
(11.26) and (11.27) is a globally asymptotically stabilizing controller for the
nonlinear impulsive dynamical system (11.19) and (11.20).

In the case where ¢ = 1, the functions w(-,-) and wq(-,-) in Theorem
11.1 can be set to be identically zero, that is, we(z,2z) = 0 and wq(z,x) = 0.
In this case, the feedback control law (11.26) specializes to Sontag’s universal
formula [165], the feedback control law (11.27) specializes to the discrete-
time control law given in [38], and the hybrid feedback control law (11.26)
and (11.27) is a global stabilizer for the nonlinear impulsive dynamical sys-
tem (11.19) and (11.20).

Since fci(-) and Gg;(-) are smooth and v;(-) is continuously differen-
tiable for alli =1, ..., ¢, it follows that o;(x) and 5;(z), z €e R",i =1,...,q,
are continuous functions, and hence, ¢;(z) given by (11.26) is continuous for
all z € R™ if either §;(z) # 0 or a;(z) —we(V(z),z) <Oforalli=1,...,q.
Hence, the feedback control law given by (11.26) is continuous everywhere
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except for the origin. The following result provides necessary and suffi-
cient conditions under which the feedback control law given by (11.26) is
guaranteed to be continuous at the origin in addition to being continuous
everywhere else.

Proposition 11.1. The feedback control law ¢.(x) given by (11.26) is
continuous on R™ if and only if for every ¢ > 0, there exists § > 0 such
that for all 0 < ||z|| < ¢ there exists ue; € R such that ||ue|| < ¢ and
ai(z) + B (2)ue; < wei(V(x),2),i=1,...,q.

Proof. This is a restatement of Proposition 5.1. O

If the conditions of Proposition 11.1 are satisfied, then the feedback
control law ¢.(z) given by (11.26) is continuous on R"™. However, it is
important to note that for a particular trajectory x(t), ¢ > 0, of (11.19)
and (11.20), ¢.(x(t)) is a piecewise continuous function of time due to state
resettings.

11.3 Stability Margins and Inverse Optimality

In this section, we construct a hybrid feedback control law that is robust to
sector bounded input nonlinearities. Specifically, we consider the nonlinear
impulsive dynamical system (11.19) and (11.20) with nonlinear uncertainties
in the input so that the impulsive dynamics of the system are given by

x.i(t):fci(x(t))+Gci(x(t))o-ci(uci(t))’ x(t) Q/Z, t > to, 1= 17"'7Q7
(11.33)
Azi(t) = fai(z(1)) + Gai(x(t))oai(uai(t), =z(t) €2, i=1,...,q, (11.34)

where o¢i(-) € ®¢; 2 {0 @ R — R™ @ g,(0) = 0 and %uchum <
0L (Uei) Ui < 00, Uei € R™ei}, ag;(+) € ®g; = {og; : R™ai — R™4i & g4;(0) =
0 and adu?ﬁj < Udij(udi)udij < /Bdugiijv ug € R™i} ¢ =1,...,¢q, Udij(‘) eR
and uq;; € R, j = 1,...,mq;, are the jth components of oq;(-) and ug;,
respectively, and 0 < aqg < 1 < 4 < oo. In addition, we show that
for the dynamical system (11.19) and (11.20) the hybrid feedback control
law to be defined in Theorem 11.2 is inverse optimal in the sense that it
minimizes a derived hybrid performance functional over the set of stabiliz-
ing controllers S(xg) 2 {(uc(-),uq(+)) : ue(-) and ug(-) are admissible and
z(t) — 0 as t — oo}

Theorem 11.2. Consider the nonlinear impulsive dynamical system
(11.19) and (11.20) and assume that the conditions of Theorem 11.1 hold
with (11.23) replaced by

vi(zi + fai(z)) — vi(z:i) — iplui(fv)(dei(x) + Pyyi(x)) ' Pl ()
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<wgi(V(z), =€2Z, (11.35)
where Roq; : Z — R™di*™Mai g positive definite, we(z, ) = we(z), wq(z,z) =
wq(z), and with the zero solution z(¢) = 0 to (11.7) and (11.8) being globally

asymptotically stable. Then the hybrid feedback control law (¢¢;(+), dai(-))
given by (11.26) and

1 _ .
bai() = =5 (Raai() + Pous(w)) 'plix), z€2Z, i=1,...,q, (11.36)
minimizes the performance functional given by

I el ua() = [ S L (6)) 05 0) B 1) s (1))
to =1

+ Z Zlez )) + ug; (t) Roai (z(tk) ) uai (tr)]

(11.37)

in the sense that

J (20, pc((+)), pa(x(-))) = min J(wo,uc(+),ua(+)), xo € R",

(ue(-)ua(-)€S(20)

(11.38)
where Zp o) = {k 1 to <t < o0},
Lici(z) 2 —oy(z) + @@T(x)ﬁl(x), z € R", (11.39)
I, Bi(z) #0

Roci(x) £ 2nl@)7mer 7 ’ 11.4

2¢ (x) { 0, ,Bl(x) — O, ( 0)
o (ai(@)—wei (V (@) 44 ()
w@ed T 2% B0
0, Bi(z) =0,

Ligi(z) £ o3 () (Raai(2) + Poui(x))ai (x) — vilws + fai(x)) +vi(2:), x € Z,
pi(z) £ \/(Oéi(x) —wei(V(2)))? + (8] (2)Bi(2))?, @ € R", and Pau(*) and
v;(+) are given in Theorem 11.1. Furthermore, J(zg, ¢c(z()), ¢a(z(-))) =
e'V(xg), zo € R?, where V : R* — Ri is a control vector Lyapunov
function for the impulsive dynamical system (11.19) and (11.20). In ad-
dition, the nonlinear impulsive dynamical system (11.33) and (11.34) with
the hybrid feedback control law given by (11.26) and (11.36) is globally
asymptotically stable for all o¢(-) € @ and og;() € Py, @ = 1,...,¢q,

_ 1 s 1 A /X A
where aq = max;—1,.. 4 (Tgm), Ba = ming=1,...q (1——9(11- , 04 = WZZ, Yai =

infrcz omin(R2di (%)), Tai = SUDzez Omax(Roai (@) + Poui(®)), i =1,... ¢
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Proof. To show that the hybrid feedback control law (11.26) and
(11.36) minimizes (11.37) in the sense of (11.38), define the Hamiltonian

H(z,ue,ug) = He(x, ue) + Halz, uq), (11.42)

where

q
Hc(l’, uc) = Z[Llcz(x) + U;I;RZCi(«T)UCi + U;(xz)(fcz(x) + Gci(l‘)uci)]v
=1

q
Ha(w,ua) 2 [Lrai(®) + ud; Roas (¥)uas
i=1
+vi(2i + fai(®) + Gai(x)uai) — vi(z:)],
and note that H(z, ¢c(+), dq(-)) = 0 and H(z, uc,uq) > 0, x € R™, u, € R™e,
ug € R™d, since

H(w, ue,ua) = Y (uci — di(@)) " Roci () (uci — dei())
=1
+ Y (udi = $ai(@)) " (Roai(w) + Poui(2)) (uai — dai(x)),
=1

xe€R™  wu.€R™ wug € R™Md, (11.43)
Thus,

o, vel)ua() = [ N [Hc@(t),uc(t))

= > uil@i()) (fei (2 (1)) + Geila(t) Juci (1)) | dt

=1
+ (Ha(w(tr), ua(tr))
K€Ly o0)
+ ) (ilwi(te) — vii(te) + fai(z(ty))
=1
+Gai(2(tr))uai(te))]
=— tlggo etV (x(t) + e V(o)
+ h He(z(t), uc(t))dt
+ Y Halw(t)valty))
k€2l o0
> eTV($0)

=J (20, ¢c(2(-), ¢a(x(-))), (11.44)
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which yields (11.38).

Next, we show that the uncertain nonlinear impulsive dynamical sys-
tem (11.33) and (11.34) with the hybrid feedback control law (11.26) and
(11.36) is globally asymptotically stable for all o¢;(-) € ®¢;(+) and og;(-) €
®4;(+). It follows from Theorem 11.1 that the hybrid feedback control law
(11.26) and (11.36) globally asymptotically stabilizes the impulsive dynam-
ical system (11.19) and (11.20) and the vector function V : R® — RY is a
control vector Lyapunov function for the impulsive dynamical system (11.19)
and (11.20). Note that with (11.41) the continuous-time feedback control
law (11.26) can be rewritten as ¢¢;(x) = —v;(x)Bi(z), x € R", i =1,...,q.
Let the control vector Lyapunov function V' : R" — Ei for (11.19) and
(11.20) be a vector Lyapunov function candidate for (11.33) and (11.34).
Then the vector Lyapunov derivative components along the trajectories of
(11.33) are given by

bi(2:) = vi(2:) (fei (%) + Gei(2)0ci(Pei ()
=a;(z) + B (2)oei(pei(x)), =€ Z, i=1,...,q (11.45)
Note that ¢c;(z) = 0, and hence, 0¢;(¢ei(x)) = 0 whenever g;(z) = 0 for all
i =1,...,q. In this case, it follows from (11.22) that o;(x;) < we;(V (z)),
x g Z Bi(x)=0,2#0,i=1,...,q.
Next, consider the case where B;(x) # 0,7 = 1,...,¢. In this case,
note that, foralli =1,...,q,

() — wea(V (@) — 20 6T (23, (2)

2
_ —coif (2)Bi(x) L (ai(@) —wei (V@) — pi(x)

2 2
<0, =& Z, Bix)#0, (11.46)

where u;(z) = \/(al(ac) —we;(V(2)))? + (8L (2)B;(z))2. Thus, the vector
Lyapunov derivative components given by (11.45) satisfy

b1() < wa(V () + 2 T (@)8,(2) + BT (2)or ()
V() + 5 b 0u(e) - — b ou(6u(a)
e L[
(V) + — | 2 G o (o)
<wg(V(z)), x=&Z, PBi(x)#0, (11.47)

for all o¢i(-) € ®¢; and i =1,...,4q.

Next, consider the Lyapunov difference of each component of V(-)
at the resetting instants for the resetting dynamics (11.34) with ug; =
¢ai(x) given by (11.36). Note that it follows from (11.35) that Li4;(x) +
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wg;(V(z)) >0,z € Z,i=1,...,q, and hence, since o4;(-) € Pq4; it follows
that

Avi(z;) =vi(z; + fai(®) + Gai(x)oai(Pai(x))) — vi(wi)

<wvi(m; + fai(z)) — vi(z:) + Prui(z)oai(¢ai(2))
+04;(0ai (%)) Poui () 0i (¢ai (2)) + Lrai(x) + wai(V (x))

= Prui(2)0ai(¢ai () + 04;(Pai () Poui () 0g; (dai ()
+04i (@) (Radi (%) + Paui(z))dai(z) + was (V ()

= ¢4 (%) (Raai (%) + Poui(x))dai ()
+03;(0di () Powi (2) 0 i (ai ()
—2¢4;(%) (Raai () + Paui(2))0ai(¢ai()) + wai(V (x))

= [0ai(¢ai(2)) — dai(@)] " (Roai() + Paui(2))[oai(dai(z))
—¢ai(®)] — 04;(ai(%)) Roai (¥)0ai (dai (x)) + wai(V (z))

<Failoai($ai (@) — ¢ai(2)] " [0ai(Pai(2)) — Pai()]
—7,0di (Pai (%)) ai (bai () + wdi(V(fU))

T
=7q4(1 — 03) {Udi(qﬁdi(x}) 1+ 9 T30 00 )]
) —

: [Gdi(%i(x) 1=

otz >} T gV ()
=7ai(1 — 03) %: <wa (¢ai(w 1+0 ————aij(z ))

: <Udz’j(¢di($)) - 1_;%%15(1’)) +wg; (V (x))
<wg(V(z)), xz€Z, i=1,...,q (11.48)

Since the impulsive dynamical system (11.7) and (11.8) is globally asymp-
totically stable it follows from Theorem 10.2 that the nonlinear impulsive
dynamical system (11.33) and (11.34) is globally asymptotically stable for
all Uci(‘) € &, and Udi(‘) €EPy,1=1,...,q. O

It follows from Theorem 11.2 that with the hybrid feedback stabi-
lizing control law (11.26) and (11.36) the nonlinear impulsive dynamical

system (11.19) and (11.20) has a sector (and hence gain) margin ((3,00),
(ﬁ, #)), i=1,...,q, in each decentralized input channel. For further
dz di

details on gain, sector, and disk margins for nonlinear impulsive dynami-
cal systems controlled by optimal hybrid regulators along with connections
to the equivalence between dissipativity and optimality of nonlinear hybrid
controllers, see [76].
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11.4 Decentralized Control for Large-Scale Impulsive
Dynamical Systems

In this section, we apply the proposed hybrid control framework to de-
centralized control of large-scale nonlinear impulsive dynamical systems.
Specifically, we consider the large-scale dynamical system G involving en-
ergy exchange between n interconnected subsystems. Let x; : [0,00) — R
denote the energy (and hence a nonnegative quantity) of the ith subsys-
tem, let u¢; : [0,00) — R denote the control input to the ith subsystem, let
Ocij K” —Ry,i#j,i,5=1,...,n, denote the instantaneous rate of en-
ergy ﬂow from the jth Subsystem to the ith subsystem between resettings,
let oq;; : R — Ry, i # 4, 4,5 =1,...,n, denote the amount of energy
transferred from the ]th subsystem to the ith subsystem at the resetting
instant, and let Z C R be a resetting set for the large-scale impulsive
dynamical system G.
An energy balance for each subsystem G;, i = 1,...¢, yields [81,82]

HO= Y o) ~ oeale(®)] + Caatslt), (t0) = 70,
e z(t) € Z, t>ty, (11.49)
Aat)= Y loug o) — o) + Gt adt),  o(t) € 2,
e (11.50)

or, equivalently, in vector form for the large-scale impulsive dynamical sys-
tem G

x(t) :fc(x(t)) + Gc(x(t))uc(t)’ x(t()) = 2o, x(t) ¢ Z, t=>to, (11‘51)
Az(t) = fa(z(t)) + Ga(z(t))ua(t), x(t) € Z, (11.52)

where x(t) = [z1(t),...,z.()]Y, t > to, fui(z) = > i=1ji Peij(w), where
beij(T) £ 0cij(x) — 0cji(z), T € @1, i1 #j,14,7=1,...,q, denotes the net
energy flow from the jth subsystem to the ¢th subsystem between resettings,
Ge(z) = diag[Gei(x), ..., Gen(z)] = diaglzy,..., ), = € R}, Gy(z) =
diag|Gqi1(z),...,Gan(2)], € Z, Gg; : R" = R, i = 1,...,n, uc(t) €
R™, t > to, ua(ty) € R", k € Zy, fai(x) = 35 ju; baij(x), where ¢qij(z) 2
04ij(x) — oqji(x), x € Z, 9 # j, i,j = 1,...,q, denotes the net amount
of energy transferred from the jth subsystem to the i¢th subsystem at the
instant of resetting. Here, we assume that oc;; : @1 =Ry, i#7j,i,] =

1,...,n, are locally Lipschitz continuous on @i, 0.ij(0) =0, 1 # j, i,j =
1,...,n, and uc = [tuet, ..., Uen]T : R = R™ is such that ue; : R — R, i =
1,...,n, are bounded piecewise continuous functions of time. Furthermore,

we assume that ogj(z) =0, x € @i, whenever x; = 0,7 # j, 4,5 =1,...,n,
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and @; + >0 i ¢aii(r) > 0, z € Z. In this case, fc(-) is essentially
nonnegative [69,81] (that is, fe;(z) > 0 for all z € ET}F such that z; =0, i =
1,...,n) and z+ fa(z), z € Z C R}, is nonnegative (that is, z; + fai(z) > 0
foralz € Z,i=1,...,n).

The above constraints imply that if the energy of the jth subsystem of
G is zero, then this subsystem cannot supply any energy to its surroundings
between resettings and the ith subsystem of G cannot transfer more energy
to its surroundings than it possesses at the instant of resetting. Finally, to
ensure that the trajectories of the closed-loop system remain in the nonneg-
ative orthant of the state space for all nonnegative initial conditions, we seek
a hybrid feedback control law (uc(-),uq(+)) that guarantees the continuous-
time closed-loop system dynamics (11.51) are essentially nonnegative and
the closed-loop system states after the resettings are nonnegative [77].

For the dynamical system G, consider the control vector Lyapunov
function candidate V (x) = [v1(x1), ..., vn(zn)]T, x € R}, given by

V() =[a1,...,z0]", zeR}. (11.53)

Note that V(0) = 0 and v(z) £ TV (z), = € R}, is such that v(0) = 0,
vix) >0,z #0, z € Erfr, and v(r) — oo as ||z| = oo with = € Erfr.

In addition, note that since v;(x;) = z;, + € R", i = 1,...,n, are linear
functions of z, it follows that Py, (z) = 0, ¢ = 1,...,n, and hence, by
(11.27), ¢qi(x) = 0,4 =1,...,n. Furthermore, consider the functions
[ —oci(vi(z1)) + 3T s Ferj(@)
we(V(z), ) = : , zeRy, (11.54)
i —Ocnn(Vn(Tn)) + Z?:l,j;én Penj ()
- T
n n
wa(V(x),2)=| > ¢aj(@),...., Y danj()| ., z€Z, (1155)
| j=1,#1 j=Lj#n
where oo : Ry — Ry, i = 1,...,n, are positive definite functions, and

note that we(-,z) € W, = € Erfr, we(0,0) = 0, wq(,-) does not depend on

V(-), and hence, wy(-,x) € Wa, = € Z. Note that R; 2 {z € R}, z; #

0: V/(2:)Gei(z) = 0} = {z € R, 2; # 0 : x; = 0} = @, and hence,

condition (11.22) is satisfied for V'(-) and we(+, -) given by (11.53) and (11.54),

respectively, and condition (11.23) is satisfied as an equality for wq(-, -) given
by (11.55) and Payi(z) =0,i=1,...,n.

To show that the impulsive dynamical system

2(t) =we(2(t),z(t)), =z(to) =20, x(t)€Z, t>ty, (11.56)

Az(t) =wq(z2(t), z(t)), =x=(t) € Z, (11.57)

where 2(t) € R, t > to, =(t),t > tg, is the solution to (11.51) and

(11.52), the ith component of w¢(z,x) is given by we;(z,2) = —ocii(2i) +
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Z?ZLJ.# beij(T), 2 € @i, T € Ei, and the ith component of wq(z,x) is
given by wg;(z,x) = Z?ZLJ.# ¢aij(x), x € Z, is globally asymptotically sta-
ble with respect to z uniformly in x(, consider the partial Lyapunov function
candidate 7(z) = elz, z € Erfr. Note that o(-) is radially unbounded, 9(0) =
0,9(2) >0,z € Ri, 2 #0,0(2) = = 201 0cii(2i) 20 E?:l,j;éi Peij(z) =
— > 0ci(z) <0, z € Ri, 2#0,x € Ri, and Av(z) = 71, D0
baij(x) =0, z € E, x € Z. Thus, it follows from Theorem 2.1 of [7§]
that the impulsive dynamical system (11.56), (11.57), (11.51), and (11.52)
is globally asymptotically stable with respect to z uniformly in xg. Hence, it
follows from Theorem 11.1 that V(x), = € R, given by (11.53) is a control
vector Lyapunov function for the dynamical system (11.51) and (11.52).
Next,_lésing (11.26) with a;(x) = vj(xi) fei(v) = 3751 j i Peij (%), Bi(x)
=z, x € R, and ¢p; > 0,7 =1,...,n, we construct a globally stabilizing
hybrid decentralized feedback controller for (11.51) and (11.52) given by

cii (Ti) H/ 0oy (i) +a7
- (COi + = e zi, x # 0,

bei(T) = (11.58)
0, z; =0,
and
¢ai(z) =0, (11.59)
foralli =1,...,n. It can be seen from the structure of the feedback control

law (11.58) and (11.59) that the continuous-time closed-loop system dy-
namics are essentially nonnegative and the closed-loop system states after
the resettings are nonnegative. Furthermore, since a;(z) — we;(V(x),z) =
ocii(vi(x)), T € EZ, 1 = 1,...,n, the continuous-time feedback controller
¢c(+) is fully independent from f.(z), which represents the internal inter-
connections of the large-scale system dynamics, and hence, is robust against
full modeling uncertainty in f.(x).

For the following simulation we consider (11.51) and (11.52) with
Oeij (@) = Ocij@itj, 0cii(x) = 0ciix?, and 04;5(x) = 04;jx;, where o5 > 0,
i 7é j7 Zv] = 1,...,7’L, Ocii > 07 = 1,...,7’L, and Odij > 07 i ?é j7
,j=1,...,n,and 1 > Z?:L#i odji» © = 1,...,n. Note that in this case
the conditions of Proposition 11.1 are satisfied, and hence, the continuous-
time feedback control law (11.58) is continuous on @i For our simulation
we set n = 3, Jcl11 — 0.1, 0c29 = 0.2, Jc33 — 0.01, Jc12 — 2, Jc13 — 3,
O0c21 — 1.5, 0c23 = 0.3, Oc31 — 4.4, O0c32 = 0.6, 0412 = 0.75, 0413 = 0.33,
0421 = 02, 0423 = 05, 0431 — 066, 0432 = 02, Co1 = 1, Co2 = 1, Co3 = 025,
the resetting set Z = {z € R® : 21 + x5 — 0.75 = 0}, with initial condi-
tion zg = [3,4,1]". Figure 11.1 shows the states of the closed-loop system
versus time and Figure 11.2 shows continuous-time control signal for each
decentralized control channel as a function of time.
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Figure 11.2 Control signals in each decentralized control channel versus time.






Chapter Twelve

Finite-Time Stabilization of Large-Scale
Impulsive Dynamical Systems

12.1 Introduction

As noted in Chapter 6, finite-time stability implies Lyapunov stability and
convergence of system trajectories to an equilibrium state in finite time, and
hence, is a stronger notion than asymptotic stability. For continuous-time
dynamical systems, finite-time stability implies non-Lipschitzian dynamics
[24,86] giving rise to non-uniqueness of solutions in reverse time. Uniqueness
of solutions in forward time, however, can be preserved in the case of finite-
time convergence. Sufficient conditions that ensure uniqueness of solutions
in forward time in the absence of Lipschitz continuity are given in [1, 58,
108, 176]. Finite-time convergence to a Lyapunov stable equilibrium for
continuous-time systems, that is, finite-time stability, was rigorously studied
in [24,25] using Holder continuous Lyapunov functions.

Finite-time stability of impulsive dynamical systems has not been stud-
ied in the literature. For impulsive dynamical systems, it may be possible to
reset the system states to an equilibrium state, in which case finite-time con-
vergence of the system trajectories can be achieved without the requirement
of non-Lipschitzian dynamics. In addition, due to system resettings, impul-
sive dynamical systems may exhibit non-uniqueness of solutions in reverse
time even when the continuous-time dynamics are Lipschitz continuous.

In this chapter, we develop sufficient conditions for finite-time sta-
bility of nonlinear impulsive dynamical systems. Furthermore, we present
stability results using vector Lyapunov functions wherein finite-time stabil-
ity of the impulsive system is guaranteed via finite-time stability of a hybrid
vector comparison system. We use these results to construct hybrid finite-
time stabilizing controllers for impulsive dynamical systems. In addition,
we construct decentralized finite-time stabilizers for large-scale impulsive
dynamical systems. Finally, we present a numerical example to show the
utility of the proposed framework.

12.2 Finite-Time Stability of Impulsive Dynamical Systems

Consider the nonlinear state-dependent impulsive dynamical system G [82]
given by

B(t) = fo(z(t), z(0) =g, z(t)¢Z, te Ly, (12.1)
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Az(t)= fa(z(t)), =(t) € Z. (12.2)

where z(t) € D C R", t € I,,, is the system state vector, Z,, is the maximal
interval of existence of a solution z(t) to (12.1) and (12.2), D is an open set,
0 €D, f.: D — R"is continuous and satisfies f¢.(0) =0, fq : D — R™ is
continuous, Ax(t) £ x(tT) —z(t), z(t*) £ z(t) + fa(x(t)) = lime_o z(t +¢),
z(t) € Z, and Z C D C R" is the resetting set. A function z:Z,, — D is a
solution to the impulsive dynamical system (12.1) and (12.2) on the interval
Tz, € R with initial condition z(0) = x¢ if z(-) is left-continuous and x(t)
satisfies (12.1) and (12.2) for all ¢ € Z,,. For a particular trajectory z(t),
t >0, we let ty = 1,(x0), g € D, denote the kth instant of time at which
z(t) intersects Z and we let z; £ 2(r;" (20)) = z(mk(20)) + fa(z(1x(20)))
denote the state of (12.1) and (12.2) after the kth resetting. To ensure well-
posedness of the resetting times we assume that Assumptions 10.1 and 10.2
hold.

Furthermore, we assume that (12.1) possesses unique solutions in for-
ward time for all initial conditions in D except possibly the origin in the
following sense. For every x € D\{0} there exists 7, > 0 such that, if
y1 : [0,71) — D and yp : [0,72) — D are two solutions of (12.1) with
y1(0) = y2(0) = z, then 7, < min{7, 72} and y1(t) = ya(¢t) for all t € [0, 7).
Without loss of generality, we assume that for each x € D, 7, is chosen to
be the largest such number in R, . Sufficient conditions for forward unique-
ness of solutions to continuous-time dynamical systems in the absence of
Lipschitz continuity of the system dynamics can be found in [1], [58, Sect.
10], [108], and [176, Sect. 1].

Since the resetting times are well defined and distinct, and since the
solution to (12.1) exists and is unique, it follows that the solution of the im-
pulsive dynamical system (12.1) and (12.2) also exists and is unique over a
forward time interval. Furthermore, as in Chapter 10, we allow for the possi-
bility of confluence and Zeno solutions; however, Assumption 10.2 precludes
the possibility of beating. In addition, since not every bounded solution of
an impulsive dynamical system over a forward time interval can be extended
to infinity due to Zeno solutions, we assume that existence and uniqueness of
solutions are satisfied in forward time. For details, see [11,13,117]. Finally,
we denote the trajectory or solution curve of (12.1) and (12.2) satisfying
z(0) = x by s(-,x) or s*(-).

The following definition introduces the notion of finite-time stability
for impulsive dynamical systems.

Definition 12.1. Consider the nonlinear impulsive dynamical system
G given by (12.1) and (12.2). The zero solution x(t) = 0 to (12.1) and (12.2)
is finite-time stable if there exist an open neighborhood A/ C D of the origin
and a function 7" : M\{0} — (0,00), called the settling-time function, such
that the following statements hold:
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i) Finite-time convergence. For every x € N\{0}, s%(t) is defined on
[0,T(x)), s*(t) € N\{0} for all t € [0,T'(x)), and limy_,p(y) s(x,t) = 0.

i1) Lyapunov stability. For every € > 0 there exists § > 0 such that
Bs(0) ¢ N and for every z € Bs(0)\{0}, s(t,x) € B.(0) for all ¢ €

[0, T ().

The zero solution z(t) = 0 to (12.1) and (12.2) is globally finite-time stable
if it is finite-time stable with N' = D = R".

Note that if the zero solution z(t) = 0 to (12.1) and (12.2) is finite-
time stable, then it is asymptotically stable, and hence, finite-time stability
is a stronger notion than asymptotic stability. In the case of impulsive
dynamical systems it may be possible to reset the states to the origin, and
hence, s(t,z9) = 0, t > 7x(xg) = T(xg). The following result provides
sufficient conditions for finite-time stability of impulsive systems using a
Lyapunov function involving a scalar differential inequality.

Theorem 12.1. Consider the nonlinear impulsive dynamical system G
given by (12.1) and (12.2). Assume there exists a continuously differentiable
function V' : D — R satisfying V(0) =0, V(z) > 0, z € D, = # 0, and

V(@) fo(z) < —e(V(2)*, z¢ 2, (12.3)
V(e + fa(x)) <V(x), z€Z, (12.4)

where ¢ > 0 and o € (0,1). Then the zero solution z(t) = 0 to (12.1) and
(12.2) is finite-time stable. If, in addition, D = R™ and V(-) is radially
unbounded, then the zero solution x(t) = 0 to (12.1) and (12.2) is globally
finite-time stable.

Proof. Note that it follows from Theorem 2.1 of [82] that the zero
solution to (12.1) and (12.2) is asymptotically stable. Thus, it remains to
be shown that for all initial conditions in some neighborhood N' C D of
the origin the trajectories of (12.1) and (12.2) converge to the origin in
finite time. Since the system (12.1) and (12.2) is asymptotically stable,
it follows that there exists 6 > 0 such that for all xy € Bs(0) C D the
trajectory s(t,zo) — 0 as t — oo. Next, we separately consider the cases
when the trajectories of (12.1) and (12.2) have a finite and infinite number
of resettings.

Assume that for some z¢ € Bs(0) the trajectory s(t,xg), t > 0, exhibits
a finite number of resettings with resetting times 7x(z¢), £k = 1,...,m.
If s(7;}(z0),20) = 0, then since f.(0) = 0 it follows that s(t,z9) = 0,
t > Tm(xo), which implies that s(t,z¢), t > to, converges to the origin
in finite time with a settling-time function T'(z¢) = 7, (x¢). Alternatively, if
s(1,h(x0),20) # 0, then for all ¢ > 7,,(zo) the continuous time dynamics are
active and it follows from (12.3) and Theorem 4.2 of [24] that the trajectory
s(t, s(t,h (xg),20)), t > 0, converges to the origin in finite time that is less
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than or equal to ﬁ[V(s(Tgfb(wo), 70))]}~%. In this case, the settling-time

function for s(t,zp), t > 0, is T'(x0) < Tim(zo) + ﬁ[V(S(T#L_(wo),JJQ))]I_a.

Alternatively, assume that for some xy € Bs(0) the trajectory s(t, zo),
t > 0, exhibits an infinite number of resettings with the resetting times
(o), k= 0,1,..., where 19(z0) 2 0. Let x;: = 8(’7‘,:'_(.%0),%0), k=0,1,...,
where z§ £ g, and note that since (12.1) and (12.2) is asymptotically
stable it follows that 71(z;) — 0 as k — oco. It was shown in [24] that
with (12.3), the continuous-time dynamics are finite-time stable for the case
when Z = (). Furthermore, note that 7'1(1,‘:) < TC(JJZ), k=20,1,..., since
(12.1) and (12.2) exhibit an infinite number of resettings, where 7¢(-) is the

settling-time function when Z = (). Moreover, as shown in [24],

V(s(t,y) < (V) —c(l =)=, te[0,Te(y), v e Bs(0),

(12.5)
and hence, since 71(z¢) < T¢(x0), it follows that
V(zy) < [(V(20)'™® = ¢(1 — o)y (xo)]ﬁ (12.6)
Thus, since V(z + fq(z)) < V(x), z € Z, it follows from (12.6) that
i(27) < Te(a)
<V
< (V)™
< ﬁ[(wxo))l—a — (1 = a)m (xo)]. (12.7)

Similarly, it follows from (12.5) that, for y = 2,
mi(23) < Te(z3)

< (V)

=1 - a)

< o (V)

< VG el —an ()

< e (V@) — el =) (at)

< (V)™ — e{l — a)mi(r0) — (1 ~ o)m(a)]. (129
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Recursively repeating this procedure for k = 3,4,..., it follows that, with
mi(zg) = 71(0),
k—1

ﬁ[(v(aﬂo))l“" —c(l—a)) n)].  (12.9)
=0

Next, let & — oo and note that since x(t) = 0 is asymptotically stable, it
follows that limyg_, . 71 (ac:) = 0. Hence,

’7‘1(.%2_) <

0= lim () < ﬁ[(wxo)f—a —e(1-a) ;H(:ﬂj)].
Thus,
T(wo) =3 miaf) < rl_a)mxo))la < 00, (12.10)
=0

which implies that the trajectory s(-,xo) is Zeno [82] and converges to the
origin in finite time with an infinite number of resettings, that is, s(t,z¢) — 0
as t = T'(x).

Finally, suppose, ad absurdum, that s(t',xq) # 0 for some t' > T'(x),
xzo € Bs(0). Then, since V(-) is positive definite, V(s(t',z9)) = B > 0.
Furthermore, since s(t,z9) — 0 as t — T'(x¢), there exists t” < T'(zg) such
that V(s(t",z09)) < B. Now, since V(s(t,z9)) is a decreasing function of
time, it follows that for ¢ < T'(z) < t/,

B=V(s(t zo)) < V(s(t" xg)) < B, (12.11)

which leads to a contradiction. Hence, s(t,xzg) = 0, t > T'(z0), xo € Bs(0),
which implies convergence in finite time with A" = Bs(0). This completes
the proof of finite-time stability.

Finally, if D = R™ and V/(-) is radially unbounded, then global finite-
time stability follows using standard arguments. See, for instance, [82]. O

Conditions (12.3) and (12.4) are only sufficient conditions for guaran-
teeing finite-time stability of impulsive dynamical systems. Alternatively,
finite-time stability can also be achieved by imposing additional condi-
tions on the discrete-time dynamics. For example, if for some zg € D,
z(ty) € ZN{x € D: x — fq(x) = 0}, then the trajectory z(-) resets to the
origin and, since f.(0) = 0, finite-time convergence is achieved. A conver-
gent Zeno solution is yet another example of finite-time convergence to the
equilibrium point.

The next theorem generalizes Theorem 12.1 to the case of vector Lya-
punov functions involving a vector differential inequality. For the remainder
of this chapter, recall the notions of quasi-monotone increasing and nonde-
creasing functions given in Definitions 2.2 and 2.5, respectively.
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Theorem 12.2. Consider the nonlinear impulsive dynamical system
given by (12.1) and (12.2). Assume there exist a continuously differentiable
vector function V : D — 9N @i, where © C R? and 0 € Q, continuous
functions w, : @ — R? and wq : Q@ — R?, and a positive vector p € R such
that V(0) = 0, we(-) € We, wq(-) € Wy, we(0) = 0, wq(0) = 0, the scalar
function pT V' (z), x € D, is positive definite, and

V'(z)fe(z) <<w.(V(z)), =¢Z, (12.12)
V(z + fa(z)) <<V(zx) + wq(V(x)), z€2Z. (12.13)

In addition, assume that the hybrid vector comparison system

2(t)=we(z(t)), =2(0)=0, z(t)<&2Z, (12.14)
Az(t)=wq(z(t)), =x(t) € Z, (12.15)

has a unique solution z(t), t > 0, in forward time, and there exist a contin-
uously differentiable function v : @ — R, real numbers ¢ > 0 and « € (0, 1),
and a neighborhood M C Q of the origin such that v(-) is positive definite
and

vV (2)we(2) < —c(v(2))®, 2z €M, (12.16)
v(z +wq(2)) <v(z), ze M. (12.17)

Then the zero solution z(t) = 0 to (12.1) and (12.2) is finite-time stable.
If, in addition, D = R", v(-) is radially unbounded, and (12.16) and (12.17)
hold on RY?, then the zero solution z(t) = 0 to (12.1) and (12.2) is globally
finite-time stable.

Proof. First, note that since the dynamics of the impulsive dynamical
system (12.1) and (12.2), and the impulsive comparison system (12.14) and
(12.15) are decoupled, the comparison system (12.14) and (12.15) is a time-
dependent impulsive dynamical system [82]; that is, the resetting times for
the trajectories of (12.14) and (12.15) are predetermined by the trajectories
of (12.1) and (12.2). Hence, the stability analysis for the comparison system
(12.14) and (12.15) involves a time-dependent impulsive dynamical system
[82].

Since v(-) is positive definite, there exist r > 0 and class K functions
[85] «, B : [0,7] — Ry such that B,(0) C M and

a([lzl]) < v(z) < B(lzl), =z <€ B(0), (12.18)
and hence,

V(2Jwe(2) < —c(v(2))” < —c(a(|lzID)* z € B:(0).  (12.19)

Thus, it follows from (12.17), (12.18), (12.19), and Theorem 2.6 of [82]
that the zero solution z(t) = 0 to the impulsive comparison system (12.14)
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and (12.15) is uniformly asymptotically stable. Furthermore, using identical
arguments as in the proof of Theorem 12.1, it can be shown that the tra-
jectories of (12.14) and (12.15) converge to the origin in finite time for all
20 € B,(0), and hence, the zero solution z(t) = 0 to (12.14) and (12.15) is
finite-time stable. Moreover, it follows from (12.12) and (12.13), the asymp-
totic stability of the comparison system (12.14) and (12.15), and Theorem
2.11 of [82] that the nonlinear impulsive dynamical system G given by (12.1)
and (12.2) is asymptotically stable. Hence, it remains to be shown that
there exists a neighborhood N' C D of the origin such that the trajectories
of (12.1) and (12.2) converge to the origin in finite time for all g € N.

Since V (-) is continuous there exists § > 0 such that V(xg) € B,(0)
for all zg € Bs(0). Let xg € Bs(0) and zg = V(x9) € B,.(0). It follows from
(12.12) and (12.13), and Theorem 10.1 that

0 << V(z(t)) << z(t), te]0,7], (12.20)

where z(t), t > tg, is the solution to (12.1) and (12.2) with the initial
condition xy € Bs(0), z(t), t > tg, is the solution to (12.14) and (12.15) with
the initial condition zy = V(zg) € B,(0), and [0, 7] is any arbitrarily large
compact time interval. Now, forming pT(12.20) yields

0 < ptV(z(t)) <ptz(t), telo,7]. (12.21)

Since z(-) converges to the origin in finite time and pT V' (-) is positive definite
it follows that x(t), t > tg, converges to the origin in finite time. Hence,
the nonlinear impulsive dynamical system G given by (12.1) and (12.2) is
finite-time stable with N/ £ Bs(0).

Finally, if D = R™, v(-) is radially unbounded, and (12.16) and (12.17)
hold on R?; then global finite-time stability follows using standard argu-
ments. g

The next result is a specialization of Theorem 12.2 to the case where
the structure of the comparison dynamics directly guarantees finite-time
stability of the impulsive comparison system. That is, there is no need to
require the existence of a scalar function v(-) such that (12.16) and (12.17)
hold to guarantee finite-time stability of the nonlinear impulsive dynamical
system (12.1) and (12.2).

Corollary 12.1. Consider the nonlinear impulsive dynamical system
given by (12.1) and (12.2). Assume there exist a continuously differentiable
vector function V = [V4,..., VT : D — Q NR?, where Q C R? and 0 € Q,
and a positive vector p € RY such that V' (0) = 0, the scalar function pV (z),
x € D, is positive definite, and

V'(x)f(x) <
V(z+ fa(z)) <

WV (@), z¢z, (12.22)

<
<V(z), z¢€2Z, (12.23)
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where a € (0,1), W € R%*9 is essentially nonnegative and Hurwitz, and
(V(z) 2 [(Vi(z)®, ..., (Vy(z))®]T. Then the zero solution z(t) = 0 to
(12.1) and (12.2) is ﬁmte time stable. If, in addition, D = R", then the zero
solution z(t) =0 to (12.1) and (12.2) is globally finite-time stable.

Proof. Consider the impulsive comparison system given by

) =W (@), 20) =2, =z(t) ¢ Z, (12.24)

Az(t)=0, z(t)€ Z, (12.25)

where 25 € R%.. Note that the right-hand side of (12.24) is of class W, and is
essentially nonnegative and, hence, the solutions to (12.24) and (12.25) are
nonnegative for all nonnegative initial conditions [77]. Since W € R7*? is

essentially nonnegative and Hurwitz, it follows from Lemma 2.1 that there
exist positive vectors p € R% and r € RY such that

0=WTH+r (12.26)

Now, consider the Lyapunov function candidate v(z) = pTz, z € RY.
Note that v(0) =0, v(z) >0, z 6 RY, 2z # 0, and v(-) is radially unbounded.

Let 8 £ min;— 1,..,qTi and v £ max;_ 1,..,q D5y where r; and p; are the ith
components of r 6 ]Rq and p € RY T respectwely Then

0(z) = ATWZ[Q]
= —pTyld
q
()
q
< —g (;ﬁ?z?)
q o
< —g (;pm)
<-Lee)r
=—c(v(2))®, z€RY, (12.27)
and
Av(z) =0, zeR%, (12.28)

where ¢ £ g Thus, it follows from Theorem 12.1 that the impulsive compar-
ison system (12.24) and (12.25) is finite-time stable. In addition, it follows
from Corollary 10.1 that the nonlinear impulsive dynamical system (12.1)
and (12.2) is asymptotically stable with the domain of attraction N' C D.
Now, the result is a direct consequence of Theorem 12.2. O
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12.3 Finite-Time Stabilization of Impulsive Dynamical Systems

In this section, we design hybrid finite-time stabilizing controllers for nonlin-
ear affine in the control impulsive dynamical systems. In addition, for large-
scale impulsive dynamical systems we design decentralized hybrid finite-time
stabilizers predicated on a control vector Lyapunov function [141]. Consider
the controlled nonlinear impulsive dynamical system given by

(t) = fo(z(t)) + Ge(x(t)uc(t), z(t) € 2, t>tg, (12.29)
Az(t) = fa(z(t)) + Ga(z())ua(t), =(t) € Z, (12.30)
where f. : R™ — R" satisfying f.(0) = 0 and G, : R" — R"*™< are con-

tinuous functions, fq : R" — R™ and G4 : R" — R™*™d are continuous,
uc(t) € R™Me ¢t > tg, and uq(ty) € R™a, k€ Z.

Theorem 12.3. Consider the controlled nonlinear impulsive dynami-
cal system given by (12.29) and (12.30). If there exist a continuously differ-
entiable function V : R” — EJF and continuous functions Py, : R?* — RXX™d
and Py, : R™ — R™a*™d guch that V(-) is positive definite and

V(z + fa(x) + Ga(x)ua) = V(z + fa(z)) + Pra(z)uq + uj Pou(r)ua,
xe€R” ug € R, (12.31)
V(x)fe(z) < —c(V(2)*, z€R, (12.32)
V(z+ fa(z)) — V(z) — 1P(2) Py, (2) Pl (z) <0, z€Z, (12.33)
where ¢ > 0, a € (0,1), and R & {x € R", x ¢ Z : V'(2)Gc(z) = 0},

then the nonlinear impulsive dynamical system (12.29) and (12.30) with the
hybrid feedback control law (uc,uq) = (¢c(+), ¢a(-)) given by

() = { — (co + (a(z)—r;UTc((;/)éﬂi)m)))—i-u(m)) B(z), B(x)#0, z¢Z,

0, B(x) =0, z¢2Z,
(12.34)
and
ba(z) = —%P;{L(x)PlTu(x), veZ, (12.35)

where a(z) £ V'(z)f.(x), = € R, B(z) & GF(z)V'T(x), z € R", u(x) £
V(@) —we(V(2))? + (BT (2)8(x))?, © € R, we(V(z)) 2 —c(V(z))* = €

R™, and ¢g > 0, is finite-time stable.

Proof. Note that between resettings the time derivative of V'(-) along
the trajectories of (12.29), with u. = ¢.(z), x € R", given by (12.34), is
given by

V() =V'(z)(fo(x) + Ge(2) e ())
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= a(x) + B (¥)¢e(x)
_ { —coffT (2)B(x) — p(x) + we(V(z)), Bx) #0,

a(z), B(z) =0,
<w.(V(x)), z¢&2Z. (12.36)

In addition, using (12.31) and (12.33), the difference of V'(-) at the resetting
instants, with uq = ¢q(z), z € Z, given by (12.35), is given by

AV(z) =V (z+ fa(z) + Ga(z)¢a()) — V()
=V(z+ fa(z)) = V(2) + Pru(z)¢a(z) + da(z) Py (z)¢a ()

(o4 fale)) — V(@) ~ 3 Prale) Py (@) P a)

=V
<0, z€Z. (12.37)

Hence, it follows from Theorem 12.1 that the zero solution z(t) = 0 to (12.29)
and (12.30) with ue. = ¢¢(z), x € Z, given by (12.34) and ugq = ¢q(x), © € Z,
given by (12.35), is finite-time stable, which proves the result. O

In the next result we develop decentralized finite-time stabilizing hy-
brid controllers for a large-scale impulsive dynamical system composed of g
interconnected subsystems given by

wz(t) = fcz(x(t)) + Gci(x(t))uci(t)> l’(t) ¢z, i=1,...,q (1238)
Azi(t) = fai(z(1)) + Gai(x(t))uai (1), =z(t) €2, i=1,....q, (12.39)

where t > 0, fo; : R — R™ satisfying f.;(0) = 0 and G¢; : R? — R™*"ei
are continuous functions for all ¢ = 1,...,q, fo; : R" — R™ and Gy; :
R™ — R™*™Mdi are continuous for all i = 1,...,q, u¢(t) € R™<, ¢t > 0, and
ugi(ty) € R™4 k€ Z,, foralli=1,...,q.

Theorem 12.4. Consider the controlled nonlinear impulsive system
given by (12.38) and (12.39). Assume there exist a continuously differen-

tiable, component decoupled vector function V = [Vi(z1),..., V,(z,)]"
R™ — Ei, continuous functions Py, : R® — R1X™Mai P, .. R? — R™diXMdi
i=1,...,q, We = [Wel,...,Weq)T : Ri — R%, wq = [wai, . .., wagT : Ri —

RY, and a positive vector p € RY such that V(0) = 0, the scalar function
ptV(x), z € R, is positive definite, we(-) € We, wa(-) € Wy, we(0) = 0,
wq(0) =0, and, for all i = 1,...,q,

Vi(@i + fai(@) + Gai(@)ua;) = Vi(@; + fai(2)) + Prui(x)ua; + ud; Poui(x)ug;,
xeR"  wug € R™4 (12.40)
Vi(zi) fei(z) <we(V(x)), x€TR,, (12.41)

Vi(@i + fai()) = Vi(w:) — § Prui(2) Popy (2) Pl (2) < wai(V(2)), € Z,
(12.42)
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where R; £ {x € R",x & Z : V!(2;)Gei(x) =0}, i =1,...,q. In addition,

assume there exist a positive definite function v : Ei — R, real numbers
¢>0and a € (0,1), and a neighborhood M C R? of the origin such that

V' (2)we(z) < —c(v(2))*, ze MNRY, (12.43)

v(z +wq(2)) <v(z), ze€ MNRIL. (12.44)

Then the nonlinear impulsive dynamical system (12.38) and (1
time stable with the hybrid feedback control law u. = ¢c(x)
S

deq(@)]V, & 2, and uq = da(2) = [d,(2), ..., dgy(x)]T,

2.39 )1sﬁn1te—
= [¢a(@),- .,

Z, where for

1=1,...,q,
_ . (az(z) wcz(v( )+,LL2 :’C) )
ei(x) = { (Cm + BT (2)B,(a) ) Bi@), Bil@) £0, (19 45
07 BZ(.’,U) = O,
for z ¢ Z, and
Pai(2) = — PQEZ( )Pl(x), =€ Z, (12.46)

where a;(z) £ V! (2;) fei(z), * € R", Bi(x) £ GL(z)V/T(2;), € R", p(x) =

\/(ai(x) —we;(V(2)))? + (BF (2)Bi(x))2, z € R, and c; > 0,i=1,...,q.
Proof. Using identical arguments as in the proof of Theorem 12.3 it

can be shown that for the closed-loop system (12.38), (12.39), (12.45), and

(12.46) the time derivative and the difference of the vector function V(-)
between resettings and resetting instants satisfy, respectively,

V(a) S<we(V(r), «d 2, (12.47)
V(e + fa() + Gal@)da(@) S< V(@) + wa(V(@)), z €2, (1248)
(

where Gq(z) £ block-diag [Ga1(x),...,Gaq(z)], € Z. The result now
follows immediately from (12.43), (12.44), and Theorem 12.2. O

If, in Theorem 124, R; = @, i =1,...,q, and (12.42) is satisfied with
wq(z) = 0, then the function w¢(-) in (12.45) can be chosen to be

we(z) = W2, z e Ei, (12.49)

where W € R?%7 is essentially nonnegative and asymptotically stable, o €
(0,1), and 2l & 29 .. -,287". In this case, conditions (12.43) and (12.44)
need not be verified and it follows from Corollary 12.1 that the close-loop
system (12.38), (12.39), (12.45), and (12.46) with w(-) given by (12.49) is
finite-time stable and, hence, the hybrid controller (12.45) and (12.46) is a
finite-time stabilizing controller for (12.38) and (12.39).

Since fei(-) and Ggi(-) are continuous and V;(-) is continuously dif-
ferentiable for all i = 1,...,q, it follows that «;(z) and p;(z), = € R",
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i=1,...,q, are continuous functions, and hence, ¢;(z) given by (12.45) is
continuous for all x € R™ if either 3;(x) # 0 or a;(x) — we; (V(z)) < 0 for all
i=1,...,q. Hence, the feedback control law given by (12.45) is continuous
everywhere except for the origin. However, as shown in Proposition 11.1,
the feedback control law ¢.(x) given by (12.45) is continuous on R™ if and
only if for every € > 0, there exists ¢ > 0 such that for all 0 < ||z|| < ¢ there
exists ue; € R™ei such that |lue|| < e and a;(x) + B (2)uei < wei(V(z)),
1=1,...,q.

Identical necessary and sufficient conditions apply in the case where
g = 1 to ensure continuity of the feedback control law given by (12.34). It
is important to note that even though the feedback control law ¢.(z) given
by (12.45) is continuous on R”™, for a particular trajectory xz(t), t > 0, of
(12.38) and (12.39), ¢c(x(t)) is left-continuous on [0,00) and is continuous
everywhere on [0,00) except on an unbounded closed discrete set of times
when the resettings occur for x(t), t > 0.

12.4 Finite-Time Stabilizing Control for Large-Scale Impulsive
Dynamical Systems

In this section, we apply the proposed hybrid control framework to de-
centralized control of large-scale nonlinear impulsive dynamical systems.
Specifically, we consider the large-scale dynamical system G shown in Figure
12.1 involving energy exchange between n interconnected subsystems. Let
z; : [0,00) — Ry denote the energy (and hence a nonnegative quantity) of
the ith subsystem, let uc; : [0,00) — R denote the control input to the ith

subsystem, let o¢;; : Ri — Ry, i # j,1,5 =1,...,n, denote the instan-
taneous rate of energy flow from the jth subsystem to the ith subsystem
between resettings, let oq;; : Ri — Ry, ¢ # 4,4,5 =1,...,n, denote the

amount of energy transferred from the jth subsystem to the ith subsystem
at the resetting instant, and let Z C Ei be a resetting set for the large-scale
impulsive dynamical system G. In Figure 12.1, the solid arrows correspond
to the energy exchange among subsystems of G between resettings and the
dashed lines correspond to the energy exchange among subsystems of G at
the instants of resettings.

An energy balance for each subsystem G;, i = 1,... ¢, yields [81,82]

BO= Dy (o0) — ouia)] + (), (00) = 70,
e a(t) € Z, t>ty, (12.50)
Azi(t) = | Zn: .[adij (x(t)) — oaji(x(t))] + Gai(x(t))uai(t), x(t) € Z,
e (12.51)
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Figure 12.1 Large-scale dynamical system G.

or, equivalently, in vector form

#(t) = fo(z(t) + Gelz(®))uc(t), (o) =x0, z(t) &2, t>tg, (12.52)
Az(t) = fa(z(t)) + Ga(z(t))ua(t), z(t) € Z, (12.53)

where x(t) = [z1(t),...,2.(t)]Y, t > to, feui(z) = > i—1 i beij(w), where
beij(z) £ 0cij(x) — 0cji(T), T € Ei, i #j,1,75 =1,...,q, denotes the net
energy flow from the jth subsystem to the ith subsystem between resettings,
Ge(z) = diag[Ge1 (1), -+ ., Gen(zn)], x € Ei, Gy R—R,i=1,...,n,is
such that G¢;(x;) = 0 if and only if x; = 0 for all ¢ = 1,...,n, Gq(x) =
diag[Gq1(x),...,Gan(z)],z € Z,Gq; : R" 5> R,i=1,...,n,uc(t) e R", ¢t >
to, uq(ty) € R™ k € Z4, and fq;(x) = Z?:L#i baij(x), where ¢g;(x) £
oqij(x) — oqji(v), x € Z, 9 # j, i,j = 1,...,q, denotes the net amount
of energy transferred from the jth subsystem to the ith subsystem at the
instant of resetting. Here, we assume that 0;(0) =0,4i# j,4,j=1,...,n,
and Ue = [Ue1, - -+, Uen]t : R — R™ is such that ue; : R = R, i =1,...,n, are
bounded piecewise continuous functions of time. Furthermore, we assume
that ogj(z) = 0, z € E, whenever z; = 0, ¢ # j, i,j = 1,...,n, and
xi+2?:17j# ¢dij(x) >0, x € Z. In this case, f.(-) is essentially nonnegative
and = + fq(x), 2 € Z C R}, is nonnegative.

The above constraints imply that if the energy of the jth subsystem
of G is zero, then this subsystem cannot supply any energy to its surround-
ings between resettings and the ith subsystem of G cannot transfer more
energy to its surroundings than it already possesses at the instant of re-
setting. Finally, to ensure that the trajectories of the closed-loop system
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remain in the nonnegative orthant of the state space for all nonnegative
initial conditions, we seek a hybrid feedback control law (uc(-),uq(+)) that
guarantees the continuous-time closed-loop system dynamics (12.52) are es-
sentially nonnegative and the closed-loop system states after resettings are
nonnegative [77,82].

For the dynamical system G, consider the Lyapunov function candidate
V(z) =elz, z € EZ. Note that V(0) =0 and V(z) >0,z #0, z € E
Furthermore, note that since V(z) = ez, z € @i, is a linear function of
x, it follows from (12.31) that Py, (z) = eTGq4(x), z € R}, and Py, (z) = 0,
and hence, by (12.35), ¢q(z) = 0. Define we(V (z)) £ —(V(w))%, z € RY,
and note that R 2 {z €¢ R,z ¢ Z: V/(2)Ge(z) = 0} = {2 € Erfr, x &
Z: x =0} = {0}, since 0 ¢ Z, and hence, condition (12.32) is satisfied.
In addition, note that since V'(+) is linear in x, condition (12.31) is trivially
satisfied and inequality (12.33) is satisfied as an equality.

Next, with a(z) = V'(z)fe(z) = 2211 D00 js Peij(z) = 0, B(z) =
[Ge(z1),...,Gen(zp)]T, = € Ei, and c¢g > 0, we construct a finite-time
stabilizing hybrid feedback controller for (12.52) and (12.53) given by

_ (€T2)'/ %4/ (€T ) +(8T (2)B(x))*
bol() = (CO + T@h) ) Blz), =70, (1954
0, x =0,
and
da(z) = 0. (12.55)

It can be seen from the structure of the feedback control law (12.54) and
(12.55) that the continuous-time closed-loop system dynamics are essen-
tially nonnegative and the closed-loop system states after resettings are
nonnegative. Furthermore, since a(z) — w.(V (z)) = (V(x))/?, z € Ei, the
continuous-time feedback controller ¢.(-) is fully independent from f.(z),
which represents the internal interconnections of the large-scale system dy-
namics, and hence, is robust against full modeling uncertainty in f.(z).
Finally, it follows from Theorem 12.3 that the closed-loop system (12.52)—
(12.55) is finite-time stable.

For the following simulation we consider (12.52) and (12.53) with
0cij(x) = ocijrix; and oqi;(x) = 045525, and Gei(x;) = xll 4, where o > 0,
i#j,4,7=1,...,n,04;>0,i#j,4,j=1,...,n,and 1 > Z?:Lj#adﬁ,

1 =1,...,n. To show that the conditions of Proposition 11.1 are satisfied
for the case when ¢ = 1, let u, = [—$1/4, . —x,l/4]T and note that

@) + Ba)uc=—Y_ a}?
=1
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Figure 12.2 Controlled system states versus time.

=w.(V(z)), z€RY, z#0. (12.56)

Thus, for every € > 0 there exists 6 > 0, such that for all 0 < ||z]] < ¢
there exists u. € R™e such that ||uc| < € and a(z) + BT (2)u. < we(V(z)),
and hence, the continuous-time feedback control law (12.54) is continuous
on Erfr. For our simulation we set n = 2, o120 = 2, 0c01 = 1.5, 0412 = 0.25,
o1 = 033, cg =1, and Z = {z € R%x # 0 : 29 — %xl = 0}, with
initial condition xo = [4,6]T. Figure 12.2 shows the states of the closed-loop
system versus time, and Figure 12.3 shows continuous-time control signals
as a function of time. Figure 12.4 shows the phase portrait of the closed-loop
system; the dashed line denotes the resetting set Z.
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Chapter Thirteen

Hybrid Decentralized Maximum Entropy
Control for Large-Scale Systems

13.1 Introduction

In this chapter, we develop a novel energy- and entropy-based hybrid decen-
tralized control framework for vector lossless and vector dissipative large-
scale dynamical systems based on subsystem decomposition. The notion of
energy here refers to abstract energy notions for which a physical system en-
ergy interpretation is not necessary. These dynamical systems cover a broad
spectrum of applications, including mechanical systems, fluid systems, elec-
tromechanical systems, electrical systems, combustion systems, structural
vibration systems, biological systems, physiological systems, power systems,
telecommunications systems, and economic systems, to cite but a few exam-
ples. The concept of an energy-based hybrid decentralized controller can be
viewed as a feedback control technique that exploits the coupling between
a physical large-scale dynamical system and an energy-based decentralized
controller to efficiently remove energy from the physical large-scale system.

Specifically, if a vector dissipative or vector lossless large-scale system
is at high energy level, and a lossless feedback decentralized controller at a
low energy level is attached to it, then subsystem energy generally tends to
flow from each subsystem into the corresponding subcontroller, decreasing
the subsystem energy and increasing the subcontroller energy [113]. Of
course, emulated energy, and not physical energy, is accumulated by each
subcontroller. Conversely, if each attached subcontroller is at a high energy
level and the corresponding subsystem is at a low energy level, then energy
can flow from each subcontroller to each corresponding subsystem, since
each subcontroller can generate real, physical energy to effect the required
energy flow. Hence, if and when the subcontroller states coincide with a
high emulated energy level, then we can reset these states to remove the
emulated energy so that the emulated energy is not returned to the plant.
In this case, the overall closed-loop system consisting of the plant and the
controller possesses discontinuous flows since it combines logical switchings
with continuous dynamics, leading to impulsive differential equations [11,
13,74,75,82,117,155].
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13.2 Hybrid Decentralized Control and Large-Scale Impulsive
Dynamical Systems

In this chapter, we consider continuous-time nonlinear dynamical systems G
of the form

z(t)=F(x(t),u(t)), =(0)=uz9, t>0, (13.1)
y(t) = H(x(t)), (13.2)

where t > 0, z(t) € D C R™, u(t) € R™, y(t) € R, F: D x R™ — R™,
H : D — R! and D is an open set with 0 € D. Here, we assume that
G represents a large-scale dynamical system composed of g interconnected
controlled subsystems G; so that, forall : =1,...,q,

Fi(l‘, u) = fl(l’l) + Il(l‘) + Gl(xl)ul, (133)
Hz(x) :hi(xi), (13.4)

where 2; € D; C R™, u; € R™, y; 2 hi(z;) € RY, (uy, 1) is the input-output
pair for the ith subsystem, f; : R™ — R™ and Z; : D — R™ are smooth
(i.e., infinitely differentiable) and satisfy f;(0) = 0 and Z;(0) = 0, G; : R™ —
R™*mi is smooth, h; : R™ — Rl and satisfies h;(0) = 0, >0 n; = n,
Sd  m; =m, and >.7 ,1; = I. Here, f; : D; C R™ — R™ defines the
vector field of each isolated subsystem of (13.1) and Z; : D — R™ defines the
structure of the interconnection dynamics of the ¢th subsystem with all other
subsystems. Furthermore, for the large-scale dynamical system G we assume
that the required properties for the existence and uniqueness of solutions are
satisfied, that is, for every i € {1,...,q}, u;(-) satisfies sufficient regularity
conditions such that the system (13.1) has a unique solution forward in
time. We define the composite input and composite output for the large-

scale system G as u = [uf,... ,u;F]T and y = [y7,... ,qu]T, respectively.
Next, we consider state-dependent hybrid (resetting) decentralized dy-
namic controllers G;, i = 1,...,q, of the form
ei(t) = fei(2ei(t), ¥i (1), ci(0) = Teio,  (2ei(t),%i(t)) & Zei, 20,
(13.5)
Az (t) = fai («Tci (t)’ Yi (t))’ (xci (t)’ Yi (t)) € Zei, (136)
ui(t) = hei(@ei (t), yi(1)), (13.7)

where z.; € D; € R", D, is an open set with 0 € De;, Yei £ hei(Tei, yi) €
R™i, fo @ Do x R — R is smooth and satisfies f.;(0,0) = 0, fq; :
Dei X Rli — R"i is continuous, he; : De X R — R™i is smooth and
satisfies he; (0,0) = 0, Azei(t) £ 26 () — 26i(t), Zei C Dei x RY is the reset-
ting set, and Y% | n¢; = ne. Note that the hybrid decentralized controller
(13.5)—(13.7) represents an impulsive dynamical system G. composed of ¢
impulsive subsystems G.; involving multiple hybrid processors operating in-
dependently, with each processor receiving a subset of the available system
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measurements and updating a subset of the system actuators. Further-
more, for generality, we allow the hybrid decentralized dynamic controller
to be of fixed dimension n., which may be less than the plant order n. In
addition, we define the composite input and composite output for the im-
pulsive decentralized dynamic compensator G, as u. = y = [uch, ... ,qu]T
and y. = u = [y}, . .. ,ycl;]T, respectively.

The equations of motion for each closed-loop dynamical subsystem G;,

i=1,...,q, have the form

i(t) Ifci(fz’(t)) +Zi(x), #(0) =dp, &({t)¢Z, t>0, (13.8)

A.i’l(t) = fdl(.i’z(t))v T; (t) S ZNi, (139)
where
sl T ai 7 oan o | fi(@) + Gi(@i)hei(Te, hi()
i = e R™,  fui(z:) = ,
v [ Tei ] Jail#i) [ fei(Tei, hi(w;))
(13.10)
= va | Zi(z) Fo(my A 0
and 21 = {.7:’1 S f)z : (l‘ci, hl(l‘l)) € Zci}, with 72; £ n;+ne and '151 = D; xDg;,
i =1,...,q. Hence, the equations of motion for the closed-loop dynamical
system G have the form
B(t) = fe(E(t), F(0)=Zo, E(t)EZ, t>0, (13.12)
AZ(t) = fa(@(t), ()€ Z, (13.13)
where #(t) = [EF(1),... #1017, fol@) 2 [FA@E) + I8 (@)...., (@) +
IS ()", 22U {i €D: i € 2}, D2 UL Dy, and
far(@1)x 5, (21) .
fa(@) £ : @) =4 ) FET L it
d - ~ : ) XZZ i) — O, «%zgzz ) ) » q
qu(xq)qu (Zq)

(13.14)

We refer to the differential equation (13.12) as the continuous-time
dynamics, and we refer to the difference equation (13.13) as the resetting
law. Note that although the closed-loop state vector consists of plant states
and controller states, it is clear from (13.11) that only those states associated
with the controller are reset. A function & : Zz, — D is a solution to the
impulsive dynamical system (13.12) and (13.13) on the interval Z;, C R
with initial condition Z(0) = ¢ if Z(-) is left-continuous and Z(t) satisfies
(13.12) and (13.13) for all t € Zz,. For further discussion on solutions to
impulsive differential equations, see [11,13,28,74,75,82,117,137,155,175].
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For convenience, we use the notation 5(t, %) to denote the solution Z(t) of
(13.12) and (13.13) at time ¢ > 0 with initial condition Z(0) = Zo.

For a particular closed-loop trajectory Z(t), we let ¢ £ 74,(Z) denote
the kth instant of time at which Z(¢) intersects Z, and we call the times ¢, the
resetting times. Thus, the trajectory of the closed-loop system G from the
initial condition #(0) = &g is given by (¢, &) for 0 < t < t;, where (¢, o)
denotes the solution to the continuous-time dynamics of the closed-loop
system G. If and when the trajectory reaches a state x(tl) satisfying Z(t1) €
Z, then the state is instantaneously transferred to &(t]) 2 & (t1) + fa(Z(t1))
accordlng to the resetting law (13.13). The trajectory (t), t1 < t < to,
is then given by (t — t1,%(¢])), and so on. Our convention here is that
the solution #(t) of G is left-continuous, that is, it is continuous everywhere
except at the resetting times t;, and

fk :f(tk) = 51—1}61 f(tk — 6), (13.15)
n éz@w4¢m(()):€g&£@k+@, (13.16)

fork=1,2,....
To ensure the well-posedness of the resetting times, we make the fol-
lowing additional assumptions:

Assumption 13.1. If 7 € E\Z, then there exists € > 0 such that, for
all0 < éd <e, 56,7) & 2.

Assumption 13.2. If i € Z, then & + f4(%) & Z.

Assumptions 13.1 and 13.2 are a restatement of Assumptions 10.1 and
10.2 as applied to the closed-loop system (13.8) and (13.9). Hence, it fol-
lows from Assumptions 13.1 and 13.2 that for a particular initial condition,
the resetting times ¢;, = 74(Zo) are distinct and well defined [74]. Since the
resetting set Z is a subset of the state space and is independent of time, im-
pulsive dynamical systems of the form (13.12) and (13.13) are time-invariant
systems.

For the statement of the next result the following key assumption is
needed.

Assumption 13.3. Consider the closed-loop impulsive dynamical sys-
tem G. Then for every 9 ¢ Z and every € > 0 and ¢ # {, there
exists d(e,Zo,t) > 0 such that if ||Zg — y|| < d(g,Zo,t), y € D, then
15(¢,Z0) — 5(t, )| <e.

Assumption 13.3 is a weakened version of the quasi-continuous de-
pendence assumption given in [74,82], and is a generalization of the stan-
dard continuous dependence property for dynamical systems with continu-
ous flows to dynamical systems with left-continuous flows. Specifically, by
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letting ¢ € [0,00), Assumption 13.3 specializes to the classical continuous
dependence of solutions of a given dynamical system with respect to the
system’s initial conditions Zy € D. Since solutions of impulsive dynamical
systems are not continuous in time and solutions are not continuous func-
tions of the system initial conditions, Assumption 13.3 involving pointwise
continuous dependence is needed to apply the hybrid invariance principle
developed in [74, 82] to hybrid closed-loop systems. Sufficient conditions
that guarantee that the impulsive dynamical system G satisfies a stronger
version of Assumption 13.3 are given in [82] (see also [64]). The following
result provides a generalization of the results given in [82] for establishing
sufficient conditions for guaranteeing that the impulsive dynamical system
G satisfies Assumption 13.3.

Proposition 13.1. Consider the large-scale impulsive dynamical sys-
tem G given by the feedback interconnection of G and G.. Assume that
Assumptions 13.1 and 13.2 hold, 71(+) is continuous at every & ¢ Z such

that 0 < 71(Z) < oo, and if Z € Z, then & + fq(#) € Z\Z. Furthermore,
for every # € Z\Z such that 0 < 7(Z) < oo, assume that the following
statements hold:
i) If a sequence {T(;}2, € D is such that lim;_,o T = T and lim; o0
T1(%(;)) exists, then either f4(Z) = 0 and lim; o 71(Z;)) = 0, or
limi_mo 7‘1(;%(1)) = 7'1(:%).

ii) If a sequence {Z(;)}2; € E\g is such that lim; ,o Z(;) = & and
lim; 00 T1(%()) exists, then lim; o0 71(T(;)) = 71(7).

Then QN satisfies Assumption 13.3.
Proof. Let 7y € E\é and let {Z;)}2, € D be such that fq(io) =0

and hmi—>oo 7‘1(.%(1)) = 0 hold. Define 2(1) = 5(7’1(@(1)),.%(1)) + fd(g(Tl(i'(i)),

iw) = ¥(n(Ew), 2) + fa@(n(Ew), 3@)), ¢ = 1,2,..., where (¢, %)
denotes the solution to the continuous-time dynamics (13.8), and note that,
since fq(To) = 0 and lim; o 71(Z(;)) = 0, it follows that lim; o Z(;) = To.

Hence, since by assumption Z;) € E\Z’, i = 1,2,..., it follows from ii)
that lim; ;o 71(24)) = 71(%0), or, equivalently, lim; .o 72(Z(;y) = 71(T0)-
Similarly, it can be shown that lim; o Txy1(Z) = T(%0), k = 2,3,....
Next, note that
Dim 3(m2(2)), 2y) = Im $(r2(2@) — 11(20), 3(1i(2a)), T)
+fa(3(m1(Z@)) Zw))))
= (71(Z0), Zo)

= g(Tl(f,‘o), 530)
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Now, using mathematical induction it can be shown that lim; 0 $(7k11(Z(;)),
Z)) = 5(1(0), %0), k= 2,3,....

Next, let £ € {1,2,...} and let t € (7%(Z0), Tk+1(Z0)). Since lim;
Tet1(Z)) = Tk(Zo), it follows that there exists I € {1,2,...} such that
Tet1(Z)) < t and 742(%()) > t for all i > I. Hence, it follows that for

every t € (1x(Z0), Tk+1(Z0)),

lim 3(t, 2)) = Mm 9 (t = 71 (), 3(Ths (T)) Z o)

+fa(3(rppa (& Ti)), @))))
=P(t — (o), $(7i(E0), Fo) + fa(8(1i(F0), %0)))
—3(t, ).

Alternatwely, ifzg € Z\Z is such that lim;_,o0 71(Z(;)) = 71(Z0) for {Z(;) }72;

€ Z\Z, then using identical arguments as above, it can be shown that
lim; 00 5(t,%(;)) = 5(t, o) for every t € (1x(%0), Tk 11(%0)), k= 1,2,.. ..

Finally, let &y ¢ Z, 0 < 71(Z9) < 0o, and assume 7(-) is continuous.

In this case, it follows from the definition of 71 (%) that for every &y ¢ Z
and t € (7‘1(@0),7‘2(@0)],

5(t, &0) = Pt — 71(F0), 5(11(F0), Fo) + fa(3(m1(F0), %o))). (13.17)

Sinceﬁ(-, -) is continuous in both its arguments, 71(-) is continuous at o,
and fq(-) is continuous, it follows that 35(¢,-) is continuous at Zo for ev-
ery t € (11(%0), 72(Z0)). Next, for every sequence {Z(;}2; € D such that
lim; 00 55( )y = Zo, it follows that lim; o 5(71(Z(5)), () = iMoo Y(T1(Z(3),
T(;)) = ¥(11(%0),%0) = 3(71(T0), To). Furthermore, note that by assumption
))&

Za) £ 3(mu(E @) + fa(3(r(z I4)), L)) € Z2\Z, i = 0,1,.... Hence, it
follows that for all t € (Te(Z(0))s 1 (Z(0))), B = 1,2,..., lim; 00 3(8, Z(3)) =
5(t, Z(0)), or, equivalently, for all t € (74(%0), Tk11(%0)), k = 2,3, ..., lim;
5(t,%(;)) = 3(t, 7o), which proves the result. O

Proposition 13.1 presents a generalization of Proposition 4.1 of [82] to
the case where the resetting set Z is not necessarily closed. This general-
ization is key in developing energy and entropy-based hybrid controllers.

The following result provides sufficient conditions for establishing con-

tinuity of 71(-) at Zo & Z and sequential continuity of 7 (-) at &y € 2Z\Z,
that is, lim; o0 71(Z(;)) = 71(%0) for {Z) )2, & Z and lim; o 7 T = To.
For this result, the following definition is needed. First, however, recall that
the Lie derivative of a smooth function &’ : D — R along the vector field of
the continuous-time dynamics f.(Z) is given by

OX ()

o fe(®), (13.18)

L () 2 S X0 =
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and the zeroth and higher-order Lie derivatives are, respectively, defined by
L(} X (%) = X(z) and L’;; X(z) = Ly (L’Jg—lx@)), where k > 1.

Definition 13.1. Let M 2 UL {# € D : X;(¥) = 0}, where X; :
DR, i =1,...,q, are infinitely differentiable functions. A point z € M
such that f.(Z) # 0 is k;-transversal to (13.12) if there exist k; € {1,2,...},
i1=1,...,q, such that

LE Xi(%) =0, r=0,....2k -2, Lj{“_l)(i(i) £0, i=1,...,q.
(13.19)

Proposition 13.2. Consider the large-scale impulsive dynamical sys-
tem G given by the feedback interconnection of G and G.. Let X; : D — R,

i =1,...,q, be infinitely differentiable functions such that Z = ul_{z e
D : X;(#) = 0}, and assume that every Z € Z is k;-transversal to (13.12).
Then at every Zo & Z such that 0 < T1(Zo) < 00, T1(+) is continuous. Fur-
thermore, if Zy € E\Z~ is such that 71(%9) € (0,00) and i) {Z(;}2; € E\Z~

or i) lim; 00 71 (Z(3)) > 0, where {Z(;}52; & Z is such that lim;_, oo T = Zo
and lim; o0 71 (%)) exists, then lim; o 71(Z(;)) = 71(%0)-

Proof. Let &y & Z be such that 0 < 71(%0) < oo. It follows from the
definition of 71 (-) that §(¢,Zo) = (¢, Zo), t € [0,71(Zo)], I, Xi(5(¢, Zo)) #
0, t € (0,71(Z0)), and I, X;(5(71(Z0), Zo)) = 0. Without loss of generality,
let I, X;(5(t, %)) > 0, t € (0,71(d)). Since & £ (1 (Zo),%0) € Z is
ki-transversal to (13.8), it follows that there exist # > 0 and ¢ € {1,...,q}
such that Xj(+(t,2)) > 0, t € [-0,0), and X;(¢(t,2)) <0, t € (0,0]. (This
fact can be easily shown by expanding X;(¢(t, z)) via a Taylor series expan-
sion about # and using the fact that & is k;-transversal to (13.8).) Hence,
Xi(w(t,fo)) >0,t€ [1?1,7‘1(@0)), and Xi(Lb(t,i'o)) <0,te (Tl(f()),fg], where
fléﬁ(:ﬁo)—ﬁand fgéﬁ(@o)—l—ﬁ. ~

Next, let & £ min{|X; (¢ (t1, Zo))|, |Xi (¥ (f2, Zo))|}. Now, it follows from
the continuity of A;(-) and the continuous dependence of ¢(+, -) on the system
initial conditions that there exists § > 0 such that

sup X (D (t, ) — Xi(P(t, %0))| <&, x € Bs(), (13.20)
0<t<ts

which implies that X;(¢)(f1,2)) > 0 and X;(¢(f2,2)) < 0, x € Bs(Zo). Hence,
it follows that #; < 71(z) < ta, © € Bs(#p). The continuity of 71(-) at &g
now follows immediately by noting that ¢ can be chosen arbitrarily small.

Finally, let 2y € 2\2 be such that lim;_, Ty = To for some sequence
{2412, € Z\Z. Then using similar arguments as above it can be shown

that lim; oo 71(Z(;y) = 71(Z0). Alternatively, if Zo € E\Z~ is such that
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lim; 00 Z(j) = o and lim;_,o0 71(%(;)) > 0 for some sequence {Z;)}2; & Z,
then it follows that there exists sufficiently small ¢ > 0 and I € Z such that
5(t, %)) =V, 24)), 1 = I I'+1,..., which implies that lim; , 5(,%(;)) =
5(t,%g). Next, define Z Z4) = £ (i, T(),1=0,1,...,s0 that lim; o 25 = Z(g),
and note that it follows from the k;-transversality assumption that Z) & Z,
which implies that 71(-) is continuous at Z. Hence, lim; 71(2( ) =
71(%0)). The result now follows by noting that 71(Z(;)) = ¢ + 11(%;)), i =
1,2,....

D

Let &g & Z be such that lim;_ oo 71 (Z(3)) # T1(Zo) for some sequence
T2, ¢ Z. Then it follows from Proposition 13.2 that lim;_,.o 71 (Ty) =
0. Proposition 13.2 is a nontrivial generalization of Proposition 4.2 of [82]
and Lemma 3 of [64]. Specifically, Proposition 13.2 establishes the continuity
of 71(+) in the case where the resetting set Z is not a closed set. In addition,
the k;-transversality condition given in Definition 13.1 is also a generalization
of the conditions given in [82] and [64] by considering higher-order derivatives
of the function Xj;(-) rather than simply considering the first-order derivative
as in [64,82]. This condition guarantees that the solution of the closed-loop
system (13.8) and (13.9) is not tangent to the closure of the resetting set Z

at the intersection with Z.

The next result characterizes impulsive dynamical system limit sets in
terms of continuously differentiable functions. In particular, we show that
the system trajectories of a state-dependent impulsive dynamical system
converge to an invariant set contained in a union of level surfaces charac-
terized by the continuous-time system dynamics and the resetting system
dynamics. For the next result assume that f.(-), fa(:), Z(:), and Z are such
that the dynamical system G given by (13.12) and (13.13) satisfies Assump-
tions 13.1-13.3 and Z N {z : fq(z) = x} is empty. Note that for addressing
the stability of the zero solution of an impulsive dynamical system the usual
stability definitions are valid. For details, see [11,13,74,75,82,117,155].

Theorem 13.1 ([73]). Consider the impulsive dynamical system (13.12)
and (13.13) and assume Assumptions 13.1-13.3 hold. Assume D C D is a
compact positively invariant set with respect to (13.12) and (13.13), assume

that if 7o € Z then o + fd(:io) c 2*:’\5”*:’, and assume that there exist a
continuously differentiable function V : D — R such that

V(@) fo(2)<0, #€Dg, i¢2Z, (13.21)
V(Z+ fa(@) <V(E ) zepm, icZ. (13.22)

Let R2{Z €Dy 2 ¢ Z,V(2)fe(Z) =0}U{E € Dy : 2 € Z,V(2+ fa(F))—
V(Z) = 0} and let M denote the largest invariant set contained in R. If

Zo € Dg, then &(t) - M as t — oo. Furthermore, if 0 € Dy, V(0) = 0,
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V(z) >0,  # 0, and the set R contains no invariant set other than the set
{0}, then the zero solution Z(t) = 0 to (13.12) and (13.13) is asymptotically
stable and Dg; is a subset of the domain of attraction of (13.12) and (13.13).

Setting D = R" and requiring V(i) — oo as ||Z|| — oo in Theo-
rem 13.1, it follows that the zero solution Z(¢) = 0 to (13.12) and (13.13)
is globally asymptotically stable. A similar remark holds for Theorem 13.2
below.

Theorem 13.2. Consider the impulsive dynamical sys‘cernNQ~ (13.12)
and (13.13) and assume Assumptions 13.1-13.3 hold. Assume D, C D is
a compact positively invariant set with respect to (13.12) and (13.13) such

that 0 € D, assume that if 7o € Z then &g + fd(io) € 2\2, and assume
that for all Zg € ﬁci, Zo # 0, there exists 7 > 0 such that (1) € 2,
where Z(t), ¢ > 0, denotes the solution to (13.12) and (13.13) with the
initial condition Zy. Furthermore, assume that there exist a continuously
differentiable vector function V = [vy,...,v,]T : D — R% and a positive
vector p € RY such that V(0) = 0, the scalar function v : D — Ry defined
by v(Z) £ pTV (%), & € D, is such that v(Z) > 0, Z € D, & # 0, and

V(@) f

c(
(@ + fa(@))

Then the zero solution Z(¢) = 0 to (13.12) and (13.13) is asymptotically
stable and D,; is a subset of the domain of attraction of (13.12) and (13.13).

Proof. It follows from (13.24) that R = {& € Dq; : & & Z, v (&) fo(Z) =
0}. Since for all Zg € Dei, To # 0, there exists 7 > 0 such that z(r) € Z, it
follows that the largest invariant set contained in R is {0}. Now, the result
is a direct consequence of Theorem 13.1. O

, T€Dy, I¢2Z, (13.23)
v(%), Ze€Dy, icZ. (13.24)

13.3 Hybrid Decentralized Control for Large-Scale
Dynamical Systems

In this section, we present a hybrid decentralized controller design framework
for large-scale dynamical systems. Specifically, we consider nonlinear large-
scale dynamical systems G of the form given by (13.1) and (13.2) where
u(-) satisfies sufficient regularity conditions such that (13.1) has a unique
solution forward in time. Furthermore, we consider hybrid decentralized
dynamic controllers G¢;, ¢ = 1,...,q, of the form

ei(t) = fei(@ei(t), yi(t),  2ci(0) = Teois  (wei(t), yilt)) & Zei, (13.25)
Azei(t) =ni(yi(t) — wei(t),  (vei(t),yi(t)) € Zei, (13.26)
Yei(t) = hei(zei(t), yi(t)), (13.27)
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where z.(t) € Dy € R, D; is an open set with 0 € D, yi(t) € R,
Yei(t) € R™i, foi: Doy x Rl — R is smooth on Dg; and satisfies fe;(0,0) =
0, n; : Rli — Dy; is continuous and satisfies 7;(0) = 0, he; : De; X Rl — R™i
is smooth and satisfies h¢;(0,0) =0, -7 l; =1, and >.7 ; m; = m.

Recall that for the dynamical system G given by (13.1) and (13.2), a
vector function S(u,y) £ [s1(u1,y1), -, Sq(tq,yq)|*, where S : U xY — RY
is such that S(0,0) = 0, is called a vector supply rate if it is componentwise
locally integrable for all input-output pairs satisfying (13.1) and (13.2), that
is, for every i € {1,..., ¢} and for all input-output pairs (u;(-), y;(-)) € Ui xY;
satisfying (13.1) and (13.2), s;(-,-) satisfies fttf |si(ui(0),yi(0))|do < oo,
tg >t1 > 0. Here, U =Uy x --- XUy and Y = Y X --- X )Y, are input and
output spaces, respectively, that are assumed to be closed under the shift
operator. Furthermore, we assume that G is vector lossless with respect to the
vector supply rate S(u,y), and hence, there exist a continuous, nonnegative
definite vector storage function Vs = [vs1,...,vsg|t : D — @i and a Kamke
function w : Ei — R? such that V5(0) = 0, w(0) = 0, the zero solution
z(t) = 0 to the comparison system

2(t)=w(z(t)), =z(0)=2zy, t>0, (13.28)

is Lyapunov stable, and the vector dissipation equality

t t
Vs(w(t))zVs(x(to))+/ w(Vs(z(0)))do + [ S(u(0),y(o))do,

to to
(13.29)

is satisfied for all ¢t > ¢ty > 0, where z(t), t > t¢, is the solution to G with
u(-) eU.

In this case, it follows from Theorem 3.2 that there exists a nonnegative
vector p € @i, p # 0, such that G is lossless with respect to the supply rate
ptS(u,y) and with the storage function vs(z) = pTVi(z), 2 € D. In addition,
we assume that the nonlinear large-scale dynamical system G is completely
reachable and zero-state observable, and there exist functions k; : Y; — U;
such that ;(0) = 0 and s;(k;(y;),v:) <0, y; 0, foralli =1,...,¢q, so that
all storage functions vs(z) = p*Vi(x), € D, are positive definite, that is,
ptVi(z) >0, 2 € D, x # 0 [80]. Finally, we assume that V,(-) is component
decoupled, that is, Vi(x) = [vs1(21), ..., vsq(2¢)]T, 2 € D, and continuously
differentiable. Note that if each disconnected subsystem G; (i.e., Z;(x) = 0,
i€{l,...,q}) of G is lossless with respect to the supply rate s;(u;, y;), then
Vs(+) is component decoupled.

Consider the negative feedback interconnection of G and G. given by
Yi = Ue; and u; = —ye;, © = 1,...,q. In this case, the closed-loop system G
can be written in terms of the subsystems G;, ¢ = 1,...,q, given by

Fi(t) = fea(@i(0) + L), #i(0) = Fio,  #(t) & Ziy 120, (13.30)
AZi(t) = fai(@i(t),  E4(t) € Z;, (13.31)
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where ¢ > 0, .i’l(t) £ [.%’T(t) x L (t)]T, 21 £ {.i’l eD;: (JJCZ,hl(JJl)) S Z()i}7

% » et

N R et N B

fai(#;) & { Th'(hi(l'?)) - } : (13.33)

Hence, the equations of the motion for the closed-loop system G have the
form

()= fo(&(t)), #(to) = Zo, Z(t)¢Z, t>to, (13.34)
AE(t) = fa(2(t), ()€ Z, (13.35)
where @(t) = [#{(t),..., 24 (1)]", fc({C) [Egm +I{ (@), fog(Tq) +
Iy ()", 22U {t € D: i € 2}, D= UL Dy, and
fd1($1)X21(3~51)
Py A : N 1, €2
fd(x): R : ) Xzi(xz): 0’ J:,Z Zl , 1=1,...,q
fag(Fq)x 2, (%q) { mES
(13.36)

Assume that there exist infinitely differentiable functions ve; @ De; ¥ Rl —
Ry, i = 1,...,q, such that ve(ze;,yi) > 0, ze; € Do, vi € RY, and
Vei(Teiy yi) = 0 if and only if x; = n;(y;) and

Boi (e (1), Ui (1)) = Sei (ei(t), Yei (t)),  (wei(t), 4i(t)) & Zi, >0, (13.37)

where s¢; : Rb x R™ — R is such that s.;(0,0) =0,i=1,...,q.

We associate with the plant a positive-definite, continuously differen-
tiable function v,(z) £ pTVi(z), which we will refer to as the plant energy
composed of the subsystem energies vg;i(x;), i = 1,...,q. Furthermore, we
associate with the controller a nonnegative-definite, infinitely differentiable
function ve(ze,y) 2 pt Ve(xe, y), where

‘/C(xm y) £ [Ucl(xcla yl)v v 7ch(xcq7 yq)]T7

called the controller emulated energy composed of the subcontroller emulated
energies vei(Zci,yi), © = 1,...,q. Finally, we associate with the closed-loop
system the function

v(Z) £ vp(x) + ve(ze, H(2)), (13.38)

called the total energy composed of the total subsystem energies vg;(x;) +
Uci($ci7yi), 1= ]-7 <. q.
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Next, we construct the resetting set for each subsystem Gi,i=1... ,q,
of the closed-loop system G in the following form

Z, = {(xi,xci) €D x D : L vm(xcz,h (z;)) = 0 and vei(xei, hi(z;)) > 0}
={(zj,x¢;) €D X D¢ : Sm’(hi(ﬂci), hei(zei, hi(xi))) =0
and ve;(Te;, hi(z;)) > 0}, (13.39)

where ¢ = 1,...,q. The resetting sets Zii=1,... ,q, are thus defined
to be the sets of all points in the closed-loop state space that correspond
to decreasing subcontroller emulated energy. By resetting the subcontroller
states, the subsystem energy can never increase after the first resetting event.
Furthermore, if the closed-loop subsystem total energy is conserved between
resetting events, then a decrease in subsystem energy is accompanied by a
corresponding increase in subsystem emulated energy. Hence, this approach
allows the subsystem energy to flow to the subcontroller, where it increases
the subcontroller emulated energy but does not allow the subcontroller em-
ulated energy to flow back to the subsystem after the first resetting event.
This energy dissipating hybrid decentralized controller effectively enforces a
one-way energy transfer between each subsystem and corresponding subcon-
troller after the first resetting event. For practical implementation, knowl-
edge of x¢; and y; is sufficient to determine whether or not the closed-loop
state vector is in the set Z;, 1 =1,...,q.

The next theorem gives sufficient conditions for asymptotic stability
of the closed-loop system G using state-dependent hybrid decentralized con-
trollers.

Theorem 13.3. Consider the closed-loop impulsive dynamical system
G given by (13.34) and (13.35). Assume that Dy C D is a compact positively

[¢]

invariant set with respect to g such that 0 € Dci, assume that G is vector
lossless with respect to the vector supply rate S(u,y) = [s1(u1,y1),---,
sq(ug, yg)]T and with a positive, continuously differentiable vector storage
function Vi(z) = [vs1(z1), ..., vsq(x)]*, © € D. In addition, assume there
exist smooth functions ve; : D¢ x R — R, such that ve(zes, ) > 0,
Tei € Deiy yi € RY, vei(es, ) = 0 if and only if z¢; = ni(yi), and (13.37)
holds. Finally, assume that every o € Z is k;-transversal to (13.30) and

si(wisyi) + Sci(Uciryei) =0, & ¢ Zi, i=1,...,q, (13.40)

where Y; = U = hl(l‘l), U; = —Yei = —hm’(l‘m’,hi(l‘i)), and Zi, 1= 1, ...54q,
is given by (13.39). Then the zero solution #(t) = 0 to the closed-loop system
G is asymptotically stable. In addition, the total energy function v(Z) of G
given by (13.38) is strictly decreasing across resetting events. Finally, if
D =R", D. = R", and v(+) is radially unbounded, then the zero solution
Z(t) = 0 to G is globally asymptotically stable.
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Proof. First, note that since ve;(ei, ) > 0, 2ei € Deiy yi € RY,
i=1,...,q, it follows that

gi: {(l’i,l’ci) €D x Dy : Lfcvci(xci,hi(xi)) =0 and Uci(xci’hi(xi)) > 0}
= {(xi,xci) €D x Dci : Xz(i'l) = O}, (13.41)

where X;(Z;) = Lf vei(@ei, hi(%i)), @ = 1,...,q. Next, we show that if the
ki-transversality condition (13.19) holds, then Assumptions 13.1-13.3 hold
and, for every Zg € D, there exists 7 > 0 such that z(7) € Z. Note that if
.i’o € ZN\ZN, that iS, UCZ(JZW(O),}Z@(.TZ(O))) = 0 and Lfcvcz(xcz(o)’hz(xz(o))) =
0,i € {l,...,q}, it follows from the k;-transversality condition that there
exists ¢; > 0 such that for all ¢ € (0, ], L vei(wci(t), hi(wi(t))) # 0. Hence,
since

Vei(Tei (t), hi(wi(t))) = vei(2ci(0), hi(2i(0))) + tL  vei(ei (7)), hi(wi(7)))

for some 7 € (0,t] and ve; (e, ¥i) > 0, 2e; € Do, yi € RY 4 € {1,...,¢q}, it
follows that ve;(2ci(t), hi(xi(t))) > 0, t € (0,6], which implies that Assump-

tion 13.1 is satisfied. Furthermore, if £ € Z then, since v (e, y;) = 0 if

and only if z; = n(y;), it follows from (13.37) that Z; 4+ fai(#) € Z:\Zi,
i€{l,...,q}. Hence, Assumption 13.2 holds.
Next, consider the set

_/\/l,y £ U?:l {.f S ﬁci : vci(xci, hl(xl)) = ’Yi} , (13.42)

where 7, > 0, i = 1,...,¢, and 7 £ [y1,...,7,]T. It follows from the k;-
transversality condition that for every -; > 0, M, does not contain any
nontrivial trajectory of Q, 1 =1,...,q. To see this, suppose, ad absurdum,
that there exists a nontrivial trajectory Z(t) € M., t > 0, for some v; > 0
and for some ¢ € {1,...,¢}. In this case, it follows that

k
Qv @ (®), b (1)) = L v (es(®), ha(aa(0)) =0, k= 1,2,...,

dtk
i€{l,...,q}, (13.43)

which contradicts the k;-transversality condition.

Next, we show that for every Tg € Z, Zg # 0, there exists 7 > 0 such
that Z(7) € Z. To see this, suppose, ad absurdum, that z;(t) ¢ Z; for all
i1=1,...,q,t >0, which implies that

d

Evci(xci(t)’ hl(l‘l(t))) 75 0, t Z 0, 1= 1, o4, (1344)

or

Uci(l‘m’(t), hl(l’l(t))) == 0, t Z 0, 1= 1, s q. (1345)
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If (13.44) holds, then it follows that ve;(xei(t), hi(xi(t))) is a (decreasing or
increasing) monotonic function of time. Hence, vei(z¢i(t), hi(zi(t))) — v

as t — oo, where ; > 0 is a constant for ¢ = 1,...,q, which implies that
the positive limit set of the closed-loop system is contained in M., for some
v >0,79=1,...,q, and hence, is a contradiction.

S1m11ar1y, if (13.45) holds, then M contains a nontrivial trajectory of
G also leading to a contradiction. Hence, for every Z ¢ Z, there exists 7 > 0
such that Z(7) € Z. Thus, it follows that for every &q ¢ Z 0 < 711(Z0) < 0.

Now, it follows from Proposition 13.2 that 71(-) is continuous at Zo ¢ Z.

Furthermore, for all Zg € Z\Z and for every sequence {& 021 € Z\Z

converging to g € Z\Z , it follows from the k;-transversality condition and
Proposition 13.2 that lim; o 71(Z(;)) = 71(Z0)-

Next, let 7o € E\Zg’ and let {Z;)}2, € D, be such that lim;_, Ty =
To and lim; o 71(Z(;)) exists. In this case, it follows from Proposition 13.2
that either lim; o 71(%(;)) = 0 or lim; o T1(Z(;y) = T1(Zo). Furthermore,

since Zy € Z\Z corresponds to the case where Vei(Teio, hi(i0)) = 0, @ €
{1,...,q}, it follows that xco = 7;(hi(zi)), and hence, fq;(Zi0) = 0, i €
{1,...,q}. Now, it follows from Proposition 13.1 that Assumption 13.3
holds.

To show that the zero solution Z(t) = 0 to G is asymptotically stable,
consider the Lyapunov function candidate corresponding to the total energy
function v(Z) given by (13.38). Since G is vector lossless with respect to the
vector supply rate S(u,y), and hence, lossless with respect to the supply
rate pT S(u,y), where p € R%, and (13.37) and (13.40) hold, it follows that

sz si(wi (1), yi(t)) + sciuci(t), yei ()] = 0,  #(t) € Z, (13.46)

E%z

where p;, 2 = 1,...,q, denotes the ith component of p € Ri. Furthermore,
it follows from (13.33) and (13.41) that

Av(@(tr)) = ve (et ), H@(t])) — velwe(t), H(z(t)))
q
== pivei(wei(tr), hi(wi(te)x z, (Z:(t))
i=1
<0, #(tp) €2, ke, (13.47)
Thus, it follows from Theorem 13.2 that the zero solution Z(t) = 0 to G is
asymptotically stable. Finally, if D = R", D, = R", and v(-) is radially
unbounded, then global asymptotic stability is immediate. O

If ve; = vei(xei, yi) is only a function of x¢; and vei(ze;) is a positive-
definite function, i € {1,...,q}, then we can choose 7;(y;) = 0. In this
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case, Ugi(ze;) = 0 if and only if z; = 0. In the proof of Theorem 13.3,
we assume that %o & Z for Zp # 0. This proviso is necessary since it may
be possible to reset the states of the closed-loop system to the origin, in
which case Z(s) = 0 for a finite value of s. In this case, for t > s, we have
v(Z(t)) = v(Z(s)) = v(0) = 0. This situation does not present a problem,
however, since reaching the origin in finite time is a stronger condition than
reaching the origin as £ — oo.

Theorem 13.3 can be generalized to the case where G is vector dissi-
pative with respect to the vector supply rate S(u,y) with the component
decoupled vector storage function Vi(z) = [vs1(x1),...,vs(z)]T, = € D.
Specifically, in this case (13.46) becomes

q
D(E) =D pidi(i(t) <0, E(t) € Z, (13.48)

i=1
whered; : D; > R, 7 =1,...,q,is a continuous, nonnegative-definite dissipa-

tion rate function. Now, Theorem 13.3 holds with the additional assumption
that the only invariant set contained in R £ NL_{Z € Dqi : d;(z;) = 0} is
M = {0}.

13.4 Interconnected Euler-Lagrange Dynamical Systems

In this section, we specialize the control framework developed in Section
13.3 to interconnected Fuler-Lagrange dynamical systems. For this, we con-
sider the governing equations of motion of an n-degree-of-freedom dynamical
system given by the Fuler-Lagrange equation

T T
i e - [ Soa0.dm] =0, a0 =w i =i
(13.49)

where t > 0, ¢ € R" represents the generalized system positions, ¢ € R"
represents the generalized system velocities, £ : R™ x R” — R denotes the
system Lagrangian given by £(q,q¢) = T(q,¢)—U(q), where T : R" xR"™ — R
is the system total kinetic energy and U : R™ — R is the system total
potential energy, and u € R"™ is the vector of generalized control forces
acting on the system. We assume that (13.49) represents an interconnected
Fuler-Lagrange dynamical system composed of s subsystems given by

T T
&[S .a0)] - [SEaw.aen] —u. =1 0350

where ¢; € R™, w; € R", ¢ =1,...,8, Y i ni=mn,q= [q?,...,qg]T,
u = [u?, . ..usT]T, q; and ¢; represent, respectively, generalized subsystem
positions and velocities, and u; denotes the vector of decentralized control

input for the ith subsystem.
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Furthermore, let H : R" x R™ — R denote the Legendre transformation
of the Lagrangian function £(q, ¢) with respect to the generalized velocity ¢
defined by H(q,p) £ ¢*p—L(q, ), where p denotes the vector of generalized
momenta given by

T
m%@:ﬁ%@@ﬂ, (13.51)

and where the map from the generalized velocities ¢ to the generalized mo-
menta p is assumed to be bijective (i.e., one-to-one and onto). Note that
p=[pi,...,pi]T, where
T

pi(q"j) = [g_ﬁ(q’Q):| ;=1 (1352)

q;
denotes the vector of the ith subsystem generalized momenta. We assume
that the system total kinetic energy is such that T'(q,q) = %q'T[%—:g(q, )]t
T(q,0) =0, and T'(¢q,q) > 0, ¢ # 0, ¢ € R™. We also assume that the system
total potential energy U(-) is such that U(0) = 0 and U(q) > 0, ¢ # 0,
q € Dy € R™, which implies that H(q,p) = T(q,q4) + U(q) > 0, (¢,¢) # 0,
(¢,4) € Dy x R™.

Next, we present a decentralized hybrid feedback control framework for
Euler-Lagrange dynamical systems. Specifically, consider the ith subsystem
(13.50) with output

yi = [ hai(qi) ] _

h2i(di) (13.53)

hi1i(q:) ]

ha (%(%P))

where ¢ = 1,...,s, y; € Rl hy; @ R% — Rhi and hy; : R% — Rbhi—hi
are continuously differentiable, h1;(0) = 0, h2;(0) = 0, and hi;(q;) #Z O.
Next, consider the decentralized energy-based hybrid controller for the ith
subsystem

; T . T
e 00|~ |G 0] =0,

qei(0) = Gei0; 4ci(0) = Geios  (qei(t), 4ei(t), yi(t)) & Zeiy,  (13.54)
[ AQCi(t) :| = m(yqi (t)) ” QCi(t) :| ) (QCi(t)>QCi(t)>yi(t)) € Zcia

Adei(t) —{ei(t)
(13.55)
_8£ci . T
ul(t) = 8(]' (QCi(t)’QCi(t))yqi (t)) s (1356)
where t > 0,7 =1,...,s, q;; € R"¢ represents virtual subcontroller posi-

. . . . v . A
tions, ¢.; € R™ represents virtual subcontroller velocities, n, = Zle Neis
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Yai 2 hii(q;), Lei @ R x R x Rii — R denotes the subcontroller La-
grangian given by ECi(QCi)dCi??J(]i) £ Tci(Qciv QCZ) - UCi(in?yqi)’ where Tci :
R™e x R™i — R is the subcontroller kinetic energy and Ug; : R x Rhi — R
is the subcontroller potential energy, n;(-) is a continuously differentiable
function such that 7;(0) = 0, Z¢; C R™i x R x Rl is the ith subcontroller
resetting set, Agei(t) £ qei(t™) — ei(t), Adei(t) = Gei(tT) — Ges(t), and ty,
k € Z4, denotes a resetting instant. We assume that the subcontroller ki-
netic energy Te;(qei, Gei) is such that Te;(qes, Gei) = %QE;[(;Z;Z (%u%z)] , with
Tei(9¢i,0) = 0 and Tti(GeisGei) > 0, Gei # 0, ¢oi € R™i. Furthermore,
we assume that Uei(1i(Yqg,), Yg;) = 0 and Uci(eis ¥g;) > 0 for qei # ni(yg,),
Gei € R,
As in Section 13.3, note that

Vila,4) £ T(q,4) + U(q) (13.57)

is the total energy of the interconnected system (13.49) and

s
VC(QCa qe, yq) £ ZTcz'(QCia QCz) + Ucz'(‘]cz'a yqi)

i=1
S
= Z Vei(Geis eir Yas) (13.58)
i=1
is the sum of subcontroller emulated energies, where g, £ [q;:rh e vchs]T’
de = 4%, -, 4%]", and yg = [yX ... ,yL2]T. Finally,
V(4,44 Gc) = Vi(a,G) + Ve(de, de, Yq) (13.59)

is the total energy of the interconnected closed-loop system (13.50)—(13.56).

Next, we study the behavior of the total energy function V (g, 4, qc, 4c)
along the trajectories of the closed-loop system dynamics. For the intercon-
nected closed-loop system, we define our resetting set as

zZ4 US 1{(q,q qc,qc) S D x R™ x R" x R™ (QCiaqciayi) € Zcz} (1360)

Note that %Vp(q,q‘) = %”H(q,p) =u'q, (¢,4,qc, 4c) € Z. Furthermore, we
define the ith subcontroller Hamiltonian by
HCi(QCi)dChPCi)ZU%) £ Q;I;,p()l _Eci(QCi)QCi7yQi)7 1= 1) y S, (1361)

where the subcontroller momentum p.; is given by

0L

T
ciy Gcis Yg; s 13.62
o st ) (13.62)

pci(QCi’ qeis yqi) = |:

and it follows from the structure of T¢;(qei, gei) that Hei(gei, deis Peis Yg;) =
Vei(Geis Geis Yg;) = Tei(qeir dei) + Ueideis Yg,)-
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Now, it follows from (13.54), (13.56), and (13.61) that, for t € (tx, tg41],

e (@ei0), 6ei(0), 9, (1)) = 5 (Opeat) + 45 (E)pei (1)

dt
— g Eci (qm' (t) ’ QCi (t) » Yqi (t))

dt
d [0Le T
:‘T't_ < cilt), Gei(t (1
i )dt i (qei(t), Gei (t), yg; ()

— ?95:; (QCi (t)’ Gei (t), Yg; (t))QCZ (t)

aﬁcz’

— 8—% (qm’ (t) s ei (t) ) Yq (t))ql (t)

= _u;[‘(t)% (t)v (Q(t)’ Q(t)’ QC(t)’ de (t)) ¢ Z
(13.63)

Hence,

d

TV (@), 400, qe(t), de(t)) =u(®) (1) = D ui ()ai(t)
=1
(1),4(t), 4e(t), 4c (1)) & Z,

te <t < tlg41, (13.64)

=0, (q

which implies that the total energy of the interconnected closed-loop system
between resetting events is conserved.
The total energy difference across resetting events is given by

AV (qtr), 4(te), ge(tr), de(tr) = Velae ), e (5), yg ()
_VC(QC(tk)v QC(tk)’ yQ(tk))

= Z[VCZ(QCZ (t;), (jci (t;:)> Yq; (t;:))
=1

_Vci(QCz’ (tk)v Gei (tk)> Ya (tk))]

=— Z Vei(qei(tk), Gei () Yg, ()

=1
X Zei (Qei (th), Gei (tr), yi(tr))
<0,
(q(tr), 4(tr), ae(te), 4e(tr)) € 2, ke€Zy, (13.65)

where

v (Geis deir Yi) € Zais (13.66)

(et Gois Yar) 2 1
XZei QClvqczqui o O) (QCi)QCi)yi) g ZCi7
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which implies that the resetting law (13.55) ensures the total energy decrease
across resetting events by an amount equal to the accumulated emulated
subcontroller energy.

Here, we consider decentralized energy-dissipating state-dependent re-
setting controllers that affect a one-way energy transfer between the corre-
sponding subsystem and the subcontroller. Specifically, consider the closed-
loop system (13.50)—(13.56), where Z.;, i = 1,...,s, are defined by

. . d ) )
Zi2 {(%ﬂm%u%) : &Vci(QCi’QCi’yqi) =0 and Vi;i(qeis eis Yg;) > 0} .
(13.67)

Once again, for practical implementation, knowledge of ¢c, ¢., and y, is
sufficient to determine whether or not the closed-loop state vector is in the
set Z given by (13.60), where Z.;, i =1,...,s, are defined by (13.67).

The next theorem gives sufficient conditions for stabilization of inter-
connected Euler-Lagrange dynamical systems using decentralized energy-
based hybrid controllers. For this result define the closed-loop system states
€T é [qT7qT7qg7 q;l’]T

Theorem 13.4. Consider the interconnected closed-loop dynamical
system G given by (13.50)—(13.56), with the resetting set Z given by (13.60),
where Z¢;, 1 =1,...,s, are defined by (13.67). Assume that D¢ C Dy x R™ x
R™ x R" is a compact positively invariant set with respect to G such that

0 € Dgi. Furthermore, assume that the k;-transversality condition (13.19)
holds with X;(xz) = d%VCi(in,q'Ci,yqi), 1 =1,...,s. Then the zero solution
z(t) = 0 to G is asymptotically stable. Finally, if Dy, = R"™ and the to-
tal energy function V() is radially unbounded, then the above asymptotic
stability results are global.

Proof. Note that the interconnected Euler-Lagrange dynamical sys-
tem (13.49) and (13.53) is lossless with respect to the supply rate

e S(u,y) = e [ui gi, ..., ui ¢ =u" g =u"p(y), (13.68)

where p(y(¢,4)) = ¢, e £ [1,...,1]7, and e € R°. Furthermore, it fol-
lows from (13.63) and (13.64) that (13.40) is satisfied. Now, the result is
a direct consequence of Theorem 13.3 with vy(x) = V,(q,4), ve(xe,y) =

T
Vc(%a%ayq), u = %LL;;’...,%L;:] , and Se; (Ui, Yei) = —u;fq'i = ychﬁz(yz),
where p;(yi(¢i,di)) = ¢, i =1,...,s. 0

13.5 Hybrid Decentralized Control Design

In this section, we apply the decentralized hybrid control framework devel-
oped in Section 13.4 to the multi-rotational/translational proof-mass actua-
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Figure 13.1 Multi-RTAC system.

tor (multi-RTAC) nonlinear system studied in [7,33]. This system is shown
in Figure 13.1 and consists of three identical translational oscillating carts
connected by linear springs along with three identical eccentric rotational in-
ertias, which act as proof-mass actuators mounted on each cart. Rotational
motion of each proof-mass is nonlinearly coupled with the translational mo-
tion of the corresponding cart that the proof-mass is mounted on, which
provides the mechanism for control action. The oscillator carts, each with
a mass M, are connected to each other as well as fixed supports via linear
springs of stiffness k. The carts are constrained to one-dimensional motion.
The rotational proof-mass actuators consist of a pendulum of mass m with
mass moment of inertia I located at a distance e from the axis of rotation.
In Figure 13.1, Ny, No, and N3 denote the control torques applied to each
proof-mass.

Letting ¢; and ¢;, © = 1,2,3, denote the translational position and
velocity, respectively, of each cart, letting 6, and 6;, ¢ = 1,2, 3, denote the
angular position and angular velocity, respectively, of each rotational proof-
mass, and using the total physical energy of the multi-RTAC system given
by

Vi(gis di» 05, 0:) = k(a7 + 43 + 63 — 102 — 42q3)
%(M +m)(df +d3 +d3) + %(I +me?) (0} + 03 + 03)
+me(§161 cos 01 + G202 cos o + 363 cos 03)
+mge[(1 — cosby) + (1 — cosby) + (1 — cosbs)], (13.69)
the nonlinear dynamic equations of motion are given by

(M +m)§ = —me(él cos 1 — 9% sinf) — 2kq1 + kqa, 13.70

2

(13.70)

(I +me )(91 = —meg cos 01 — mgesin 6y + Ny, (13.71)

(M + m)io = —me(fa cos Oy — B3 sin ) + kq1 — 2kgo + kg, (13.72)

(I+ meQ)ég = —meds cos 5 — mgesin Oy + No, (13.73)

(M + m){z = —me(f3 cos 3 — 62 sinf3) + kqy — 2kgs, (13.74)

(I + me®)03 = —megs cos 03 — mge sin 03 + N, (13.75)

with the decentralized control inputs w; = N;, ¢ = 1,2,3, and outputs

yl:0177’:1)273
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Table 13.1 Problem data for the RTAC system.

Description Parameter Value Units
Cart mass M 1.7428 kg
Eccentric mass m 0.2739 kg
Arm eccentricity e 0.0537 m

Arm inertia 1 0.000884 | kg-m?

Spring stiffness k 200 N/m
Controller parameter Me 0.0017 —
Controller parameter ke 0.166 —

To design a decentralized state-dependent hybrid controller for (13.70)—

(13-75)7 let ne; =1, Vci(Qci, qei 91) = %mc(jgi‘i‘%kc(QCi_ei)Za ﬁci(Qcia dei, 91) =
tmed? — ke (gei — 0:)?, ygi = 65, and 1;(ygi) = Ygi, where me > 0 and k¢ > 0,
and ¢ = 1,2,3. In this case, the decentralized state-dependent hybrid con-

troller has the form

mCdCi + kC(QCi - Hl) - 07 (QCi) q‘Civ Hi) 01) € Zi) 1= ]-7 2) 37 (1376)

[ ﬁgm ] = [ b _qqm ] , (Geis deir 03, 0;) € 25, (13.77)
ct Yo
u; = ke(gei — 0i), (13.78)

with the resetting set (13.67) taking the form

zZ; = {(in,q'ci,Gi,éz’) € R*: kcéi(QCi - 91‘) =0 and [ei qq.Ci] # 0} :
(672
(13.79)

For the closed-loop system (13.70)—(13.75) and (13.76)—(13.79), the k;-
transversality condition given in Definition 13.1 is sufficiently complex that
we have been unable to show it analytically. However, condition (13.19)
was verified numerically. Hence, by Theorem 13.4, the closed-loop system
(13.70)—(13.75) and (13.76)—(13.79) is globally asymptotically stable.

For the following simulation, we use system parameters shown in Table
13.1 with the system initial conditions ¢;(0) = —0.06 m, ¢2(0) = 0.04 m,
1 =1,2,3. Figures 13.2 and 13.3 show, respectively, positions and velocities
of the carts for the uncontrolled system with the proof-masses fixed. It can
be seen that since the open-loop system is lossless, and hence, Lyapunov
stable, it exhibits persistent oscillations. Alternatively, for the controlled
system, Figure 13.4 shows positions of the carts versus time, and Figure
13.5 shows the cart velocities versus time. Figure 13.6 shows the angular
positions of the pendulums versus time, and Figure 13.7 shows their angular
velocities versus time. Figures 13.8 and 13.9 show the time history of each
subcontroller state. Note that each subcontroller state is discontinuous. The
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Figure 13.3 Velocities of the carts for the uncontrolled system versus time.

control torques versus time are shown in Figure 13.10 and are discontinuous
at the resetting times as follows from (13.77) and (13.78). Figure 13.11
shows the physical energy of the plant, combined emulated energy of all
subcontrollers, and the total energy of the multi-rotational/translational
proof-mass actuator system. It can be seen that the total energy of the
multi-RTAC system remains constant between subcontroller state resettings,
which is in agreement with (13.64), whereas the physical energy of the plant

is constantly decreasing.
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Figure 13.4 Positions of the carts versus time.
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Figure 13.5 Velocities of the carts versus time.

13.6 Quasi-Thermodynamic Stabilization and Maximum
Entropy Control

In this section, we use the recently developed notion of system thermody-
namics [81] to develop thermodynamically consistent hybrid decentralized
controllers for large-scale systems. Specifically, since our energy-based hy-
brid controller architecture involves the exchange of energy with conserva-
tion laws describing transfer, accumulation, and dissipation of energy be-
tween the subcontrollers and the plant subsystems, we construct a modified
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Figure 13.7 Angular velocities of the pendulums versus time.

hybrid controller that guarantees that each subsystem-subcontroller pair
(Gi, Gei) is consistent with basic thermodynamic principles after the first
resetting event. To develop thermodynamically consistent hybrid decen-
tralized controllers, consider the closed-loop subsystem-subcontroller pair
(Gi, Gei) given by (13.30) and (13.31) with Z; given by

Z = {551 € Dj 1 ¢i(:) (vpi (1) — vei (1)) = 0 and vei (i, hi(w)) > 0} ’
i=1,....q (13.80)
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Figure 13.8 Subcontroller positions versus time.
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Figure 13.9 Subcontroller velocities versus time.

where ¢i(Z;) £ sci(hi(2i), hei(ei, hi(2:))), vpi(E:) £ vsi(2i), and ve(F;) =
Vei(Teiy hi(x;)). We refer to ¢;(-) as the net energy flow function.

We assume that the energy flow function ¢;(Z;) is infinitely differen-
tiable and the k;-transversality condition (13.19) holds with

Xi(Zi) = ¢i(@i) (vpi(T3) —vei(@i)), i=1,...,q. (13.81)

To ensure a thermodynamically consistent energy flow between the subsys-
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Figure 13.11 Plant, combined subcontroller, and total energies versus time.

tem G; and subcontroller G.; after the first resetting event, each subcontroller
resetting logic must be designed in such a way as to satisfy three key ther-
modynamic axioms. Namely, between resettings the energy flow function
¢;(-) must satisfy the following two assumptions [79,81]:

Assumption 13.4. The connectivity matrix C € R?*? [81, p. 56] asso-
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ciated with the subsystem G; is defined by

N O, lf(,ZSl(i[(t)) = 0, . . .o . +
C(i,j)—{ 1, otherwise, i#7, ,j=12 1=1,...,q, t>1t],

and

L

Cii) = —Clray, 1#k, i,k=12, (13.83)

and satisfies rank C = 1. Moreover, for every i # j such that Cy; ;) = 1,
¢l(f:l(t)) =0 if and only if Upl(«%l) = Ucl(«%l), i‘l(t) Q 2[, = 1, ...54q, t> tir.

Assumption 13.5. (Z)Z(.fz(t))(vpz(fl) — 'Uci(i'i)) <0, .fz(t) ¢ Z}Z’, 1 =
L...,q, t>1t].

Furthermore, across resettings the energy difference between the sub-
system and the subcontroller must satisfy the following assumption [83,84]:

Assumption 13.6. [vpi (Zi+fai(%:)) —vei (Tt fai (%:))] [vpi (Ti) —vei (2)] =
0,i=1,...,q, T; € Z;.

The fact that ¢;(Z;(t)) = 0 if and only if vy (Z;i(t)) = vei(Zi(2)),
Zi(t) & Zit > tf, implies that the ¢th subsystem and the ith subcon-
troller are connected; alternatively, ¢;(Z;(t)) =0, t > tT, implies that the
ith subsystem and the ith subcontroller are disconnected. Assumption 13.4
implies that if the energies in the ith subsystem and the ith subcontroller
are equal, then energy exchange between the ith subsystem G; and the ith
subcontroller G; is not possible unless a resetting event occurs. This state-
ment is consistent with the zeroth law of thermodynamics, which postulates
that temperature equality is a necessary and sufficient condition for ther-
mal equilibrium of an isolated system. Assumption 13.5 implies that energy
flows from a more energetic subsystem to a less energetic subsystem and is
consistent with the second law of thermodynamics, which states that heat
(energy) must flow in the direction of lower temperatures. Finally, Assump-
tion 13.6 implies that the energy difference between the ith subsystem G;
and the ith subcontroller G.; across resetting instants is monotonic, that is,
[opi (3 (8)) —vei (: (6)] [vpi (Zi (1)) —ves (Z: (k)] > 0 for all vy, () # vei (),
BeZ,i=1,...,q,keZ,.

With the resetting law given by (13.80), it follows that each ith sub-
system G; of the closed-loop dynamical system G satisfies Assumptions 13.4—
13.6 for all ¢ > t;. To see this, note that since ¢;(Z;) # 0, the connectivity
matrix C is given by

C= { _11 _11 ] : (13.84)
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and hence, rank C = 1. The second condition in Assumption 13.4 need not
be satisfied since the case where ¢;(Z;) = 0 or vp;(Z;) = vei(Z;), corresponds
to a resetting instant. Furthermore, it follows from the definition of the
resetting set (13.80) that Assumption 13.5 is satisfied for each closed-loop
subsystem pairs (G;, G.;) for all ¢ > t{7. Finally, since ve;(%; + fai(%:)) = 0
and vp; (Z; + fdz(il)) = vpi(Z;), & € Z;, it follows from the definition of the
resetting set that

[opi (& + fai (&) — vei (@i + fai ()] [vps (F5) — vei ()]
= Upi (T4) [Vpi (Ts) — Vei (T4)]
>0, #HeZ, i=1,...,q (13.85)

and hence, Assumption 13.6 is satisfied across resettings. Hence, each ith
closed-loop subsystem G, of the closed-loop system G is thermodynamically
consistent after the first resetting event in the sense of [79,81,83,84]. Note
that this statement is only true for each closed-loop subsystem G;. For the
hybrid closed-loop system G, Assumptions 13.4-13.6 may not hold since the
interconnection function Z(x) defining G may not necessarily correspond to
a thermodynamically consistent model.

If Dy C D is a compact positively invariant set with respect to the

closed-loop dynamical system G given by (13.34) and (13.35) such that

0 € D, and the k;-transversality condition (13.19) holds with X;(Z;) =
®i(Z4) (vpi(&;) —vei(23)) foralli =1,..., g, then it follows from Theorem 13.3
that the zero solution Z(t) = 0 to the closed-loop system G, with resetting
set Z; given by (13.80), is asymptotically stable. Furthermore, in this case,
the hybrid decentralized controller (13.25) and (13.26), with resetting set
(13.80), is a quasi-thermodynamically stabilizing compensator.

Finally, we show that the hybrid decentralized controllers developed
in this section and Section 13.3 are maximum entropy controllers. To do
this, the following hybrid definition of entropy is needed.

Definition 13.2. For each decentralized subcontroller G¢; given by
(13.25)—(13.27), a function S¢; : Ry - R, i =1,...,q, satisfying

Sei(vei(Zi(T))) = Sei(vei (2i(t1))) — 1 Y veil®i(tr), T =t

&
k€Zpy 1)

i=1,...,q,  (13.86)

where k € Zy, 1) 2 {k:t; <t <T}, c; >0, is called an entropy function
Ofgci, 1= 1,...,q.
The next result gives necessary and sufficient conditions for establish-

ing the existence of an entropy function of G¢;, i = 1,...,q, over an interval
t € (tg,tr11] involving the consecutive resetting times ¢ and txy1, k € Z.
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Theorem 13.5. For each hybrid decentralized subcontroller G.; given
by (13.25)—(13.27), a function S¢; : Ry — R, ¢ = 1,...,q, is an entropy
function of G; if and only if

SCZ(UCZ(.fZ(tA))) > Sci(vci(i'i(t)))a tp <t< t <tk+1, t=1,...,q, (13.87)
Sei(vei (Zi(tr) + fai(@i(t1)))) > Sei(vei(Zi(tr))) — fvei(@itr)), k € Zy,

1=1,...,q. (13.88)

Proof. Let k € Z and suppose S¢;(v¢;) is an entropy function of Gg;.

~

Then, (13.86) holds. Now, since for t, <t <t < tgi1, Zy ) = O, (13.87) is
immediate. Next, note that

Scz(Ucz(-iz(tz_))) > Scz(vcz(i'z(tk))) — %’Uci(i’i(tk)), 1= 1, e q, (13.89)

which, since Z[tk,tj) = k, implies (13.88).

Conversely, suppose (13.87) and (13.88) hold, and let £ > ¢ > ¢; and
Ly jy = {i,i+1,...,7}. (Note that if Ly gy = @, then the converse result is
a direct consequence of (13.87).) If Zj, 5 # ©, then it follows from (13.87)
and (13.88) that

Seat(va(@(F))) = Sa(va(@i(t))) = Sei(va (@1(8)) = Salva(@(t])))

+ i: Scl(vcl(i'l(tjfm)
m=0

+far(@1(tj—m)))) — Set (Ve (F1(tj—m)))
i1

+ Y Sa(va(@i(tj-m)))
m=0

1 3=
>——= > va(@i(tj-m))
@ m=0
1 -
:_C_ Ud(l'l(tk)), [ = 1) » 4,
! ke,
(13.90)
which implies that Sc;(v;) is an entropy function of G, i = 1,...,q. O

The next theorem establishes the existence of an entropy function for
gci7 1= 1)“‘)Q‘
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Theorem 13.6. Consider the hybrid decentralized subcontrollers Gc;
given by (13.25)—(13.27), with Z; given by (13.39) or (13.80). Then the
function S¢; : Ry = R, ¢ =1,...,4q, given by

Sei(ve;) = log,(¢; + vei) — logg ci,  ve ERy, i=1,....q, (13.91)

where ¢; > 0, is an entropy function of G.;, ¢ = 1,...,¢q. In addition, for
1=1,...,q,
Scz’(vci(-ii(t))) > 0, fl(t) ¢ Z,}Z’, t <t < tky1, (13.92)
— Loci(@i(tr)) < ASei(vei(@i(ty))) < — el

Ei(ty) € Zi, keZy  (13.93)

Proof. Since ’L')Ci(i'i(t)) > 0, .fz(t) ¢ Z, 1=1,...,q, t € (tk‘7tk+1]7
k € Z4, it follows that

Sei(vei (F5(1))) = % >0, #(t)€Z, i=1,...,q. (13.94)

Furthermore, since 'Uci(i'i(tk) + fdz(jz(tk))) =0, fl(tk) € Z,,i=1,...,q,
k € Z., it follows that, for i = 1,...,¢q,

Vil (%4 (tr)) ]
C; + Uci(i'i(tk))
Ei(ty) € Zi, kely, (13.95)

> — L (Et),

&

ASura(tn)) =log, |1 -

and

ASei(vei (5 (tr))) =log, [1_ Vei (Zi(t)) }< vei (i(t))

i + vei(Zi(tr)) et va(F(ty)
Ti(ty) € Zi, ke€Zy, (13.96)

where in (13.95) and (13.96) we used the fact that 7= <log.(1+x) <z, x >
—1, x # 0. The result is now an immediate consequence of Theorem 13.5.
O

Using (13.94), the resetting set Z;, i = 1,...,q, given by (13.39) can
be rewritten as

- ~ d
Z; = {~i eD;: ESW(UC@(@)) =0 and 'Uci(i'i) > O} , +=1,...,q, (13.97)

where %Sci(vci (.i’l (t))) £ lim.,.%t— ﬁ[Sm (UCl(i‘l(t))) - Sci (Uci (.%Z(T)))] when-
ever limit on the right-hand side exists, and S¢; = log,(¢; + ve;) — log, ¢; de-
notes the continuously differentiable ith subcontroller entropy. Hence, each
decentralized controller G.; corresponds to a maximum entropy controller.

Alternatively, for i = 1,...,¢, the resetting set Z; given by (13.80) can be
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rewritten as {Z;(tx) : kK € Z1}, where t; is the maximum final time such
that Sci(vei (Zi(f))) < Sei(vei(Zi(t1))) (or Sci(vei(Zi(t))) = Sei(vei(¥i(t1))))
holds under the constraint vy (Z;(t)) > vei(Zi(t)) (or vpi(Zi(t)) < vei(@i(t)))
for 0 <t < t1, and S¢;(vei(Zi(t))) < Sei(vei(Zi(tk+1))) holds under the con-
straint vy (Z;(t)) > vei(Z4(t)) for all ¢, <t < tyy1 and k € Z,.. Hence, each
decentralized controller G.; corresponds to a constrained maximum entropy
controller.

13.7 Hybrid Decentralized Control for Combustion Systems

In this section, we apply the results developed in this chapter to the con-
trol of thermoacoustic instabilities in combustion processes. We stress that
the combustion model we use can be stabilized by conventional nonlinear
control methods. The aim here, however, is to show that hybrid decen-
tralized control provides an extremely efficient mechanism for dissipating
energy in the combustion process with far superior performance than any
conventional control methodology. In particular, we show that the proposed
hybrid decentralized controller provides finite-time stabilization.

To design a decentralized hybrid controller for combustion systems we
concentrate on a two-mode, nonlinear time-averaged combustion model with
nonlinearities present due to the second-order gas dynamics. This model is
developed in Section 6.5 and is given by

21(t) = a1 (t) + Oh22(t) — B(z1(D)zs(t) + z2(t)2a(t)) +ua(t),
131(0) = 10, t Z 0, (1398)
.i’Q(t) = —011‘1(t) + Oél.%’Q(t) + ,B(Jiz(t)xg(t) — $1(t)l‘4(t)) + Ug(t),

x2(0) = x99, (13.99)
i3(t) = a3 (t) + Ooxa(t) + B(zi(t) — 23(t)) + us(t), x3(0) = x30,
(13.100)
Z4(t) = —bax3(t) + aowy(t) + 2Bx1 (t)z2(t) + ua(t), x4(0) = x40,
(13.101)

where ag,as € R represent growth/decay constants, 61,02 € R represent
frequency shift constants, 8 = ((y + 1)/8y)w1, where v denotes the ratio of
specific heats, wy is frequency of the fundamental mode, and w;, i = 1,...,4,
are control input signals. For the data parameters a; = 5, ag = —55, 61 =4,
02 =32, v=14,w; =1, and z(0) = [1, 1, 1, 1], the open-loop (u;(t) =0,
i=1,2,3,4) dynamics (13.98)—(13.101) result in a limit cycle instability.
Next, note that (13.98)—(13.101) can be rewritten in the form of (13.1)
and (13.2) with fi(z1,22) = [a121 + 0129, 0171 + )T, folws, z4) =

(o3 + Oozg, —O223 + anzy)T, T1(z) = [~ B(x123 + 2274), B(wo23 — T124)]T,
Iy(z) = [B(a] — 23),2Bz120]", Gi(x1,22) = Ia, Go(z3,24) = o, y1 =
hi(z1,@2) = [21,22]", and y2 = ho(ws,z4) = [x3,24]7. Here, we take

vs1(z1,22) = 3(2? + 23) and ve(xs,z4) = 1(23 + 23) as our subsystem
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Figure 13.12 Plant state trajectories versus time.

energies. Now, it can be shown that the ¢th disconnected subsystem of
(13.98)—(13.101) is lossless with respect to the supply rate @ly;, i = 1,2,
where 17 = [u1 + a1m1,us + ayz2)t and ds = [uz + aox3, us + asxy]t. Fur-
thermore, it can also be shown that (13.98)—(13.101) is lossless with respect
to the supply rate ﬁlTyl + ﬁgyg.
Next, consider the decentralized dynamic compensator given by (13.25)—

(13.27) with fo1(2e1,y1) = Ac1®er + Bayt, m(y1) = 0, her (T, y1) = BLzer,
fea(we2,y2) = 0, m2(y2) = 0, and hea (22, y2) = 0, where

0 1 00
Ad:[_1 0}, 361:[4 0}, (13.102)

and subcontroller energy is given by vei(zc1) = %xaxcl. Furthermore, the
resetting set (13.39) is given by

Z, = {(xl,xg,xcl) : 25 Boy [ i; ] =0, 21 # 0}. (13.103)

To illustrate the behavior of the closed-loop impulsive dynamical sys-
tem, we choose the initial condition x(0) = [0,0]*. For this system a
straightforward, but lengthy, calculation shows that Assumptions 13.1 and
13.2 hold. However, the k;-transversality condition is sufficiently complex
that we have been unable to show it analytically. This condition was veri-
fied numerically, and hence, Assumption 13.3 appears to hold. Figure 13.12
shows the state trajectories of the plant versus time, and Figure 13.13 shows
the state trajectories of the compensator versus time. Figure 13.14 shows
the control inputs u; and us versus time. Note that the compensator states
are the only states that reset. Furthermore, the control force versus time is
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partially discontinuous at the resetting times. A comparison of vg1 (21, 2),
vsa(x3,24), ve1(Te1), and v(z, 1) £ vsi (1, 22) + vsa (23, 24) + Ver(Te1) is
shown in Figure 13.15. Note that the proposed hybrid decentralized con-
troller achieves finite-time stabilization.

Next, we consider the case where vy = 0 and as = 0. The other
parameters remain as before. In this case, the decentralized dynamic com-
pensators are given by (13.25)—(13.27) with fe;i(%ei, i) = Aci®ei + Beivi,
Ni(yi) = 0, hei(Tei, yi) = ngm-, i = 1,2, where A.; and B.; are given by
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(13.102),

0 1 0 0
AC2 - |: _1 O :| ) BC2 - |: 16 O :| ) (13104)

and subcontroller energies are given by ve1(zc1) = %xaxcl and vea(Te2) =
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t20 2. Furthermore, the resetting set (13.39) is given by (13.103) and

Zy= {($37$4,$c2) L 285 Bea [ ii } =0, T2 # O} . (13.105)
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Finally, the entropy functions S¢i(ve1) and Sco(ve2) are given by Sei(ve;) =
IOge[l + vci(xci)], 1=1,2.
To illustrate the behavior of the closed-loop impulsive dynamical sys-
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tem, we choose initial conditions z.1(0) = [0,0]T and z(0) = [0,0]T.

For this system a straightforward, but lengthy, calculation shows that As-
sumptions 13.1 and 13.2 hold. However, the k;-transversality condition
is sufficiently complex that we have been unable to show it analytically.
This condition was verified numerically, and hence, Assumption 13.3 ap-
pears to hold. Figure 13.16 shows the state trajectories of the plant ver-
sus time, and Figure 13.17 shows the state trajectories of the compen-
sator versus time. Figure 13.18 shows the control input versus time. Note
that the compensator states are the only states that reset. Once again,
the proposed hybrid decentralized controller achieves finite-time stabiliza-
tion. Furthermore, the control force versus time is partially discontin-
uous at the resetting times. A comparison of vgi(z1,22), ve1(Zc1), and
(2, %1, Te2) = vs1(T1,22) + vs2(23,24) + Ve1(2e1) + ve2(Te2) is shown in
Figure 13.19, and a comparison of vga(x3,x4), ve2(Zc2), and v(z, xc1, Te2)
is shown in Figure 13.20. Finally, Figure 13.21 shows the controller en-
tropy versus time. Note that the entropy of the controller strictly increases
between resetting events.

13.8 Experimental Verification of Hybrid Decentralized Controller

In this section, we provide experimental results to show the efficacy of the
hybrid decentralized controller architecture developed in this chapter. The
experimental test bed constructed to implement the decentralized energy-
based hybrid control technique is shown in Figure 13.22 and involves the
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Figure 13.22 RTAC test bed.

Table 13.2 Model and manufacturer information of hardware used.

Description Manufacturer Model
Air Bushing New Way Air Bearings S301201
Laser sensor Micro-Epsilon ILD1300-200
DC motor MicroMo 3863H012C
Shaft Encoder MicroMo HEDMS5500J12
Motor Controller | Advanced Motion Controls 12A8
DAQ board National Instruments NI-6024E
Encoder/Timer National Instruments NI-6601

multi-RTAC system discussed in Section 13.5. The test bed consists of an
aluminum base with air bushings floating on two rails providing translational
motion for the carts with very low friction. Rotary actuators with eccen-
tric arms and masses are fixed to the carts providing the control torques.
The actuation is provided by DC motors driven by a set of linear motor con-
trollers, and the measurements of the eccentric arm angles and cart positions
are performed with a quadrature encoder on each motor and a laser displace-
ment sensor for each cart, respectively. The controller is implemented with

the MathWorks MATLAB®, Simulink®, and xPC TargetTM software us-
ing National Instruments PCI cards for input/output (I/O). The hardware
used for the test bed is listed in Table 13.2.

Translational motion for each cart is provided by four air bushings
mounted into aluminum blocks. These blocks are mounted to an aluminum
plate to form the platforms of the carts. These platforms are also constructed
to deliver air to the bushings through internal passageways to eliminate ex-
cessive air fittings. The air bushings float on two stainless steel precision
shafts 0.5 inches in diameter that are affixed to the aluminum base. Negligi-
ble damping effects result from the motor and rail friction, resistance from
hoses and wires, and air resistance. Supports are attached to the platforms
to facilitate mounting of the rotational actuators and the proof-masses. The
supports are designed in such a manner that they can be mounted either
vertically or horizontally. This enables the experiment to be carried out
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with and without gravitational effect on the proof-masses.

Four pretensioned extension springs attach the carts to each other
and to fixed supports mounted on the base. The springs are easy to remove
so that springs with different stiffnesses can be used. The spring stiffness
constant used for the testbed was measured to be 170 N/m and the springs
are shown to be linear throughout the usable range. The control torque for
each cart in the system is provided by means of a proof-mass attached to an
actuator by an eccentric arm. The arms are constructed in such a way that
various proof-masses may be used. The actuators are 12-volt DC motors
that generate a continuous torque of 0.11 N-m each with a stall torque of
1.2 N-m and have a thermally limited continuous current of 7.6 A. Driving
the motors are a set of pulse width modulated (PWM) servo amplifiers that
can supply a peak current of 12 A and a continuous current of 6 A. The
maximum continuous switching rate for each amplifier is 36 kHz. The units
are operated in current mode, producing currents that are proportional to
the input voltages. The motor controllers have built-in current limiters to
protect the motors from high torque commands.

System state measurements are obtained with quadrature encoders
and laser displacement sensors. The quadrature encoders measure the an-
gular positions and velocities of the proof-masses. The encoders are attached
to the back of the motors and have 1,024-line-per-revolution resolution. This
gives an angular resolution of 0.09° when used in quadrature mode. The po-
sitions of the translational masses are measured with laser sensors that use
optical triangulation to measure displacement while velocities are obtained
by numerical differentiation of position data. The sensors measure position
with a static resolution of 100 pym and dynamic resolution of 200 pm at a
rate of 500 Hz and with a measurement range of 200 mm. Laser sensors
were selected over other linear measurement sensors since they do not influ-
ence the motion of the carts. Note that the information of the position and
velocity of the translational carts was only used to obtain a plot of the plant
energy versus time and not to compute the energy-based hybrid control as
follows from (13.78) and (13.79).

During experimentation slight noise in the cart position measurement
was observed. This led to a substantial distortion of the cart velocity in-
formation obtained from numerical differentiation of the position data. To
resolve this issue, an accelerometer was incorporated with the laser sensor.
By numerically integrating the cart acceleration and using the laser sen-
sor to eliminate the accumulated error resulting from numerical integration,
a much smoother and more accurate cart velocity was determined. This
problem does not appear to be as pronounced with the angular velocity de-
termined from the pendulum’s angular position due to a higher resolution
of the quadrature encoder.

To implement the decentralized, energy-based hybrid control in real

time we used the MathWorks MATLAB®, Simulink®, and xPC TargetTM
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Figure 13.23 Diagram of real-time target implementation.

Table 13.3 Problem data for the multi-RTAC system.

Description Parameter Value Units
Cart mass M 1.7428 kg
Eccentric mass m 0.2739 kg
Arm eccentricity e 0.0537 m

Arm inertia 1 0.000884 | kg-m?

Spring stiffness k 170 N/m
Controller parameter Me 0.0012 —
Controller parameter ke 0.0811 —

software. The diagram in Figure 13.23 illustrates the hardware layout. The
control law is created in Simulink®7 compiled into C code, and then down-
loaded onto the target PC. The target PC runs a real-time operating system
that executes the Simulink® block diagram. The input/output for the tar-
get PC consists of National Instruments PCI-6024E and PCI-6601 cards.
The PCI-6024E has a maximum input rate of 200 kS/s at 12-bit resolution.
The minimum analog input is £50 mV, and the maximum input is limited
to £10 V. The maximum analog output rate is 10 kS/s at 12-bit resolu-
tion with a maximum value of + 10 V. The PCI-6024E cards are used to
acquire the distances measured by the laser sensors and to send voltages
to the motor controllers to generate the required control torques, whereas
the PCI-6601 cards are used to read the encoders to obtain the angles and
directions of rotation of the proof-masses.

Next, we show experimental results obtained by implementing the de-
centralized, energy-based hybrid control presented in Section 13.4 on the
multi-RTAC test bed. The system parameters are shown in Table 13.3 with
initial conditions ¢1(0) = —0.074 m, ¢2(0) = 0.012 m, ¢3(0) = 0.0055 m,
Gi(0) = 0, 6:(0) = 0, 6:(0) = 0, ¢i(0) = 0, and Ge;(0) = 0, i = 1,2,3. Fig-
ure 13.24 shows positions of the carts versus time, and Figure 13.25 shows
the cart velocities versus time. Figure 13.26 shows the angular positions of
the pendulums versus time, and Figure 13.27 shows their angular velocities
versus time. Figures 13.28 and 13.29 show the time history of each sub-
controller state. Note that each subcontroller state is discontinuous. The
control torques versus time are shown in Figure 13.30 and are discontinuous
at the resetting times as follows from (13.77) and (13.78). These discontinu-
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Figure 13.24 Positions of the carts in meters versus time.

ities indicate that the proof-masses suddenly change the direction of motion
to prevent the flow of real physical energy back to the translational carts.
Figure 13.31 shows the physical energy of the plant, combined emulated
energy of all subcontrollers, and the total energy of the multi-RTAC sys-
tem. Although the sum of the plant energy and controller emulated energy
is supposed to remain constant between resettings as shown in (13.64), in
the experimental setup the slight decreases in total energy are the result of
damping effects that are always present in a physical system.
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Figure 13.25 Velocities of the carts in m/s versus time.
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Figure 13.26 Angular positions of the pendulums in radians versus time.
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Chapter Fourteen

Conclusion

In this monograph, we have developed a stability analysis and control de-
sign framework for large-scale complex dynamical systems. These systems
are composed of interconnected subsystems and include air traffic control
systems, power and energy grid systems, manufacturing and processing sys-
tems, aerospace and transportation systems, communication and informa-
tion networks, integrative biological systems, biological neural networks,
biomolecular and biochemical systems, nervous systems, immune systems,
environmental and ecological systems, molecular, quantum, and nanoscale
systems, particulate and chemical reaction systems, economic and financial
systems, cellular systems, metabolic systems, planetary ecosystems (e.g.,
Gaia), and galaxies, to name but a few examples. The relationships be-
tween the subsystems is often circular—in an abstract and not necessarily
spatial sense—giving rise to feedback interconnections. This leads to non-
linear models that can exhibit rich dynamical behavior, such as multiple
equilibria, limit cycles, bifurcations, jump resonance phenomena, and chaos.

The complexity of large-scale dynamical systems is due to the natu-
ral scale of these systems and often necessitates a hierarchical decentralized
architecture for analyzing and controlling these systems due to high sys-
tem dimensionality and global communication connection constraints. The
role of system uncertainty is also critical in the analysis and control de-
sign of large-scale, interconnected systems. Uncertainty and variations in
large-scale systems may change constantly and unpredictably, resulting in
rapid and often catastrophic transitions. To address the stability analysis
and control design of large-scale systems in the presence of uncertainties,
decentralized robust control architectures that combine logical operations
with continuous dynamics are needed. These hybrid architectures provide
hierarchical coordination and autonomy by utilizing higher-level reasoning
and decision making.

The underlying intention of this monograph has been to present a
general analysis and control design framework for large-scale dynamical
systems, with an emphasis on vector Lyapunov function methods, vector
dissipativity theory, and decentralized control architectures. It is hoped
that this monograph will help stimulate increased interaction between engi-
neers, economists, biologists, ecologists, physicists, computer scientists, and
dynamical systems and control theorists. The potential for applying and
extending this work across disciplines is enormous. For example, in eco-
nomic systems the interaction of raw materials, finished goods, and finan-
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cial resources can be modeled as large-scale systems with subsystem inter-
connections representing various interacting sectors in a dynamic economy.
Similarly, network systems, computer networks, and telecommunication sys-
tems are amenable to large-scale modeling with interconnections governed
by nodal dynamics and routing strategies that can be controlled to minimize
waiting times and optimize system throughput.

Large-scale system models can also be used to model the interconnect-
ing components of power grid systems with energy flow between regional
distribution points subject to control and possible failure. Road, rail, air,
and space transportation systems also give rise to large-scale systems with
interconnections subject to failure and real-time modification. Modern heat-
ing, ventilating, and air conditioning (HVAC) systems in large commercial
buildings are characterized by a large number of interconnected zones that
require heating, ventilation, and cooling, and thus, also constitute large-scale
systems. In particular, the automated operation of a network of HVAC sys-
tems for a regional collection of smart buildings involves a large number of
interacting subsystems with multiple zones and components, nonlinear heat
transfer models, multiple spatial and temporal timescales, and model uncer-
tainties and disturbances involving changes in weather and solar radiation,
varying heat loads, humidity, computers and lab equipment, and people and
other latent heat sources. In all of the aforementioned applications, reliable
system analysis and decentralized robust control system design, with inte-
grated verification and validation, are essential for providing high system
performance and reconfigurable system operation in the presence of system
uncertainties and system component failures.
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