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To me one is worth ten thousand if he is truly outstanding.

—Herakleitos of Ephesus, Ionia, Greece
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Time was created as an image of the eternal. While time is everlasting,
time is the outcome of change (motion) in the universe. And as night
and day and month and the like are all part of time, without the
physical universe time ceases to exist. Thus, the creation of the universe
has spawned the arrow of time.

—Plato of Athens, Attiki, Greece
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To consider the earth as the only inhabited world in the infinite universe
is as absurd as to assert that in an entire field sown with millet, only one
grain will grow. That the universe is infinite with an infinite number of
worlds follows from the infinite number of causalities that govern it. If
the universe were finite and the causes that caused it infinite, then the
universe would be comprised of an infinite number of worlds. For where
all causes concur by the blending and altering of atoms or elements in
the physical universe, there their effects must also appear.

—Metrodoros of Chios, Chios, Greece
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From its genesis, the cosmos has spawned multitudinous worlds that
evolve in accordance to a supreme law that is responsible for their
expansion, enfeeblement, and eventual demise.

—Leukippos of Miletus, Ionia, Greece
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Preface

Modern complex large-scale dynamical systems arise in virtually every
aspect of science and engineering and are associated with a wide variety of
physical, technological, environmental, and social phenomena. Such systems
include large-scale aerospace systems, power systems, communications sys-
tems, network systems, transportation systems, large-scale manufacturing
systems, integrative biological systems, economic systems, ecological sys-
tems, and process control systems. These systems are strongly intercon-
nected and consist of interacting subsystems exchanging matter, energy, or
information with the environment. In addition, the subsystem interactions
often exhibit remarkably complex system behaviors. Complexity here refers
to the quality of a system wherein interacting subsystems form multiechelon
hierarchical evolving structures exhibiting emergent system properties.

The sheer size, or dimensionality, of large-scale dynamical systems ne-
cessitates decentralized analysis and control system synthesis methods for
their analysis and control design. Specifically, in analyzing complex large-
scale interconnected dynamical systems it is often desirable to treat the
overall system as a collection of interacting subsystems. The behavior and
properties of the aggregate large-scale system can then be deduced from the
behaviors of the individual subsystems and their interconnections. Often the
need for such an analysis framework arises from computational complexity
and computer throughput constraints. In addition, for controller design the
physical size and complexity of large-scale systems impose severe constraints
on the communication links among system sensors, processors, and actua-
tors, which can render centralized control architectures impractical. This
problem leads to consideration of decentralized controller architectures in-
volving multiple sensor-processor-actuator subcontrollers without real-time
intercommunication. The design and implementation of decentralized con-
trollers is a nontrivial task involving control-system architecture determina-
tion and actuator-sensor assignments for a particular subsystem, as well as
processor software design for each subcontroller of a given architecture.

In this monograph, we develop a unified stability analysis and control de-
sign framework for nonlinear large-scale interconnected dynamical systems
based on vector Lyapunov function methods and vector dissipativity theory.
The use of vector Lyapunov functions in dynamical system theory offers a
very flexible framework for stability analysis since each component of the
vector Lyapunov function can satisfy less rigid requirements as compared to
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a single scalar Lyapunov function. Moreover, in the analysis of large-scale in-
terconnected nonlinear dynamical systems, several Lyapunov functions arise
naturally from the stability properties of each individual subsystem. In ad-
dition, since large-scale dynamical systems have numerous input, state, and
output properties related to conservation, dissipation, and transport of en-
ergy, matter, or information, extending classical dissipativity theory to cap-
ture conservation and dissipation notions on the subsystem level provides a
natural energy flow model for large-scale dynamical systems. Aggregating
the dissipativity properties of each of the subsystems by appropriate storage
functions and supply rates allows us to study the dissipativity properties of
the composite large-scale system using the newly developed notions of vec-
tor storage functions and vector supply rates. The monograph is written
from a system-theoretic point of view and can be viewed as a contribution
to dynamical system and control system theory.

After a brief introduction to large-scale interconnected dynamical sys-
tems in Chapter 1, fundamental stability theory for nonlinear dynamical
systems using vector Lyapunov functions is developed in Chapter 2. In
Chapter 3, we extend classical dissipativity theory to vector dissipativity
for addressing large-scale systems using vector storage functions and vec-
tor supply rates. Chapter 4 develops connections between thermodynamics
and large-scale dynamical systems. A detailed treatment of control design
for large-scale systems using control vector Lyapunov functions is given in
Chapter 5, whereas extensions of these results for addressing finite-time
stability and stabilization are given in Chapter 6. Next, in Chapter 7 we
develop a stability and control design framework for coordination control of
multiagent interconnected systems. Chapters 8 and 9 present discrete-time
extensions of vector dissipativity theory and system thermodynamic connec-
tions of large-scale systems, respectively. A detailed treatment of stability
analysis and vector dissipativity for large-scale impulsive dynamical systems
is given in Chapter 10. Chapters 11 and 12 provide extensions of finite-time
stabilization and stabilization of large-scale impulsive dynamical systems.
In Chapter 13, a novel class of fixed-order, energy- and entropy-based hy-
brid decentralized controllers is developed for large-scale dynamical systems.
Finally, in Chapter 14 we present conclusions.

The first author would like to thank Dennis S. Bernstein and David C.
Hyland for their valuable discussions on large-scale vibrational systems over
the years. The first author would also like to thank Paul Katinas for several
insightful and enlightening discussions on the statements quoted in ancient
Greek on page vii. In some parts of the monograph we have relied on work
we have done jointly with Jevon M. Avis, VijaySekhar Chellaboina, Qing
Hui, and Rungun Nathan; it is a pleasure to acknowledge their contributions.

The results reported in this monograph were obtained at the School of
Aerospace Engineering, Georgia Institute of Technology, Atlanta, and the
Department of Mechanical Engineering of Villanova University, Villanova,
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Pennsylvania, between January 2004 and February 2011. The research sup-
port provided by the Air Force Office of Scientific Research and the Office
of Naval Research over the years has been instrumental in allowing us to
explore basic research topics that have led to some of the material in this
monograph. We are indebted to them for their support.

Atlanta, Georgia, June 2011, Wassim M. Haddad

Villanova, Pennsylvania, June 2011, Sergey G. Nersesov





Chapter One

Introduction

1.1 Large-Scale Interconnected Dynamical Systems

Modern complex dynamical systems1 are highly interconnected and mutu-
ally interdependent, both physically and through a multitude of information
and communication network constraints. The sheer size (i.e., dimensional-
ity) and complexity of these large-scale dynamical systems often necessitates
a hierarchical decentralized architecture for analyzing and controlling these
systems. Specifically, in the analysis and control-system design of complex
large-scale dynamical systems it is often desirable to treat the overall system
as a collection of interconnected subsystems. The behavior of the aggregate
or composite (i.e., large-scale) system can then be predicted from the behav-
iors of the individual subsystems and their interconnections. The need for
decentralized analysis and control design of large-scale systems is a direct
consequence of the physical size and complexity of the dynamical model. In
particular, computational complexity may be too large for model analysis
while severe constraints on communication links between system sensors,
actuators, and processors may render centralized control architectures im-
practical. Moreover, even when communication constraints do not exist,
decentralized processing may be more economical.

In an attempt to approximate high-dimensional dynamics of large-
scale structural (oscillatory) systems with a low-dimensional diffusive (non-
oscillatory) dynamical model, structural dynamicists have developed ther-
modynamic energy flow models using stochastic energy flow techniques.
In particular, statistical energy analysis (SEA) predicated on averaging
system states over the statistics of the uncertain system parameters have
been extensively developed for mechanical and acoustic vibration prob-
lems [109,119,129,163,173]. Thermodynamic models are derived from large-
scale dynamical systems of discrete subsystems involving stored energy flow
among subsystems based on the assumption of weak subsystem coupling or
identical subsystems. However, the ability of SEA to predict the dynamic
behavior of a complex large-scale dynamical system in terms of pairwise
subsystem interactions is severely limited by the coupling strength of the
remaining subsystems on the subsystem pair. Hence, it is not surprising

1Here we have in mind large flexible space structures, aerospace systems, electric power
systems, network systems, communications systems, transportation systems, economic
systems, and ecological systems, to cite but a few examples.
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that SEA energy flow predictions for large-scale systems with strong cou-
pling can be erroneous.

Alternatively, a deterministic thermodynamically motivated energy
flow modeling for large-scale structural systems is addressed in [113–115].
This approach exploits energy flow models in terms of thermodynamic en-
ergy (i.e., ability to dissipate heat) as opposed to stored energy and is not
limited to weak subsystem coupling. Finally, a stochastic energy flow com-
partmental model (i.e., a model characterized by conservation laws) pred-
icated on averaging system states over the statistics of stochastic system
exogenous disturbances is developed in [21]. The basic result demonstrates
how compartmental models arise from second-moment analysis of state space
systems under the assumption of weak coupling. Even though these results
can be potentially applicable to large-scale dynamical systems with weak
coupling, such connections are not explored in [21].

An alternative approach to analyzing large-scale dynamical systems
was introduced by the pioneering work of Šiljak [159] and involves the no-
tion of connective stability. In particular, the large-scale dynamical system is
decomposed into a collection of subsystems with local dynamics and uncer-
tain interactions. Then, each subsystem is considered independently so that
the stability of each subsystem is combined with the interconnection con-
straints to obtain a vector Lyapunov function for the composite large-scale
dynamical system, guaranteeing connective stability for the overall system.

Vector Lyapunov functions were first introduced by Bellman [14] and
Matrosov2 [133] and further developed by Lakshmikantham et al. [118],
with [65, 127, 131, 132, 136, 159, 160] exploiting their utility for analyzing
large-scale systems. Extensions of vector Lyapunov function theory that in-
clude matrix-valued Lyapunov functions for stability analysis of large-scale
dynamical systems appear in the monographs by Martynyuk [131,132]. The
use of vector Lyapunov functions in large-scale system analysis offers a very
flexible framework for stability analysis since each component of the vector
Lyapunov function can satisfy less rigid requirements as compared to a sin-
gle scalar Lyapunov function. Weakening the hypothesis on the Lyapunov
function enlarges the class of Lyapunov functions that can be used for an-
alyzing the stability of large-scale dynamical systems. In particular, each
component of a vector Lyapunov function need not be positive definite with
a negative or even negative-semidefinite derivative. The time derivative

2Even though the theory of vector Lyapunov functions was discovered independently
by Bellman and Matrosov, their formulation was quite different in the way that the com-
ponents of the Lyapunov functions were defined. In particular, in Bellman’s formulation
the components of the vector Lyapunov functions correspond to disjoint subspaces of the
state space, whereas Matrosov allows for the components to be defined in the entire state
space. The latter formulation allows for the components of the vector Lyapunov functions
to capture the whole state space and, hence, account for interconnected dynamical systems
with overlapping subsystems.
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of the vector Lyapunov function need only satisfy an element-by-element
vector inequality involving a vector field of a certain comparison system.
Moreover, in large-scale systems several Lyapunov functions arise naturally
from the stability properties of each subsystem. An alternative approach to
vector Lyapunov functions for analyzing large-scale dynamical systems is an
input-output approach, wherein stability criteria are derived by assuming
that each subsystem is either finite gain, passive, or conic [5, 122,123,168].

In more recent research, Šiljak [161] developed new and original con-
cepts for modeling and control of large-scale complex systems by addressing
system dimensionality, uncertainty, and information structure constraints.
In particular, the formulation in [161] develops control law synthesis archi-
tectures using decentralized information structure constraints while address-
ing multiple controllers for reliable stabilization, decentralized optimization,
and hierarchical and overlapping decompositions. In addition, decomposi-
tion schemes for large-scale systems involving system inputs and outputs as
well as dynamic graphs defined on a linear space as one-parameter groups
of invariant transformations of the graph space are developed in [178].

Graph theoretic concepts have also been used in stability analysis and
decentralized stabilization of large-scale interconnected systems [34, 45]. In
particular, graph theory [51, 63] is a powerful tool in investigating struc-
tural properties and capturing connectivity properties of large-scale systems.
Specifically, a directed graph can be constructed to capture subsystem in-
terconnections wherein the subsystems are represented as nodes and en-
ergy, matter, or information flow is represented by edges or arcs. A related
approach to graph theory for modeling large-scale systems is bond-graph
modeling [35, 107], wherein connections between a pair of subsystems are
captured by a bond and energy, matter, or information is exchanged be-
tween subsystems along connections. More recently, a major contribution
to the analysis and design of interconnected systems is given in [172]. This
work builds on the work of bond graphs by developing a modeling behavioral
methodology wherein a system is viewed as an interconnection of interacting
subsystems modeled by tearing, zooming, and linking.

In light of the fact that energy flow modeling arises naturally in large-
scale dynamical systems and vector Lyapunov functions provide a powerful
stability analysis framework for these systems, it seems natural that dissipa-
tivity theory [170,171] on the subsystem level, can play a key role in unifying
these analysis methods. Specifically, dissipativity theory provides a funda-
mental framework for the analysis and design of control systems using an
input, state, and output description based on system energy3 related consid-
erations [70, 170]. The dissipation hypothesis on dynamical systems results
in a fundamental constraint on their dynamic behavior wherein a dissipative
dynamical system can deliver to its surroundings only a fraction of its energy

3Here the notion of energy refers to abstract energy for which a physical system energy
interpretation is not necessary.
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and can store only a fraction of the work done to it. Such conservation laws
are prevalent in large-scale dynamical systems such as aerospace systems,
power systems, network systems, structural systems, and thermodynamic
systems.

Since these systems have numerous input, state, and output proper-
ties related to conservation, dissipation, and transport of energy, extending
dissipativity theory to capture conservation and dissipation notions on the
subsystem level would provide a natural energy flow model for large-scale
dynamical systems. Aggregating the dissipativity properties of each of the
subsystems by appropriate storage functions and supply rates would allow
us to study the dissipativity properties of the composite large-scale system
using vector storage functions and vector supply rates. Furthermore, since
vector Lyapunov functions can be viewed as generalizations of composite en-
ergy functions for all of the subsystems, a generalized notion of dissipativity,
namely, vector dissipativity, with appropriate vector storage functions and
vector supply rates, can be used to construct vector Lyapunov functions for
nonlinear feedback large-scale systems by appropriately combining vector
storage functions for the forward and feedback large-scale systems. Finally,
as in classical dynamical system theory [70], vector dissipativity theory can
play a fundamental role in addressing robustness, disturbance rejection, sta-
bility of feedback interconnections, and optimality for large-scale dynamical
systems.

The design and implementation of control law architectures for large-
scale interconnected dynamical systems is a nontrivial control engineering
task involving considerations of weight, size, power, cost, location, type,
specifications, and reliability, among other design considerations. All these
issues are directly related to the properties of the large-scale system to be
controlled and the system performance specifications. For conceptual and
practical reasons, the control processor architectures in systems composed
of interconnected subsystems are typically distributed or decentralized in
nature. Distributed control refers to a control architecture wherein the con-
trol is distributed via multiple computational units that are interconnected
through information and communication networks, whereas decentralized
control refers to a control architecture wherein local decisions are based
only on local information. In a decentralized control scheme, the large-scale
interconnected dynamical system is controlled by multiple processors oper-
ating independently, with each processor receiving a subset of the available
subsystem measurements and updating a subset of the subsystem actua-
tors. Although decentralized controllers are more complicated to design
than distributed controllers, their implementation offers several advantages.
For example, physical system limitations may render it uneconomical or
impossible to feed back certain measurement signals to particular actuators.

Since implementation constraints, cost, and reliability considerations
often require decentralized controller architectures for controlling large-scale
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systems, decentralized control has received considerable attention in the lit-
erature [17,22,48,96–99,104,125,126,145,150,154,158–160,162]. A straight-
forward decentralized control design technique is that of sequential opti-
mization [17, 48, 104], wherein a sequential centralized subcontroller design
procedure is applied to an augmented closed-loop plant composed of the
actual plant and the remaining subcontrollers. Clearly, a key difficulty with
decentralized control predicated on sequential optimization is that of di-
mensionality. An alternative approach to sequential optimization for de-
centralized control is based on subsystem decomposition with centralized
design procedures applied to the individual subsystems of the large-scale
system [96–99, 125, 126, 145, 150, 154, 158–160]. Decomposition techniques
exploit subsystem interconnection data and in many cases, such as in the
presence of very high system dimensionality, are absolutely essential for de-
signing decentralized controllers.

1.2 A Brief Outline of the Monograph

The main objective of this monograph is to develop a general stability anal-
ysis and control design framework for nonlinear large-scale interconnected
dynamical systems, with an emphasis on vector Lyapunov function methods
and vector dissipativity theory. The main contents of the monograph are
as follows. In Chapter 2, we establish notation and definitions and develop
stability theory for large-scale dynamical systems. Specifically, stability the-
orems via vector Lyapunov functions are developed for continuous-time and
discrete-time nonlinear dynamical systems. In addition, we extend the the-
ory of vector Lyapunov functions by constructing a generalized comparison
system whose vector field can be a function of the comparison system states
as well as the nonlinear dynamical system states. Furthermore, we present
a generalized convergence result which, in the case of a scalar comparison
system, specializes to the classical Krasovskii-LaSalle invariant set theorem.

In Chapter 3, we extend the notion of dissipative dynamical systems
to develop an energy flow modeling framework for large-scale dynamical sys-
tems based on vector dissipativity notions. Specifically, using vector storage
functions and vector supply rates, dissipativity properties of a composite
large-scale system are shown to be determined from the dissipativity prop-
erties of the subsystems and their interconnections. Furthermore, extended
Kalman-Yakubovich-Popov conditions, in terms of the subsystem dynam-
ics and interconnection constraints, characterizing vector dissipativeness via
vector system storage functions, are derived. In addition, these results are
used to develop feedback interconnection stability results for large-scale non-
linear dynamical systems using vector Lyapunov functions. Specialization
of these results to passive and nonexpansive large-scale dynamical systems
is also provided.

In Chapter 4, we develop connections between thermodynamics and
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large-scale dynamical systems. Specifically, using compartmental dynamical
system theory, we develop energy flow models possessing energy conserva-
tion and energy equipartition principles for large-scale dynamical systems.
Next, we give a deterministic definition of entropy for a large-scale dynam-
ical system that is consistent with the classical definition of entropy and
show that it satisfies a Clausius-type inequality leading to the law of non-
conservation of entropy. Furthermore, we introduce a new and dual notion
to entropy, namely, ectropy, as a measure of the tendency of a dynamical
system to do useful work and grow more organized, and show that conserva-
tion of energy in an isolated thermodynamic large-scale system necessarily
leads to nonconservation of ectropy and entropy. In addition, using the sys-
tem ectropy as a Lyapunov function candidate, we show that our large-scale
thermodynamic energy flow model has convergent trajectories to Lyapunov
stable equilibria determined by the system initial subsystem energies.

In Chapter 5, we introduce the notion of a control vector Lyapunov
function as a generalization of control Lyapunov functions [6], and show
that asymptotic stabilizability of a nonlinear dynamical system is equiva-
lent to the existence of a control vector Lyapunov function. Moreover, using
control vector Lyapunov functions, we construct a universal decentralized
feedback control law for a decentralized nonlinear dynamical system that
possesses guaranteed gain and sector margins in each decentralized input
channel. Furthermore, we establish connections between the notion of vec-
tor dissipativity developed in Chapter 3 and optimality of the proposed
decentralized feedback control law. The proposed control framework is then
used to construct decentralized controllers for large-scale nonlinear systems
with robustness guarantees against full modeling uncertainty. In Chapter 6,
we extend the results of Chapter 5 to develop a general framework for finite-
time stability analysis based on vector Lyapunov functions. Specifically, we
construct a vector comparison system whose solution is finite-time stable
and relate this finite-time stability property to the stability properties of a
nonlinear dynamical system using a vector comparison principle. Further-
more, we design a universal decentralized finite-time stabilizer for large-scale
dynamical systems that is robust against full modeling uncertainty.

Next, using the results of Chapter 5, in Chapter 7 we develop a sta-
bility and control design framework for time-varying and time-invariant sets
of nonlinear dynamical systems. We then apply this framework to the prob-
lem of coordination control for multiagent interconnected systems. Specif-
ically, by characterizing a moving formation of vehicles as a time-varying
set in the state space, a distributed control design framework for multivehi-
cle coordinated motion is developed by designing stabilizing controllers for
time-varying sets of nonlinear dynamical systems. In Chapters 8 and 9, we
present discrete-time extensions of vector dissipativity theory and system
thermodynamic connections of large-scale systems developed in Chapters 3
and 4, respectively.
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In Chapter 10, we provide generalizations of the stability results de-
veloped in Chapter 2 to address stability of impulsive dynamical systems
via vector Lyapunov functions. Specifically, we provide a generalized com-
parison principle involving hybrid comparison dynamics that are dependent
on the comparison system states as well as the nonlinear impulsive dynam-
ical system states. Furthermore, we develop stability results for impulsive
dynamical systems that involve vector Lyapunov functions and hybrid com-
parison inequalities. In addition, we develop vector dissipativity notions
for large-scale nonlinear impulsive dynamical systems. In particular, we
introduce a generalized definition of dissipativity for large-scale nonlinear
impulsive dynamical systems in terms of a hybrid vector inequality, a vector
hybrid supply rate, and a vector storage function. Dissipativity properties
of the large-scale impulsive system are shown to be determined from the
dissipativity properties of the individual impulsive subsystems making up
the large-scale system and the nature of the system interconnections. Us-
ing the concepts of dissipativity and vector dissipativity, we also develop
feedback interconnection stability results for impulsive nonlinear dynamical
systems. General stability criteria are given for Lyapunov, asymptotic, and
exponential stability of feedback impulsive dynamical systems. In the case
of quadratic hybrid supply rates corresponding to net system power and
weighted input-output energy, these results generalize the positivity and
small gain theorems to the case of nonlinear large-scale impulsive dynamical
systems.

Using the concepts developed in Chapter 10, in Chapter 11 we extend
the notion of control vector Lyapunov functions to impulsive dynamical sys-
tems. Specifically, using control vector Lyapunov functions, we construct a
universal hybrid decentralized feedback stabilizer for a decentralized affine
in the control nonlinear impulsive dynamical system that possesses guaran-
teed gain and sector margins in each decentralized input channel. These
results are then used to develop hybrid decentralized controllers for large-
scale impulsive dynamical systems with robustness guarantees against full
modeling and input uncertainty. Finite-time stability analysis and control
design extensions for large-scale impulsive dynamical systems are addressed
in Chapter 12.

In Chapter 13, a novel class of fixed-order, energy-based hybrid decen-
tralized controllers is proposed as a means for achieving enhanced energy
dissipation in large-scale vector lossless and vector dissipative dynamical
systems. These dynamic decentralized controllers combine a logical switch-
ing architecture with continuous dynamics to guarantee that the system
plant energy is strictly decreasing across switchings. The general frame-
work leads to hybrid closed-loop systems described by impulsive differential
equations [82]. In addition, we construct hybrid dynamic controllers that
guarantee that each subsystem-subcontroller pair of the hybrid closed-loop
system is consistent with basic thermodynamic principles. Special cases
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of energy-based hybrid controllers involving state-dependent switching are
described, and several illustrative examples are given as well as an exper-
imental test bed is designed to demonstrate the efficacy of the proposed
approach. Finally, we draw conclusions in Chapter 14.



Chapter Two

Stability Theory via Vector Lyapunov
Functions

2.1 Introduction

In this chapter, we introduce the notion of vector Lyapunov functions for sta-
bility analysis of nonlinear dynamical systems. The use of vector Lyapunov
functions in dynamical system theory offers a flexible framework for stabil-
ity analysis because each component of the vector Lyapunov function can
satisfy less rigid requirements as compared to a single scalar Lyapunov func-
tion. Specifically, since for many nonlinear dynamical systems constructing
a system Lyapunov function can be a difficult task, weakening the hypothe-
sis on the Lyapunov function enlarges the class of Lyapunov functions that
can be used for analyzing system stability. Moreover, in the analysis of
large-scale interconnected nonlinear dynamical systems, several Lyapunov
functions arise naturally from the stability properties of each individual
subsystem.

2.2 Notation and Definitions

In this section, we introduce notation and several definitions needed for de-
veloping the main results of this monograph. In a definition or when a word
is defined in the text, the concept defined is italicized. Italics in the run-
ning text is also used for emphasis. The definition of a word, phrase, or
symbol is to be understood as an “if and only if” statement. Lower-case
letters such as x denote vectors, upper-case letters such as A denote matri-
ces, upper-case script letters such as S denote sets, and lower-case Greek
letters such as α denote scalars; however, there are a few exceptions to this
convention. The notation S1 ⊂ S2 means that S1 is a proper subset of S2,
whereas S1 ⊆ S2 means that either S1 is a proper subset of S2 or S1 is equal
to S2. Throughout the monograph we use two basic types of mathemati-
cal statements, namely, existential and universal statements. An existential
statement has the form: there exists x ∈ X such that a certain condition C
is satisfied; whereas a universal statement has the form: condition C holds
for all x ∈ X . For universal statements we often omit the words “for all”
and write: condition C holds, x ∈ X .

The notation used in this monograph is fairly standard. Specifically,
R (respectively, C) denotes the set of real (respectively, complex) numbers,
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Z+ denotes the set of nonnegative integers, Z+ denotes the set of positive
integers, Rn (respectively, Cn) denotes the set of n × 1 real (respectively,
complex) column vectors, Rn×m (respectively, Cn×m) denotes the set of real
(respectively, complex) n×mmatrices, Sn denotes the set of n×n symmetric
matrices, Nn (respectively, Pn) denotes the set of n×n nonnegative-definite
(respectively, positive-definite) matrices, (·)T denotes transpose, (·)+ de-
notes the Moore-Penrose generalized inverse, (·)# denotes the group gener-
alized inverse, (·)D denotes the Drazin inverse, ⊗ denotes Kronecker product,
⊕ denotes Kronecker sum, In or I denotes the n× n identity matrix, and e
denotes the ones vector of order n, that is, e = [1, . . . , 1]T. For x ∈ R

q we
write x ≥≥ 0 (respectively, x >> 0) to indicate that every component of x
is nonnegative (respectively, positive). In this case, we say that x is nonneg-
ative or positive, respectively. Likewise, A ∈ R

p×q is nonnegative or positive
if every entry of A is nonnegative or positive, respectively, which is written
as A ≥≥ 0 or A >> 0, respectively. In addition, R

q
+ and R

q
+ denote the

nonnegative and positive orthants of Rq, that is, if x ∈ R
q, then x ∈ R

q
+ and

x ∈ R
q
+ are equivalent, respectively, to x ≥≥ 0 and x >> 0. Furthermore,

L2 denotes the space of square-integrable Lebesgue measurable functions on
[0,∞) and L∞ denotes the space of bounded Lebesgue measurable functions
on [0,∞). Finally, we denote the boundary, the interior, and the closure of

the set S by ∂S,
◦
S, and S, respectively.

We write ‖ · ‖ for the Euclidean vector norm, R(A) and N (A) for
the range space and the null space of a matrix A, respectively, spec(A) for
the spectrum of the square matrix A including multiplicity, α(A) for the
spectral abscissa of A (that is, α(A) = max{Reλ : λ ∈ spec(A)}), ρ(A)
for the spectral radius of A (that is, ρ(A) = max{|λ| : λ ∈ spec(A)}), and
ind(A) for the index of A (that is, the size of the largest Jordan block of
A associated with λ = 0, where λ ∈ spec(A)). For a matrix A ∈ R

p×q,
rowi(A) and colj(A) denote the ith row and jth column of A, respectively.
Furthermore, we write V ′(x) for the Fréchet derivative of V at x, Bε(x),
x ∈ R

n, ε > 0, for the open ball centered at x with radius ε, M ≥ 0
(respectively, M > 0) to denote the fact that the Hermitian matrix M is
nonnegative (respectively, positive) definite, inf to denote infimum (that is,
the greatest lower bound), sup to denote supremum (that is, the least upper
bound), and x(t) → M as t → ∞ to denote that x(t) approaches the set
M (that is, for each ε > 0 there exists T > 0 such that dist(x(t),M) < ε
for all t > T , where dist(p,M) � infx∈M ‖p − x‖). Finally, the notions of
openness, convergence, continuity, and compactness that we use throughout
the monograph refer to the topology generated on R

q by the norm ‖ · ‖.

2.3 Quasi-Monotone and Essentially Nonnegative Vector Fields

To develop the fundamental results of vector Lyapunov stability theory for
nonlinear dynamical systems, we begin by considering the general nonlinear
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autonomous dynamical system

ẋ(t)= f(x(t)), x(0) = x0, t ∈ Ix0 , (2.1)

where x(t) ∈ D ⊆ R
n, t ∈ Ix0 , is the system state vector, D is an open set,

f : D → R
n is continuous on D, and Ix0 = [0, τx0), 0 ≤ τx0 ≤ ∞, is the

maximal interval of existence for the solution x(·) of (2.1). A continuously
differentiable function x : Ix0 → D is said to be a solution to (2.1) on the
interval Ix0 ⊆ R with initial condition x(0) = x0 if and only if x(t) satisfies
(2.1) for all t ∈ Ix0 . We assume that for every initial condition x(0) ∈ D
and every τx0 > 0, the dynamical system (2.1) possesses a unique solution
x : [0, τx0) → D on the interval [0, τx0). We denote the solution to (2.1) with
initial condition x(0) = x0 by s(·, x0), so that the flow of the dynamical
system (2.1) given by the map s : [0, τx0) × D → D is continuous in x
and continuously differentiable in t and satisfies the consistency property
s(0, x0) = x0 and the semigroup property s(τ, s(t, x0)) = s(t+ τ, x0), for all
x0 ∈ D and t, τ ∈ [0, τx0) such that t+ τ ∈ [0, τx0). Unless otherwise stated,
we assume f(·) is Lipschitz continuous on D. Furthermore, xe ∈ D is an
equilibrium point of (2.1) if and only if f(xe) = 0. In addition, a subset
Dc ⊆ D is an invariant set relative to (2.1) if Dc contains the orbits of all
its points. Finally, recall that if all solutions to (2.1) are bounded, then it
follows from the Peano-Cauchy theorem [70, p. 76] that Ix0 = R.

The following definition introduces the notion of Z-, M-, essentially
nonnegative, compartmental, and nonnegative matrices.

Definition 2.1. Let W ∈ R
q×q. W is a Z-matrix if W(i,j) ≤ 0, i, j =

1, . . . , q, i �= j. W is an M-matrix (respectively, a nonsingular M-matrix) if
W is a Z-matrix and all the principal minors of W are nonnegative (respec-
tively, positive). W is essentially nonnegative if −W is a Z-matrix, that is,
W(i,j) ≥ 0, i, j = 1, . . . , q, i �= j. W is compartmental if W is essentially

nonnegative and
∑q

i=1W(i,j) ≤ 0, j = 1, . . . , q. Finally, W is nonnegative1

(respectively, positive) if W(i,j) ≥ 0 (respectively, W(i,j) > 0), i, j = 1, . . . , q.

A fundamental concept in the stability analysis of large-scale dynam-
ical systems is the comparison principle, which invokes quasi-monotone in-
creasing functions. The following definition adopted from [159] introduces
such a class of functions.

Definition 2.2. A function w = [w1, . . . , wq]
T : Rq × V → R

q, where
V ⊆ R

s, is of class W if for every fixed y ∈ V ⊆ R
s, wi(z

′, y) ≤ wi(z
′′, y), i =

1, . . . , q, for all z′, z′′ ∈ R
q such that z′j ≤ z′′j , z

′
i = z′′i , j = 1, . . . , q, i �= j,

where zi denotes the ith component of z.

1In this monograph, it is important to distinguish between a square nonnegative (re-
spectively, positive) matrix and a nonnegative-definite (respectively, positive-definite) ma-
trix.
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If w(·, y) ∈ W, then we say that w satisfies the Kamke condition
[106, 169]. Note that if w(z, y) = W (y)z, where W : V → R

q×q, then the
function w(·, y) is of class W if and only if W (y) is essentially nonnegative
for all y ∈ V, that is, all the off-diagonal entries of the matrix function W (·)
are nonnegative. Furthermore, note that it follows from Definition 2.2 that
every scalar (q = 1) function w(z, y) is of class W.

The following definition introduces the notion of essentially nonnega-
tive functions [19,69].

Definition 2.3. Let w = [w1, . . . , wq]
T : V ⊆ R

q
+ → R

q. Then w is

essentially nonnegative if wi(r) ≥ 0 for all i = 1, . . . , q and r ∈ R
q
+ such that

ri = 0, where ri denotes the ith component of r.

Note that if w : Rq → R
q is such that w(·) ∈ W and w(0) ≥≥ 0, then

w is essentially nonnegative; the converse, however, is not generally true.
However, if w(r) = Wr, where W ∈ R

q×q is essentially nonnegative, then
w(·) is essentially nonnegative and w(·) ∈ W.

Proposition 2.1 ([72]). Suppose R
q
+ ⊂ V. Then R

q
+ is an invariant set

with respect to

ṙ(t) = w(r(t)), r(t0) = r0, t ≥ t0, (2.2)

if and only if w : V → R
q is essentially nonnegative.

Proof. Define dist(r,R
q
+)

�
= infy∈Rq

+
‖r−y‖, r ∈ R

q. Now, suppose w :

D → R
q is essentially nonnegative and let r ∈ R

q
+. For every i ∈ {1, . . . , q},

if ri = 0, then ri + hwi(r) = hwi(r) ≥ 0 for all h ≥ 0, whereas, if ri > 0,
then ri + hwi(r) > 0 for all |h| sufficiently small. Thus, r + hw(r) ∈ R

q
+ for

all sufficiently small h > 0, and hence, limh→0+ dist(r + hw(r),R
q
+)/h = 0.

It now follows from Lemma 2.1 of [72], with r(0) = r0, that r(t) ∈ R
q
+ for

all t ∈ [0, τr0).
Conversely, suppose that R

q
+ is invariant with respect to (2.2), let

r(0) ∈ R
q
+, and suppose, ad absurdum, r is such that there exists i ∈

{1, . . . , q} such that ri(0) = 0 and wi(r(0)) < 0. Then, since w is con-
tinuous, there exists sufficiently small h > 0 such that wi(r(t)) < 0 for all
t ∈ [0, h), where r(t) is the solution to (2.2). Hence, ri(t) is strictly de-
creasing on [0, h), and thus, r(t) �∈ R

q
+ for all t ∈ (0, h), which leads to a

contradiction.

The following corollary to Proposition 2.1 is immediate.

Corollary 2.1. Let W ∈ R
q×q. Then W is essentially nonnegative if

and only if eW (t−t0) is nonnegative for all t ≥ t0.

Proof. The proof is a direct consequence of Proposition 2.1 with
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w(r) = Wr. For completeness of exposition, we provide a proof here based
on matrix mathematics. To prove necessity, note that, since W is essen-

tially nonnegative, it follows that Wα
�
= W + αI is nonnegative, where

α � −min{W(1,1), . . . ,W(q,q)}. Hence, eWα(t−t0) = e(W+αI)(t−t0) ≥≥ 0,

t ≥ t0, and hence, eW (t−t0) = e−α(t−t0)eWα(t−t0) ≥≥ 0, t ≥ t0.
Conversely, suppose eW (t−t0) ≥≥ 0, t ≥ t0, and assume, ad absurdum,

that there exist i, j such that i �= j and W(i,j) < 0. Now, since eW (t−t0) =∑∞
k=0(k!)

−1W k(t− t0)
k, it follows that

[eW (t−t0)](i,j) = I(i,j) + (t− t0)W(i,j) +O(t− t0)
2, (2.3)

where O(t − t0)
2/(t − t0) → 0 as t → t0. Thus, as t → t0 and i �= j, it

follows that [eW (t−t0)](i,j) < 0 for some t sufficiently close to t0, which leads
to a contradiction. Hence, W is essentially nonnegative.

The following definition and lemma are needed for developing several
of the results in later sections.

Definition 2.4. The equilibrium solution r(t) ≡ re of (2.2) is Lyapunov
stable (with respect to R

q
+) if, for every ε > 0, there exists δ = δ(ε) >

0 such that if r0 ∈ Bδ(re) ∩ R
q
+, then r(t) ∈ Bε(re) ∩ R

q
+, t ≥ t0. The

equilibrium solution r(t) ≡ re of (2.2) is semistable (with respect to R
q
+) if

it is Lyapunov stable (with respect to R
q
+) and there exists δ > 0 such that

if r0 ∈ Bδ(re) ∩ R
q
+, then limt→∞ r(t) exists and converges to a Lyapunov

stable equilibrium point. The equilibrium solution r(t) ≡ re of (2.2) is
asymptotically stable (with respect to R

q
+) if it is Lyapunov stable (with

respect to R
q
+) and there exists δ > 0 such that if r0 ∈ Bδ(re) ∩ R

q
+, then

limt→∞ r(t) = re. Finally, the equilibrium solution r(t) ≡ re of (2.2) is
globally asymptotically stable (with respect to R

q
+) if the previous statement

holds for all r0 ∈ R
q
+.

Definition 2.4 introduces several types of stability notions of dynamical
systems with respect to relatively open subsets of the nonnegative orthant
of the state space containing the system equilibrium point [72]. In the
case where the system trajectories are not restricted to the nonnegative
orthant, the stability definitions introduced in Definition 2.4 reduce to the
usual stability definitions [70]. In this monograph we do not distinguish
between stability notions with respect to R

q versus R
q
+ as it is clear from

the context which stability definition is meant. For the statement of the
next result, recall that a matrix W ∈ R

q×q is semistable if and only if
limt→∞ eWt exists [21,69], whereas W is asymptotically stable if and only if
limt→∞ eWt = 0.

Lemma 2.1. Suppose W ∈ R
q×q is essentially nonnegative. If W is

semistable (respectively, asymptotically stable), then there exist a scalar
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α ≥ 0 (respectively, α > 0) and a nonnegative vector p ∈ R
q
+, p �= 0,

(respectively, positive vector p ∈ R
q
+) such that

WTp+ αp = 0. (2.4)

Proof. Since W is semistable if and only if λ = 0 or Reλ < 0, where
λ ∈ spec(W ), and ind(W ) ≤ 1, it follows from Theorem 4.6 of [15] that−WT

is an M-matrix. Now, recalling that (see [93], p. 119) −WT is an M-matrix
if and only if there exist a scalar β > 0 and an n × n nonnegative matrix
B ≥≥ 0 such that β ≥ ρ(B) and −WT = βIq−B, it follows that WT can be
written as WT = B−βIq, where β > 0. Now, since B ≥≥ 0, it follows from
Theorem 8.3.1 of [92] that ρ(B) ∈ spec(B) and there exists p ≥≥ 0, p �= 0,
such that Bp = ρ(B)p. Hence, WTp = Bp − βp = (ρ(B) − β)p = −αp,
where α � β − ρ(B) ≥ 0, which proves that there exist p ≥≥ 0, p �= 0, and
α ≥ 0 such that (2.4) holds. In the case where W is asymptotically stable,
the result is a direct consequence of the Perron-Frobenius theorem.

Finally, we introduce the notion of class Wd functions involving non-
decreasing functions.

Definition 2.5. A function w = [w1, . . . , wq]
T : Rq × V → R

q, where
V ⊆ R

s, is of class Wd if for every fixed y ∈ V ⊆ R
s, w(z′, y) ≤≤ w(z′′, y)

for all z′, z′′ ∈ R
q such that z′ ≤≤ z′′.

Note that if w(z, y) = W (y)z, where W : V → R
q×q, then the function

w(·, y) is of class Wd if and only if W (y) is nonnegative for all y ∈ V, that is,
all entries of the matrix function W (·) are nonnegative. Furthermore, note
that if w(·, y) ∈ Wd, then w(·, y) ∈ W.

2.4 Generalized Differential Inequalities

In this section, we develop a generalized comparison principle involving dif-
ferential inequalities, wherein the underlying comparison system is partially
dependent on the state of a dynamical system. Specifically, we consider the
nonlinear comparison system given by

ż(t) = w(z(t), y(t)), z(t0) = z0, t ∈ Iz0 , (2.5)

where z(t) ∈ Q ⊆ R
q, t ∈ Iz0 , is the comparison system state vector, y :

T → V ⊆ R
s is a given continuous function, Iz0 ⊆ T ⊆ R+ is the maximal

interval of existence of a solution z(t) of (2.5), Q is an open set, 0 ∈ Q, and
w : Q× V → R

q. We assume that w(·, y(t)) is continuous in t and satisfies
the Lipschitz condition

‖w(z′, y(t)) − w(z′′, y(t))‖ ≤ L‖z′ − z′′‖, t ∈ T , (2.6)
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for all z′, z′′ ∈ Bδ(z0), where δ > 0 and L > 0 is a Lipschitz constant. Hence,
it follows from Theorem 2.2 of [110] that there exists τ > 0 such that (2.5)
has a unique solution over the time interval [t0, t0 + τ ].

Theorem 2.1. Consider the nonlinear comparison system (2.5). As-
sume that the function w : Q × V → R

q is continuous and w(·, y) is
of class W. If there exists a continuously differentiable vector function
V = [v1, . . . , vq]

T : Iz0 → Q such that

V̇ (t) << w(V (t), y(t)), t ∈ Iz0 , (2.7)

then

V (t0) << z0, z0 ∈ Q, (2.8)

implies

V (t) << z(t), t ∈ Iz0 , (2.9)

where z(t), t ∈ Iz0 , is the solution to (2.5).

Proof. Since V (t), t ∈ Iz0 , is continuous it follows that for sufficiently
small τ > 0,

V (t) << z(t), t ∈ [t0, t0 + τ ]. (2.10)

Now, suppose, ad absurdum, that inequality (2.9) does not hold on the entire
interval Iz0 . Then there exists t̂ ∈ Iz0 such that V (t) << z(t), t ∈ [t0, t̂),
and for at least one i ∈ {1, . . . , q},

vi(t̂) = zi(t̂) (2.11)

and

vj(t̂) ≤ zj(t̂), j �= i, j = 1, . . . , q. (2.12)

Since w(·, y) ∈ W, it follows from (2.7), (2.11), and (2.12) that

v̇i(t̂) < wi(V (t̂), y(t̂)) ≤ wi(z(t̂), y(t̂)) = żi(t̂), (2.13)

which, along with (2.11), implies that for sufficiently small τ̂ > 0,

vi(t) > zi(t), t ∈ [t̂− τ̂ , t̂). (2.14)

This result contradicts the fact that V (t) << z(t), t ∈ [t0, t̂), and hence
establishes (2.9).

Next, we present a stronger version of Theorem 2.1 where the strict
inequalities are replaced by soft inequalities.
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Theorem 2.2. Consider the nonlinear comparison system (2.5). As-
sume that the function w : Q× V → R

q is continuous and w(·, y) is of class
W. Let z(t), t ∈ Iz0 , be the solution to (2.5) and [t0, t0 + τ ] ⊆ Iz0 . If there
exists a continuously differentiable vector function V : [t0, t0 + τ ] → Q such
that

V̇ (t) ≤≤ w(V (t), y(t)), t ∈ [t0, t0 + τ ], (2.15)

then

V (t0) ≤≤ z0, z0 ∈ Q, (2.16)

implies

V (t) ≤≤ z(t), t ∈ [t0, t0 + τ ]. (2.17)

Proof. Consider the family of comparison systems given by

ż(t) = w(z(t), y(t)) + ε
ne, z(t0) = z0 +

ε
ne, (2.18)

where ε > 0, n ∈ Z+, and t ∈ Iz0+ ε
n
e, and let the solution to (2.18) be

denoted by s(n)(t, z0 + ε
ne), t ∈ Iz0+ ε

n
e. Now, it follows from Theorem 3

of [44, p. 17] that there exists a compact interval [t0, t0 + τ ] ⊆ Iz0 such
that s(n)(t, z0 + ε

ne), t ∈ [t0, t0 + τ ], is defined for all sufficiently large n.
Moreover, it follows from Theorem 2.1 that

V (t)<<s(n)(t, z0 +
ε
ne) << s(m)(t, z0 +

ε
me), n > m, t ∈ [t0, t0 + τ ],

(2.19)

for all sufficiently large m ∈ Z+.
Since the functions s(n)(t, z0 +

ε
ne), t ∈ [t0, t0 + τ ], n ∈ Z+, are con-

tinuous in t, decreasing in n, and bounded from below, it follows that the
sequence of functions s(n)(·, z0 + ε

ne) converges uniformly on the compact
interval [t0, t0 + τ ] as n → ∞; that is, there exists a continuous function
ẑ : [t0, t0 + τ ] → Q such that

s(n)(t, z0 +
ε
ne) → ẑ(t), n → ∞, (2.20)

uniformly on [t0, t0 + τ ]. Hence, it follows from (2.19) and (2.20) that

V (t) ≤≤ ẑ(t), t ∈ [t0, t0 + τ ]. (2.21)

Next, note that it follows from (2.18) that

s(n)(t, z0 +
ε
ne) = z0 +

ε
ne+

∫ t

t0

w(s(n)(σ, z0 +
ε
ne), y(σ))dσ,

t ∈ [t0, t0 + τ ], (2.22)
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which implies that ẑ(t0) = z0 and, since y(·) and w(·, ·) are continuous,
w(s(n)(t, z0 +

ε
ne), y(t)) → w(ẑ(t), y(t)) as n → ∞ uniformly on [t0, t0 + τ ].

Hence, taking the limit as n → ∞ on both sides of (2.22) yields

ẑ(t) = z0 +

∫ t

t0

w(ẑ(σ), y(σ))dσ, t ∈ [t0, t0 + τ ], (2.23)

which implies that ẑ(t) is the solution to (2.5) on the interval [t0, t0 + τ ].
Hence, by uniqueness of solutions of (2.5) we obtain that ẑ(t) = z(t), [t0, t0+
τ ]. This, along with (2.21), proves the result.

Next, consider the nonlinear dynamical system given by

ẋ(t) = f(x(t)), x(t0) = x0, t ∈ Ix0 , (2.24)

where x(t) ∈ D ⊆ R
n, t ∈ Ix0 , is the system state vector, Ix0 is the maximal

interval of existence of a solution x(t) of (2.24), D is an open set, 0 ∈
D, and f(·) is Lipschitz continuous on D. The following result is a direct
consequence of Theorem 2.2.

Corollary 2.2. Consider the nonlinear dynamical system (2.24). As-
sume that there exists a continuously differentiable vector function V : D →
Q ⊆ R

q such that

V ′(x)f(x) ≤≤ w(V (x), x), x ∈ D, (2.25)

where w : Q×D → R
q is a continuous function, w(·, x) ∈ W, and

ż(t) = w(z(t), x(t)), z(t0) = z0, t ∈ Iz0,x0 , (2.26)

has a unique solution z(t), t ∈ Iz0, x0 , where x(t), t ∈ Ix0 , is a solution to
(2.24). If [t0, t0 + τ ] ⊆ Ix0 ∩ Iz0, x0 , then

V (x0) ≤≤ z0, z0 ∈ Q, (2.27)

implies

V (x(t)) ≤≤ z(t), t ∈ [t0, t0 + τ ]. (2.28)

Proof. For every given x0 ∈ D, the solution x(t), t ∈ Ix0 , to (2.24) is
a well-defined function of time. Hence, define η(t) � V (x(t)), t ∈ Ix0 , and
note that (2.25) implies

η̇(t) ≤≤ w(η(t), x(t)), t ∈ Ix0 . (2.29)

Moreover, since [t0, t0 + τ ] ⊆ Ix0 ∩ Iz0, x0 is a compact interval, it follows
from Theorem 2.2, with y(t) ≡ x(t) and V (x0) = η(t0) ≤≤ z0, that

V (x(t)) = η(t) ≤≤ z(t), t ∈ [t0, t0 + τ ], (2.30)
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which establishes the result.

If in (2.24) f : Rn → R
n is globally Lipschitz continuous, then (2.24)

has a unique solution x(t) for all t ≥ t0. A more restrictive sufficient condi-
tion for global existence and uniqueness of solutions to (2.24) is continuous
differentiability of f : Rn → R

n and uniform boundedness of f ′(x) on R
n.

Note that if the solutions to (2.24) and (2.26) are globally defined for all
x0 ∈ D and z0 ∈ Q, then the result of Corollary 2.2 holds for any arbitrar-
ily large but compact interval [t0, t0 + τ ] ⊂ R+. For the remainder of this
chapter we assume that the solutions to the systems (2.24) and (2.26) are
defined for all t ≥ t0. Continuous differentiability of f(·) and w(·, ·) provides
a sufficient condition for the existence and uniqueness of solutions to (2.24)
and (2.26) for all t ≥ t0.

2.5 Stability Theory via Vector Lyapunov Functions

In this section, we develop a generalized vector Lyapunov function frame-
work for the stability analysis of nonlinear dynamical systems using the
generalized comparison principle developed in Section 2.4. Specifically, con-
sider the cascade nonlinear dynamical system given by

ż(t)=w(z(t), x(t)), z(t0) = z0, t ≥ t0, (2.31)

ẋ(t)= f(x(t)), x(t0) = x0, (2.32)

where z0 ∈ Q ⊆ R
q, x0 ∈ D ⊆ R

n, [zT(t), xT(t)]T, t ≥ t0, is the solution to
(2.31) and (2.32), w : Q×D → Rq is continuous, w(·, x) ∈ W, w(0, 0) = 0,
f : D → R

n is Lipschitz continuous on D, and f(0) = 0.
The following definition involving the notion of partial stability is

needed for the next result.

Definition 2.6 ([70]). i) The nonlinear dynamical system (2.31) and
(2.32) is Lyapunov stable with respect to z if, for every ε > 0 and x0 ∈ D,
there exists δ = δ(ε, x0) > 0 such that ‖z0‖ < δ implies that ‖z(t)‖ < ε for
all t ≥ t0.

ii) The nonlinear dynamical system (2.31) and (2.32) is Lyapunov
stable with respect to z uniformly in x0 if, for every ε > 0, there exists
δ = δ(ε) > 0 such that ‖z0‖ < δ implies that ‖z(t)‖ < ε for all t ≥ t0 and
for all x0 ∈ D.

iii) The nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z if it is Lyapunov stable with respect to z and, for
every x0 ∈ D, there exists δ = δ(x0) > 0 such that ‖z0‖ < δ implies that
limt→∞ z(t) = 0.

iv) The nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z uniformly in x0 if it is Lyapunov stable with respect
to z uniformly in x0 and there exists δ > 0 such that ‖z0‖ < δ implies that
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limt→∞ z(t) = 0 uniformly in z0 and x0 for all x0 ∈ D.
v) The nonlinear dynamical system (2.31) and (2.32) is globally asymp-

totically stable with respect to z if it is Lyapunov stable with respect to z
and limt→∞ z(t) = 0 for all z0 ∈ R

q and x0 ∈ R
n.

vi) The nonlinear dynamical system (2.31) and (2.32) is globally asymp-
totically stable with respect to z uniformly in x0 if it is Lyapunov stable with
respect to z uniformly in x0 and limt→∞ z(t) = 0 uniformly in z0 and x0 for
all z0 ∈ R

q and x0 ∈ R
n.

vii) The nonlinear dynamical system (2.31) and (2.32) is exponentially
stable with respect to z uniformly in x0 if there exist positive scalars α, β,
and δ such that ‖z0‖ < δ implies that ‖z(t)‖ ≤ α‖z0‖e−β(t−t0), t ≥ t0, for
all x0 ∈ D.

viii) The nonlinear dynamical system (2.31) and (2.32) is globally ex-
ponentially stable with respect to z uniformly in x0 if there exist positive
scalars α and β such that ‖z(t)‖ ≤ α‖z0‖e−β(t−t0), t ≥ t0, for all z0 ∈ R

q

and x0 ∈ R
n.

Theorem 2.3. Consider the nonlinear dynamical system (2.24). As-
sume that there exist a continuously differentiable vector function V : D →
Q∩R

q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0, the scalar function

v : D → R+ defined by v(x) � pTV (x), x ∈ D, is such that v(x) > 0, x �= 0,
and

V ′(x)f(x) ≤≤ w(V (x), x), x ∈ D, (2.33)

where w : Q × D → R
q is continuous, w(·, x) ∈ W, and w(0, 0) = 0. Then

the following statements hold:

i) If the nonlinear dynamical system (2.31) and (2.32) is Lyapunov stable
with respect to z uniformly in x0, then the zero solution x(t) ≡ 0 to
(2.24) is Lyapunov stable.

ii) If the nonlinear dynamical system (2.31) and (2.32) is asymptotically
stable with respect to z uniformly in x0, then the zero solution x(t) ≡ 0
to (2.24) is asymptotically stable.

iii) If D = R
n, Q = R

q, v : Rn → R+ is radially unbounded, and the
nonlinear dynamical system (2.31) and (2.32) is globally asymptoti-
cally stable with respect to z uniformly in x0, then the zero solution
x(t) ≡ 0 to (2.24) is globally asymptotically stable.

iv) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v : D → R+

satisfies

α‖x‖ν ≤ v(x) ≤ β‖x‖ν , x ∈ D, (2.34)
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and the nonlinear dynamical system (2.31) and (2.32) is exponentially
stable with respect to z uniformly in x0, then the zero solution x(t) ≡ 0
to (2.24) is exponentially stable.

v) If D = R
n, Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0 such
that v : Rn → R+ satisfies (2.34), and the nonlinear dynamical system
(2.31) and (2.32) is globally exponentially stable with respect to z
uniformly in x0, then the zero solution x(t) ≡ 0 to (2.24) is globally
exponentially stable.

Proof. Assume there exist a continuously differentiable vector func-
tion V : D → Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that v(x) =

pTV (x), x ∈ D, is positive definite, that is, v(0) = 0 and v(x) > 0, x �= 0.
Note that since v(x) = pTV (x) ≤ maxi=1,...,q{pi}eTV (x), x ∈ D, the func-
tion eTV (x), x ∈ D, is also positive definite. Thus, there exist r > 0 and
class K functions [85] α, β : [0, r] → R+ such that Br(0) ⊂ D and

α(‖x‖) ≤ eTV (x) ≤ β(‖x‖), x ∈ Br(0). (2.35)

i) Let ε > 0 and choose 0 < ε̂ < min{ε, r}. It follows from Lyapunov
stability of the nonlinear dynamical system (2.31) and (2.32) with respect
to z uniformly in x0 that there exists μ = μ(ε̂) = μ(ε) > 0 such that if
‖z0‖1 < μ, where ‖ ·‖1 denotes the absolute sum norm, then ‖z(t)‖1 < α(ε̂),
t ≥ t0, for every x0 ∈ D. Now, choose z0 = V (x0) ≥≥ 0, x0 ∈ D. Since
V (x), x ∈ D, is continuous, the function eTV (x), x ∈ D, is also continuous.
Hence, for μ = μ(ε̂) > 0 there exists δ = δ(μ(ε̂)) = δ(ε) > 0 such that δ < ε̂,
and if ‖x0‖ < δ, then eTV (x0) = eTz0 = ‖z0‖1 < μ, which implies that
‖z(t)‖1 < α(ε̂), t ≥ t0.

Now, with z0 = V (x0) ≥≥ 0, x0 ∈ D, and the assumption that
w(·, x) ∈ W, x ∈ D, it follows from (2.33) and Corollary 2.2 that 0 ≤≤
V (x(t)) ≤≤ z(t) on every compact interval [t0, t0 + τ ], and hence, eTz(t) =
‖z(t)‖1, t ∈ [t0, t0 + τ ]. Let τ > t0 be such that x(t) ∈ Br(0), t ∈ [t0, t0 + τ ],
for all x0 ∈ Bδ(0). Thus, using (2.35), if ‖x0‖ < δ, then

α(‖x(t)‖) ≤ eTV (x(t)) ≤ eTz(t) < α(ε̂), t ∈ [t0, t0 + τ ], (2.36)

which implies ‖x(t)‖ < ε̂ < ε, t ∈ [t0, t0 + τ ].
Next, suppose, ad absurdum, that for some x0 ∈ Bδ(0) there exists

t̂ > t0 + τ such that ‖x(t̂)‖ = ε̂. Then, for z0 = V (x0) and the compact
interval [t0, t̂] it follows from (2.33) and Corollary 2.2 that V (x(t̂)) ≤≤ z(t̂),
which implies that α(ε̂) = α(‖x(t̂)‖) ≤ eTV (x(t̂)) ≤ eTz(t̂) < α(ε̂). This is
a contradiction, and hence, for a given ε > 0 there exists δ = δ(ε) > 0 such
that for all x0 ∈ Bδ(0), ‖x(t)‖ < ε, t ≥ t0, which implies Lyapunov stability
of the zero solution x(t) ≡ 0 to (2.24).

ii) It follows from i) and the asymptotic stability of the nonlinear
dynamical system (2.31), (2.32) with respect to z uniformly in x0 that the
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zero solution to (2.24) is Lyapunov stable and there exists μ > 0 such that
if ‖z0‖1 < μ, then limt→∞ z(t) = 0 for every x0 ∈ D. As in i), choose
z0 = V (x0) ≥≥ 0, x0 ∈ D. It follows from Lyapunov stability of the zero
solution to (2.24) and the continuity of V : D → Q ∩ R

q
+ that there exists

δ = δ(μ) > 0 such that if ‖x0‖ < δ, then ‖x(t)‖ < r, t ≥ t0, and eTV (x0) =
eTz0 = ‖z0‖1 < μ. Thus, by asymptotic stability of (2.31) and (2.32)
with respect to z uniformly in x0, for every arbitrary ε > 0 there exists
T = T (ε) > t0 such that ‖z(t)‖1 < α(ε), t ≥ T . Thus, it follows from (2.33)
and Corollary 2.2 that 0 ≤≤ V (x(t)) ≤≤ z(t) on every compact interval
[t0, T + τ ], and hence, eTz(t) = ‖z(t)‖1, t ∈ [t0, T + τ ], and, by (2.35),

α(‖x(t)‖) ≤ eTV (x(t)) ≤ eTz(t) < α(ε), t ∈ [T, T + τ ]. (2.37)

Now, suppose, ad absurdum, that for some x0 ∈ Bδ(0), limt→∞ x(t) �=
0, that is, there exists a sequence {tk}∞k=1, with tk → ∞ as k → ∞, such

that ‖x(tk)‖ ≥ ε̂, k ∈ Z+, for some 0 < ε̂ < r. Choose ε = ε̂ and the
interval [T, T + τ ] such that at least one tk ∈ [T, T + τ ]. Then it follows
from (2.37) that α(ε) ≤ α(‖x(tk)‖) < α(ε), which is a contradiction. Hence,
there exists δ > 0 such that for all x0 ∈ Bδ(0), limt→∞ x(t) = 0 which, along
with Lyapunov stability, implies asymptotic stability of the zero solution
x(t) ≡ 0 to (2.24).

iii) Suppose D = R
n, Q = R

q, v : Rn → R+ is a radially unbounded
function, and the nonlinear dynamical system (2.31) and (2.32) is globally
asymptotically stable with respect to z uniformly in x0. In this case, for
V : Rn → R

q
+ the inequality (2.35) holds for all x ∈ R

n, where the functions

α, β : R+ → R+ are of class K∞ [85]. Furthermore, Lyapunov stability of
the zero solution x(t) ≡ 0 to (2.24) follows from i). Next, for every x0 ∈ R

n

and z0 = V (x0) ∈ R
q
+, identical arguments as in ii) can be used to show

that limt→∞ x(t) = 0, which proves global asymptotic stability of the zero
solution x(t) ≡ 0 to (2.24).

iv) Suppose (2.34) holds. Since p ∈ R
q
+, then

α̂‖x‖ν ≤ eTV (x) ≤ β̂‖x‖ν , x ∈ D, (2.38)

where α̂ � α/maxi=1,...,q{pi} and β̂ � β/mini=1,...,q{pi}. It follows from the
exponential stability of the nonlinear dynamical system (2.31) and (2.32)
with respect to z uniformly in x0 that there exist positive constants γ, μ,
and η such that if ‖z0‖1 < μ, then

‖z(t)‖1 ≤ γ‖z0‖1e−η(t−t0), t ≥ t0, (2.39)

for all x0 ∈ D. Choose z0 = V (x0) ≥≥ 0, x0 ∈ D. By continuity of
V : D → Q ∩ R

q
+, there exists δ = δ(μ) > 0 such that for all x0 ∈ Bδ(0),

eTV (x0) = eTz0 = ‖z0‖1 < μ. Furthermore, it follows from (2.33), (2.38),
(2.39), and Corollary 2.2 that, for all x0 ∈ Bδ(0), the inequality

α̂‖x(t)‖ν ≤ eTV (x(t)) ≤ eTz(t)



22 CHAPTER 2

≤ γ‖z0‖1e−η(t−t0)

≤ γβ̂‖x0‖νe−η(t−t0) (2.40)

holds on every compact interval [t0, t0 + τ ]. This in turn implies that, for
every x0 ∈ Bδ(0),

‖x(t)‖ ≤
(
γβ̂

α̂

) 1
ν

‖x0‖e−
η
ν
(t−t0), t ∈ [t0, t0 + τ ]. (2.41)

Now, suppose, ad absurdum, that for some x0 ∈ Bδ(0) there exists
t̂ > t0 + τ such that

‖x(t̂)‖ >

(
γβ̂

α̂

) 1
ν

‖x0‖e−
η
ν
(t̂−t0). (2.42)

Then for the compact interval [t0, t̂], it follows from (2.41) that

‖x(t̂)‖ ≤
(
γβ̂

α̂

) 1
ν

‖x0‖e−
η
ν
(t̂−t0), (2.43)

which is a contradiction. Thus, inequality (2.41) holds for all t ≥ t0 estab-
lishing exponential stability of the zero solution x(t) ≡ 0 to (2.24).

v) The proof is identical to the proof of iv).

If V : D → Q ∩ R
q
+ satisfies the conditions of Theorem 2.3 we say that

V (x), x ∈ D, is a vector Lyapunov function [159]. Note that for stability
analysis each component of a vector Lyapunov function need not be posi-
tive definite with a negative definite or negative-semidefinite time derivative
along the trajectories of (2.31) and (2.32). This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of nonlinear dynamical systems.

It is important to note here that comparison systems with vector fields
dependent on the states of both the system dynamics and the comparison
system have been addressed in the literature [61,65,66], with [65] providing
stability analysis using partial stability notions. However, a key difference
between our formulation and the results given in [65] is in the definitions of
partial stability used to analyze the stability of the generalized comparison
system.

Specifically, the partial stability definitions used in [65] (see Defini-
tions 2 and 3 on pages 161 and 162) require that the entire initial system
state of the generalized comparison system lie in a neighborhood of the ori-
gin, whereas in our definition of partial stability the initial system state
corresponding to (2.32) can be arbitrary. This weaker assumption leads to
stronger results. Furthermore, in Theorem 2.3 each component of the vector
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Lyapunov function is dependent on the entire state x of the dynamical sys-
tem, while in Theorem 29 of [65] (see p. 210) the vector Lyapunov function
is component-decoupled, that is, V (x) = [v1(x1), . . . , vq(xq)]

T, xi ∈ R
ni,

i = 1, . . . , q. In addition, in Theorem 2.3 we only require that the scalar
function v(x) � pTV (x), x ∈ D, be positive definite, whereas in Theorem
29 of [65] each component of a vector Lyapunov function V (x), x ∈ D, is
assumed to be a positive-definite function of its argument.

Sufficient conditions for partial stability of the nonlinear dynamical
system (2.31) and (2.32) are given in [70]. Specifically, Theorem 1 of [41]
establishes partial stability of (2.31) and (2.32) in terms of a scalar Lya-
punov function that is dependent on both the states z and x. Alternatively,
Corollary 1 of [41] provides partial stability of (2.31) and (2.32) in terms of a
scalar Lyapunov function that is only dependent on the comparison system
state z, which can simplify the stability analysis. In this case, the expanded
dimension of the system (2.31) and (2.32) does not introduce additional
complexity for the partial stability analysis of the generalized comparison
system. As in standard vector Lyapunov theory, this ensures a reduced di-
mension for the analysis of the comparison system while addressing a more
general class of nonlinear systems. This point is further discussed in Section
5.4.

The following corollary to Theorem 2.3 is immediate and corresponds
to the standard vector Lyapunov theorem addressed in the literature [159].

Corollary 2.3. Consider the nonlinear dynamical system (2.24). As-
sume that there exist a continuously differentiable vector function V : D →
Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0, the scalar function

v : D → R+ defined by v(x) � pTV (x), x ∈ D, is such that v(x) > 0, x �= 0,
and

V ′(x)f(x) ≤≤ w(V (x)), x ∈ D, (2.44)

where w : Q → R
q is continuous, w(·) ∈ W, and w(0) = 0. Then the

stability properties of the zero solution z(t) ≡ 0 to

ż(t) = w(z(t)), z(t0) = z0, t ≥ t0, (2.45)

where z0 ∈ Q, imply the corresponding stability properties of the zero so-
lution x(t) ≡ 0 to (2.24). In particular, if the zero solution z(t) ≡ 0 to
(2.45) is Lyapunov (respectively, asymptotically) stable, then the zero so-
lution x(t) ≡ 0 to (2.24) is Lyapunov (respectively, asymptotically) stable.
If, in addition, D = R

n, Q = R
q, and v : Rn → R+ is a positive-definite,

radially unbounded function, then global asymptotic stability of the zero
solution z(t) ≡ 0 to (2.45) implies global asymptotic stability of the zero
solution x(t) ≡ 0 to (2.24). Moreover, if there exist constants ν ≥ 1, α > 0,
and β > 0 such that v : D → R+ satisfies (2.34), then exponential stability
of the zero solution z(t) ≡ 0 to (2.45) implies exponential stability of the
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zero solution x(t) ≡ 0 to (2.24). Finally, if D = R
n, Q = R

q, there exist con-
stants ν ≥ 1, α > 0, and β > 0 such that v : Rn → R+ satisfies (2.34), then
global exponential stability of the zero solution z(t) ≡ 0 to (2.45) implies
global exponential stability of the zero solution x(t) ≡ 0 to (2.24).

Proof. The proof is a direct consequence of Theorem 2.3 with w(z, x)
≡ w(z).

Example 2.1. Consider the nonlinear dynamical system given by

ẋ1(t)=−x1(t)− x21(t)x
3
2(t), x1(0) = x10, t ≥ 0, (2.46)

ẋ2(t)=−x32(t) + x21(t)x
2
2(t), x2(0) = x20. (2.47)

Note that Lyapunov’s indirect method fails to yield any information on the

stability of the zero solution x(t)
�
= [x1(t), x2(t)]

T ≡ 0 of (2.46) and (2.47).
To examine the stability of (2.46) and (2.47) consider the vector Lyapunov
function candidate V (x) = [v1(x), v2(x)]

T, x ∈ R
2, with v1(x) = 1

2x
2
1 and

v2(x) =
1
4x

4
2. Clearly, V (0) = 0 and eTV (x), x ∈ R

2, is a positive-definite
function.

Next, consider the domain D �
= {x ∈ R2 : |x1| ≤ 1, |x2| ≤ c2}, where

c2 > 0, and note that

v̇1(x(t))=x1(t)(−x1(t)− x21(t)x
3
2(t)) ≤ −x21(t) + |x31(t)x32(t)|

≤ (−2 + 2c32)v1(x(t)), (2.48)

v̇2(x(t))=x32(t)(−x32(t) + x21(t)x
2
2(t)) ≤ −x62(t) + |x21(t)x52(t)|

≤ 2c52v1(x(t))− 8v
3
2
2 (x(t)), (2.49)

for all x(t) ∈ D, t ≥ 0. Thus, the comparison system (2.45) is given by

ż1(t)= (−2 + 2c32)z1(t), z1(0) = z10, t ≥ 0, (2.50)

ż2(t)= 2c52z1(t)− 8z
3
2
2 (t), z2(0) = z20, (2.51)

where (z10, z20) ∈ R+×R+. Note that w(z)
�
= [(−2+2c32)z1, 2c

5
2z1−8z

3
2
2 ]

T ∈
W, where z

�
= [z1, z2]

T.
Next, to show stability of the zero solution z(t) ≡ 0 to the comparison

system, consider the linear Lyapunov function candidate v(z) = z1+ z2, z ∈
R
2
+. Clearly, v(0) = 0 and v(z) > 0, z ∈ R

2
+ \ {0}. Moreover,

v̇(z(t)) = 2(−1 + c32 + c52)z1(t)− 8z
3
2
2 (t), t ≥ 0. (2.52)

In order to ensure asymptotic stability of the zero solution z(t) ≡ 0, it
suffices to take c2 = 0.83. In this case, it follows from Corollary 2.3 that the
zero solution x(t) ≡ 0 to (2.46) and (2.47) is asymptotically stable. �
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Next, we present a convergence result via vector Lyapunov functions
that allows us to establish asymptotic stability of the nonlinear dynamical
system (2.24) using weaker conditions than those assumed in Theorem 2.3.

Theorem 2.4. Consider the nonlinear dynamical system (2.24), as-
sume that there exist a continuously differentiable vector function V =
[v1, . . . , vq]

T : D → Q∩ R
q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0,

the scalar function v : D → R+ defined by v(x) � pTV (x), x ∈ D, is such
that v(x) > 0, x �= 0, and

V ′(x)f(x) ≤≤ w(V (x), x), x ∈ D, (2.53)

where w : Q × D → R
q is continuous, w(·, x) ∈ Wd, and w(0, 0) = 0,

such that the nonlinear dynamical system (2.31) and (2.32) is Lyapunov
stable with respect to z uniformly in x0. Let Ri � {x ∈ D : v′i(x)f(x) −
wi(V (x), x) = 0}, i = 1, . . . , q. Then there exists Dc ⊂ D such that x(t) →
R � ∩q

i=1Ri as t → ∞ for all x(t0) = x0 ∈ Dc. Moreover, if R contains no
trajectory other than the trivial trajectory, then the zero solution x(t) ≡ 0
to (2.24) is asymptotically stable.

Proof. Since the nonlinear dynamical system (2.31) and (2.32) is
Lyapunov stable with respect to z uniformly in x0, it follows that there
exists δ̂ > 0 such that if ‖z0‖1 < δ̂, then the partial system trajectories
z(t), t ≥ t0, of (2.31) and (2.32) are bounded for all x0 ∈ D. Furthermore,

since V (x), x ∈ D, is continuous, it follows that there exists δ1 = δ1(δ̂) > 0

such that eTV (x0) < δ̂ for all x0 ∈ Bδ1(0). In addition, it follows from
Theorem 2.3 that the zero solution x(t) ≡ 0 to (2.24) is Lyapunov stable,

and hence, for a given ε > 0 such that Bε(0) ⊂
◦
D there exists δ2 = δ2(ε) > 0

such that if x0 ∈ Bδ2(0), then x(t) ∈ Bε(0), t ≥ t0, where x(t), t ≥ t0, is
the solution to (2.24). Choose δ = min{δ1, δ2} and define Dc � Bδ(0) ⊂ D.
Then for all z0 = V (x0) and x0 ∈ Dc, it follows that x(t) ∈ Bε(0), t ≥ t0,
and z(t), t ≥ t0, is bounded.

Next, consider the function

Wi(x, t)� vi(x)−
∫ t

t0

wi(V (x(s)), x(s))ds, t ≥ t0, x ∈ D, i = 1, . . . , q.

(2.54)

It follows from (2.53) that

Ẇi(x(t), t) = v′i(x(t))f(x(t))− wi(V (x(t)), x(t)) ≤ 0, t ≥ t0, x0 ∈ D,

(2.55)

which implies that Wi(x(t), t), i ∈ {1, . . . , q}, is a nonincreasing function
of time, and hence, limt→∞Wi(x(t), t), i ∈ {1, . . . , q}, exists. Moreover,
Wi(x(t0), t0) = vi(x(t0)) < +∞ for all x(t0) = x0 ∈ D since vi(x), x ∈
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D, i ∈ {1, . . . , q}, is continuous. Now, suppose, ad absurdum, that for some
initial condition x(t0) = x0 ∈ Dc,

lim
t→∞Wi(x(t), t) = −∞, i ∈ {1, . . . , q}. (2.56)

Since the function vi(x), x ∈ D, i ∈ {1, . . . , q}, is continuous on the compact

set Bε(0), it follows that vi(x(t)), t ≥ t0, is bounded, and hence,

lim
t→∞

∫ t

t0

wi(V (x(s)), x(s))ds = +∞, i ∈ {1, . . . , q}. (2.57)

Now, it follows from (2.53) and Corollary 2.2 that V (x(t)) ≤≤ z(t), t ≥ t0,
for z(t0) = V (x(t0)). Note that since x0 ∈ Dc it follows that z(t), t ≥ t0, is
bounded.

Furthermore, since w(·, x) ∈ Wd it follows that

vi(x(t))≤ vi(x(t0)) +

∫ t

t0

wi(V (x(s)), x(s))ds

≤ zi(t0) +

∫ t

t0

wi(z(s), x(s))ds

= zi(t), (2.58)

for all t ≥ t0. Since z(t), t ≥ t0, is bounded and vi(x), x ∈ D, i ∈ {1, . . . , q},
is continuous, it follows that there exists M > 0 such that∣∣∣∣

∫ t

t0

wi(V (x(s)), x(s))ds

∣∣∣∣ < M < +∞, t ≥ t0, i ∈ {1, . . . , q}. (2.59)

This is a contradiction, and hence, limt→∞Wi(x(t), t), i ∈ {1, . . . , q}, exists
and is finite for every x0 ∈ Dc. Thus, for every x0 ∈ Dc, it follows that∫ t

t0

Ẇi(x(s), s)ds=

∫ t

t0

[v′i(x(s))f(x(s)) − wi(V (x(s)), x(s))]ds

=Wi(x(t), t) −Wi(x0, t0), t ≥ t0, (2.60)

and hence,

lim
t→∞

∫ t

t0

[v′i(x(s))f(x(s))− wi(V (x(s)), x(s))]ds, i ∈ {1, . . . , q}, (2.61)

exists and is finite.
Next, since f(·) is Lipschitz continuous on D and x(t) ∈ Bε(0) for all

x0 ∈ Dc and t ≥ t0, it follows that

‖x(t2)− x(t1)‖ =

∥∥∥∥
∫ t2

t1

f(x(s))ds

∥∥∥∥ ≤ L

∫ t2

t1

‖x(s)‖ds ≤ Lε(t2 − t1),

t2 ≥ t1 ≥ t0, (2.62)
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where L is the Lipschitz constant on Dc. Thus, it follows from (2.62) that
for every γ > 0 there exists μ = μ(γ) = γ

Lε such that

‖x(t2)− x(t1)‖ < γ, |t2 − t1| < μ, (2.63)

which shows that x(t), t ≥ t0, is uniformly continuous. Next, since x(t) is
uniformly continuous and v′i(x)f(x)− wi(V (x), x), x ∈ D, i ∈ {1, . . . , q}, is
continuous, it follows that v′i(x(t))f(x(t))−wi(V (x(t)), x(t)), i ∈ {1, . . . , q},
is uniformly continuous at every t ≥ t0. Hence, it follows from Barbalat’s
lemma [70, p. 221] that v′i(x(t))f(x(t)) − wi(V (x(t)), x(t)) → 0 as t → ∞
for all x0 ∈ Dc and i ∈ {1, . . . , q}. Repeating the above analysis for all
i = 1, . . . , q, it follows that x(t) → R = ∩q

i=1Ri for all x0 ∈ Dc. Finally, if R
contains no trajectory other than the trivial trajectory, then R = {0}, and
hence, x(t) → 0 as t → ∞ for all x0 ∈ Dc, which proves asymptotic stability
of the zero solution x(t) ≡ 0 to (2.24).

Note that R = ∩q
i=1Ri �= Ø since 0 ∈ R. Furthermore, recall that

for every bounded solution x(t), t ≥ t0, to (2.24) with initial condition
x(t0) = x0, the positive limit set ω(x0) of (2.24) is a nonempty, compact,
invariant, and connected set with x(t) → ω(x0) as t → ∞ [70]. If q = 1
and w(V (x), x) ≡ 0, then it can be shown that the Lyapunov derivative
V̇ (x) vanishes on the positive limit set ω(x0), x0 ∈ Dc, so that ω(x0) ∈ R.
Moreover, since ω(x0) is a positively invariant set with respect to (2.24), it
follows that for all x0 ∈ Dc, the trajectory of (2.24) converges to the largest
invariant set M contained in R. In this case, Theorem 2.4 specializes to the
classical Krasovskii-LaSalle invariant set theorem [70].

If for some k ∈ {1, . . . , q}, wk(V (x), x) ≡ 0 and v′k(x)f(x) < 0, x ∈
D, x �= 0, then R = Rk = {0}. In this case, it follows from Theorem 2.4
that the zero solution x(t) ≡ 0 to (2.24) is asymptotically stable. Note
that even though for k ∈ {1, . . . , q} the time derivative v̇k(x), x ∈ D, is
negative definite, the function vk(x), x ∈ D, can be nonnegative definite, in
contrast to classical Lyapunov stability theory, to ensure asymptotic stability
of (2.24).

Next, we use the vector Lyapunov stability results of Theorem 2.3
to develop partial stability analysis results for nonlinear dynamical sys-
tems [41]. Specifically, consider the nonlinear dynamical system (2.24) with
partitioned dynamics2 given by

ẋI(t)= fI(xI(t), xII(t)), xI(t0) = xI0, t ≥ t0, (2.64)

ẋII(t)= fII(xI(t), xII(t)), xII(t0) = xII0, (2.65)

where xI(t) ∈ DI, t ≥ t0, DI ⊆ R
nI is an open set such that 0 ∈ DI,

xII(t) ∈ R
nII , t ≥ t0, fI : DI × R

nII → R
nI is such that for all xII ∈ R

nII,

2Here we use the Roman subscripts I and II as opposed to Arabic subscripts 1 and 2
for denoting the partial states of x not to confuse the partial states with the component
states of the vector Lyapunov function.
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fI(0, xII) = 0 and fI(·, xII) is locally Lipschitz in xI, fII : DI × R
nII →

R
nII is such that for every xI ∈ DI, fII(xI, ·) is locally Lipschitz in xII,

x(t) � [xTI (t), x
T
II(t)]

T ∈ D = DI × R
nII ⊆ R

n, t ≥ t0, x0 � [xTI0, x
T
II0]

T, and
nI + nII = n. For the nonlinear dynamical system (2.64) and (2.65) the
definitions of partial stability given in Definition 2.6 hold with (2.31) and
(2.32) replaced by (2.64) and (2.65). Note that for the dynamical system
(2.24), f(xI, xII) = [fT

I (xI, xII), f
T
II (xI, xII)]

T, (xI, xII) ∈ DI × R
nII.

Corollary 2.4. Consider the nonlinear dynamical system (2.64) and
(2.65). Assume that there exist a continuously differentiable vector function
V : DI × R

nII → Q ∩ R
q
+, a positive vector p ∈ R

q
+, and class K functions

α(·) and β(·) such that the scalar function v : DI × R
nII → R+ defined by

v(xI, xII) � pTV (xI, xII) satisfies

α(‖xI‖) ≤ v(xI, xII) ≤ β(‖xI‖), (xI, xII) ∈ DI × R
nII, (2.66)

and

V ′(xI, xII)f(xI, xII) ≤≤ w(V (xI, xII), xI, xII), (xI, xII) ∈ DI × R
nII,

(2.67)

where w : Q × DI × R
nII → R

q is continuous, w(·, xI, xII) ∈ W, and
w(0, xI, xII) = 0, (xI, xII) ∈ DI × R

nII . Then the following statements hold:

i) If the nonlinear dynamical system (2.31), (2.64), and (2.65) is Lya-
punov (respectively, asymptotically) stable with respect to z uniformly
in (xI0, xII0), then the nonlinear dynamical system (2.64) and (2.65)
is Lyapunov (respectively, asymptotically) stable with respect to xI
uniformly in xII0.

ii) If DI = R
nI , Q = R

q, the functions α(·) and β(·) are class K∞, and
the nonlinear dynamical system (2.31), (2.64), and (2.65) is globally
asymptotically stable with respect to z uniformly in (xI0, xII0), then
the nonlinear dynamical system (2.64) and (2.65) is globally asymp-
totically stable with respect to xI uniformly in xII0.

iii) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v :
DI × R

nII → R+ satisfies

α‖xI‖ν ≤ v(xI, xII) ≤ β‖xI‖ν , (xI, xII) ∈ DI × R
nII, (2.68)

and the nonlinear dynamical system (2.31), (2.64), and (2.65) is ex-
ponentially stable with respect to z uniformly in (xI0, xII0), then the
nonlinear dynamical system (2.64) and (2.65) is exponentially stable
with respect to xI uniformly in xII0.
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iv) If DI = R
nI , Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0
such that v : R

nI × R
nII → R+ satisfies (2.68), and the nonlinear

dynamical system (2.31), (2.64), and (2.65) is globally exponentially
stable with respect to z uniformly in (xI0, xII0), then the nonlinear
dynamical system (2.64) and (2.65) is globally exponentially stable
with respect to xI uniformly in xII0.

Proof. To show Lyapunov stability of the nonlinear dynamical system
(2.64) and (2.65) with respect to xI uniformly in xII0, recall that w(·, xI, xII)
∈ W and w(0, xI, xII) = 0, (xI, xII) ∈ DI × R

nII , ensures that the partial
solution z(t), t ≥ t0, to the nonlinear dynamical system (2.31), (2.64), and
(2.65) remains in R

q
+ for all z0 ∈ R

q
+ and (xI0, xII0) ∈ DI × R

nII. Since
p ∈ R

q
+ is a positive vector it follows from (2.66) that

α(‖xI‖)
maxi=1,...,q{pi}

≤ eTV (xI, xII) ≤
β(‖xI‖)

mini=1,...,q{pi}
, (xI, xII) ∈ DI ×R

nII .

(2.69)

Next, let ε > 0 and note that it follows from Lyapunov stability of
the nonlinear dynamical system (2.31), (2.64), and (2.65) with respect to z
uniformly in (xI0, xII0) that there exists μ = μ(ε) > 0 such that if ‖z0‖1 < μ
and z0 ∈ R

q
+, then ‖z(t)‖1 < α(ε)/maxi=1,...,q{pi} and z(t) ∈ R

q
+, t ≥

t0, for every (xI0, xII0) ∈ DI × R
nII. Now, choose z0 = V (xI0, xII0) ≥≥

0, (xI0, xII0) ∈ DI × R
nII. Since V (·, ·) is continuous, the function eTV (·, ·)

is also continuous. Moreover, it follows from the continuity of β(·) that
for μ = μ(ε) there exists δ = δ(μ(ε)) = δ(ε) > 0 such that δ < ε and
if ‖xI0‖ < δ, then β(‖xI0‖)/mini=1,...,q{pi} < μ which, by (2.69), implies
that eTV (xI0, xII0) = eTz0 = ‖z0‖1 < μ for all xII0 ∈ R

nII , and hence,
eTz(t) = ‖z(t)‖1 < α(ε)/maxi=1,...,q{pi}, t ≥ t0. In addition, it follows from
(2.67) and Corollary 2.2 that V (xI(t), xII(t)) ≤≤ z(t) on every compact
interval [t0, t0 + τ ]. Thus, it follows from (2.69) that for all ‖xI0‖ < δ,
xII0 ∈ R

nII , and t ∈ [t0, t0 + τ ],

α(‖xI(t)‖)
maxi=1,...,q{pi}

≤ eTV (xI(t), xII(t)) ≤ eTz(t) <
α(ε)

maxi=1,...,q{pi}
, (2.70)

which implies that ‖xI(t)‖ < ε, t ∈ [t0, t0 + τ ].
Next, suppose, ad absurdum, that for some xI0 ∈ DI with ‖xI0‖ < δ

and for some xII0 ∈ R
nII there exists t̂ > t0 such that ‖xI(t̂)‖ = ε. Then, for

z0 = V (xI0, xII0) and the compact interval [t0, t̂] it follows from Corollary
2.2 that V (xI(t̂), xII(t̂)) ≤≤ z(t̂), which implies that

α(ε)

maxi=1,...,q{pi}
=

α(‖xI(t̂)‖)
maxi=1,...,q{pi}

≤ eTV (xI(t̂), xII(t̂))
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≤ eTz(t̂)

<
α(ε)

maxi=1,...,q{pi}
. (2.71)

This is a contradiction, and hence, for a given ε > 0 there exists δ =
δ(ε) > 0 such that for all xI0 ∈ DI with ‖xI0‖ < δ and for all xII0 ∈
R
nII, ‖xI(t)‖ < ε, t ≥ t0, which implies Lyapunov stability of the nonlinear

dynamical system (2.64) and (2.65) with respect to xI uniformly in xII0.
The remainder of the proof involves similar arguments as given above

and as in the proof of parts ii)− v) of Theorem 2.3 and, hence, is omitted.

Next, we provide a time-varying extension of Corollary 2.3. In partic-
ular, we consider the nonlinear time-varying dynamical system

ẋ(t) = f(t, x(t)), x(t0) = x0, t ≥ t0, (2.72)

where x(t) ∈ D ⊆ R
n, 0 ∈ D, f : [t0,∞) × D → R

n is such that f(·, ·) is
jointly continuous in t and x, for every t ∈ [t0,∞), f(t, 0) = 0, and f(t, ·) is
locally Lipschitz in x uniformly in t for all t in compact subsets of [0,∞).

Theorem 2.5. Consider the nonlinear time-varying dynamical system
(2.72). Assume that there exist a continuously differentiable vector function
V : [0,∞) × D → Q ∩ R

q
+, a positive vector p ∈ R

q
+, and class K functions

α, β : [0, r] → R+ such that V (t, 0) = 0, t ∈ [0,∞), the scalar function

v : [0,∞) × D → R+ defined by v(t, x)
�
= pTV (t, x), (t, x) ∈ [0,∞) × D, is

such that

α(‖x‖) ≤ v(t, x) ≤ β(‖x‖), (t, x) ∈ [0,∞) ×Br(0), Br(0) ⊆ D, (2.73)

and

∂V

∂t
(t, x) +

∂V

∂x
(t, x)f(t, x) ≤≤ w(t, V (t, x)), (t, x) ∈ [0,∞)×D, (2.74)

where w : [0,∞) ×Q → R
q is continuous, w(t, ·) ∈ W, and w(t, 0) = 0, t ∈

[0,∞). Then the stability properties of the zero solution z(t) ≡ 0 to

ż(t) = w(t, z(t)), z(t0) = z0, t ≥ t0, (2.75)

where z0 ∈ Q ∩ R
q
+, imply the corresponding stability properties of the zero

solution x(t) ≡ 0 to (2.72). In particular, if the zero solution z(t) ≡ 0 to
(2.75) is uniformly Lyapunov (respectively, uniformly asymptotically) stable,
then the zero solution x(t) ≡ 0 to (2.72) is uniformly Lyapunov (respectively,
uniformly asymptotically) stable. If, in addition, D = R

n, Q = R
q, and

α(·), β(·) are class K∞ functions, then global uniform asymptotic stability
of the zero solution z(t) ≡ 0 to (2.75) implies global uniform asymptotic
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stability of the zero solution x(t) ≡ 0 to (2.72). Moreover, if there exist
constants ν ≥ 1, α > 0, and β > 0 such that v : [0,∞) ×D → R+ satisfies

α‖x‖ν ≤ v(t, x) ≤ β‖x‖ν , (t, x) ∈ [0,∞) ×D, (2.76)

then exponential stability of the zero solution z(t) ≡ 0 to (2.75) implies
exponential stability of the zero solution x(t) ≡ 0 to (2.72). Finally, if
D = R

n, Q = R
q, there exist constants ν ≥ 1, α > 0, and β > 0 such that

v : [0,∞) × R
n → R+ satisfies (2.76), then global exponential stability of

the zero solution z(t) ≡ 0 to (2.75) implies global exponential stability of
the zero solution x(t) ≡ 0 to (2.72).

Proof. The proof is a direct consequence of Corollary 2.4 with xI(t) ≡
x(t), xII(t) ≡ t, nII = 1, and fII(xI(t), xII(t)) ≡ 1.

Example 2.2. Consider the nonlinear time-varying dynamical system
given by

ẋ1(t)=−2(5 + sin t)x1(t) + (5 + sin t)

[
[x1(t)− x2(t)]

3 + [x1(t) + x2(t)]
3

x21(t) + x22(t)

]
−(1 + e−t) [x1(t) + x2(t)]

5 , x1(t0) = x10, t ≥ t0, (2.77)

ẋ2(t)=−2(5 + sin t)x2(t) + (5 + sin t)

[
[x1(t)− x2(t)]

3 − [x1(t) + x2(t)]
3

x21(t) + x22(t)

]
−(1 + e−t) [x1(t) + x2(t)]

5 , x2(t0) = x20. (2.78)

To analyze (2.77) and (2.78), consider the vector Lyapunov function V (x) =
[V1(x), V2(x)]

T, x ∈ R
2, x � [x1, x2]

T, where

V1(x)=
1

2
(x1 − x2)

2, x ∈ R
2,

V2(x)=
1

2
(x1 + x2)

2, x ∈ R
2.

Note that each component of V (x) is not positive definite, whereas eTV (x) =
V1(x)+V2(x) = x21+x22, x ∈ R

2, is positive definite and radially unbounded.

Using the fact that a2−b2

a2+b2
≤ 1, for all a, b ∈ R, it follows that

V̇1(t, x)≤−2(5 + sin t)(x1 − x2)
2 + 2(5 + sin t)(x1 + x2)

2

=−4(5 + sin t)V1(x) + 4(5 + sin t)V2(x) (2.79)

and

V̇2(t, x)≤−2(5 + sin t)(x1 + x2)
2 + 2(5 + sin t)(x1 − x2)

2

−2(1 + e−t)(x1 + x2)
6

=4(5 + sin t)V1(x)− 4(5 + sin t)V2(x)− 16(1 + e−t)V 3
2 (x). (2.80)
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Next, consider the comparison system given by

ż(t) = w(t, z(t)), z(t0) = z0, t ≥ t0, (2.81)

where

w(t, z) =

[
−4(5 + sin t)z1 + 4(5 + sin t)z2

4(5 + sin t)z1 − 4(5 + sin t)z2 − 16(1 + e−t)z32

]
,

and note that w(t, ·) ∈ W. To show global uniform asymptotic stability of
the comparison system (2.81), consider the scalar Lyapunov function

v(z) =
1

2
z21 +

1

2
z22 , z ∈ R

2
+,

and note that

1

3
‖z‖2 < v(z) < ‖z‖2, z ∈ R

2
+.

Furthermore, note that

v̇(z) ≤ −16(z1 − z2)
2 − 16z42 < 0, z ∈ R

2
+, z �= 0. (2.82)

Since the right-hand side of (2.82) is negative-definite, it follows from The-
orem 2.5 that the zero solution x(t) ≡ 0 to (2.77) and (2.78) is globally
uniformly asymptotically stable.

Alternatively, consider the quadratic scalar Lyapunov function for the
system (2.77) and (2.78) given by

v(x) = eTV (x) = V1(x) + V2(x) = x21 + x22, x ∈ R
2, (2.83)

and note that it follows from (2.79) and (2.80) that

v̇(t, x)≤−2(1 + e−t)(x1 + x2)
6 ≤ 0, x ∈ R

2, (2.84)

which only proves uniform Lyapunov stability of the zero solution x(t) ≡ 0
to (2.77) and (2.78). In addition, note that the Krasovskii-LaSalle invariance
principle cannot be used in this case since (2.77) and (2.78) is time-varying.

Finally, consider the more general quadratic scalar Lyapunov function
given by

v(x) = p1x
2
1 + p2x

2
2, x ∈ R

2, (2.85)

where p1, p2 > 0, and note that

v̇(t, x)=−4(5 + sin t)(p1x
2
1 + p2x

2
2)

+2(5 + sin t)(p1x1 + p2x2)
(x1 − x2)

3

x21 + x22

+2(5 + sin t)(p1x1 − p2x2)
(x1 + x2)

3

x21 + x22
−2(1 + e−t)(p1x1 + p2x2)(x1 + x2)

5, x ∈ R
2. (2.86)
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It is clear that if p1 �= p2, then v̇(t, x) is sign indefinite, whereas if we set
p1 = p2 = p > 0, then v̇(t, x) satisfies inequality (2.84), modulo p, which
again only proves uniform Lyapunov stability of the zero solution x(t) ≡ 0
to (2.77) and (2.78). �

Next, we give a generalization of the converse Lyapunov theorem that
establishes the existence of a vector Lyapunov function for an asymptotically
stable nonlinear dynamical system. This result is used in Chapter 5 to es-
tablish the equivalence between asymptotic stabilizability and the existence
of a control vector Lyapunov function.

Theorem 2.6. Consider the nonlinear dynamical system (2.24). Let
δ > 0 and D0 = Bδ(0) ⊂ D, and assume that f : D → R

n is continuously
differentiable and the zero solution x(t) ≡ 0 to (2.24) is asymptotically sta-
ble. Then there exist a continuously differentiable componentwise positive
definite vector function V = [v1, . . . , vq]

T : D0 → R
q
+ and a continuous func-

tion w = [w1, . . . , wq]
T : R

q
+ → R

q such that V (0) = 0, w(·) ∈ W, w(0) = 0,
V ′(x)f(x) ≤≤ w(V (x)), x ∈ D0, and the zero solution z(t) ≡ 0 to

ż(t) = w(z(t)), z(t0) = z0, t ≥ t0, (2.87)

where z0 ∈ R
q
+, is asymptotically stable.

Proof. Since the zero solution x(t) ≡ 0 to (2.24) is asymptotically
stable it follows from Theorem 3.14 of [110] that there exist a continuously
differentiable positive definite function ṽ : D0 → R+ and class K functions
[85] α(·), β(·), and γ(·) such that

α(‖x‖) ≤ ṽ(x) ≤ β(‖x‖), x ∈ D0, (2.88)

ṽ′(x)f(x) ≤ −γ(‖x‖), x ∈ D0. (2.89)

Furthermore, it follows from (2.88) and (2.89) that

ṽ′(x)f(x) ≤ −γ ◦ β−1(ṽ(x)), x ∈ D0, (2.90)

where “◦” denotes the composition operator and β−1 : [0, β(δ)] → R+ is
the inverse function of β(·), and hence, β−1(·) and γ ◦ β−1(·) are class K
functions.

Next, define V = [v1, . . . , vq]
T : D0 → R

q
+ such that vi(x) � ṽ(x), x ∈

D0, i = 1, . . . , q. Then it follows that V (0) = 0 and V ′(x)f(x) ≤≤ w(V (x)),
x ∈ D0, where w = [w1, . . . , wq]

T : R
q
+ → R

q is such that wi(V (x)) =
−γ ◦ β−1(vi(x)), x ∈ D0. Note that w(·) ∈ W and w(0) = 0. To show
that the zero solution z(t) ≡ 0 to (2.87) is asymptotically stable, consider
the Lyapunov function candidate v̂(z) � eTz, z ∈ R

q
+. Note that v̂(0) = 0,

v̂(z) > 0, z ∈ R
q
+, z �= 0, and ˙̂v(z) = −

∑q
i=1 γ ◦ β−1(zi) < 0, z ∈ R

q
+, z �= 0.

Thus, the zero solution z(t) ≡ 0 to (2.87) is asymptotically stable, which
completes the proof.
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Finally, to elucidate how to use the vector Lyapunov functions frame-
work to address the problem of control design for nonlinear dynamical sys-
tems consider the controlled nonlinear dynamical system given by

ẋ(t) = F (x(t), u(t)), x(t0) = x0, t ≥ t0, (2.91)

where x0 ∈ D, D ⊆ R
n is an open set, 0 ∈ D, u(t) ∈ U ⊆ R

m, t ≥ t0, is the
control input, U is the set of all admissible control inputs, F : D× U → R

n

is Lipschitz continuous for all (x, u) ∈ D × U , and F (0, 0) = 0. Moreover,
assume that for every x0 ∈ D and u ∈ U the solution x(t) to (2.91) is unique
and defined for all t ≥ t0.

Next, assume there exist a continuously differentiable vector function
V : D → Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0,

v(x) � pTV (x), x ∈ D, is positive definite, and

V ′(x)F (x, u) ≤≤ w(V (x), x, u), x ∈ D, u ∈ U, (2.92)

where w : Q×D×U → R
q is continuous. Furthermore, define the feedback

control law φ : Q × D → U given by u = φ(V (x), x), x ∈ D, so that
φ(0, 0) = 0 and the closed-loop system (2.91) is given by

ẋ(t) = F (x(t), φ(V (x(t)), x(t))), x(t0) = x0, t ≥ t0. (2.93)

Now, if φ(·, ·) is such that the system

ż(t)= w̃(z(t), x(t)), z(t0) = z0, t ≥ t0, (2.94)

ẋ(t)= f̃(x(t)), x(t0) = x0, (2.95)

where w̃(z, x) � w(z, x, φ(z, x)), z ∈ Q, x ∈ D, f̃(x) � F (x, φ(V (x), x)),
x ∈ D, w̃(·, x) ∈ W, w̃(0, x) = 0, x ∈ D, f̃(0) = 0, z0 ∈ Q ∩ R

q
+, and

x0 ∈ D, is asymptotically stable with respect to z uniformly in x0, then
the zero solution x(t) ≡ 0 to the closed-loop system (2.93) is asymptotically
stable. To ensure partial asymptotic stability of the system (2.94) and (2.95)
the results of Theorem 1 and Corollary 1 of [41] can be used.

2.6 Discrete-Time Stability Theory via Vector

Lyapunov Functions

In this section, we introduce several definitions and some key results needed
for analyzing discrete-time, large-scale nonlinear dynamical systems.

Definition 2.7. Let w = [w1, · · · , wq]
T : V ⊆ R

q
+ → R

q. Then w is

nonnegative if w(r) ≥≥ 0 for all r ∈ R
q
+.

Recall from Definition 2.5 that a function w = [w1, . . . , wq]
T : Rq → R

q

is of class Wd or is nondecreasing, if w(z′) ≤≤ w(z′′) for all z′, z′′ ∈ R
q such

that z′ ≤≤ z′′. Note that if w : R
q → R

q is such that w(·) ∈ Wd and
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w(0) ≥≥ 0, then w is nonnegative. Furthermore, note that, if w(z) = Wz,
then w(·) is nonnegative if and only if W ∈ R

q×q is nonnegative.

Proposition 2.2 ([72]). Suppose R
q
+ ⊂ V. Then R

q
+ is an invariant set

with respect to

r(k + 1) = w(r(k)), r(0) = r0, k ∈ Z+, (2.96)

if and only if w : V → R
q is nonnegative.

Proof. Suppose w : D → R
q is nonnegative and let r(0) ∈ R

q
+. Then,

for every i ∈ {1, . . . , q} it follows that ri(k+1) = wi(r(k)) ≥ 0. Thus, r(k) ∈
R
q
+, k ∈ Z+. Conversely, suppose r(k) ∈ R

q
+, k ∈ Z+, for all r(0) ∈ R

q
+ and

assume, ad absurdum, that there exists i ∈ {1, . . . , n} and r0 ∈ R
q
+ such

that wi(r0) < 0. In this case, with r(0) = r0, ri(1) = wi(r(0)) = wi(r0) < 0,
which is a contradiction.

Definition 2.8. Let W ∈ R
q×q. W is (discrete-time) compartmental if

W is nonnegative and
∑q

i=1W(i,j) ≤ 1, j = 1, . . . , q.

The following definition and lemma are needed for developing several
of the results of this section.

Definition 2.9. The equilibrium solution r(k) ≡ re of (2.96) is Lya-
punov stable if, for every ε > 0, there exists δ = δ(ε) > 0 such that if
r0 ∈ Bδ(re) ∩ R

q
+, then r(k) ∈ Bε(re) ∩ R

q
+, k ∈ Z+. The equilibrium

solution r(k) ≡ re of (2.96) is semistable if it is Lyapunov stable and there
exists δ > 0 such that if r0 ∈ Bδ(re) ∩ R

q
+, then limk→∞ r(k) exists and

converges to a Lyapunov stable equilibrium point. The equilibrium solution
r(k) ≡ re of (2.96) is asymptotically stable if it is Lyapunov stable and there
exists δ > 0 such that if r0 ∈ Bδ(re) ∩ R

q
+, then limk→∞ r(k) = re. Finally,

the equilibrium solution r(k) ≡ re of (2.96) is globally asymptotically stable
if the previous statement holds for all r0 ∈ R

q
+.

Recall that a matrixW ∈ R
q×q is (discrete-time) semistable if and only

if limk→∞W k exists [72] while W is (discrete-time) asymptotically stable if
and only if limk→∞W k = 0.

Lemma 2.2. SupposeW ∈ R
q×q is nonsingular and nonnegative. IfW

is semistable (respectively, asymptotically stable), then there exist a scalar
α ≥ 1 (respectively, α > 1) and a nonnegative vector p ∈ R

q
+, p �= 0,

(respectively, positive vector p ∈ R
q
+) such that

W−Tp = αp. (2.97)

Proof. Since W is semistable, it follows from Theorem 3.3 of [71] that
|λ| < 1 or λ = 1 and λ = 1 is semisimple, where λ ∈ spec(W ). SinceWT ≥≥
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0, it follows from the Perron-Frobenius theorem that ρ(W ) ∈ spec(W ), and
hence, there exists p ≥≥ 0, p �= 0, such that WTp = ρ(W )p. In addition,
sinceW is nonsingular, ρ(W ) > 0. Hence, WTp = α−1p, where α � 1/ρ(W ),
which proves that there exist p ≥≥ 0, p �= 0, and α ≥ 1 such that (2.97)
holds. In the case where W is asymptotically stable, the result is a direct
consequence of the Perron-Frobenius theorem.

Next, we consider the method of vector Lyapunov functions for stabil-
ity analysis of discrete-time nonlinear dynamical systems. To develop the
theory of vector Lyapunov functions, we first introduce some results on vec-
tor difference inequalities and the vector comparison principle. Consider the
discrete-time nonlinear dynamical system given by

z(k + 1) = w(z(k), y(k)), z(k0) = z0, k ∈ Iz0 , (2.98)

where z(k) ∈ Q ⊆ R
q, k ∈ Iz0 , is the system state vector, y : T → V ⊆ R

s

is a given sequence, Iz0 ⊆ T ⊆ Z is the maximal interval of existence of a
solution z(k) to (2.98), Q is an open set, 0 ∈ Q, and w : Q × V → R

q is a
continuous function on Q× V.

Theorem 2.7. Consider the discrete-time nonlinear dynamical system
(2.98). Assume that the function w : Q× V → R

q is continuous and w(·, y)
is of class Wd. If there exists a continuous vector function V : Iz0 → Q such
that

V (k + 1) ≤≤ w(V (k), y(k)), k ∈ Iz0 , (2.99)

then

V (k0) ≤≤ z0, z0 ∈ Q, (2.100)

implies

V (k) ≤≤ z(k), k ∈ Iz0 , (2.101)

where z(k), k ∈ Iz0 , is the solution to (2.98).

Proof. Suppose, ad absurdum, that inequality (2.101) does not hold

on the entire interval Iz0 . Then there exists k̂ ∈ Iz0 such that V (k) ≤≤
z(k), k0 ≤ k < k̂, and for at least one i ∈ {1, . . . , q},

vi(k̂) > zi(k̂) (2.102)

and

vj(k̂) ≤ zj(k̂), j �= i, j = 1, . . . , q. (2.103)
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Since w(·, y) ∈ Wd it follows from (2.98), (2.99), and (2.102) that

wi(z(k̂ − 1), y(k̂ − 1)) = zi(k̂)

<vi(k̂)

≤wi(V (k̂ − 1), y(k̂ − 1))

≤wi(z(k̂ − 1), y(k̂ − 1)), (2.104)

which is a contradiction.

Theorem 2.8. Consider the discrete-time nonlinear dynamical system
(2.98). Assume that the function w : Q× V → R

q is continuous and w(·, y)
is of class Wd. Let z(k), k ∈ Iz0 , be the solution to (2.98) and {k0, . . . , k0 +
τ} ⊆ Iz0 , where τ ∈ Z+. If there exists a continuous vector function V :
{k0, . . . , k0 + τ} → Q such that

V (k + 1) ≤≤ w(V (k), y(k)), k ∈ {k0, . . . , k0 + τ}, (2.105)

then

V (k0) ≤≤ z0, z0 ∈ Q, (2.106)

implies

V (k) ≤≤ z(k), k ∈ {k0, . . . , k0 + τ}. (2.107)

Proof. The proof is similar to that of Theorem 2.7 and, hence, is
omitted.

Next, consider the discrete-time nonlinear dynamical system given by

x(k + 1) = f(x(k)), x(k0) = x0, k ∈ Ix0 , (2.108)

where x(k) ∈ D ⊆ R
n, k ∈ Ix0 , is the system state vector, Ix0 ⊂ Z is the

maximal interval of existence of a solution x(k) to (2.108), D is an open set,
0 ∈ D, and f(·) is continuous on D. The following result is a direct corollary
of Theorem 2.8.

Corollary 2.5. Consider the discrete-time nonlinear dynamical system
(2.108). Assume there exists a continuous vector function V : D → Q ⊆ R

q

such that

V (x(k + 1)) ≤≤ w(V (x(k)), x(k)), x0 ∈ D, k ∈ Ix0 , (2.109)

where w : Q×D → R
q is a continuous function, w(·, x) ∈ Wd, x(k), k ∈ Ix0,

is the solution to (2.108), and the equation

z(k + 1) = w(z(k), x(k)), z(k0) = z0, k ∈ Iz0,x0 , (2.110)
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has a unique solution z(k), k ∈ Iz0, x0 . If {k0, . . . , k0 + τ} ⊆ Ix0 ∩ Iz0, x0 ,
then

V (x0) ≤≤ z0, z0 ∈ Q, (2.111)

implies

V (x(k)) ≤≤ z(k), k ∈ {k0, . . . , k0 + τ}. (2.112)

Proof. For every given x0 ∈ D, the solution x(k), k ∈ Ix0 , to (2.108)

is well defined. With η(k)
�
= V (x(k)), k ∈ Ix0 , it follows from (2.109) that

η(k + 1) ≤≤ w(η(k), x(k)), k ∈ Ix0 . (2.113)

Moreover, if {k0, . . . , k0 + τ} ⊆ Ix0 ∩ Iz0, x0 , then it follows from Theorem
2.8 with y(k) ≡ x(k), that V (x0) = η(k0) ≤≤ z0 implies

V (x(k)) = η(k) ≤≤ z(k), k ∈ {k0, . . . , k0 + τ}, (2.114)

which establishes the result.

Note that if the solutions to (2.108) and (2.110) are globally defined
for all x0 ∈ D and z0 ∈ Q, then the result of Corollary 2.5 holds for every
k ≥ k0. For the remainder of this section we assume that the solutions to
the systems (2.108) and (2.110) are defined for all k ≥ k0. Furthermore,
consider the cascade discrete-time nonlinear dynamical system given by

z(k + 1)=w(z(k), x(k)), z(k0) = z0, k ≥ k0, (2.115)

x(k + 1)= f(x(k)), x(k0) = x0, (2.116)

where z0 ∈ Q ∩ R
q
+, 0 ∈ Q, x0 ∈ D, [zT(k), xT(k)]T, k ≥ k0, is the solution

to (2.115), (2.116), w : Q× D → R
q is continuous, w(·, x) ∈ Wd, w(0, x) =

0, x ∈ D, f : D → R
n, and f(0) = 0. Note that since w(·, x) ∈ Wd and

w(0, x) = 0, x ∈ D, then for every x ∈ D and z ∈ Q ∩ R
q
+ it follows that

w(z, x) ≥≥ 0, which implies that for every x0 ∈ D and z0 ∈ Q ∩ R
q
+ the

solution z(k), k ≥ k0, remains in R
q
+.

The following definition involving the notion of partial stability for
discrete-time systems is needed for the next result.

Definition 2.10. i) The nonlinear dynamical system (2.115) and (2.116)
is Lyapunov stable with respect to z if, for every ε > 0 and x0 ∈ D, there
exists δ = δ(ε, x0) > 0 such that ‖z0‖ < δ implies that ‖z(k)‖ < ε for all
k ∈ Z+.

ii) The nonlinear dynamical system (2.115) and (2.116) is Lyapunov
stable with respect to z uniformly in x0 if, for every ε > 0, there exists
δ = δ(ε) > 0 such that ‖z0‖ < δ implies that ‖z(k)‖ < ε for all k ∈ Z+ and
for all x0 ∈ D.



STABILITY THEORY VIA VECTOR LYAPUNOV FUNCTIONS 39

iii) The nonlinear dynamical system (2.115) and (2.116) is asymptot-
ically stable with respect to z if it is Lyapunov stable with respect to z and,
for every x0 ∈ D, there exists δ = δ(x0) > 0 such that ‖z0‖ < δ implies that
limk→∞ ‖z(k)‖ = 0.

iv) The nonlinear dynamical system (2.115) and (2.116) is asymptot-
ically stable with respect to z uniformly in x0 if it is Lyapunov stable with
respect to z uniformly in x0 and there exists δ > 0 such that ‖z0‖ < δ
implies that limk→∞ ‖z(k)‖ = 0 uniformly in z0 and x0 for all x0 ∈ D.

v) The nonlinear dynamical system (2.115) and (2.116) is globally
asymptotically stable with respect to z if it is Lyapunov stable with respect
to z and limk→∞ ‖z(k)‖ = 0 for all z0 ∈ R

q and x0 ∈ R
n.

vi) The nonlinear dynamical system (2.115) and (2.116) is globally
asymptotically stable with respect to z uniformly in x0 if it is Lyapunov
stable with respect to z uniformly in x0 and limk→∞ ‖z(k)‖ = 0 uniformly
in z0 and x0 for all z0 ∈ R

q and x0 ∈ R
n.

vii) The nonlinear dynamical system (2.115) and (2.116) is geometri-
cally stable with respect to z uniformly in x0 if there exist scalars α, β > 1,
and δ > 0 such that ‖z0‖ < δ implies that ‖z(k)‖ ≤ α‖z0‖β−k, k ∈ Z+, for
all x0 ∈ D.

viii) The nonlinear dynamical system (2.115) and (2.116) is globally
geometrically stable with respect to z uniformly in x0 if there exist scalars
α, β > 1 such that ‖z(k)‖ ≤ α‖z0‖β−k, k ∈ Z+, for all z0 ∈ R

q and x0 ∈ R
n.

Theorem 2.9. Consider the discrete-time nonlinear dynamical system
(2.108). Assume that there exist a continuous function V : D → Q ∩ R

q
+ and

a positive vector p ∈ R
q
+ such that V (0) = 0, the scalar function v : D → R+

defined by v(x) � pTV (x), x ∈ D, is such that v(0) = 0, v(x) > 0, x �= 0,
and

V (x(k + 1)) ≤≤ w(V (x(k)), x(k)), x0 ∈ D, k ≥ k0, (2.117)

where w : Q×D → R
q is continuous, w(·, x) ∈ Wd, and w(0, x) = 0, x ∈ D.

Then the following statements hold:

i) If the system (2.115) and (2.116) is Lyapunov stable with respect to z
uniformly in x0, then the zero solution x(k) ≡ 0 to (2.108) is Lyapunov
stable.

ii) If the system (2.115) and (2.116) is asymptotically stable with respect
to z uniformly in x0, then the zero solution x(k) ≡ 0 to (2.108) is
asymptotically stable.

iii) If D = R
n, Q = R

q, v : Rn → R+ is positive definite and radially
unbounded, and the system (2.115) and (2.116) is globally asymptot-
ically stable with respect to z uniformly in x0, then the zero solution
x(k) ≡ 0 to (2.108) is globally asymptotically stable.
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iv) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v : D → R+

satisfies

α‖x‖ν ≤ v(x) ≤ β‖x‖ν , x ∈ D, (2.118)

and the system (2.115) and (2.116) is geometrically stable with respect
to z uniformly in x0, then the zero solution x(k) ≡ 0 to (2.108) is
geometrically stable.

v) If D = R
n, Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0
such that v : D → R+ satisfies (2.118), and the system (2.115) and
(2.116) is globally geometrically stable with respect to z uniformly in
x0, then the zero solution x(k) ≡ 0 to (2.108) is globally geometrically
stable.

Proof. Assume there exist a continuous function V : D → Q ∩ R
q
+

and a positive vector p ∈ R
q
+ such that v(x) = pTV (x), x ∈ D, is positive

definite, that is, v(0) = 0, v(x) > 0, x �= 0. Note that v(x) = pTV (x) ≤
maxi=1,...,q{pi}eTV (x), x ∈ D, and hence, the function eTV (x), x ∈ D,
is also positive definite. Thus, there exist r > 0 and class K functions
α, β : [0, r] → R+ such that Br(0) ⊂ D and

α(‖x‖) ≤ eTV (x) ≤ β(‖x‖), x ∈ Br(0). (2.119)

i) Let ε > 0 and choose 0 < ε̂ < min{ε, r}. It follows from uniform
Lyapunov stability of (2.115) and (2.116) with respect to z that there exists
μ = μ(ε̂) = μ(ε) > 0 such that if ‖z0‖1 < μ and z0 ∈ R

q
+, then ‖z(k)‖1 <

α(ε̂) and z(k) ∈ R
q
+, k ≥ k0, for every x0 ∈ D. Now, choose z0 = V (x0) ≥≥

0, x0 ∈ D. Since V (x), x ∈ D, is continuous, then the function eTV (x), x ∈
D, is also continuous. Hence, for μ = μ(ε̂) > 0 there exists δ = δ(μ(ε̂)) =
δ(ε) > 0 such that δ < ε̂ and if ‖x0‖ < δ, then eTV (x0) = eTz0 < μ,
which implies that eTz(k) = ‖z(k)‖1 < α(ε̂), k ≥ k0. In addition, it follows
from (2.117) and Corollary 2.5 that V (x(k)) ≤≤ z(k), k ≥ k0. Thus, using
(2.119), if ‖x0‖ < δ, then

α(‖x(k)‖) ≤ eTV (x(k)) ≤ eTz(k) < α(ε̂), k ≥ k0, (2.120)

which implies ‖x(k)‖ < ε̂ < ε, k ≥ k0. Hence, for a given ε > 0 there exists
δ = δ(ε) > 0 such that for all x0 ∈ Bδ(0), ‖x(k)‖ < ε, k ≥ k0, which implies
Lyapunov stability of the zero solution x(k) ≡ 0 to (2.108).

ii) It follows from i) and the uniform asymptotic stability of (2.115)
and (2.116) with respect to z that the zero solution to (2.108) is Lyapunov
stable and there exists μ > 0 such that if ‖z0‖1 < μ and z0 ∈ R

q
+, then

limk→∞ z(k) = 0 for every x0 ∈ D. As in i), choose z0 = V (x0) ≥≥ 0, x0 ∈
D. It follows from Lyapunov stability of the zero solution to (2.108) and
the continuity of V : D → Q ∩ R

q
+ that there exists δ = δ(μ) > 0 such that



STABILITY THEORY VIA VECTOR LYAPUNOV FUNCTIONS 41

if ‖x0‖ < δ, then ‖x(k)‖ < r, k ≥ k0, and eTV (x0) = eTz0 = ‖z0‖1 < μ.
Thus, by uniform asymptotic stability of (2.115) and (2.116) with respect to
z, for any arbitrary ε > 0 there exists K = K(ε) > k0 such that eTz(k) =
‖z(k)‖1 < α(ε), k ≥ K. Thus, it follows from (2.117) and Corollary 2.5 that
V (x(k)) ≤≤ z(k), k ≥ K, and hence, by (2.119),

α(‖x(k)‖) ≤ eTV (x(k)) ≤ eTz(k) < α(ε), k ≥ K. (2.121)

Hence, there exists δ > 0 such that for all x0 ∈ Bδ(0), limk→∞ x(k) = 0,
which, along with Lyapunov stability, implies asymptotic stability of the
zero solution x(k) ≡ 0 to (2.108).

iii) Suppose D = R
n, Q = R

q, v : Rn → R+ is a positive-definite,
radially unbounded function, and the system (2.115) and (2.116) is globally
asymptotically stable with respect to z uniformly in x0. In this case for
V : Rn → R

q
+ the inequality (2.119) holds for all x ∈ R

n where the functions

α, β : R+ → R+ are of class K∞. Furthermore, Lyapunov stability of the
zero solution x(k) ≡ 0 to (2.108) follows from i). Next, for every x0 ∈ R

n

and z0 = V (x0) ∈ R
q
+ the identical arguments as in ii) can be used to show

that limk→∞ x(k) = 0, which proves global asymptotic stability of the zero
solution x(k) ≡ 0 to (2.108).

iv) Suppose (2.118) holds. Since p ∈ R
q
+, then

α̂‖x‖ν ≤ eTV (x) ≤ β̂‖x‖ν , x ∈ D, (2.122)

where α̂ � α/maxi=1,...,q{pi} and β̂ � β/mini=1,...,q{pi}. It follows from the
geometric stability of (2.115) and (2.116) with respect to z uniformly in x0
that there exist positive constants γ, μ, and η > 1 such that if ‖z0‖1 < μ
and z0 ∈ R

q
+, then z(k) ∈ R

q
+, k ≥ k0, and

‖z(k)‖1 ≤ γ‖z0‖1η−(k−k0), k ≥ k0, (2.123)

for all x0 ∈ D. Choose z0 = V (x0) ≥≥ 0, x0 ∈ D. By continuity of
V : D → Q ∩ R

q
+, there exists δ = δ(μ) > 0 such that for all x0 ∈ Bδ(0),

eTV (x0) = eTz0 = ‖z0‖1 < μ. Furthermore, it follows from (2.122), (2.123),
and Corollary 2.5 that for all x0 ∈ Bδ(0),

α̂‖x(k)‖ν ≤ eTV (x(k))

≤ eTz(k)

≤ γ‖z0‖1η−(k−k0)

≤ γβ̂‖x0‖νη−(k−k0), k ≥ k0. (2.124)

This in turn implies that for every x0 ∈ Bδ(0),

‖x(k)‖ ≤
(γβ̂
α̂

) 1
ν ‖x0‖η−

k−k0
ν , k ≥ k0, (2.125)

which establishes geometric stability of the zero solution x(k) ≡ 0 to (2.108).
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v) The proof is identical to the proof of iv).

If V : D → Q ∩ R
q
+ satisfies the conditions of Theorem 2.9 we say that

V (x), x ∈ D is a (discrete-time) vector Lyapunov function. Note that for
stability analysis each component of a vector Lyapunov function need not be
positive definite, nor does it need to have a negative-definite time difference
along the trajectories of (2.115) and (2.116). This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of discrete-time nonlinear dynamical
systems. The following corollary to Theorem 2.9 is immediate.

Corollary 2.6. Consider the discrete-time nonlinear dynamical system
(2.108). Assume that there exist a continuous function V : D → Q ∩ R

q
+ and

a positive vector p ∈ R
q
+ such that V (0) = 0, the scalar function v : D → R+

defined by v(x) = pTV (x), x ∈ D, is such that v(0) = 0, v(x) > 0, x �= 0,
and

V (f(x)) ≤≤ w(V (x)), x ∈ D, (2.126)

where w : Q → R
q is continuous, w(·) ∈ Wd, and w(0) = 0. Then the

stability properties of the zero solution z(k) ≡ 0 to

z(k + 1) = w(z(k)), z(k0) = z0, k ≥ k0, (2.127)

where z0 ∈ Q ∩ R
q
+, imply the corresponding stability properties of the zero

solution x(k) ≡ 0 to (2.108). In particular, if the zero solution z(k) ≡ 0 to
(2.127) is Lyapunov (respectively, asymptotically) stable, then the zero so-
lution x(k) ≡ 0 to (2.108) is Lyapunov (respectively, asymptotically) stable.
If, in addition, D = R

n, Q = R
q, and v : Rn → R+ is a positive-definite,

radially unbounded function, then global asymptotic stability of the zero
solution z(k) ≡ 0 to (2.127) implies global asymptotic stability of the zero
solution x(k) ≡ 0 to (2.108). Moreover, if there exist constants ν ≥ 1, α > 0,
and β > 0 such that v : D → R+ satisfies (2.118), then geometric stability of
the zero solution z(k) ≡ 0 to (2.127) implies geometric stability of the zero
solution x(k) ≡ 0 to (2.108). Finally, if D = R

n, Q = R
q, there exist con-

stants ν ≥ 1, α > 0, and β > 0 such that v : D → R+ satisfies (2.118), then
global geometric stability of the zero solution z(k) ≡ 0 to (2.127) implies
global geometric stability of the zero solution x(k) ≡ 0 to (2.108).

Proof. The proof is a direct consequence of Theorem 2.9 with w(z, x) ≡
w(z).

Finally, we provide a time-varying extension of Corollary 2.6. In par-
ticular, we consider the discrete-time nonlinear time-varying dynamical sys-
tem

x(k + 1) = f(k, x(k)), x(k0) = x0, k ≥ k0, (2.128)
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where x(k) ∈ D ⊆ R
n, 0 ∈ D, f : {k0, . . . , k1} × D → R

n is such that f(·, ·)
is continuous in k and x, and for every k ∈ {k0, . . . , k1}, f(k, 0) = 0.

Theorem 2.10. Consider the discrete-time nonlinear time-varying dy-
namical system (2.128). Assume that there exist a continuous vector func-
tion V : Z+ × D → Q ∩ R

q
+, a positive vector p ∈ R

q
+, and class K func-

tions α, β : [0, r] → R+ such that V (k, 0) = 0, k ∈ Z+, the scalar function

v : Z+ × D → R+ defined by v(k, x)
�
= pTV (k, x), (k, x) ∈ Z+ × D, is such

that

α(‖x‖) ≤ v(k, x) ≤ β(‖x‖), (k, x) ∈ Z+ × Br(0), Br(0) ⊆ D, (2.129)

and

V (k + 1, x(k + 1)) ≤≤ w(k, V (k, x(k))), x0 ∈ D, k ≥ k0, (2.130)

where w : Z+ × Q → R
q is continuous, w(k, ·) ∈ Wd, and w(k, 0) = 0, k ∈

Z+. Then the stability properties of the zero solution z(k) ≡ 0 to

z(k + 1) = w(k, z(k)), z(k0) = z0, k ≥ k0, (2.131)

where z0 ∈ Q ∩ R
q
+, imply the corresponding stability properties of the zero

solution x(k) ≡ 0 to (2.128). In particular, if the zero solution z(k) ≡ 0
to (2.131) is uniformly Lyapunov (respectively, uniformly asymptotically)
stable, then the zero solution x(k) ≡ 0 to (2.128) is uniformly Lyapunov
(respectively, uniformly asymptotically) stable. If, in addition, D = R

n, Q =
R
q, and α(·), β(·) are class K∞ functions, then global uniform asymptotic

stability of the zero solution z(k) ≡ 0 to (2.131) implies global uniform
asymptotic stability of the zero solution x(k) ≡ 0 to (2.128). Moreover, if
there exist constants ν ≥ 1, α > 0, and β > 0 such that v : Z+ × D → R+

satisfies

α‖x‖ν ≤ v(k, x) ≤ β‖x‖ν , (k, x) ∈ Z+ ×D, (2.132)

then geometric stability of the zero solution z(k) ≡ 0 to (2.131) implies
geometric stability of the zero solution x(k) ≡ 0 to (2.128). Finally, if
D = R

n, Q = R
q, there exist constants ν ≥ 1, α > 0, and β > 0 such that

v : Z+ × R
n → R+ satisfies (2.132), then global geometric stability of the

zero solution z(k) ≡ 0 to (2.131) implies global geometric stability of the
zero solution x(k) ≡ 0 to (2.128).

Proof. The proof is similar to the proof of Theorem 2.9 and is left as
an exercise for the reader.





Chapter Three

Large-Scale Continuous-Time
Interconnected Dynamical Systems

3.1 Introduction

In this chapter, we develop vector dissipativity notions for large-scale nonlin-
ear dynamical systems, a notion not previously considered in the literature.
In particular, we introduce a generalized definition of dissipativity for large-
scale nonlinear dynamical systems in terms of a vector dissipation inequality
involving a vector supply rate, a vector storage function, and an essentially
nonnegative, semistable dissipation matrix. The vector dissipation inequal-
ity reflects the fact that some of the supplied generalized energy of the large-
scale system is stored, and some is dissipated. The dissipated generalized
energy is nonnegative and is given by the difference of what is supplied and
what is stored. Generalized notions of vector available storage and vector re-
quired supply are also defined and shown to be element-by-element ordered,
nonnegative, and finite. On the subsystem level, the proposed approach
provides an energy flow balance in terms of the stored subsystem energy,
the supplied subsystem energy, the subsystem energy gained from all other
subsystems independent of the subsystem coupling strengths, and the sub-
system energy dissipated. Furthermore, for large-scale dynamical systems
decomposed into interconnected subsystems, dissipativity of the composite
system is shown to be determined from the dissipativity properties of the
individual subsystems and the nature of the system interconnections.

In addition, we develop extended Kalman-Yakubovich-Popov condi-
tions, in terms of the local subsystem dynamics and the interconnection
constraints, for characterizing vector dissipativeness via vector storage func-
tions for large-scale dynamical systems. Finally, using the concepts of vec-
tor dissipativity and vector storage functions as candidate vector Lyapunov
functions, we develop feedback interconnection stability results for large-
scale nonlinear dynamical systems. Specifically, by appropriately combining
vector storage functions and vector supply rates, general stability criteria are
given for Lyapunov and asymptotic stability of feedback interconnections of
large-scale dynamical systems. In the case of vector quadratic supply rates
involving net subsystem powers and input-output subsystem energies, these
results provide a generalization to the positivity and small gain theorems
for large-scale systems predicated on vector Lyapunov functions.
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3.2 Vector Dissipativity Theory for Large-Scale Nonlinear

Dynamical Systems

In this section, we extend the notion of dissipative dynamical systems to
develop the generalized notion of vector dissipativity for large-scale non-
linear dynamical systems. First, however, we recall the standard notions
of dissipativity [70, 170] and exponential dissipativity [42, 70] for nonlinear
dynamical systems G of the form

ẋ(t)= f(x(t)) +G(x(t))u(t), x(t0) = x0, t ≥ t0, (3.1)

y(t)=h(x(t)) + J(x(t))u(t), (3.2)

where x ∈ D ⊆ R
n, u ∈ U ⊆ R

m, y ∈ Y ⊆ R
l, f : D → R

n and satisfies
f(0) = 0, G : D → R

n×m, h : D → R
l and satisfies h(0) = 0, and J : D →

R
l×m.

For the dynamical system G given by (3.1) and (3.2) defined on the
state space R

n, let U and Y define input and output spaces, respectively,
consisting of continuous bounded U -valued and Y -valued functions on the
semi-infinite interval [0,∞). The set U ⊆ R

m contains the set of input
values, that is, for every u(·) ∈ U and t ∈ [0,∞), u(t) ∈ U . The set Y ⊆ R

l

contains the set of output values, that is, for every y(·) ∈ Y and t ∈ [0,∞),
y(t) ∈ Y . The spaces U and Y are assumed to be closed under the shift
operator, that is, if u(·) ∈ U (respectively, y(·) ∈ Y), then the function

defined by uT
�
= u(t + T ) (respectively, yT

�
= y(t + T )) is contained in U

(respectively, Y) for all T ≥ 0. A similar notation also holds for discrete-time
systems discussed in later chapters.

For the nonlinear dynamical system G we assume that the required
properties for the existence and uniqueness of solutions are satisfied; that
is, u(·) satisfies sufficient regularity conditions such that (3.1) has a unique
solution forward in time. For the nonlinear dynamical system G given by
(3.1) and (3.2) a function s : U × Y → R such that s(0, 0) = 0 is called
a supply rate [70, 170] if it is locally integrable for all input-output pairs
satisfying (3.1) and (3.2); that is, for all input-output pairs u(·) ∈ U and

y(·) ∈ Y satisfying (3.1) and (3.2), s(·, ·) satisfies
∫ t2
t1

|s(u(σ), y(σ))|dσ <
∞, t2 ≥ t1 ≥ t0.

Definition 3.1 ([70]). The nonlinear dynamical system G given by (3.1)
and (3.2) is exponentially dissipative (respectively, dissipative) with respect
to the supply rate s(u, y) if there exist a continuous nonnegative definite
function vs : R

n → R+, called a storage function, and a scalar ε > 0 (respec-
tively, ε = 0) such that vs(0) = 0 and the dissipation inequality

eεt2vs(x(t2)) ≤ eεt1vs(x(t1)) +

∫ t2

t1

eεts(u(t), y(t))dt, t2 ≥ t1, (3.3)
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is satisfied for all t1, t2 ≥ t0, where x(t), t ≥ t1, is the solution of (3.1) with
u(·) ∈ U . The nonlinear dynamical system G given by (3.1) and (3.2) is
lossless with respect to the supply rate s(u, y) if the dissipation inequality is
satisfied as an equality with ε = 0 for all t2 ≥ t1 ≥ t0 and all u(·) ∈ U .

If vs(·) is continuously differentiable, then an equivalent statement
for exponential dissipativity (respectively, dissipativity) of the dynamical
system (3.1) and (3.2) is

v̇s(x(t)) + εvs(x(t)) ≤ s(u(t), y(t)), t ≥ t0, u(·) ∈ U , y(·) ∈ Y, (3.4)

where ε > 0 (respectively, ε = 0) and v̇s(x(t)) denotes the total derivative
of vs(x) along the state trajectories x(t), t ≥ t0, of (3.1).

Next, to develop vector dissipativity theory, consider large-scale non-
linear dynamical systems G of the form

ẋ(t)=F (x(t), u(t)), x(t0) = x0, t ≥ t0, (3.5)

y(t)=H(x(t), u(t)), (3.6)

where x ∈ D ⊆ R
n, u ∈ U ⊆ R

m, y ∈ Y ⊆ R
l, F : D × U → R

n,
H : D × U → Y , D is an open set with 0 ∈ D, and F (0, 0) = 0. Here,
we assume that G represents a large-scale dynamical system composed of q
interconnected controlled subsystems Gi so that, for all i = 1, . . . , q,

Fi(x, ui)= fi(xi) + Ii(x) +Gi(xi)ui, (3.7)

Hi(xi, ui)=hi(xi) + Ji(xi)ui, (3.8)

where xi ∈ Di ⊆ R
ni , ui ∈ Ui ⊆ R

mi , yi � Hi(xi, ui) ∈ Yi ⊆ R
li ,

(ui(·), yi(·)) ∈ Ui×Yi is the input-output pair for the ith subsystem, where Ui

and Yi denote the ith subsystem input and output spaces, fi : R
ni → R

ni and
Ii : D → R

ni are Lipschitz continuous and satisfy fi(0) = 0 and Ii(0) = 0,
Gi : Rni → R

ni×mi is continuous, hi : Rni → R
li and satisfies hi(0) = 0,

Ji : R
ni → R

li×mi ,
∑q

i=1 ni = n,
∑q

i=1mi = m, and
∑q

i=1 li = l.
Furthermore, for the system G we assume that the required properties

for the existence and uniqueness of solutions are satisfied; that is, for every
i ∈ {1, . . . , q}, ui(·) satisfies sufficient regularity conditions such that the
system (3.5) has a unique solution forward in time. We define the composite
input and composite output for the large-scale system G as u � [uT1 , . . . , u

T
q ]

T

and y � [yT1 , . . . , y
T
q ]

T, respectively. Note that in this case the set U =
U1×· · ·×Uq contains the set of input values and Y = Y1×· · ·×Yq contains
the set of output values whereas U = U1 × · · · × Uq and Y = Y1 × · · · × Yq

define the input and output spaces for (3.5) and (3.6).

Definition 3.2. For the large-scale nonlinear dynamical system G given
by (3.5) and (3.6) a vector function S = [s1, . . . , sq]

T : U × Y → R
q such

that S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]
T and S(0, 0) = 0 is called a vector
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supply rate if it is componentwise locally integrable for all input-output
pairs satisfying (3.5) and (3.6); that is, for every i ∈ {1, . . . , q} and for all
input-output pairs (ui, yi) ∈ Ui×Yi satisfying (3.5) and (3.6), si(·, ·) satisfies∫ t2
t1

|si(ui(s), yi(s))|ds < ∞, t2 ≥ t1 ≥ t0.

Definition 3.3. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u, y) if there exist a con-
tinuous, nonnegative definite vector function Vs = [vs1, . . . , vsq]

T : D → R
q
+,

called a vector storage function, and an essentially nonnegative dissipation
matrix W ∈ R

q×q such that Vs(0) = 0, W is semistable (respectively, asymp-
totically stable), and the vector dissipation inequality

Vs(x(T )) ≤≤ eW (T−t0)Vs(x(t0)) +

∫ T

t0

eW (T−t)S(u(t), y(t))dt, T ≥ t0,

(3.9)

is satisfied, where x(t), t ≥ t0, is the solution to (3.5) with u(·) ∈ U . The
large-scale nonlinear dynamical system G given by (3.5) and (3.6) is vector
lossless with respect to the vector supply rate S(u, y) if the vector dissipation
inequality is satisfied as an equality with W semistable.

Note that if the subsystems Gi of G are disconnected, that is, Ii(x) ≡ 0
for all i = 1, . . . , q, and −W ∈ R

q×q is diagonal and nonnegative definite,
then it follows from Definition 3.3 that each of disconnected subsystems Gi is
dissipative (respectively, exponentially dissipative) in the sense of Definition
3.1. A similar remark holds in the case where q = 1.

Next, define the vector available storage of the large-scale nonlinear
dynamical system G by

Va(x0) � sup
T≥t0, u(·)

[
−
∫ T

t0

e−W (t−t0)S(u(t), y(t))dt

]
, (3.10)

where x(t), t ≥ t0, is the solution to (3.5) with x(t0) = x0 and admissible
inputs u ∈ U . The supremum in (3.10) is taken over all admissible inputs
u(·), all time t ≥ t0, and all system trajectories with initial value x(t0) =
x0 and terminal value left free. In addition, the supremum in (3.10) is
taken componentwise, which implies that for each component of Va(·) the
supremum is calculated separately. Note that Va(x0) ≥≥ 0, x0 ∈ D, since
Va(x0) is the supremum over a set of vectors containing the zero vector
(T = t0).

To state the main results of this section the following definition is
required.

Definition 3.4. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is completely reachable if for all x0 ∈ D ⊆ R

n there exist
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a finite time ti < t0 and a square integrable input u(·) defined on [ti, t0] such
that the state x(t), t ≥ ti, can be driven from x(ti) = 0 to x(t0) = x0. A
large-scale nonlinear dynamical system G is zero-state observable if u(t) ≡ 0
and y(t) ≡ 0 imply x(t) ≡ 0.

Theorem 3.1. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6), and assume that G is completely reachable. LetW ∈
R
q×q be essentially nonnegative and semistable (respectively, asymptotically

stable). Then∫ T

t0

e−W (t−t0)S(u(t), y(t))dt ≥≥ 0, T ≥ t0, u ∈ U , (3.11)

for x(t0) = 0 if and only if Va(0) = 0 and Va(x) is finite for all x ∈ D.
Moreover, if (3.11) holds, then Va(x), x ∈ D, is a vector storage function
for G, and hence, G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u, y).

Proof. Suppose Va(0) = 0 and Va(x), x ∈ D, is finite. Then

0 = Va(0) = sup
T≥t0, u(·)

[
−
∫ T

t0

e−W (t−t0)S(u(t), y(t))dt

]
, (3.12)

which implies (3.11).
Next, suppose (3.11) holds. Then, for x(t0) = 0,

sup
T≥t0, u(·)

[
−
∫ T

t0

e−W (t−t0)S(u(t), y(t))dt

]
≤≤ 0, (3.13)

which implies that Va(0) ≤≤ 0. However, since Va(x0) ≥≥ 0, x0 ∈ D, it
follows that Va(0) = 0. Moreover, since G is completely reachable it follows
that for every x0 ∈ D there exist t̂ > t0 and an admissible input u(·) defined
on [t0, t̂] such that x(t̂) = x0. Now, since (3.11) holds for x(t0) = 0 it follows
that for all admissible u(·) ∈ U ,∫ T

t0

e−W (t−t0)S(u(t), y(t))dt ≥≥ 0, T ≥ t̂, (3.14)

or, equivalently, multiplying (3.14) by the nonnegative matrix eW (t̂−t0), t̂ ≥
t0, yields

−
∫ T

t̂
e−W (t−t̂)S(u(t), y(t))dt≤≤

∫ t̂

t0

e−W (t−t̂)S(u(t), y(t))dt

≤≤Q(x0)

<<∞, T ≥ t̂, u ∈ U , (3.15)



50 CHAPTER 3

where Q : D → R
q. Hence,

Va(x0)= sup
T≥t̂, u(·)

[
−
∫ T

t̂
e−W (t−t̂)S(u(t), y(t))dt

]
≤≤ Q(x0) << ∞,

x0 ∈ D, (3.16)

which implies that Va(x0), x0 ∈ D, is finite.
Finally, since (3.11) implies that Va(0) = 0 and Va(x), x ∈ D, is finite

it follows from the definition of the vector available storage that

−Va(x0)≤≤
∫ T

t0

e−W (t−t0)S(u(t), y(t))dt

=

∫ tf

t0

e−W (t−t0)S(u(t), y(t))dt

+

∫ T

tf

e−W (t−t0)S(u(t), y(t))dt, T ≥ t0. (3.17)

Now, multiplying (3.17) by the nonnegative matrix eW (tf−t0), tf ≥ t0, it
follows that

eW (tf−t0)Va(x0)+

∫ tf

t0

eW (tf−t)S(u(t), y(t))dt

≥≥ sup
T≥tf , u(·)

[
−
∫ T

tf

e−W (t−tf )S(u(t), y(t))dt

]
= Va(x(tf)), (3.18)

which implies that Va(x), x ∈ D, is a vector storage function, and hence,
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u, y).

It follows from Lemma 2.1 that if W ∈ R
q×q is essentially nonnegative

and semistable (respectively, asymptotically stable), then there exist a scalar
α ≥ 0 (respectively, α > 0) and a nonnegative vector p ∈ R

q
+, p �= 0,

(respectively, p ∈ R
q
+) such that (2.4) holds. In this case,

pTeWt= pT[Iq +Wt+ 1
2W

2t2 + · · ·]
= pT[Iq − αtIq +

1
2α

2t2Iq + · · ·]
= e−αtpT, t ∈ R. (3.19)

Using (3.19), we define the (scalar) available storage for the large-scale non-
linear dynamical system G by

va(x0)� sup
T≥t0, u(·)

[
−
∫ T

t0

pTe−W (t−t0)S(u(t), y(t))dt

]
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= sup
T≥t0, u(·)

[
−
∫ T

t0

eα(t−t0)s(u(t), y(t))dt

]
, (3.20)

where s : U × Y → R defined as s(u, y) � pTS(u, y) is the (scalar) supply
rate for the large-scale nonlinear dynamical system G. Clearly, va(x) ≥ 0
for all x ∈ D. As in standard dissipativity theory, the available storage
va(x), x ∈ D, denotes the maximum amount of (scaled) energy that can be
extracted from the large-scale nonlinear dynamical system G at any finite
time T .

The following theorem relates vector storage functions and vector sup-
ply rates to scalar storage functions and scalar supply rates of large-scale
dynamical systems.

Theorem 3.2. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector supply rate S :
U × Y → R

q and with vector storage function Vs : D → R
q
+. Then there

exists p ∈ R
q
+, p �= 0, (respectively, p ∈ R

q
+) such that G is dissipative

(respectively, exponentially dissipative) with respect to the scalar supply
rate s(u, y) = pTS(u, y) and with storage function vs(x) � pTVs(x), x ∈ D.
Moreover, in this case va(x), x ∈ D, is a storage function for G and

0 ≤ va(x) ≤ vs(x), x ∈ D. (3.21)

Proof. Suppose G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector supply rate S(u, y). Then
there exist an essentially nonnegative, semistable (respectively, asymptoti-
cally stable) dissipation matrixW and a vector storage function Vs : D → R

q
+

such that the dissipation inequality (3.9) holds. Furthermore, it follows from
Lemma 2.1 that there exist α ≥ 0 (respectively, α > 0) and a nonzero vector
p ∈ R

q
+ (respectively, p ∈ R

q
+) satisfying (2.4). Hence, premultiplying (3.9)

by pT and using (3.19) it follows that

eαT vs(x(T )) ≤ eαt0vs(x(t0)) +

∫ T

t0

eαts(u(t), y(t))dt, T ≥ t0, u ∈ U ,

(3.22)

where vs(x) = pTVs(x), x ∈ D, which implies dissipativity (respectively,
exponential dissipativity) of G with respect to the supply rate s(u, y) and
with storage function vs(x), x ∈ D.

Moreover, since vs(0) = 0, it follows from (3.22) that for x(t0) = 0,

∫ T

t0

eα(t−t0)s(u(t), y(t))dt ≥ 0, T ≥ t0, u ∈ U , (3.23)
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which, using (3.20), implies that va(0) = 0. Now, it can be easily shown
that va(x), x ∈ D, satisfies (3.22), and hence, the available storage defined
by (3.20) is a storage function for G.

Finally, it follows from (3.22) that

vs(x(t0))≥ eα(T−t0)vs(x(T ))−
∫ T

t0

eα(t−t0)s(u(t), y(t))dt

≥−
∫ T

t0

eα(t−t0)s(u(t), y(t))dt, T ≥ t0, u ∈ U , (3.24)

which implies

vs(x(t0)) ≥ sup
T≥t0, u(·)

[
−
∫ T

t0

eα(t−t0)s(u(t), y(t))dt

]
= va(x(t0)), (3.25)

and hence, (3.21) holds.

It follows from Theorem 3.1 that if (3.11) holds for x(t0) = 0, then the
vector available storage Va(x), x ∈ D, is a vector storage function for G. In
this case, it follows from Theorem 3.2 that there exists p ∈ R

q
+, p �= 0, such

that vs(x) � pTVa(x) is a storage function for G that satisfies (3.22), and
hence, by (3.21), va(x) ≤ pTVa(x), x ∈ D. It is important to note that it
follows from Theorem 3.2 that if G is vector dissipative, then G can either
be (scalar) dissipative or (scalar) exponentially dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions,
that is, vs(x) = pTVs(x), of a given vector dissipative large-scale nonlinear
dynamical system are positive definite.

Theorem 3.3. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6) and assume that G is zero-state observable. Further-
more, assume that G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u, y) and there exist
α ≥ 0 and p ∈ R

q
+ such that (2.4) holds. In addition, assume that there exist

functions κi : Yi → Ui such that κi(0) = 0 and Si(κi(yi), yi) < 0, yi �= 0, for
all i = 1, . . . , q. Then for all vector storage functions Vs : D → R

q
+ the stor-

age function vs(x) � pTVs(x), x ∈ D, is positive definite, that is, vs(0) = 0
and vs(x) > 0, x ∈ D, x �= 0.

Proof. It follows from Theorem 3.2 that va(x), x ∈ D, is a storage
function for G that satisfies (3.22). Next, suppose, ad absurdum, that there
exists x ∈ D such that va(x) = 0, x �= 0. Then it follows from the definition
of va(x), x ∈ D, that for x(t0) = x,∫ T

t0

eα(t−t0)s(u(t), y(t))dt ≥ 0, T ≥ t0, u ∈ U . (3.26)
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However, for ui = ki(yi) we have si(κi(yi), yi) < 0, yi �= 0, for all i = 1, . . . , q
and since p >> 0 it follows that yi(t) = 0, t ≥ t0, i = 1, . . . , q, which further
implies that ui(t) = 0, t ≥ t0, i = 1, . . . , q. Since G is zero-state observable
it follows that x = 0, and hence, va(x) = 0 if and only if x = 0. The result
now follows from (3.21).

Finally, for the exponentially vector dissipative case it follows from
Lemma 2.1 that p >> 0, with the rest of the proof identical to that given
above.

Next, we introduce the concept of vector required supply of a large-
scale nonlinear dynamical system. Specifically, define the vector required
supply of the large-scale dynamical system G by

Vr(x0) � inf
T≥−t0, u(·)

∫ t0

−T
e−W (t−t0)S(u(t), y(t))dt, (3.27)

where x(t), t ≥ −T , is the solution to (3.5) with x(−T ) = 0 and x(t0) = x0.
The infimum in (3.27) is taken over all system trajectories starting from
x(−T ) = 0 at time t = −T and ending at x(t0) = x0 at time t = t0, and all
times t ≥ t0 or, equivalently, over all admissible inputs u(·) which drive the
dynamical system G from the origin to x0 over the time interval [−T, t0].
If the system is not reachable from the origin, then we define Vr(x0) = ∞.
Note that since, with x(t0) = 0, the infimum in (3.27) is the zero vector, it
follows that Vr(0) = 0. Moreover, since G is completely reachable it follows
that Vr(x) << ∞, x ∈ D. Using the notion of the vector required supply we
present necessary and sufficient conditions for dissipativity of a large-scale
dynamical system with respect to a vector supply rate.

Theorem 3.4. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6), and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector supply rate S(u, y) if and only if

0 ≤≤ Vr(x) << ∞, x ∈ D. (3.28)

Moreover, if (3.28) holds, then Vr(x), x ∈ D, is a vector storage function for
G. Finally, if the vector available storage Va(x), x ∈ D, is a vector storage
function for G, then

0 ≤≤ Va(x) ≤≤ Vr(x) << ∞, x ∈ D. (3.29)

Proof. Suppose (3.28) holds and let x(t), t ∈ R, satisfy (3.5) with ad-
missible inputs u(·) ∈ U and x(t0) = x0. Then it follows from the definition
of Vr(·) that for −T ≤ tf ≤ t0 and u(·) ∈ U ,

Vr(x0)≤≤
∫ t0

−T
e−W (t−t0)S(u(t), y(t))dt
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=

∫ tf

−T
e−W (t−t0)S(u(t), y(t))dt

+

∫ t0

tf

e−W (t−t0)S(u(t), y(t))dt, (3.30)

and hence,

Vr(x0)≤≤ eW (t0−tf) inf
T≥−tf , u(·)

[∫ tf

−T
e−W (t−tf )S(u(t), y(t))dt

]

+

∫ t0

tf

e−W (t−t0)S(u(t), y(t))dt

= eW (t0−tf)Vr(x(tf)) +

∫ t0

tf

eW (t0−t)S(u(t), y(t))dt, (3.31)

which shows that Vr(x), x ∈ D, is a vector storage function for G, and hence,
G is vector dissipative with respect to the vector supply rate S(u, y).

Conversely, suppose that G is vector dissipative with respect to the
vector supply rate S(u, y). Then there exists a nonnegative vector storage
function Vs(x), x ∈ D, such that Vs(0) = 0. Since G is completely reachable
it follows that for x(t0) = x0 there exist T > −t0 and u(t), t ∈ [−T, t0], such
that x(−T ) = 0. Hence, it follows from the vector dissipation inequality
(3.9) that

0 ≤≤ Vs(x(t0)) ≤≤ eW (t0+T )Vs(x(−T )) +

∫ t0

−T
eW (t0−t)S(u(t), y(t))dt,

(3.32)

which implies that for all T ≥ −t0 and u(·) ∈ U ,

0 ≤≤
∫ t0

−T
eW (t0−t)S(u(t), y(t))dt (3.33)

or, equivalently,

0 ≤≤ inf
T≥−t0, u(·)

∫ t0

−T
eW (t0−t)S(u(t), y(t))dt = Vr(x0). (3.34)

Since, by complete reachability, Vr(x) << ∞, x ∈ D, it follows that (3.28)
holds.

Finally, suppose that Va(x), x ∈ D, is a vector storage function. Then
for x(−T ) = 0, x(t0) = x0, and u(·) ∈ U it follows that

Va(x(t0)) ≤≤ eW (t0+T )Va(x(−T )) +

∫ t0

−T
eW (t0−t)S(u(t), y(t))dt, (3.35)
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which implies that, for all x(t0) = x0 ∈ D,

0 ≤≤ Va(x(t0)) ≤≤ inf
T≥−t0, u(·)

∫ t0

−T
eW (t0−t)S(u(t), y(t))dt = Vr(x(t0)).

(3.36)

Since x(t0) = x0 ∈ D is arbitrary and, by definition, Vr(x) << ∞, x ∈ D,
(3.36) implies (3.29).

The next result is a direct consequence of Theorems 3.1 and 3.4.

Proposition 3.1. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Let M = diag [μ1, . . . , μq] be such that 0 ≤
μi ≤ 1, i = 1, . . . , q. If Va(x), x ∈ D, and Vr(x), x ∈ D, are vector storage
functions for G, then

Vs(x) = MVa(x) + (Iq −M)Vr(x), x ∈ D, (3.37)

is a vector storage function for G.
Proof. Note that M ≥≥ 0 and Iq − M ≥≥ 0 if and only if M =

diag [μ1, . . . , μq] and μi ∈ [0, 1], i = 1, . . . , q. Now, the result is a direct
consequence of the vector dissipation inequality (3.9) by noting that if Va(x)
and Vr(x) satisfy (3.9), then Vs(x) satisfies (3.9).

Next, recall that if G is vector dissipative (respectively, exponentially
vector dissipative), then there exist p ∈ R

q
+, p �= 0, and α ≥ 0 (respectively,

p ∈ R
q
+ and α > 0) such that (2.4) and (3.19) hold. Now, define the (scalar)

required supply for the large-scale nonlinear dynamical system G by

vr(x0)� inf
T≥−t0, u(·)

∫ t0

−T
pTe−W (t−t0)S(u(t), y(t))dt

= inf
T≥−t0, u(·)

∫ t0

−T
eα(t−t0)s(u(t), y(t))dt, x0 ∈ D, (3.38)

where s(u, y) = pTS(u, y) and x(t), t ≥ −T , is the solution to (3.5) with
x(−T ) = 0 and x(t0) = x0. It follows from (3.38) that the required supply
of a large-scale nonlinear dynamical system is the minimum amount of gen-
eralized energy that can be delivered to the large-scale system to transfer
it from a state of minimum storage x(−T ) = 0 to a given state x(t0) = x0.
Using the same arguments as in the case of the vector required supply, it
follows that vr(0) = 0 and vr(x) < ∞, x ∈ D.

Next, using the notion of required supply, we show that all storage
functions of the form vs(x) = pTVs(x), where p ∈ R

q
+, p �= 0, are bounded

from above by the required supply and bounded from below by the available
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storage. Hence, a dissipative large-scale nonlinear dynamical system can de-
liver to its surroundings only a fraction of all of its stored subsystem energies
and can store only a fraction of the work done to all of its subsystems.

Corollary 3.1. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that G is vector dissipative with respect
to a vector supply rate S(u, y) and with vector storage function Vs : D →
R
q
+. Then vr(x), x ∈ D, is a storage function for G. Moreover, if vs(x) �

pTVs(x), x ∈ D, where p ∈ R
q
+, p �= 0, then

0 ≤ va(x) ≤ vs(x) ≤ vr(x) < ∞, x ∈ D. (3.39)

Proof. It follows from Theorem 3.2 that if G is vector dissipative with
respect to the vector supply rate S(u, y) and with a vector storage function
Vs : D → R

q
+, then there exists p ∈ R

q
+, p �= 0, such that G is dissipative

with respect to the supply rate s(u, y) = pTS(u, y) and with storage function
vs(x) = pTVs(x), x ∈ D. Hence, it follows from (3.22), with x(−T ) = 0 and
x(t0) = x0, that∫ t0

−T
eα(t−t0)s(u(t), y(t))dt ≥ 0, T ≥ −t0, u ∈ U , (3.40)

which implies that vr(x0) ≥ 0, x0 ∈ D. Furthermore, it is easy to see from
the definition of a required supply that vr(x), x ∈ D, satisfies the dissipation
inequality (3.22). Hence, vr(x), x ∈ D, is a storage function for G.

Next, it follows from the dissipation inequality (3.22), with x(−T ) = 0,
x(t0) = x0, and u(·) ∈ U , that

eαt0vs(x(t0))≤ e−αT vs(x(−T )) +

∫ t0

−T
eαts(u(t), y(t))dt

=

∫ t0

−T
eαts(u(t), y(t))dt, (3.41)

which implies that

vs(x(t0)) ≤ inf
T≥−t0, u(·)

∫ t0

−T
eα(t−t0)s(u(t), y(t))dt = vr(x(t0)). (3.42)

Finally, it follows from Theorem 3.2 that va(x), x ∈ D, is a storage function
for G, and hence, using (3.21) and (3.42), (3.39) holds.

It follows from Theorem 3.4 that if G is vector dissipative with respect
to the vector supply rate S(u, y), then Vr(x), x ∈ D, is a vector storage
function for G and, by Theorem 3.2, there exists p ∈ R

q
+, p �= 0, such that

vs(x) � pTVr(x), x ∈ D, is a storage function for G satisfying (3.22). Hence,
it follows from Corollary 3.1 that pTVr(x) ≤ vr(x), x ∈ D.
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The next result relates vector (respectively, scalar) available storage
and vector (respectively, scalar) required supply for vector lossless large-scale
dynamical systems.

Theorem 3.5. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that G is completely reachable to and from
the origin. If G is vector lossless with respect to the vector supply rate S(u, y)
and Va(x), x ∈ D, is a vector storage function, then Va(x) = Vr(x), x ∈ D.
Moreover, if Vs(x), x ∈ D, is a vector storage function for G, then all (scalar)
storage functions of the form vs(x) = pTVs(x), x ∈ D, where p ∈ R

q
+, p �= 0,

are given by

vs(x0) = va(x0) = vr(x0)=−
∫ T+

t0

eα(t−t0)s(u(t), y(t))dt

=

∫ t0

−T−
eα(t−t0)s(u(t), y(t))dt, (3.43)

where x(t), t ≥ t0, is the solution to (3.5) with u(·) ∈ U , x(t0) = x0 ∈ D, and
s(u, y) = pTS(u, y) for every T−, T+ such that x(−T−) = 0 and x(T+) = 0.

Proof. Suppose G is vector lossless with respect to the vector supply
rate S(u, y). Since G is completely reachable to and from the origin, it
follows that, for every x0 = x(t0) ∈ D, there exist T+ > t0, −T− < t0, and
u(t) ∈ U, t ∈ [−T−, T+], such that x(−T−) = 0, x(T+) = 0, and x(t0) = x0.
Now, it follows from the dissipation inequality (3.9), which is satisfied as an
equality, that

0 =

∫ T+

−T−
eW (T+−t)S(u(t), y(t))dt, (3.44)

or, equivalently,

0 =

∫ T+

−T−
e−W (t−t0)S(u(t), y(t))dt

=

∫ t0

−T−
e−W (t−t0)S(u(t), y(t))dt +

∫ T+

t0

e−W (t−t0)S(u(t), y(t))dt

≥≥ inf
u(·), T≥−t0

∫ t0

−T
e−W (t−t0)S(u(t), y(t))dt

+ inf
u(·), T≥t0

∫ T

t0

e−W (t−t0)S(u(t), y(t))dt

= Vr(x0)− Va(x0), (3.45)

which implies that Vr(x0) ≤≤ Va(x0), x0 ∈ D. However, it follows from
Theorem 3.4 that if G is vector dissipative and Va(x), x ∈ D, is a vector
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storage function, then Va(x) ≤≤ Vr(x), x ∈ D, which along with (3.45)
implies that Va(x) = Vr(x), x ∈ D. Furthermore, since G is vector lossless
there exist a nonzero vector p ∈ R

q
+ and a scalar α ≥ 0 satisfying (2.4).

Next, it follows from (3.44) that

0=

∫ T+

−T−
pTe−W (t−t0)S(u(t), y(t))dt

=

∫ T+

−T−
eα(t−t0)s(u(t), y(t))dt

=

∫ t0

−T−
eα(t−t0)s(u(t), y(t))dt+

∫ T+

t0

eα(t−t0)s(u(t), y(t))dt

≥ inf
u(·), T≥−t0

∫ t0

−T
eα(t−t0)s(u(t), y(t))dt

+ inf
u(·), T≥t0

∫ T

t0

eα(t−t0)s(u(t), y(t))dt

= vr(x0)− va(x0), x0 ∈ D, (3.46)

which along with (3.39) implies that for every (scalar) storage function of
the form vs(x) = pTVs(x), x ∈ D, the equality va(x) = vs(x) = vr(x), x ∈ D,
holds. Moreover, since G is vector lossless the inequalities (3.22) and (3.41)
are satisfied as equalities and

vs(x0) = −
∫ T+

t0

eα(t−t0)s(u(t), y(t))dt =

∫ t0

−T−
eα(t−t0)s(u(t), y(t))dt,

(3.47)

where x(t), t ≥ t0, is the solution to (3.5) with u(·) ∈ U , x(−T−) = 0,
x(T+) = 0, and x(t0) = x0 ∈ D.

The next proposition presents a characterization for vector dissipa-
tivity of large-scale nonlinear dynamical systems in the case where Vs(·) is
continuously differentiable.

Proposition 3.2. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6), and assume Vs = [vs1, . . . , vsq]

T : D → R
q
+ is a

continuously differentiable vector storage function for G. Then G is vector
dissipative with respect to the vector supply rate S(u, y) if and only if

V̇s(x(t)) ≤≤ WVs(x(t)) + S(u(t), y(t)), t ≥ t0, u(t) ∈ U, (3.48)

where V̇s(x(t)), t ≥ t0, denotes the total time derivative of each component
of Vs(·) along the state trajectories x(t), t ≥ t0, of G.

Proof. Suppose G is vector dissipative with respect to the vector
supply rate S(u, y) and with a continuously differentiable vector storage
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function Vs : D → R
q
+. Then, with T = t2 and t0 = t1, it follows from (3.9)

that there exists a nonnegative vector function l(t1, t2, x0, u(·)) ≥≥ 0, t2 >
t1 ≥ t0, x0 ∈ D, u(·) ∈ U , such that

Vs(x(t2))= eW (t2−t1)Vs(x(t1)) +

∫ t2

t1

eW (t2−t)S(u(t), y(t))dt

−l(t1, t2, x0, u(·)), (3.49)

or, equivalently,

e−Wt2Vs(x(t2))− e−Wt1Vs(x(t1))=

∫ t2

t1

e−WtS(u(t), y(t))dt

−e−Wt2l(t1, t2, x0, u(·)). (3.50)

Now, dividing (3.50) by t2− t1 and letting t2 → t1, (3.50) is equivalent
to

d

dt

[
e−WtVs(x(t))

]∣∣
t=t1

= e−Wt1S(u(t1), y(t1))

−e−Wt1 lim
t2→t1

l(t1, t2, x0, u(·))
t2 − t1

, (3.51)

where the limit in (3.51) exists since Vs(·) is assumed to be continuously
differentiable. Next, premultiplying (3.51) by eWt1 , t1 ≥ 0, yields

V̇s(x(t1))−WVs(x(t1)) = S(u(t1), y(t1))− lim
t2→t1

l(t1, t2, x0, u(·))
t2 − t1

, (3.52)

which, since limt2→t1
l(t1,t2,x0,u(·))

t2−t1
≥≥ 0 and t1 is arbitrary, gives (3.48).

The converse is immediate and, hence, is omitted.

Recall that if a disconnected subsystem Gi (i.e., Ii(x) ≡ 0, i ∈ {1, . . . ,
q}) of a large-scale dynamical system G is exponentially dissipative (respec-
tively, dissipative) with respect to a supply rate si(ui, yi), then there exist
a storage function vsi : R

ni → R+ and a constant εi > 0 (respectively,
εi = 0) such that the dissipation inequality (3.3) holds. In the case where
vsi : R

ni → R+ is continuously differentiable, (3.3) yields

v′si(xi)(fi(xi) +Gi(xi)ui) ≤ −εivsi(xi) + si(ui, yi), xi ∈ R
ni , ui ∈ Ui.

(3.53)

The next result relates exponential dissipativity with respect to a
scalar supply rate of each disconnected subsystem Gi of G with vector dissi-
pativity (or, possibly, exponential vector dissipativity) of G with respect to
a vector supply rate.
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Proposition 3.3. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Assume that each disconnected subsystem Gi of G
is exponentially dissipative with respect to the supply rate si(ui, yi) and with
a continuously differentiable storage function vsi : R

ni → R+, i = 1, . . . , q.
Furthermore, assume that the interconnection functions Ii : D → R

ni , i =
1, . . . , q, of G are such that

v′si(xi)Ii(x) ≤
q∑

j=1

ξij(x)vsj(xj), x ∈ D, i = 1, . . . , q, (3.54)

where ξij : D → R, i, j = 1, . . . , q, are given bounded functions. If W ∈ R
q×q

is semistable (respectively, asymptotically stable), with

W(i,j) =

{
−εi + αii, i = j,

αij , i �= j,
(3.55)

where εi > 0 and αij � max{0, supx∈D ξij(x)}, i, j = 1, . . . , q, then G is vec-
tor dissipative (respectively, exponentially vector dissipative) with respect to
the vector supply rate S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]

T and with vector

storage function Vs(x) � [vs1(x1), . . . , vsq(xq)]
T, x ∈ D.

Proof. Since each disconnected subsystem Gi of G is exponentially
dissipative with respect to the supply rate si(ui, yi), i = 1, . . . , q, it follows
from (3.53) and (3.54) that, for all ui(·) ∈ Ui and i = 1, . . . , q,

v̇si(xi(t))= v′si(xi(t))[fi(xi(t)) + Ii(x(t)) +Gi(xi(t))ui(t)]

≤−εivsi(xi(t)) + si(ui(t), yi(t)) +

q∑
j=1

ξij(x(t))vsj(xj(t))

≤−εivsi(xi(t)) + si(ui(t), yi(t)) +

q∑
j=1

αijvsj(xj(t)), t ≥ t0.

(3.56)

Now, the result follows from Proposition 3.2 by noting that for all subsystems
Gi of G,

V̇s(x(t)) ≤≤ WVs(x(t)) + S(u(t), y(t)), t ≥ t0, u(t) ∈ U, (3.57)

where W is essentially nonnegative and, by assumption, semistable (respec-
tively, asymptotically stable) and Vs(x) � [vs1(x1), . . . , vsq(xq)]

T, x ∈ D, is
a vector storage function for G.

As a special case of vector dissipativity theory we can analyze the sta-
bility of large-scale nonlinear dynamical systems. Specifically, assume that
the large-scale dynamical system G is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u, y)
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and with a continuously differentiable vector storage function Vs : D → R
q
+.

Moreover, assume that the conditions of Theorem 3.3 are satisfied. Then it
follows from Proposition 3.2, with u(t) ≡ 0 and y(t) ≡ 0, that

V̇s(x(t)) ≤≤ WVs(x(t)), t ≥ t0, (3.58)

where x(t), t ≥ t0, is a solution to (3.5) with x(t0) = x0 and u(t) ≡ 0.
Now, it follows from Corollary 2.3, with w(r) = Wr, that the zero solution
x(t) ≡ 0 to (3.5), with u(t) ≡ 0, is Lyapunov (respectively, asymptotically)
stable.

More generally, the problem of control system design for large-scale
nonlinear dynamical systems can be addressed within the framework of vec-
tor dissipativity theory. In particular, suppose that there exists a continu-
ously differentiable vector function Vs : D → R

q
+ such that Vs(0) = 0 and

V̇s(x(t)) ≤≤ F(Vs(x(t)), u(t)), t ≥ t0, u(t) ∈ U, (3.59)

where F : R
q
+ × R

m → R
q and F(0, 0) = 0. Then the control system

design problem for a large-scale dynamical system reduces to constructing
an energy feedback control law φ : R

q
+ → U of the form

u = φ(Vs(x)) � [φT
1 (Vs(x)), . . . , φ

T
q (Vs(x))]

T, x ∈ D, (3.60)

where φi : R
q
+ → Ui, φi(0) = 0, i = 1, . . . , q, such that the zero solution

r(t) ≡ 0 to the comparison system

ṙ(t) = w(r(t)), r(t0) = Vs(x(t0)), t ≥ t0, (3.61)

is rendered asymptotically stable, where w(r) � F(r, φ(r)) is of class W. In
this case, if there exists p ∈ R

q
+ such that vs(x) � pTVs(x), x ∈ D, is positive

definite, then it follows from Corollary 2.3 that the zero solution x(t) ≡ 0
to (3.5), with u given by (3.60), is asymptotically stable.

As can be seen from the above discussion, using an energy feedback
control architecture and exploiting the comparison system within the control
design for large-scale nonlinear dynamical systems can significantly reduce
the dimensionality of a control synthesis problem in terms of a number of
states that need to be stabilized. It should be noted, however, that for
stability analysis of large-scale dynamical systems the comparison system
need not be linear as implied by (3.58). A nonlinear comparison system
would still guarantee stability of a large-scale dynamical system provided
that the conditions of Corollary 2.3 are satisfied.

3.3 Extended Kalman-Yakubovich-Popov Conditions for

Large-Scale Nonlinear Dynamical Systems

In this section, we show that vector dissipativeness (respectively, exponen-
tial vector dissipativeness) of a large-scale nonlinear dynamical system G
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of the form (3.5) and (3.6) can be characterized in terms of the local sub-
system functions fi(·), Gi(·), hi(·), and Ji(·), along with the interconnec-
tion structures Ii(·) for i = 1, . . . , q. For the results in this section we
consider the special case of dissipative systems with quadratic vector sup-
ply rates and set D = R

n, Ui = R
mi , and Yi = R

li . Specifically, let
Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li be given and assume S(u, y) is such that
si(ui, yi) = yTi Qiyi + 2yTi Siui + uTi Riui, i = 1, . . . , q. Furthermore, for the
remainder of this chapter we assume that there exists a continuously differ-
entiable vector storage function Vs(x), x ∈ R

n, for the large-scale nonlinear
dynamical system G.

For the statement of the next result recall that x = [xT1 , . . . , x
T
q ]

T, u =

[uT1 , . . . , u
T
q ]

T, y = [yT1 , . . . , y
T
q ]

T, xi ∈ R
ni , ui ∈ R

mi , yi ∈ R
li , i = 1, . . . , q,∑q

i=1 ni = n,
∑q

i=1mi = m, and
∑q

i=1 li = l. Furthermore, for (3.5) and
(3.6) defineF : Rn → R

n, G : Rn → R
n×m, h : Rn → R

l, and J : Rn → R
l×m

by F(x) � [FT
1 (x), . . . ,FT

q (x)]
T, where Fi(x) � fi(xi) + Ii(x), i = 1, . . . , q,

G(x) � block−diag[G1(x1), . . . , Gq(xq)], h(x) � [hT1 (x1), . . . , h
T
q (xq)]

T, and

J(x) � block−diag[J1(x1), . . . , Jq(xq)]. Moreover, for all i = 1, . . . , q, define

R̂i ∈ S
m, Ŝi ∈ R

l×m, and Q̂i ∈ S
l such that each of these block matrices

consists of zero blocks except, respectively, for the matrix blocks Ri ∈ S
mi ,

Si ∈ R
li×mi , and Qi ∈ S

li on (i, i) position. Finally, we introduce a more
general definition of vector dissipativity involving an underlying nonlinear
comparison system.

Definition 3.5. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u, y) if there exists a
continuous, nonnegative definite vector function Vs = [vs1, . . . , vsq]

T : D →
R
q
+, called a vector storage function, and a class W function w : R

q
+ → R

q

such that Vs(0) = 0, w(0) = 0, the zero solution r(t) ≡ 0 to the comparison
system

ṙ(t) = w(r(t)), r(t0) = r0, t ≥ t0, (3.62)

is Lyapunov (respectively, asymptotically) stable, and the vector dissipation
inequality

Vs(x(T )) ≤≤ Vs(x(t0)) +

∫ T

t0

w(Vs(x(t)))dt+

∫ T

t0

S(u(t), y(t))dt, (3.63)

is satisfied for all T ≥ t0, where x(t), t ≥ t0, is the solution to (3.5) with
u(·) ∈ U . The large-scale nonlinear dynamical system G given by (3.5) and
(3.6) is vector lossless with respect to the vector supply rate S(u, y) if the
vector dissipation inequality is satisfied as an equality with the zero solution
r(t) ≡ 0 to (3.62) being Lyapunov stable.
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If Vs(·) is continuously differentiable, then (3.63) can be equivalently
written as

V̇s(x(t)) ≤≤ w(Vs(x(t))) + S(u(t), y(t)), t ≥ t0, u(t) ∈ U. (3.64)

If in Definition 3.5 the function w : R
q
+ → Rq is such that w(r) = Wr, where

W ∈ R
q×q, then W is essentially nonnegative and Definition 3.5 collapses to

Definition 3.3.

Theorem 3.6. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Let Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li , i =
1, . . . , q. Then G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector quadratic supply rate S(u, y), where
si(ui, yi) = uTi Riui+2yTi Siui+yTi Qiyi, i = 1, . . . , q, if and only if there exist

functions Vs = [vs1, . . . , vsq]
T : Rn → R

q
+, w = [w1, . . . , wq]

T : R
q
+ → R

q,
�i : R

n → R
si , and Zi : R

n → R
si×m, such that vsi(·) is continuously

differentiable, vsi(0) = 0, i = 1, . . . , q, w ∈ W, w(0) = 0, the zero solution
r(t) ≡ 0 to (3.62) is Lyapunov (respectively, asymptotically) stable, and, for
all x ∈ R

n and i = 1, . . . , q,

0= v′si(x)F(x) − hT(x)Q̂ih(x)− wi(Vs(x)) + �Ti (x)�i(x), (3.65)

0= 1
2v

′
si(x)G(x) − hT(x)(Ŝi + Q̂iJ(x)) + �Ti (x)Zi(x), (3.66)

0= R̂i + JT(x)Ŝi + ŜT
i J(x) + JT(x)Q̂iJ(x)−ZT

i (x)Zi(x). (3.67)

Proof. First, suppose that there exist functions vsi : R
n → R+,

�i : Rn → R
si, Zi : Rn → R

si×m, w : R
q
+ → R

q, such that vsi(·) is con-
tinuously differentiable and nonnegative-definite, vsi(0) = 0, i = 1, . . . , q,
w(0) = 0, w ∈ W, the zero solution r(t) ≡ 0 to (3.62) is Lyapunov (re-
spectively, asymptotically) stable, and (3.65)–(3.67) are satisfied. Then, for
every admissible input u(·) ∈ U , t1, t2 ∈ R, t2 ≥ t1 ≥ t0, and i = 1, . . . , q, it
follows from (3.65)–(3.67) that∫ t2

t1

si(ui(t), yi(t))dt=

∫ t2

t1

[uT(t)R̂iu(t) + 2yT(t)Ŝiu(t)

+yT(t)Q̂iy(t)]dt

=

∫ t2

t1

[hT(x(t))Q̂ih(x(t))

+2hT(x(t))(Ŝi + Q̂iJ(x(t)))u(t)

+uT(t)(JT(x(t))Q̂iJ(x(t))

+JT(x(t))Ŝi + ŜT
i J(x(t)) + R̂i)u(t)]dt

=

∫ t2

t1

[v′si(x(t))(F(x(t)) +G(x(t))u(t))

+�Ti (x(t))�i(x(t)) + 2�Ti (x(t))Zi(x(t))u(t)



64 CHAPTER 3

+uT(t)ZT
i (x(t))Zi(x(t))u(t) − wi(Vs(x(t)))]dt

=

∫ t2

t1

[v̇si(x(t)) + [�i(x(t)) + Zi(x(t))u(t)]
T

·[�i(x(t)) + Zi(x(t))u(t)] − wi(Vs(x(t)))]dt

≥ vsi(x(t2))− vsi(x(t1))−
∫ t2

t1

wi(Vs(x(t)))dt,

(3.68)

where x(t), t ≥ t0, satisfies (3.5). Now, the result follows from (3.68) with
vector storage function Vs(x) = [vs1(x), . . . , vsq(x)]

T, x ∈ R
n.

Conversely, suppose that G is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u, y),
where si(ui, yi) = uTi Riui+2yTi Siui+yTi Qiyi, i = 1, . . . , q. Then there exist

a vector storage function Vs = [vs1, . . . , vsq]
T : Rn → R

q
+ and a class W

function w = [w1, . . . , wq]
T : R

q
+ → R

q such that Vs(0) = 0, w(0) = 0, the
zero solution r(t) ≡ 0 to (3.62) is Lyapunov (respectively, asymptotically)
stable, and, for all i = 1, . . . , q, t2 ≥ t1, and u ∈ U ,

vsi(x(t2)) ≤ vsi(x(t1)) +

∫ t2

t1

si(ui(t), yi(t))dt+

∫ t2

t1

wi(Vs(x(t)))dt. (3.69)

Since, by assumption, vsi(·) is continuously differentiable, (3.69) is equivalent
to

v̇si(x(t)) ≤ si(ui(t), yi(t)) + wi(Vs(x(t))), t ≥ t0, (3.70)

where x(t), t ≥ t0, satisfies (3.5). Now, with t = t0 it follows from (3.70)
that

v′si(x0)(F(x0) +G(x0)u(t0)) ≤ si(ui(t0), yi(t0)) +wi(Vs(x0)), (3.71)

for all u(t0) ∈ R
m, y(t0) ∈ R

l, x0 ∈ R
n, and i = 1, . . . , q.

Next, for all i = 1, . . . , q, let di : R
n × R

m → R be such that

di(x, u)�−v′si(x)(F(x) +G(x)u) + si(ui, hi(xi) + Ji(xi)ui) + wi(Vs(x)).

(3.72)

Now, since x0 ∈ D is arbitrary, it follows from (3.71) that di(x, u) ≥ 0, x ∈
R
n, u ∈ R

m, i = 1, . . . , q. Furthermore, note that di(x, u) given by (3.72)
is quadratic in u, and hence, there exist functions �i : R

n → R
si and Zi :

R
n → R

si×m such that, for all i = 1, . . . , q, x ∈ R
n, and u ∈ R

m,

di(x, u)= [�i(x) + Zi(x)u]
T[�i(x) + Zi(x)u]

=−v′si(x)(F(x) +G(x)u) + si(ui, hi(xi) + Ji(xi)ui)

+wi(Vs(x))
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=−v′si(x)(F(x) +G(x)u) + uTR̂iu+ 2(h(x) + J(x)u)TŜiu

+(h(x) + J(x)u)TQ̂i(h(x) + J(x)u) + wi(Vs(x)). (3.73)

Now, equating coefficients of equal powers yields (3.65)–(3.67).

Using (3.65)–(3.67) it follows that for T ≥ t0 ≥ 0 and i = 1, . . . , q,∫ T

t0

si(ui(t), yi(t))dt+

∫ T

t0

wi(Vs(x(t)))dt = vsi(x(T ))− vsi(x(t0))

+

∫ T

t0

[�i(x(t)) + Zi(x(t))u(t)]
T[�i(x(t)) +Zi(x(t))u(t)]dt, (3.74)

where Vs(x) = [vs1(x), . . . , vsq(x)]
T, x ∈ R

n, which can be interpreted as
a generalized energy balance equation for the ith subsystem of G where
vsi(x(T ))− vsi(x(t0)) is the stored or accumulated generalized energy of the
ith subsystem, the two path-dependent terms on the left are, respectively,
the external supplied energy to the ith subsystem and the energy gained
by the ith subsystem from the net energy flow between all subsystems due
to subsystem coupling, and the second path-dependent term on the right
corresponds to the dissipated energy from the ith subsystem.

Equivalently, (3.74) can be rewritten for all i = 1, . . . , q as

v̇si(x(t))= si(ui(t), yi(t)) + wi(Vs(x(t)))

−[�i(x(t)) + Zi(x(t))u(t)]
T[�i(x(t)) + Zi(x(t))u(t)], t ≥ t0,

(3.75)

which yields a set of q generalized energy conservation equations for the
large-scale dynamical system G. Specifically, (3.75) shows that the rate of
change in generalized energy, or generalized power, of the ith subsystem of
G is equal to the generalized system power input to the ith subsystem plus
the instantaneous rate of energy supplied to the ith subsystem from the net
energy flow between all subsystems minus the internal generalized system
power dissipated from the ith subsystem.

Note that if G with u(t) ≡ 0 is vector dissipative (respectively, ex-
ponentially vector dissipative) with respect to the vector quadratic supply
rate where Qi ≤ 0, i = 1, . . . , q, then it follows from the vector dissipation
inequality that

V̇s(x(t)) ≤≤ w(Vs(x(t))) + S(0, y(t)) ≤≤ w(Vs(x(t))), t ≥ t0, (3.76)

where S(0, y) = [s1(0, y1), . . . , sq(0, yq)]
T, si(0, yi(t)) = yTi (t)Qiyi(t) ≤ 0, t ≥

t0, i = 1, . . . , q, and x(t), t ≥ t0, is the solution to (3.5) with u(t) ≡ 0. If, in
addition, there exists p ∈ R

q
+ such that pTVs(x), x ∈ R

n, is positive definite,
then it follows from Corollary 2.3 that the undisturbed (u(t) ≡ 0) large-scale
nonlinear dynamical system (3.5) is Lyapunov (respectively, asymptotically)
stable.
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Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 3.6. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) with mi = li, i = 1, . . . , q, is vector passive (respectively,
vector exponentially passive) if it is vector dissipative (respectively, expo-
nentially vector dissipative) with respect to the vector supply rate S(u, y),
where si(ui, yi) = 2yTi ui, i = 1, . . . , q.

Definition 3.7. The large-scale nonlinear dynamical system G given
by (3.5) and (3.6) is vector nonexpansive (respectively, vector exponentially
nonexpansive) if it is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector supply rate S(u, y), where si(ui, yi) =
γ2i u

T
i ui − yTi yi, i = 1, . . . , q, and γi > 0, i = 1, . . . , q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider large-scale nonlinear dy-
namical systems G which are vector dissipative with respect to vector sup-
ply rates S(u, y), where si(ui, yi) = 2yTi ui, i ∈ Np, sj(uj , yj) = γ2j u

T
j uj −

yTj yj, γj > 0, j ∈ Nne, Np ∩ Nne = Ø, and Np ∪ Nne = {1, . . . , q}. Fur-
thermore, supply rates for vector input strict passivity, vector output strict
passivity, and vector input-output strict passivity generalizing the passivity
notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a vector quadratic supply rate
for the case where the vector storage function Vs(x), x ∈ R

n, is component
decoupled, that is, Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n.

Theorem 3.7. Consider the large-scale nonlinear dynamical system G
given by (3.5) and (3.6). Assume that there exist functions Vs = [vs1, . . . ,
vsq]

T : R
n → R

q
+, w = [w1, . . . , wq]

T : R
q
+ → R

q, �i : R
n → R

si , Zi :
R
n → R

si×mi such that vsi(·) is continuously differentiable, vsi(0) = 0, i =
1, . . . , q, w ∈ W, w(0) = 0, the zero solution r(t) ≡ 0 to (3.62) is Lyapunov
(respectively, asymptotically) stable, and, for all x ∈ R

n and i = 1, . . . , q,

0≥ v′si(xi)[fi(xi) + Ii(x)]− hTi (xi)Qihi(xi)− wi(Vs(x)) + �Ti (xi)�i(xi),

(3.77)

0= 1
2v

′
si(xi)Gi(xi)− hTi (xi)(Si +QiJi(xi)) + �Ti (xi)Zi(xi), (3.78)

0≤Ri + JT
i (xi)Si + ST

i Ji(xi) + JT
i (xi)QiJi(xi)−ZT

i (xi)Zi(xi). (3.79)

Then G is vector dissipative (respectively, exponentially vector dissipative)
with respect to the vector supply rate S(u, y), where si(ui, yi) = uTi Riui +
2yTi Siui + yTi Qiyi, i = 1, . . . , q.

Proof. For every admissible input u = [uT1 , . . . , u
T
q ]

T such that ui ∈
R
mi , t1, t2 ∈ R, t2 ≥ t1 ≥ t0, and i = 1, . . . , q, it follows from (3.77)–(3.79)
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that∫ t2

t1

si(ui(t), yi(t))dt=

∫ t2

t1

[uTi (t)Riui(t) + 2yTi (t)Siui(t)

+yTi (t)Qiyi(t)]dt

=

∫ t2

t1

[hTi (xi(t))Qihi(xi(t))

+2hTi (xi(t))(Si +QiJi(xi(t)))ui(t)

+uTi (t)(J
T
i (xi(t))QiJi(xi(t)) + JT

i (xi(t))Si

+ST
i Ji(xi(t)) +Ri)ui(t)]dt

≥
∫ t2

t1

[v′si(xi(t))[fi(xi(t)) + Ii(x(t))

+Gi(xi(t))ui(t)] + �Ti (xi(t))�i(xi(t))

+2�Ti (xi(t))Zi(xi(t))ui(t)

+uTi (t)ZT
i (xi(t))Zi(xi(t))ui(t)− wi(Vs(x(t)))]dt

=

∫ t2

t1

[v̇si(xi(t)) + [�i(xi(t)) + Zi(xi(t))ui(t)]
T

·[�i(xi(t)) + Zi(xi(t))ui(t)]− wi(Vs(x(t)))]dt

≥ vsi(xi(t2))− vsi(xi(t1))−
∫ t2

t1

wi(Vs(x(t)))dt,

(3.80)

where x(t), t ≥ t0, satisfies (3.5). Now, the result follows from (3.80) with
vector storage function Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n.

Finally, we provide necessary and sufficient conditions for the case
where the large-scale nonlinear dynamical system G is vector lossless with
respect to a vector quadratic supply rate.

Theorem 3.8. Consider the large-scale nonlinear dynamical system
G given by (3.5) and (3.6). Let Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li , i =
1, . . . , q. Then G is vector lossless with respect to the vector quadratic supply
rate S(u, y), where si(ui, yi) = uTi Riui + 2yTi Siui + yTi Qiyi, i = 1, . . . , q,

if and only if there exist functions Vs = [vs1, . . . , vsq]
T : R

n → R
q
+ and

w = [w1, . . . , wq]
T : R

q
+ → R

q such that vsi(·) is continuously differentiable,
vsi(0) = 0, i = 1, . . . , q, w ∈ W, w(0) = 0, the zero solution r(t) ≡ 0 to
(3.62) is Lyapunov stable, and, for all x ∈ R

n and i = 1, . . . , q,

0= v′si(x)F(x) − hT(x)Q̂ih(x)− wi(Vs(x)), (3.81)

0= 1
2v

′
si(x)G(x) − hT(x)(Ŝi + Q̂iJ(x)), (3.82)

0= R̂i + JT(x)Ŝi + ŜT
i J(x) + JT(x)Q̂iJ(x). (3.83)
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Proof. The proof is analogous to the proof of Theorem 3.6.

3.4 Specialization to Large-Scale Linear Dynamical Systems

In this section, we specialize the results of Section 3.3 to the case of large-
scale linear dynamical systems. Specifically, we assume that w ∈ W is linear
so that w(r) = Wr, whereW ∈ R

q×q is essentially nonnegative, and consider
the large-scale linear dynamical system G given by

ẋ(t)=Ax(t) +Bu(t), x(t0) = x0, t ≥ t0, (3.84)

y(t)=Cx(t) +Du(t), (3.85)

where A ∈ R
n×n and A is partitioned as A � [Aij ], i, j = 1, . . . , q, Aij ∈

R
ni×nj ,

∑q
i=1 ni = n, B = block−diag[B1, . . . , Bq], C = block−diag[C1, . . . ,

Cq], D = block−diag[D1, . . . ,Dq], Bi ∈ R
ni×mi , Ci ∈ R

li×ni , Di ∈ R
li×mi ,

and i = 1, . . . , q.

Theorem 3.9. Consider the large-scale linear dynamical system G
given by (3.84) and (3.85). Let Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li , i =
1, . . . , q. Then G is vector dissipative (respectively, exponentially vector dis-
sipative) with respect to the vector supply rate S(u, y), where si(ui, yi) =
uTi Riui+2yTi Siui+yTi Qiyi, i = 1, . . . , q, if and only if there exist W ∈ R

q×q,
Pi ∈ N

n, Li ∈ R
si×n, and Zi ∈ R

si×m, i = 1, . . . , q, such that W is essen-
tially nonnegative and semistable (respectively, asymptotically stable), and,
for all i = 1, . . . , q,

0=ATPi + PiA− CTQ̂iC −
q∑

j=1

W(i,j)Pj + LT
i Li, (3.86)

0=PiB − CT(Ŝi + Q̂iD) + LT
i Zi, (3.87)

0= R̂i +DTŜi + ŜT
i D +DTQ̂iD − ZT

i Zi. (3.88)

Proof. Sufficiency follows from Theorem 3.6 with F(x) = Ax, G(x) =
B, h(x) = Cx, J(x) = D, w(r) = Wr, �i(x) = Lix, Zi(x) = Zi, and
vsi(x) = xTPix, i = 1, . . . , q.

To show necessity, suppose G is vector dissipative with respect to the
vector supply rate S(u, y), where si(ui, yi) = uTi Riui+2yTi Siui+yTi Qiyi, i =
1, . . . , q. Then it follows from Theorem 3.6, with w(r) = Wr, that there
exist Vs : R

n → R
q
+, �i : R

n → R
si , and Zi : R

n → R
si×m, such that W is

essentially nonnegative and semistable (respectively, asymptotically stable),
Vs(x) � [vs1(x), . . . , vsq(x)]

T, x ∈ R
n, Vs(0) = 0, and (3.65)–(3.67) hold for

all i = 1, . . . , q with F(x) = Ax, G(x) = B, h(x) = Cx, J(x) = D, and
w(r) = Wr.
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Since vsi(·) is nonnegative-definite and vsi(0) = 0, i = 1, . . . , q, it fol-
lows that there exists Pi ∈ N

n, i = 1, . . . , q, such that

vsi(x) = xTPix+ vsri(x), x ∈ R
n, i = 1, . . . , q, (3.89)

where vsri : R
n → R contains the higher-order terms of vsi(x). Next, note

that it follows from (3.65) that �i(0) = 0, and hence, there exists Li ∈ R
si×n

such that �i(x) = Lix + �ri(x), x ∈ R
n, where �ri(·) contains higher-order

terms. Furthermore, it follows from (3.67) that Zi = Zi, Zi ∈ R
si×m,

i = 1, . . . , q, which implies (3.88).
Using the above expressions, (3.65) and (3.66) can be written as

0=xT

⎛
⎝ATPi + PiA− CTQ̂iC −

q∑
j=1

W(i,j)Pj + LT
i Li

⎞
⎠x+ γi(x), (3.90)

0=xT(PiB − CT(Ŝi + Q̂iD) + LT
i Zi) + Γi(x), (3.91)

where

γi(x)= v′sri(x)Ax−
q∑

j=1

W(i,j)vsrj(x) + 2xTLT
i �ri(x) + �Tri(x)�ri(x), (3.92)

Γi(x)=
1
2v

′
sri(x)B + �Tri(x)Zi. (3.93)

Now, viewing (3.90) and (3.91) as the Taylor’s series expansion of (3.65)

and (3.67), respectively, about x = 0 and noting that lim‖x‖→0
|γi(x)|
‖x‖2 = 0

and lim‖x‖→0
|Γi(x)|
‖x‖ = 0, i = 1, . . . , q, it follows that Pi, i = 1, . . . , q, satisfy

(3.86) and (3.87).

Note that (3.86)–(3.88) are equivalent to[
Ai Bi

BT
i Ci

]
= −

[
LT
i

ZT
i

] [
Li Zi

]
≤ 0, i = 1, . . . , q, (3.94)

where, for all i = 1, . . . , q,

Ai=ATPi + PiA− CTQ̂iC −
q∑

j=1

W(i,j)Pj , (3.95)

Bi=PiB − CT(Ŝi + Q̂iD), (3.96)

Ci=−(R̂i +DTŜi + ŜT
i D +DTQ̂iD). (3.97)

Hence, vector dissipativity of large-scale linear dynamical systems with re-
spect to vector quadratic supply rates can be characterized via (cascade)
linear matrix inequalities (LMIs) [26]. A similar remark holds for Theorem
3.10 below.
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The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a vector quadratic supply rate in the case
where the vector storage function is component decoupled.

Theorem 3.10. Consider the large-scale linear dynamical system G
given by (3.84) and (3.85). Let Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li , i =
1, . . . , q, be given. Assume there exist matrices W ∈ R

q×q, Pi ∈ N
ni ,

Lii ∈ R
sii×ni , Zii ∈ R

sii×mi , i = 1, . . . , q, Lij ∈ R
sij×ni , and Zij ∈ R

sij×nj ,
i, j = 1, . . . , q, i �= j, such that W is essentially nonnegative and semistable
(respectively, asymptotically stable), and, for all i = 1, . . . , q,

0≥AT
iiPi + PiAii − CT

i QiCi −W(i,i)Pi + LT
iiLii +

q∑
j=1, j 	=i

LT
ijLij, (3.98)

0=PiBi − CT
i Si − CT

i QiDi + LT
iiZii, (3.99)

0≤Ri +DT
i Si + ST

i Di +DT
i QiDi − ZT

iiZii, (3.100)

and, for j = 1, . . . , q, j �= i,

0=PiAij + LT
ijZij , (3.101)

0≤W(i,j)Pj − ZT
ijZij. (3.102)

Then G is vector dissipative (respectively, exponentially vector dissipative)
with respect to the vector supply rate S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]

T,
where si(ui, yi) = uTi Riui + 2yTi Siui + yTi Qiyi, i = 1, . . . , q.

Proof. Since Pi ∈ N
ni , the function vsi(xi) � xTi Pixi, xi ∈ R

ni , is
nonnegative definite and vsi(0) = 0. Moreover, since vsi(·) is continuously
differentiable it follows from (3.98)–(3.102) that for all ui ∈ R

mi , i = 1, . . . , q,
and t ≥ t0,

v̇si(xi(t))= 2xTi (t)Pi

⎡
⎣ q∑
j=1

Aijxj(t) +Biui(t)

⎤
⎦

≤xTi (t)

⎡
⎣W(i,i)Pi + CT

i QiCi − LT
iiLii −

q∑
j=1, j 	=i

LT
ijLij

⎤
⎦xi(t)

−
q∑

j=1, j 	=i

2xTi (t)L
T
ijZijxj(t) + 2xTi (t)C

T
i Siui(t)

+2xTi (t)C
T
i QiDiui(t)− 2xTi (t)L

T
iiZiiui(t)

+

q∑
j=1, j 	=i

xTj (t)[W(i,j)Pj − ZT
ijZij ]xj(t)

+uTi (t)Riui(t) + 2uTi (t)D
T
i Siui(t)
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+uTi (t)D
T
i QiDiui(t)− uTi (t)Z

T
iiZiiui(t)

=

q∑
j=1

W(i,j)vsj(xj(t)) + uTi (t)Riui(t)

+2yTi (t)Siui(t) + yTi (t)Qiyi(t)

−[Liixi(t) + Ziiui(t)]
T[Liixi(t) + Ziiui(t)]

−
q∑

j=1, j 	=i

(Lijxi(t) + Zijxj(t))
T(Lijxi(t) + Zijxj(t))

≤ si(ui(t), yi(t)) +

q∑
j=1

W(i,j)vsj(xj(t)), (3.103)

or, equivalently, in vector form

V̇s(x(t)) ≤≤ WVs(x(t)) + S(u, y), u ∈ U , t ≥ t0, (3.104)

where Vs(x) � [vs1(x1), . . . , vsq(xq)]
T, x ∈ R

n. Now, it follows from Proposi-
tion 3.2 that G is vector dissipative (respectively, exponentially vector dissi-
pative) with respect to the vector supply rate S(u, y) and with vector storage
function Vs(x), x ∈ R

n.

3.5 Stability of Feedback Interconnections of Large-Scale

Nonlinear Dynamical Systems

In this section, we consider stability of feedback interconnections of large-
scale nonlinear dynamical systems. Specifically, for the large-scale dynami-
cal system G given by (3.5) and (3.6) we consider either a dynamic or static
large-scale feedback system Gc. Then by appropriately combining vector
storage functions for each system we show stability of the feedback inter-
connection. We begin by considering the large-scale nonlinear dynamical
system (3.5) and (3.6) with the large-scale feedback system Gc given by

ẋc(t)=Fc(xc(t), uc(t)), xc(t0) = xc0, t ≥ t0, (3.105)

yc(t)=Hc(xc(t), uc(t)), (3.106)

where Fc : Rnc × Uc → Rnc , Hc : Rnc × Uc → Yc, Fc � [FT
c1, . . . , F

T
cq]

T,

Hc � [HT
c1, . . . ,H

T
cq]

T, Uc ⊆ R
l, Yc ⊆ R

m. Moreover, for all i = 1, . . . , q, we
assume that

Fci(xc, uci)= fci(xci) + Ici(xc) +Gci(xci)uci, (3.107)

Hci(xci, uci)=hci(xci) + Jci(xci)uci, (3.108)

where uci ∈ Uci ⊆ R
li , yci � Hci(xci, uci) ∈ Yi ⊆ R

mi , (uci, yci) is the input-
output pair for the ith subsystem of Gc, fci : R

nci → R
nci and Ici : Rnc →
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G

Gc
�

�

+

–

Figure 3.1 Feedback interconnection of large-scale systems G and Gc.

R
nci satisfy fci(0) = 0 and Ici(0) = 0, Gci : R

nci → R
nci×li , hci : R

nci → R
mi

and satisfies hci(0) = 0, Jci : R
nci → R

mi×li , and
∑q

i=1 nci = nc.
Furthermore, we define the composite input and composite output for

the system Gc as uc � [uTc1, . . . , u
T
cq]

T and yc � [yTc1, . . . , y
T
cq]

T, respectively.
In this case, Uc = Uc1 × · · · × Ucq and Yc = Yc1 × · · · × Ycq. Note that
with the feedback interconnection given by Figure 3.1, uc = y and yc = −u.
We assume that the negative feedback interconnection of G and Gc is well
posed, that is, det(Imi + Jci(xci)Ji(xi)) �= 0 for all xi ∈ R

ni , xci ∈ R
nci , and

i = 1, . . . , q. Furthermore, we assume that for the large-scale systems G and
Gc, the conditions of Theorem 3.3 are satisfied, that is, if Vs(x), x ∈ R

n, and
Vcs(xc), xc ∈ R

nc , are vector storage functions for G and Gc, respectively,
then there exist p ∈ R

q
+ and pc ∈ R

q
+ such that the functions vs(x) =

pTVs(x), x ∈ R
n, and vcs(xc) = pTc Vcs(xc), xc ∈ R

nc , are positive definite.
The following result gives sufficient conditions for Lyapunov and asymp-

totic stability of the feedback interconnection given by Figure 3.1.

Theorem 3.11. Consider the large-scale nonlinear dynamical systems
G and Gc given by (3.5) and (3.6), and (3.105) and (3.106), respectively.
Assume that G and Gc are vector dissipative with respect to the vector sup-
ply rates S(u, y) and Sc(uc, yc), and with continuously differentiable vector
storage functions Vs(·) and Vcs(·) and dissipation matrices W ∈ R

q×q and
Wc ∈ R

q×q, respectively.

i) If there exists Σ � diag[σ1, . . . , σq] > 0 such that S(u, y) +ΣSc(uc, yc)

≤≤ 0 and W̃ ∈ R
q×q is semistable (respectively, asymptotically sta-

ble), where

W̃(i,j)�max
{
W(i,j), (ΣWcΣ

−1)(i,j)
}

=max

{
W(i,j),

σi
σj

Wc(i,j)

}
, i, j = 1, . . . , q, (3.109)

then the negative feedback interconnection of G and Gc is Lyapunov
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(respectively, asymptotically) stable.

ii) Let Qi ∈ S
li , Si ∈ R

li×mi , Ri ∈ S
mi , Qci ∈ S

mi , Sci ∈ R
mi×li ,

and Rci ∈ S
li , and suppose S(u, y) = [s1(u1, y1), . . . , sq(uq, yq)]

T and
Sc(uc, yc) = [sc1(uc1, yc1), . . . , scq(ucq, ycq)]

T, where si(ui, yi) = uTi Riui
+2yTi Siui+yTi Qiyi and sci(uci, yci) = uTciRciuci+2yTciSciuci+yTciQciyci,

i = 1, . . . , q. If there exists Σ � diag[σ1, . . . , σq] > 0 such that for all
i = 1, . . . , q,

Q̃i �
[

Qi + σiRci −Si + σiS
T
ci

−ST
i + σiSci Ri + σiQci

]
≤ 0 (3.110)

and W̃ ∈ R
q×q is semistable (respectively, asymptotically stable),

where W̃(i,j) � max{W(i,j), (ΣWcΣ
−1)(i,j)} = max{W(i,j),

σi
σj

Wc(i,j)},
i, j = 1, . . . , q, then the negative feedback interconnection of G and Gc

is Lyapunov (respectively, asymptotically) stable.

Proof. i) Consider the vector Lyapunov function candidate V (x, xc)
= Vs(x) + ΣVcs(xc), (x, xc) ∈ R

n × R
nc , and note that the corresponding

vector Lyapunov derivative satisfies

V̇ (x, xc) = V̇s(x) + ΣV̇cs(xc)

≤≤S(u, y) + ΣSc(uc, yc) +WVs(x) + ΣWcVcs(xc)

≤≤WVs(x) + ΣWcΣ
−1ΣVcs(xc)

≤≤ W̃ (Vs(x) + ΣVcs(xc))

= W̃V (x, xc), (x, xc) ∈ R
n × R

nc . (3.111)

Now, since for Vs(x), x ∈ R
n, and Vcs(xc), xc ∈ R

nc , there exist,
by assumption, p ∈ R

q
+ and pc ∈ R

q
+ such that the functions vs(x) =

pTVs(x), x ∈ R
n, and vcs(xc) = pTc Vcs(xc), xc ∈ R

nc , are positive definite
and noting that vcs(xc) ≤ maxi=1,...,q{pci}eTVcs(xc), where pci is the ith

component of pc and e � [1, . . . , 1]T, it follows that eTVcs(xc), xc ∈ R
nc ,

is positive definite. Next, since mini=1,...,q{piσi}eTVcs(xc) ≤ pTΣVcs(xc), it
follows that pTΣVcs(xc), xc ∈ R

nc , is positive definite. Hence, the function
v(x, xc) = pTV (x, xc), (x, xc) ∈ R

n × R
nc , is positive definite. Now, the

result is a direct consequence of Corollary 2.3.
ii) The proof follows from i) by noting that, for all i = 1, . . . , q,

si(ui, yi) + σisci(uci, yci) =

[
y
yc

]T
Q̃i

[
y
yc

]
, (3.112)

and hence, S(u, y) + ΣSc(uc, yc) ≤≤ 0.

For the next result note that if the large-scale nonlinear dynamical
system G is vector dissipative with respect to the vector supply rate S(u, y),
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where si(ui, yi) = 2yTi ui, i = 1, . . . , q, then with κi(yi) = −κiyi, where
κi > 0, i = 1, . . . , q, it follows that si(κi(yi), yi) = −2κiy

T
i yi < 0, yi �=

0, i = 1, . . . , q. Alternatively, if G is vector dissipative with respect to the
vector supply rate S(u, y), where si(ui, yi) = γ2i u

T
i ui − yTi yi, where γi > 0,

i = 1, . . . , q, then with κi(yi) = 0, it follows that si(κi(yi), yi) = −yTi yi < 0,
yi �= 0, i = 1, . . . , q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist α ≥ 0 and p ∈ R

q
+ such that (2.4) holds,

then it follows from Theorem 3.3 that (scalar) storage functions of the form
vs(x) = pTVs(x), x ∈ R

n, where Vs(·) is a vector storage function for G, are
positive definite. If G is exponentially vector dissipative, then p is positive.

Corollary 3.2. Consider the large-scale nonlinear dynamical systems
G and Gc given by (3.5) and (3.6), and (3.105) and (3.106), respectively.
Assume that G and Gc are zero-state observable and the dissipation matrices
W ∈ R

q×q and Wc ∈ R
q×q are such that there exist, respectively, α ≥ 0,

p ∈ R
q
+, αc ≥ 0, and pc ∈ R

q
+ such that (2.4) is satisfied. Then the following

statements hold:

i) If G and Gc are vector passive and W̃ ∈ R
q×q is asymptotically stable,

where W̃(i,j) � max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the negative
feedback interconnection of G and Gc is asymptotically stable.

ii) If G and Gc are vector nonexpansive and W̃ ∈ R
q×q is asymptotically

stable, where W̃(i,j) � max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the
negative feedback interconnection of G and Gc is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 3.11. Specifi-
cally, i) follows from Theorem 3.11 with Ri = 0, Si = Imi , Qi = 0, Rci = 0,
Sci = Imi , Qci = 0, i = 1, . . . , q, and Σ = Iq, while ii) follows from The-
orem 3.11 with Ri = γ2i Imi , Si = 0, Qi = −Ili , Rci = γ2ciIli , Sci = 0,
Qci = −Imi , i = 1, . . . , q, and Σ = Iq.



Chapter Four

Thermodynamic Modeling of Large-Scale
Interconnected Systems

4.1 Introduction

In this chapter, we use vector dissipativity theory to provide connections
between large-scale dynamical systems and thermodynamics. Specifically,
using a large-scale dynamical systems theory prospective for thermodynam-
ics, we show that vector dissipativity notions lead to a precise formulation
of the equivalence between dissipated energy (heat) and work in a large-
scale dynamical system. Next, we give a deterministic definition of entropy
for a large-scale dynamical system that is consistent with the classical ther-
modynamic definition of entropy and show that it satisfies a Clausius-type
inequality leading to the law of entropy nonconservation. Furthermore, we
introduce a dual notion to entropy, namely, ectropy, as a measure of the
tendency of a large-scale dynamical system to do useful work and show that
conservation of energy in an isolated system necessarily leads to nonconser-
vation of ectropy and entropy. Then, we show that our thermodynamically
consistent large-scale nonlinear dynamical system model is semistable, that
is, it has convergent subsystem energies to Lyapunov stable energy equilib-
ria. In addition, we show that the steady-state distribution of the large-scale
system energies is uniform, leading to system energy equipartitioning corre-
sponding to a minimum ectropy and a maximum entropy equilibrium state.

4.2 Conservation of Energy and the First Law

of Thermodynamics

The fundamental and unifying concept in the analysis and control design of
complex large-scale dynamical systems is the concept of energy. The energy
of a state of a dynamical system is the measure of its ability to produce
changes (motion) in its own system state as well as changes in the system
states of its surroundings. These changes occur as a direct consequence of
the energy flow between different subsystems within the dynamical system.
Since heat (energy) is a fundamental concept of thermodynamics involving
the capacity of hot bodies (more energetic subsystems) to produce work,
thermodynamics is a theory of large-scale dynamical systems. As in thermo-
dynamic systems, dynamical systems exhibit energy that becomes unavail-
able to do useful work. This in turn contributes to an increase in system
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Figure 4.1 Large-scale dynamical system G.

entropy; a measure of the tendency of a system to lose the ability to do use-
ful work. Connections between thermodynamics and system theory as well
as information theory are well known [20,21,27,30,69,81,113,114,147,179].

To develop connections between vector dissipativity, large-scale non-
linear dynamical systems, and thermodynamics, consider the large-scale dy-
namical system G shown in Figure 4.1 involving q interconnected subsys-
tems. Let vsi(x), x ∈ D, denote the energy of the ith subsystem and assume
that, without loss of generality, vsi(0) = 0, i = 1, . . . , q. Otherwise, assum-
ing vsi(·) is lower bounded, we can consider the shifted subsystem energy
v̂si(x) = vsi(x) − vsi(0), x ∈ D. Furthermore, let si(ui, yi), ui ∈ Ui, yi ∈ Yi,
denote the external power supplied to the ith subsystem, let σij : R

q
+ → R+,

i �= j, i, j = 1, . . . , q, denote the instantaneous rate of energy flow from the
jth subsystem to the ith subsystem, and let σii : R

q
+ → R+, i = 1, . . . , q,

denote the instantaneous rate of energy loss from the ith subsystem.
An energy balance equation for the ith subsystem yields

vsi(x(T ))= vsi(x(t0)) +

q∑
j=1, j 	=i

∫ T

t0

[σij(Vs(x(t))) − σji(Vs(x(t)))]dt

−
∫ T

t0

σii(Vs(x(t)))dt+

∫ T

t0

si(ui(t), yi(t))dt, T ≥ t0, (4.1)



THERMODYNAMIC MODELING OF LARGE-SCALE INTERCONNECTED SYSTEMS 77

or, equivalently, in vector form,

Vs(x(T ))=Vs(x(t0)) +

∫ T

t0

w(Vs(x(t)))dt −
∫ T

t0

d(Vs(x(t)))dt

+

∫ T

t0

S(u(t), y(t))dt, T ≥ t0, (4.2)

where Vs(x) = [vs1(x), . . . , vsq(x)]
T, d(Vs(x)) = [σ11(Vs(x)), . . . , σqq(Vs(x))]

T,

S(u, y) = [s1(u1, y1), . . . , sq(uq, yq)]
T, and w = [w1, . . . , wq]

T : R
q
+ → R

q is
such that

wi(r) =

q∑
j=1, j 	=i

[σij(r)− σji(r)], r ∈ R
q
+. (4.3)

Note that (4.1) yields a conservation of energy equation and implies
that the energy stored in the ith subsystem is equal to the external energy
supplied to the ith subsystem plus the energy gained by the ith subsys-
tem from all other subsystems due to subsystem coupling minus the energy
dissipated from the ith subsystem. Equivalently, (4.1) can be rewritten as

v̇si(x(t)) =

q∑
j=1, j 	=i

[σij(Vs(x(t))) − σji(Vs(x(t)))] − σii(Vs(x(t)))

+si(ui(t), yi(t)), t ≥ t0, (4.4)

or, in vector form,

V̇s(x(t))=w(Vs(x(t))) − d(Vs(x(t))) + S(u(t), y(t)), t ≥ t0, u(·) ∈ U ,
(4.5)

yielding a power balance equation.
Specifically, (4.4) shows that the rate of change of energy, or power, in

the ith subsystem is equal to the power input to the ith subsystem plus the
energy flow to the ith subsystem from all other subsystems minus the power
dissipated by the ith subsystem. Note that (4.2) or, equivalently, (4.5) is a
statement of the first law of thermodynamics for each of the subsystems with
vsi(x), si(ui, yi), σij(·), i �= j, and σii(·), i = 1, . . . , q, playing the role of the
ith subsystem internal energy, rate of work done on the ith subsystem, heat
flow between subsystems due to coupling, and the rate of heat dissipated to
the environment, respectively. In other words, (4.2) is a precise formulation
of the equivalence between dissipated energy (heat) and work.

Next, since the instantaneous rate of energy loss σii(r), r ∈ R
q
+, i =

1, . . . , q, is a nonnegative function, it follows from (4.1) that

vsi(x(T ))≤ vsi(x(t0)) +

q∑
j=1, j 	=i

∫ T

t0

[σij(Vs(x(t))) − σji(Vs(x(t)))]dt
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+

∫ T

t0

si(ui(t), yi(t))dt, T ≥ t0. (4.6)

In vector form, (4.6) can be equivalently written as

Vs(x(T ))≤≤Vs(x(t0)) +

∫ T

t0

w(Vs(x(t)))dt+

∫ T

t0

S(u(t), y(t))dt,

T ≥ t0. (4.7)

For every i = 1, . . . , q and every r′, r′′ ∈ R
q
+ such that r′i = r′′i and r′j ≤

r′′j , j �= i, j = 1, . . . , q, we assume that σij(r
′) ≤ σij(r

′′) and σji(r
′) = σji(r

′′).
In this case, w(·) ∈ W. The above mathematical constraints physically
imply that the more energy the jth subsystem has, the faster it can transfer
this energy to the ith subsystem regardless of the energy distribution in the
large-scale system G. Furthermore, for any two energy distributions in G
with the energy of the jth subsystem being the same for both distributions,
the jth subsystem has the same energy transfer rate to the ith subsystem.

In the special case where the energy transfer rate from the jth sub-
system to the ith subsystem is only dependent on the energy of the jth
subsystem, that is, σij(r) = σij(rj), i �= j, i, j = 1, . . . , q, it is sufficient to
assume that σij(rj) is a nondecreasing function to ensure that w(·) ∈ W.
This implies that the more energy the jth subsystem has, the faster it can
transfer this energy to the ith subsystem. Next, assume that σij(0) = 0, i �=
j, i, j = 1, . . . , q, which implies that if the energy of each subsystem of G is
zero, then the energy exchange between subsystems is not possible. More-
over, since w(·) ∈ W and w(0) = 0 it follows that w : R

q
+ → R

q is essentially
nonnegative, and hence, by Proposition 2.1 the solution r(t), t ≥ t0, of the
comparison system

ṙ(t) = w(r(t)), r(t0) = r0, t ≥ t0, (4.8)

remains in the nonnegative orthant R
q
+ for all r0 ∈ R

q
+.

Next, we show that the zero solution r(t) ≡ 0 to (4.8) is Lyapunov
stable. To see this, consider v(r) =

∑q
i=1 ri, r ∈ R

q
+, representing the

sum of all subsystem energies, as a Lyapunov function candidate for (4.8).
Clearly, v(0) = 0 and v(r) > 0, r ∈ R

q
+, r �= 0. Furthermore,

v̇(r(t)) =

q∑
i=1

ṙi(t) =

q∑
i=1

q∑
j=1, j 	=i

[σij(r(t))− σji(r(t))] = 0, t ≥ t0, (4.9)

which implies Lyapunov stability of the zero solution r(t) ≡ 0 to (4.8).
Hence, by Definition 3.5 the large-scale dynamical system G is vector dissi-
pative with respect to the vector supply rate S(u, y).

Finally, in the case where σij(r) = σijrj, σij ≥ 0, i �= j, i, j = 1, . . . , q,
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it follows that w(r) = Wr, where

W(i,j) =

{
−
∑q

k=1, k 	=j σkj, i = j,

σij , i �= j.
(4.10)

In this case, it follows from (4.10) that
∑q

i=1W(i,j) = 0, j = 1, . . . , q, and
hence, W is a semistable compartmental matrix. Furthermore, it follows
from Corollary 3.1 with p = e, where e � [1, . . . , 1]T, that 0 ≤ va(x) ≤∑q

i=1 vsi(x) ≤ vr(x) < ∞, which implies that the large-scale nonlinear dy-
namical system G can deliver to its surroundings only a fraction of all of its
stored subsystem energies and can store only a fraction of the work done to
all of its subsystems.

4.3 Nonconservation of Entropy and the Second Law

of Thermodynamics

The nonlinear power balance equation (4.5) can exhibit a full range of non-
linear behavior including bifurcations, limit cycles, and even chaos. How-
ever, a thermodynamically consistent energy flow model should ensure that
the evolution of the system energy is diffusive (parabolic) in character with
convergent subsystem energies. Hence, to ensure a thermodynamically con-
sistent energy flow model we require the following assumptions. For the
statement of these assumptions we first recall the following graph theoretic
notions.

Definition 4.1 ([15]). A directed graph G(C) associated with the con-
nectivity matrix C ∈ R

q×q has vertices {1, 2, . . . , q} and an arc from vertex
i to vertex j, i �= j, if and only if C(j,i) �= 0. A graph G(C) associated with

the connectivity matrix C ∈ R
q×q is a directed graph for which the arc set

is symmetric, that is, C = CT. We say that G(C) is strongly connected if for
every ordered pair of vertices (i, j), i �= j, there exists a path (i.e., sequence
of arcs) leading from i to j.

Recall that C ∈ R
q×q is irreducible, that is, there does not exist a

permutation matrix such that C is cogredient to a lower block triangular
matrix, if and only if G(C) is strongly connected (see Theorem 2.7 of [15]).
Let φij(Vs) � σij(Vs) − σji(Vs), Vs ∈ R

q
+, define the energy flow between

subsystems Gi and Gj of a large-scale dynamical system G.

Assumption 4.1. The connectivity matrix C ∈ R
q×q associated with

the large-scale dynamical system G is defined by

C(i,j) �
{

0, if φij(Vs) ≡ 0,
1, otherwise,

i �= j, i, j = 1, . . . , q, (4.11)
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and

C(i,i) � −
q∑

k=1, k 	=i

C(k,i), i = j, i = 1, . . . , q, (4.12)

and satisfies rank C = q − 1. Moreover, for every i �= j such that C(i,j) = 1,
φij(Vs) = 0 if and only if vsi = vsj .

Assumption 4.2. For i, j = 1, . . . , q, (vsi − vsj)φij(Vs) ≤ 0, Vs ∈ R
q
+.

The fact that φij(Vs) = 0 if and only if vsi = vsj , i �= j, implies that
subsystems Gi and Gj of G are connected ; alternatively, φij(Vs) ≡ 0 implies
that Gi and Gj are disconnected. Assumption 4.1 implies that if the energies
in the connected subsystems Gi and Gj are equal, then energy exchange be-
tween these subsystems is not possible. This statement is consistent with the
zeroth law of thermodynamics, which postulates that temperature equality
is a necessary and sufficient condition for thermal equilibrium. Furthermore,
it follows from the fact that C = CT and rank C = q−1 that the connectivity
matrix C is irreducible, which implies that for every pair of subsystems Gi

and Gj, i �= j, of G there exists a sequence of connectors (arcs) of G that
connect Gi and Gj .

Assumption 4.2 implies that energy flows from more energetic sub-
systems to less energetic subsystems and is consistent with the second law
of thermodynamics, which states that heat (energy) must flow in the di-
rection of lower temperatures. Furthermore, note that φij(Vs) = −φji(Vs),

Vs ∈ R
q
+, i �= j, i, j = 1, . . . , q, which implies conservation of energy between

lossless subsystems. With S(t) � S(u(t), y(t)) ≡ 0, Assumptions 4.1 and 4.2,
along with the fact that φij(Vs) = −φji(Vs), Vs ∈ R

q
+, i �= j, i, j = 1, . . . , q,

imply that at a given instant of time energy can only be transported, stored,
or dissipated but not created and the maximum amount of energy that can
be transported and/or dissipated from a subsystem cannot exceed the energy
in the subsystem.

Next, we give a deterministic definition of entropy for a large-scale
dynamical system that is consistent with the classical thermodynamic defi-
nition of entropy.

Definition 4.2. For the large-scale dynamical system G with the power
balance equation (4.5), the function S : R

q
+ → R given by S(Vs) = eTloge(ce

+Vs)−q loge c, where loge(ce+Vs) denotes the vector natural logarithm given
by [loge(c+ vs1), . . . , loge(c+ vsq)]

T and c > 0, is called the entropy of G.
The entropy of G can be thought of as a measure of the tendency of a

large-scale dynamical system to lose the ability to do useful work, lose order,
and to settle to a more homogenous state. Note that the change in entropy
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of a large-scale dynamical system G is given by

S(Vs(t2))− S(Vs(t1)) =

∫ t2

t1

q∑
i=1

v̇si(t)

c+ vsi(t)
dt, (4.13)

or, equivalently,

dS(Vs(t)) =

q∑
i=1

dvsi(t)

c+ vsi(t)
. (4.14)

Theorem 4.1. Consider the large-scale dynamical system G with power
balance equation (4.5) and assume that Assumption 4.2 holds. Then, for
every Vs(t0) ∈ R

q
+, the entropy of G satisfies

S(Vs(t2)) ≥ S(Vs(t1)) +

∫ t2

t1

eTQ(t)dt, t2 ≥ t1 ≥ t0, (4.15)

where Q � [ s1−σ11(Vs)
c+vs1

, . . . ,
sq−σqq(Vs)

c+vsq
]T.

Proof. Since Vs(t) ≥≥ 0, t ≥ t0, and φij(Vs) = −φji(Vs), Vs ∈ R
q
+,

i �= j, i, j = 1, . . . , q, it follows that

Ṡ(Vs(t))=

q∑
i=1

v̇si(t)

c+ vsi(t)

=

q∑
i=1

⎡
⎣si(t)− σii(Vs(t))

c+ vsi(t)
+

q∑
j=1, j 	=i

φij(Vs(t))

c+ vsi(t)

⎤
⎦

=

q∑
i=1

⎡
⎣Qi(t) +

q∑
j=i+1

(
φij(Vs(t))

c+ vsi(t)
− φij(Vs(t))

c+ vsj(t)

)⎤⎦

= eTQ(t) +

q∑
i=1

q∑
j=i+1

φij(Vs(t))(vsj(t)− vsi(t))

(c+ vsi(t))(c + vsj(t))

≥ eTQ(t). (4.16)

Now, integrating (4.16) over [t1, t2] yields (4.15).

Definition 4.3. For the large-scale dynamical system G with the power
balance equation (4.5), the function E : R

q
+ → R given by E(Vs) =

1
2V

T
s Vs is

called the ectropy of G.
Ectropy is a measure of the extent to which the system energy deviates

from a homogeneous state. Thus, ectropy is the dual of entropy and is a
measure of the tendency of a large-scale dynamical system to do useful work
and grow more organized.
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Theorem 4.2. Consider the large-scale dynamical system G with power
balance equation (4.5) and assume that Assumption 4.2 holds. Then, for
every Vs(t0) ∈ R

q
+, the ectropy of G satisfies

E(Vs(t2)) ≤ E(Vs(t1)) +

∫ t2

t1

V T
s (t)S(t)dt, t2 ≥ t1 ≥ t0. (4.17)

Proof. Since φij(Vs) = −φji(Vs), Vs ∈ R
q
+, i �= j, i = 1, . . . , q, it

follows that

Ė(Vs(t))=V T
s (t)V̇s(t)

=V T
s (t)[w(Vs(t))− d(Vs(t)) + S(t)]

=

q∑
i=1

vsi(t)

⎡
⎣ q∑
j=1,j 	=i

φij(Vs(t))

⎤
⎦ −

q∑
i=1

vsi(t)σii(Vs(t))

+V T
s (t)S(t)

=

q∑
i=1

q∑
j=i+1

(vsi(t)− vsj(t))φij(Vs(t))

−
q∑

i=1

vsi(t)σii(Vs(t)) + V T
s (t)S(t)

≤V T
s (t)S(t). (4.18)

Now, integrating (4.18) over [t1, t2] yields (4.17).

4.4 Semistability and Large-Scale Systems

Inequality (4.15) is precisely Clausius’ inequality for reversible and irre-
versible thermodynamics as applied to large-scale dynamical systems, where-
as inequality (4.17) is an anti-Clausius inequality that shows that a ther-
modynamically consistent large-scale dynamical system is dissipative with
respect to the supply rate V T

s S and with storage function corresponding to
the system ectropy. Note that S(0) = 0 or, equivalently, limVs→0 S(Vs) = 0,
which is consistent with the third law of thermodynamics (Nernst’s theorem),
which states that the entropy of every system at absolute zero can always
be taken to be equal to zero. Furthermore, note that since dSi

dvsi
= 1

c+vsi
,

where Si � loge(c + vsi) − loge c denotes the ith subsystem entropy, it fol-
lows that the subsystem energies play the role of subsystem thermodynamic
temperatures.

For an isolated large-scale dynamical system, that is, an input-closed
(i.e., S(t) ≡ 0) and output-closed (i.e., d(Vs) ≡ 0) dynamical system, (4.15)
yields the fundamental (universal) inequality

S(Vs(t2)) ≥ S(Vs(t1)), t2 ≥ t1. (4.19)
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Inequality (4.19) implies that, for any dynamical change in an isolated large-
scale system, the entropy of the final state can never be less than the en-
tropy of the initial state. It is important to stress that this result holds
for an isolated dynamical system. It is, however, possible with power sup-
plied from an external dynamical system (e.g., a controller) to reduce the
entropy of the large-scale dynamical system. The entropy of the closed-loop
system, however, cannot decrease. The above observations imply that when
an isolated large-scale dynamical system with thermodynamically consistent
energy flow characteristics (i.e., Assumptions 4.1 and 4.2 hold) is at a state
of maximum entropy consistent with its energy, it cannot be subject to any
further dynamical change since any such change would result in a decrease
of entropy. This of course implies that the state of maximum entropy is
the stable state of an isolated system and this equilibrium state has to be
semistable.

Analogously, it follows from (4.17) that an isolated large-scale dynam-
ical system G satisfies the fundamental inequality

E(Vs(t2)) ≤ E(Vs(t1)), t2 ≥ t1, (4.20)

which implies that the ectropy of the final state of G is always less than the
ectropy of the initial state of G. Hence, for an isolated large-scale dynamical
system the entropy increases if and only if the ectropy decreases. Thus, the
state of minimum ectropy is the stable state of an isolated system and this
equilibrium state has to be semistable. It is important to note, however,
since (4.20) also holds in the case where d(Vs) �= 0, the system ectropy is a
more fundamental concept as compared to the system entropy since (4.19)
does not necessarily hold in the case where d(Vs) �= 0. The next theorem
concretizes the above observations.

Theorem 4.3. Consider the large-scale dynamical system G with power
balance equation (4.5) with S(t) ≡ 0 and d(Vs) ≡ 0, and assume that As-
sumptions 4.1 and 4.2 hold. Then, for every α ≥ 0, αe is a semistable
equilibrium state of (4.5). Furthermore, Vs(t) → 1

qee
TVs(t0) as t → ∞

and 1
qee

TVs(t0) is a semistable equilibrium state. Finally, if for some k ∈
{1, . . . , q}, σkk(Vs) �≡ 0 and σkk(Vs) = 0 if and only if vsk = 0,1 then the zero
solution Vs(t) ≡ 0 to (4.5) is a globally asymptotically stable equilibrium
state of (4.5).

Proof. First, we show that αe ∈ R
q
+, α ≥ 0, is an equilibrium state for

(4.5). If vsi = vsj for all i, j = 1, . . . , q, then wi(Vs) = 0 for all i = 1, . . . , q,
is immediate from Assumption 4.1. Next, if wi(Vs) = 0 for all i = 1, . . . , q,

1The assumption σkk(Vs) �≡ 0 and σkk(Vs) = 0 if and only if vsk = 0 for some k ∈
{1, . . . , q} implies that if the kth subsystem possesses no energy, then nothing can dissipate
from it. Conversely, if σkk(Vs) �≡ 0 and there is no dissipation from the kth subsystem,
then this subsystem has no energy.
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then it follows from Assumption 4.2 that

0=

q∑
i=1

vsiwi(Vs)

=

q∑
i=1

q∑
j=1

vsiφij(Vs)

=

q∑
i=1

q∑
j=i+1

(vsi − vsj)φij(Vs)

≤ 0, (4.21)

where we have used the fact that φij(Vs) = −φji(Vs) for all i, j = 1, . . . , q.
Hence, (vsi − vsj)φij(Vs) = 0 for all i, j = 1, . . . , q. Then, wi(Vs) = 0 for all

i = 1, . . . , q if and only if vs1 = · · · = vsq, which shows that αe ∈ R
q
+, α ≥ 0,

is an equilibrium state of (4.5).
To show Lyapunov stability of the equilibrium state αe consider the

system shifted ectropy Es(Vs) =
1
2(Vs−αe)T(Vs−αe) as a Lyapunov function

candidate. Now, since φij(Vs) = −φji(Vs), Vs ∈ R
q
+, i �= j, i, j = 1, . . . , q,

and eTw(Vs) = 0, Vs ∈ R
q
+, it follows from Assumption 4.2 that

Ės(Vs)= (Vs − αe)TV̇s

=(Vs − αe)Tw(Vs)

=V T
s w(Vs)

=

q∑
i=1

vsi

⎡
⎣ q∑
j=1, j 	=i

φij(Vs)

⎤
⎦

=

q∑
i=1

q∑
j=i+1

(vsi − vsj)φij(Vs)

=

q∑
i=1

∑
j∈Ki

(vsi − vsj)φij(Vs)

≤ 0, Vs ∈ R
q
+, (4.22)

where Ki � Ni \ ∪i−1
l=1{l} and Ni � {j ∈ {1, . . . , q} : φij(Vs) = 0 if and

only if vsi = vsj}, i = 1, . . . , q, which establishes Lyapunov stability of the
equilibrium state αe.

To show that αe is semistable, let R � {Vs ∈ R
q
+ : Ės(Vs) = 0} = {Vs ∈

R
q
+ : (vsi − vsj)φij(Vs) = 0, i = 1, . . . , q, j ∈ Ki}. Now, by Assumption

4.1 the directed graph associated with the connectivity matrix C for the
large-scale dynamical system G is strongly connected, which implies that
R = {Vs ∈ R

q
+ : vs1 = · · · = vsq}. Since the set R consists of the equilibrium
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states of (4.5), it follows that the largest invariant set M contained in R is
given by M = R. Hence, it follows from the Krasovskii-LaSalle invariant
set theorem [70] that for every initial condition Vs(t0) ∈ R

q
+, Vs(t) → M

as t → ∞, and hence, αe is a semistable equilibrium state of (4.5). Next,
note that since eTVs(t) = eTVs(t0) and Vs(t) → M as t → ∞, it follows that
Vs(t) → 1

qee
TVs(t0) as t → ∞. Hence, with α = 1

qe
TVs(t0), αe = 1

qee
TVs(t0)

is a semistable equilibrium state of (4.5).
Finally, to show that in the case where for some k ∈ {1, . . . , q},

σkk(Vs) �≡ 0 and σkk(Vs) = 0 if and only if vsk = 0, the zero solution
Vs(t) ≡ 0 to (4.5) is globally asymptotically stable, consider the system ec-
tropy E(Vs) =

1
2V

T
s Vs as a candidate Lyapunov function. Note that E(0) = 0,

E(Vs) > 0, Vs ∈ R
q
+, Vs �= 0, and E(Vs) is radially unbounded. Now, the Lya-

punov derivative along the system energy trajectories of (4.5) is given by

Ė(Vs)=V T
s [w(Vs)− d(Vs)]

=V T
s w(Vs)− vskσkk(Vs)

=

q∑
i=1

vsi

⎡
⎣ q∑
j=1,j 	=i

φij(Vs)

⎤
⎦− vskσkk(Vs)

=

q∑
i=1

q∑
j=i+1

(vsi − vsj)φij(Vs)− vskσkk(Vs)

=

q∑
i=1

∑
j∈Ki

(vsi − vsj)φij(Vs)− vskσkk(Vs)

≤ 0, Vs ∈ R
q
+, (4.23)

which shows that the zero solution Vs(t) ≡ 0 to (4.5) is Lyapunov stable.
To show global asymptotic stability of the zero equilibrium state,

let R � {Vs ∈ R
q
+ : Ė(Vs) = 0} = {Vs ∈ R

q
+ : vskσkk(Vs) = 0, k ∈

{1, . . . , q}} ∩ {Vs ∈ R
q
+ : (vsi − vsj)φij(Vs) = 0, i = 1, . . . , q, j ∈ Ki}. Now,

since Assumption 4.1 holds and σkk(Vs) = 0 if and only if vsk = 0, it follows
that R = {Vs ∈ R

q
+ : vsk = 0, k ∈ {1, . . . , q}} ∩ {Vs ∈ R

q
+ : vs1 = vs2 =

· · · = vsq} = {0} and the largest invariant set M contained in R is given
by M = {0}. Hence, it follows from the Krasovskii-LaSalle invariant set
theorem that for every initial condition Vs(t0) ∈ R

q
+, Vs(t) → M = {0}

as t → ∞, which proves global asymptotic stability of the zero equilibrium
state of (4.5).

In Theorem 4.3 we used the shifted ectropy function to show that for an
isolated large-scale dynamical system G, Vs(t) → 1

qee
TVs(t0) as t → ∞ and

1
qee

TVs(t0) is a semistable equilibrium state. This result can also be arrived

at using the system entropy. To see this, note that since eTw(Vs) = 0, Vs ∈
R
q
+, it follows that eTV̇s(t) = 0, t ≥ t0. Hence, eTVs(t) = eTVs(t0), t ≥ t0.
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Furthermore, since Vs(t) ≥≥ 0, t ≥ t0, it follows that 0 ≤≤ Vs(t) ≤≤
eeTVs(t0), t ≥ t0, which implies that all solutions to (4.5) are bounded.
Next, since, by (4.19), the entropy S(Vs(t)), t ≥ t0, of G is monotonically
increasing and Vs(t), t ≥ t0, is bounded, it follows from the Krasovskii-
LaSalle invariant set theorem that for every initial condition Vs(t0) ∈ R

q
+,

Vs(t) → M as t → ∞, where M is the largest invariant set contained in
R � {Vs ∈ R

q
+ : −Ṡ(Vs) = 0}. It now follows from the last inequality of

(4.16) that R = {Vs ∈ R
q
+ : (vsi − vsj)φij(Vs) = 0, i = 1, . . . , q, j ∈ Ki},

which, since the directed graph associated with the connectivity matrix C
for the large-scale dynamical system G is strongly connected, implies that
R = {Vs ∈ R

q
+ : vsi = · · · = vsq}. Since the set R consists of equilibrium

states of (4.5), it follows that M = R, which along with (4.22), establishes
semistability of the equilibrium states αe, α ≥ 0.

4.5 Energy Equipartition

Theorem 4.3 implies that the steady-state value of the energy in each sub-
system Gi of an isolated system G is equal; that is, the steady-state energy
of the isolated large-scale dynamical system G given by

Vs∞ =
1

q
eeTVs(t0) =

[
1

q

q∑
i=1

vsi(t0)

]
e (4.24)

is uniformly distributed over all subsystems of G. This phenomenon is known
as equipartition of energy2 [20, 21, 81, 88, 129, 148] and is an emergent be-
havior in thermodynamic systems. The next proposition shows that among
all possible energy distributions in an isolated large-scale dynamical system
G, energy equipartition corresponds to the minimum value of the system’s
ectropy and the maximum value of the system’s entropy (see Figure 4.2).

Proposition 4.1. Consider the large-scale dynamical system G with
power balance equation (4.5), let E : R

q
+ → R and S : R

q
+ → R denote the

ectropy and entropy of G, respectively, and define Dc � {Vs ∈ R
q
+ : eTVs =

β}, where β ≥ 0. Then,

argmin
Vs∈Dc

(E(Vs)) = argmax
Vs∈Dc

(S(Vs)) = V ∗
s =

β

q
e. (4.25)

Furthermore, Emin � E(V ∗
s ) = 1

2
β2

q and Smax � S(V ∗
s ) = qloge(c +

β
q ) −

q loge c.

Proof. The existence and uniqueness of V ∗
s follows from the fact that

E(Vs) and −S(Vs) are strictly convex continuous functions on the compact

2The phenomenon of equipartition of energy is closely related to the notion of a
monotemperaturic system discussed in [27,81].



THERMODYNAMIC MODELING OF LARGE-SCALE INTERCONNECTED SYSTEMS 87

0 vs1

vs2

Figure 4.2 Thermodynamic equilibria (· · ·), constant energy surfaces (———),
constant ectropy surfaces (− − −), and constant entropy surfaces
(− · − · −).

set Dc. To minimize E(Vs) =
1
2V

T
s Vs, Vs ∈ R

q
+, subject to Vs ∈ Dc form the

Lagrangian L(Vs, λ) =
1
2V

T
s Vs + λ(eTVs − β), where λ ∈ R is the Lagrange

multiplier. If V ∗
s solves this minimization problem, then

0 =
∂L
∂Vs

∣∣∣∣
Vs=V ∗

s

= V ∗T
s + λeT = 0 (4.26)

and hence V ∗
s = −λe. Now, it follows from eTVs = β that λ = −β

q , which

implies that V ∗
s = β

q e ∈ R
q
+. The fact that V ∗

s minimizes the ectropy on
the compact set Dc can be shown by computing the Hessian of the ectropy
for the constrained parameter optimization problem and showing that the

Hessian is positive definite at V ∗
s . Emin = 1

2
β2

q is now immediate.

Analogously, to maximize S(Vs) = eTloge(ce + Vs) − q loge c on the
compact setDc, form the Lagrangian L(Vs, λ) �

∑q
i=1 loge(c+vsi)+λ(eTVs−

β), where λ ∈ R is a Lagrange multiplier. If V ∗
s solves this maximization

problem, then

0 =
∂L
∂Vs

∣∣∣∣
Vs=V ∗

s

=

[
1

c+ v∗s1
+ λ, . . . ,

1

c+ v∗sq
+ λ

]
= 0. (4.27)

Thus, λ = − 1
c+v∗si

, i = 1, . . . , q. If λ = 0, then the only value of V ∗
s that

satisfies (4.27) is V ∗
s = ∞, which does not satisfy the constraint equation
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eTVs = β for finite β ≥ 0. Hence, λ �= 0 and v∗si = −( 1λ + c), i = 1, . . . , q,

which implies V ∗
s = −( 1λ+c)e. Now, it follows from eTVs = β that−( 1λ+c) =

β
q and hence V ∗

s = β
q e ∈ R

q
+. The fact that V

∗
s maximizes the entropy on the

compact set Dc can be shown by computing the Hessian and showing that it
is negative definite at V ∗

s . Smax = q loge(c+
β
q )− q loge c is now immediate.

It follows from (4.19), (4.20), and Proposition 4.1 that conservation of
energy necessarily implies nonconservation of ectropy and entropy. Hence,
in an isolated large-scale dynamical system G all the energy, though always
conserved, will eventually be degraded (diluted) to the point where it cannot
produce any useful work. Hence, all motion would cease and the dynamical
system would be fated to a state of eternal rest (semistability) wherein all
subsystems will possess identical energies (energy equipartition). Ectropy
would be a minimum and entropy would be a maximum, giving rise to a
state of absolute disorder. This is precisely what is known in theoretical
physics as the heat death of the universe [81].

4.6 Entropy Increase and the Second Law of Thermodynamics

In the preceding discussion it was assumed that our large-scale nonlinear
dynamical system model is such that energy flows from more energetic sub-
systems to less energetic subsystems, that is, heat (energy) flows in the
direction of lower temperatures. Although this universal phenomenon can
be predicted with virtual certainty, it follows as a manifestation of entropy
and ectropy nonconservation for the case of two subsystems. To see this,
consider the isolated large-scale dynamical system G with power balance
equation (4.5) (with S(t) ≡ 0 and d(Vs) ≡ 0) and assume that the system
entropy is monotonically increasing and hence Ṡ(Vs(t)) ≥ 0, t ≥ t0. Now,
since

Ṡ(Vs(t))=

q∑
i=1

v̇si(t)

c+ vsi(t)

=

q∑
i=1

q∑
j=1, j 	=i

φij(Vs(t))

c+ vsi(t)

=

q∑
i=1

q∑
j=i+1

(
φij(Vs(t))

c+ vsi(t)
− φij(Vs(t))

c+ vsj(t)

)

=

q∑
i=1

∑
j∈Ki

φij(Vs(t))(vsj(t)− vsi(t))

(c+ vsi(t))(c + vsj(t))

≥ 0, t ≥ t0, (4.28)
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it follows that for q = 2, (vs1 − vs2)φ12(Vs) ≤ 0, Vs ∈ R
2
+, which implies that

energy (heat) flows naturally from a more energetic subsystem (hot object)
to a less energetic subsystem (cooler object). The universality of this emer-
gent behavior thus follows from the fact that entropy (respectively, ectropy),
accompanying energy transfer, always increases (respectively, decreases).

In the case where we have multiple subsystems, it is clear from (4.28)
that entropy and ectropy nonconservation does not necessarily imply As-
sumption 4.2. However, if we invoke the additional condition (Assumption
4.3) that if for any pair of connected subsystems Gk and Gl, k �= l, with
vsk ≥ vsl (respectively, vsk ≤ vsl) and for any other pair of connected sub-
systems Gm and Gn, m �= n, with vsm ≥ vsn (respectively, vsm ≤ vsn) the
inequality φkl(Vs)φmn(Vs) ≥ 0, Vs ∈ R

q
+, holds, then nonconservation of

entropy and ectropy in an isolated large-scale dynamical system implies As-
sumption 4.2. The above inequality postulates that the direction of energy
flow for any pair of energy similar subsystems is consistent, that is, if for
a given pair of connected subsystems at a given energy level the energy
flows in a certain direction, then for any other pair of connected subsystems
with the same energy level, the energy flow direction is consistent with the
original pair of subsystems. Note that this assumption does not specify the
direction of energy flow between subsystems.

To see that Ṡ(Vs(t)) ≥ 0, t ≥ t0, along with Assumption 4.3 implies
Assumption 4.2, note that since (4.28) holds for all t ≥ t0 and Vs(t0) ∈ R

q
+

is arbitrary, (4.28) implies

q∑
i=1

∑
j∈Ki

φij(Vs)(vsj − vsi)

(c+ vsi)(c+ vsj)
≥ 0, Vs ∈ R

q
+. (4.29)

Now, it follows from (4.29) that for any fixed system energy level Vs ∈ R
q
+

there exists at least one pair of connected subsystems Gk and Gl, k �= l,
such that φkl(Vs)(vsl − vsk) ≥ 0. Thus, if vsk ≥ vsl (respectively, vsk ≤ vsl),
then φkl(Vs) ≤ 0 (respectively, φkl(Vs) ≥ 0). Furthermore, it follows from
Assumption 4.3 that for any other pair of connected subsystems Gm and Gn,
m �= n, with vsm ≥ vsn (respectively, vsm ≤ vsn) the inequality φmn(Vs) ≤ 0
(respectively, φmn(Vs) ≥ 0) holds, which implies that

φmn(Vs)(vsn − vsm) ≥ 0, m �= n. (4.30)

Thus, it follows from (4.30) that energy (heat) flows naturally from
more energetic subsystems (hot objects) to less energetic subsystems (cooler
objects). Of course, since in an isolated large-scale dynamical system G
ectropy decreases if and only if entropy increases, the same result can be
arrived at by considering the ectropy of G. Finally, since Assumption 4.2
holds, it follows from the conservation of energy and the fact that the large-
scale dynamical system G is strongly connected that nonconservation of
entropy and ectropy necessarily implies energy equipartition.
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4.7 Thermodynamic Models with Linear Energy Exchange

In this section, we assume a linear energy exchange between subsystems, that
is, σij(r) = σijrj, σij ≥ 0, i, j = 1, . . . , q, and we let si(t) = si(ui(t), yi(t)),
t ≥ t0, i = 1, . . . , q, so that the vector form of the energy balance equation
(4.1), with t0 = 0, is given by

Vs(x(T )) = Vs(x(0)) +

∫ T

0
WVs(x(t))dt+

∫ T

0
S(t)dt, T ≥ 0, (4.31)

or, in power balance form,

V̇s(x(t)) = WVs(x(t)) + S(t), Vs(x(0)) = Vs(x0), t ≥ 0, (4.32)

where x0 ∈ D and W ∈ R
q×q is such that

W(i,j) =

{
−
∑q

k=1 σkj, i = j,
σij , i �= j.

(4.33)

Note that (4.33) implies
∑q

i=1W(i,j) ≤ 0, j = 1, . . . , q, and hence, W is a
semistable compartmental matrix. If σii > 0, i = 1, . . . , q, then W is an
asymptotically stable compartmental matrix.

An important special case of (4.32) is the case where W is symmetric
or, equivalently, σij = σji, i �= j, i, j = 1, . . . , q. In this case, it follows from
(4.32) that for each subsystem the power balance equation satisfies

v̇si(x(t)) + σiivsi(x(t)) +

q∑
j=1, j 	=i

σij[vsi(x(t)) − vsj(x(t))] = si(t), t ≥ 0.

(4.34)

Note that φi(x) �
∑q

j=1, j 	=i σij [vsi(x) − vsj(x)], i = 1, . . . , q, represents the
energy flow from the ith subsystem to all other subsystems and is given by
the sum of the individual energy flows from the ith subsystem to the jth
subsystem. Furthermore, these energy flows are proportional to the energy
differences of the subsystems, that is, vsi(x) − vsj(x). Hence, (4.34) is a
power balance equation that governs the energy exchange among coupled
subsystems and is completely analogous to the equations of conduction and
convection heat transfer with subsystem energies playing the role of tem-
peratures. Furthermore, note that since σij ≥ 0, i, j = 1, . . . , q, energy flows
from more energetic subsystems to less energetic subsystems, which is con-
sistent with the second law of thermodynamics requiring that heat (energy)
must flow in the direction of lower temperatures.

The next proposition is needed for developing expressions for steady-
state energy distributions of large-scale dynamical systems.

Proposition 4.2 ([81]). Consider the large-scale dynamical system G
with power balance equation given by (4.32). Suppose Vs(x0) ≥≥ 0, x0 ∈ D,
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and S(t) ≥≥ 0, t ≥ 0. Then the solution Vs(x(t)), t ≥ 0, to (4.32) is
nonnegative for all t ≥ 0 if and only if W is essentially nonnegative.

Next, we develop expressions for the steady-state energy distribution
for a large-scale nonlinear dynamical system G for the cases where supplied
system power S(t) is a periodic function with period τ > 0, that is, S(t +
τ) = S(t), t ≥ 0, and S(t) is constant, that is, S(t) ≡ S. Define e(t) �
Vs(x(t))− Vs(x(t+ τ)), t ≥ 0, and note that

ė(t) = We(t), e(0) = Vs(x0)− Vs(x(τ)), t ≥ 0, (4.35)

where x0 ∈ D. Hence, since

e(t) = eWt[Vs(x0)− Vs(x(τ))], t ≥ 0, (4.36)

and W is semistable, it follows from iv) of Lemma 2.2 of [21] that

lim
t→∞ e(t)= lim

t→∞[Vs(x(t)) − Vs(x(t+ τ))]

= (Iq −WW#)[Vs(x0)− Vs(x(τ))], (4.37)

which represents a constant offset to the steady-state error energy distribu-
tion in the large-scale nonlinear dynamical system G. For the case where
S(t) ≡ S, τ → ∞, and hence, the following result is immediate. This result
first appeared in [21].

Proposition 4.3. Consider the large-scale dynamical system G with
power balance equation given by (4.32). Suppose that Vs(x0) ≥≥ 0, x0 ∈ D,
and S(t) ≡ S ≥≥ 0. Then, Vs∞ � limt→∞ Vs(x(t)) exists if and only if
S ∈ R(W ). In this case,

Vs∞ = (Iq −WW#)Vs(x0)−W#S, x0 ∈ D, (4.38)

and Vs∞ ≥≥ 0. If, in addition, W is nonsingular, then Vs∞ exists for all
S ≥≥ 0 and is given by

Vs∞ = −W−1S. (4.39)

Proof. Note that the solution Vs(x(t)), t ≥ 0, to (4.32) is given by

Vs(x(t)) = eWtVs(x0) +

∫ t

0
eW (t−s)S(s)ds, t ≥ 0. (4.40)

Now, the result is a direct consequence of Proposition 4.2 and iv), vii), viii),
and ix) of Lemma 2.2 of [21].

Next, we specialize the result of Proposition 4.3 to the case where there
is no energy dissipation from each subsystem Gi of G, that is, σii = 0, i =
1, . . . , q. Note that in this case eTW = 0, and hence, rankW ≤ q − 1. Fur-
thermore, if S = 0 it follows from (4.32) that eTV̇s(x(t)) = eTWVs(x(t)) =
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0, t ≥ 0, and hence, the total energy of the isolated large-scale nonlinear
dynamical system G is conserved.

Proposition 4.4. Consider the large-scale dynamical system G with
power balance equation given by (4.32). Let W ∈ R

q×q be compartmental
and assume rankW = q−1, σii = 0, i = 1, . . . , q, and We = 0. If Vs(x0) ≥≥
0, x0 ∈ D, and S = 0, then the steady-state energy distribution Vs∞ of the
isolated large-scale dynamical system G is given by

Vs∞ =

[
1

q

q∑
i=1

vsi(x0)

]
e, x0 ∈ D. (4.41)

Proof. The proof is similar to the proof of Theorem 4.3 with w(Vs) =
WVs.

Finally, we examine the steady-state energy distribution for large-scale
nonlinear dynamical systems G in the case of strong coupling between sub-
systems; that is, σij → ∞, i �= j. For this analysis we assume that W
given by (4.33) is symmetric, that is, σij = σji, i �= j, i, j = 1, . . . , q, and
σii > 0, i = 1, . . . , q. Thus, −W is a nonsingular M-matrix for all values
of σij, i �= j, i, j = 1, . . . , q. Moreover, in this case it can be shown that if
σij

σkl
→ 1 as σij → ∞, i �= j, and σkl → ∞, k �= l, then

lim
σij→∞, i 	=j

W−1 = − 1∑q
i=1 σii

eeT. (4.42)

Hence, in the limit of strong coupling the steady-state energy distribution
Vs∞ given by (4.39) becomes

Vs∞ = lim
σij→∞, i 	=j

(−W−1S) =

[
eTS∑q
i=1 σii

]
e, (4.43)

which implies energy equipartition. This result first appeared in [21].



Chapter Five

Control of Large-Scale Dynamical Systems
via Vector Lyapunov Functions

5.1 Introduction

One of the most basic issues in system theory is the stability of dynamical
systems. The most complete contribution to the stability analysis of nonlin-
ear dynamical systems is due to Lyapunov [128]. Lyapunov’s results, along
with the Krasovskii-LaSalle invariance principle [116, 120, 121], provide a
powerful framework for analyzing the stability of nonlinear dynamical sys-
tems. Lyapunov methods have also been used by control system designers to
obtain stabilizing feedback controllers for nonlinear systems. In particular,
for smooth feedback, Lyapunov-based methods were inspired by Jurdjevic
and Quinn [105] who give sufficient conditions for smooth stabilization based
on the ability of constructing a Lyapunov function for the closed-loop sys-
tem.

More recently, Artstein [6] introduced the notion of a control Lyapunov
function whose existence guarantees a feedback control law that globally
stabilizes a nonlinear dynamical system. In general, the feedback control law
is not necessarily smooth but can be guaranteed to be at least continuous
at the origin in addition to being smooth everywhere else. Even though for
certain classes of nonlinear dynamical systems a universal construction of a
feedback stabilizer can be obtained using control Lyapunov functions [165,
167], there does not exist a unified procedure for finding a Lyapunov function
candidate that will stabilize the closed-loop system for general nonlinear
systems.

In an attempt to simplify the construction of Lyapunov functions for
the analysis and control design of nonlinear dynamical systems, several re-
searchers have resorted to vector Lyapunov functions as an alternative to
scalar Lyapunov functions. As discussed in Chapter 1, vector Lyapunov
functions were first introduced by Bellman [14] and Matrosov [133], and
further developed in [65, 118, 127, 136], with [65, 127, 131, 132, 136, 159, 160]
exploiting their utility for analyzing large-scale systems. The use of vector
Lyapunov functions in dynamical system theory offers a very flexible frame-
work since each component of the vector Lyapunov function can satisfy
less rigid requirements as compared to a single scalar Lyapunov function.
Weakening the hypothesis on the Lyapunov function enlarges the class of
Lyapunov functions that can be used for analyzing system stability. In par-
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ticular, each component of a vector Lyapunov function need not be positive
definite with a negative or even negative-semidefinite derivative. Alterna-
tively, the time derivative of the vector Lyapunov function need only sat-
isfy an element-by-element inequality involving a vector field of a certain
comparison system. Since in this case the stability properties of the com-
parison system imply the stability properties of the dynamical system, the
use of vector Lyapunov theory can significantly reduce the complexity (i.e.,
dimensionality) of the dynamical system being analyzed. Extensions of vec-
tor Lyapunov function theory that include relaxed conditions on standard
vector Lyapunov functions as well as matrix Lyapunov functions appear
in [52,131,132].

In this chapter, we introduce the notion of a control vector Lyapunov
function as a generalization of control Lyapunov functions and show that
asymptotic stabilizability of a nonlinear dynamical system is equivalent to
the existence of a control vector Lyapunov function. In addition, using con-
trol vector Lyapunov functions, we present a universal decentralized feed-
back stabilizer for a decentralized affine in the control nonlinear dynamical
system with guaranteed gain and sector margins. Furthermore, we establish
connections between vector dissipativity notions [80] and inverse optimality
of decentralized nonlinear regulators. These results are then used to develop
decentralized controllers for large-scale dynamical systems with robustness
guarantees against full modeling and input uncertainty.

5.2 Control Vector Lyapunov Functions

In this section, we consider a feedback control problem and introduce the
notion of a control vector Lyapunov function as a generalization of control
Lyapunov functions. Specifically, consider the nonlinear controlled dynami-
cal system given by

ẋ(t) = F (x(t), u(t)), x(t0) = x0, t ≥ t0, (5.1)

where x0 ∈ D, D ⊆ R
n is an open set with 0 ∈ D, u(t) ∈ U ⊆ R

m, t ≥ t0,
is the control input, and F : D × U → R

n is Lipschitz continuous for all
(x, u) ∈ D × U and satisfies F (0, 0) = 0. We assume that the control input
u(·) in (5.1) is restricted to the class of admissible controls consisting of
measurable functions u(·) ∈ U such that u(t) ∈ U for all t ≥ t0, where the
constraint set U is given with 0 ∈ U . Furthermore, we assume that u(·)
satisfies sufficient regularity conditions such that the nonlinear dynamical
system (5.1) has a unique solution forward in time. A measurable mapping
φ : D → U satisfying φ(0) = 0 is called a control law. Furthermore, if
u(t) = φ(x(t)), where φ is a control law and x(t), t ≥ t0, satisfies (5.1), then
u(·) is called a feedback control law.
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Definition 5.1. If there exist a continuously differentiable vector func-
tion V = [v1, . . . , vq]

T : D → Q ∩ R
q
+, a continuous function w = [w1, . . . ,

wq]
T : Q × D → R

q, and a positive vector p ∈ R
q
+ such that V (0) = 0,

v(x) � pTV (x), x ∈ D, is positive definite, w(·, x) ∈ W, w(0, 0) = 0, F(x) �
∩q
i=1Fi(x) �= Ø, x ∈ D, x �= 0, where Fi(x) � {u ∈ U : v′i(x)F (x, u) <

wi(V (x), x)}, x ∈ D, x �= 0, i = 1, . . . , q, then the vector function V : D →
Q∩ R

q
+ is called a control vector Lyapunov function candidate.

It follows from Definition 5.1 that if there exists a control vector Lya-
punov function candidate, then there exists a feedback control law φ : D →
U such that

V ′(x)F (x, φ(x)) << w(V (x), x), x ∈ D, x �= 0. (5.2)

Moreover, if the nonlinear dynamical system

ż(t)=w(z(t), x(t)), z(t0) = z0, t ≥ t0, (5.3)

ẋ(t)=F (x(t), φ(x(t))), x(t0) = x0, (5.4)

where z0 ∈ Q and x0 ∈ D, is asymptotically stable with respect to z
uniformly in x0, then it follows from Theorem 2.3 that the zero solution
x(t) ≡ 0 to (5.4) is asymptotically stable. In this case, the vector function
V : D → R

q
+ given in Definition 5.1 is called a control vector Lyapunov func-

tion. Furthermore, if D = R
n, Q = R

q, U = R
m, v : Rn → R+ is radially

unbounded, and the system (5.3) and (5.4) is globally asymptotically stable
with respect to z uniformly in x0, then the zero solution x(t) ≡ 0 to (5.1) is
globally asymptotically stabilizable.

If in Definition 5.1 w(z, x) = w(z) and the zero solution z(t) ≡ 0 to

ż(t) = w(z(t)), z(t0) = z0, t ≥ t0, (5.5)

where z0 ∈ Q, is asymptotically stable, then it follows from Corollary 2.3
that V : D → Q∩ R

q
+ is a control vector Lyapunov function.

Conversely, suppose that there exists a stabilizing feedback control
law φ : D → U such that the zero solution x(t) ≡ 0 to (5.4) is asymp-
totically stable. Then it follows from Theorem 2.6 that there exist a con-
tinuously differentiable vector function V = [v1, . . . , vq]

T : D0 → R
q
+, a

continuous function w = [w1, . . . , wq]
T : R

q
+ → R

q, and a positive vector

p ∈ R
q
+ such that V (0) = 0, the scalar function v : D0 → R+ defined by

v(x) � pTV (x), x ∈ D0, is positive definite, w(·) ∈ W, w(0) = 0, and
V ′(x)F (x, φ(x)) << w(V (x)), x ∈ D0, x �= 0. Thus, F(x) �= Ø, x ∈
D0, x �= 0. Moreover, since, by Theorem 2.6, the zero solution z(t) ≡ 0
to (5.5) is asymptotically stable, it follows from the discussion above that
V : D0 → R

q
+ is a control vector Lyapunov function. Hence, a given nonlin-

ear dynamical system of the form (5.1) is feedback asymptotically stabiliz-
able if and only if there exists a control vector Lyapunov function.
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In the case where q = 1 and w(z, x) ≡ w(z), Definition 5.1 implies the
existence of a positive-definite continuously differentiable function v : D →
Q ∩ R+ and a continuous function w : Q → R, where Q ⊆ R, such that
w(0) = 0 and F(x) = {u ∈ U : v′(x)F (x, u) < w(v(x))} �= Ø, x ∈ D, x �= 0,
which is equivalent to

inf
u∈U

v′(x)F (x, u) < w(v(x)), x ∈ D, x �= 0. (5.6)

Now, (5.6) implies the existence of a feedback control law φ : D → U such
that v′(x)F (x, φ(x)) < w(v(x)), x ∈ D, x �= 0. Moreover, if v : D → R+

is a control vector Lyapunov function (with q = 1), then it follows from
the discussion above that the zero solution z(t) ≡ 0 to the system (5.5)
is asymptotically stable and, since q = 1, this implies that w(z) < 0, z ∈
Q ∩ R+, z �= 0. Thus, since v(·) is positive definite, (5.6) can be rewritten
as

inf
u∈U

v′(x)F (x, u) < 0, x ∈ D, x �= 0, (5.7)

which is equivalent to the standard definition of a control Lyapunov function
[6].

Next, consider the case where the control input to (5.1) possesses a
decentralized control architecture so that the dynamics of (5.1) are given by

ẋi(t) = Fi(x(t), ui(t)), t ≥ t0, i = 1, . . . , q, (5.8)

where xi(t) ∈ R
ni , x(t) = [xT1 (t), . . . , x

T
q (t)]

T, ui(t) ∈ Ui ⊆ R
mi , t ≥ t0,∑q

i=1 ni = n, and
∑q

i=1mi = m. Note that xi(t) ∈ R
ni , t ≥ t0, i = 1, . . . , q,

as long as x(t) ∈ D, t ≥ t0, and the set of control inputs is given by U =
U1 × · · · × Uq ⊆ R

m. In the case of a component decoupled control vector
Lyapunov function candidate, that is, V (x) = [v1(x1), . . . , vq(xq)]

T, x ∈ D,
it suffices to require in Definition 5.1 that

Fi(x) = {u ∈ U : v′i(xi)Fi(x, ui) < wi(V (x), x)} �= Ø,

x ∈ D, x �= 0, i = 1, . . . , q, (5.9)

to ensure that F(x) = ∩q
i=1Fi(x) �= Ø, x ∈ D, x �= 0. Note that for a

component decoupled control vector Lyapunov function V : D → Q ∩ R
q
+,

(5.9) holds if and only if

inf
u∈U

V ′(x)F (x, u) << w(V (x), x), x ∈ D, x �= 0, (5.10)

where the infimum in (5.10) is taken componentwise, that is, for each com-
ponent of (5.10) the infimum is calculated separately. It follows from (5.10)
that there exists a feedback control law φ : D → U such that φ(x) =
[φT

1 (x), . . . , φ
T
q (x)]

T, x ∈ D, where φi : D → Ui, and v′i(xi)Fi(x, φi(x)) <



CONTROL OF LARGE-SCALE SYSTEMS 97

wi(V (x), x), x ∈ D, x �= 0, i = 1, . . . , q. Note that if wi(V (x), x) = 0 for
x ∈ D with xi = 0, then condition (5.9) holds for all x ∈ D such that xi �= 0.

Next, we consider the special case of a nonlinear dynamical system of
the form (5.8) with affine control inputs given by

ẋi(t) = fi(x(t)) +Gi(x(t))ui(t), t ≥ t0, i = 1, . . . , q, (5.11)

where fi : R
n → R

ni satisfying fi(0) = 0 and Gi : R
n → R

ni×mi are smooth
functions (at least continuously differentiable mappings) for all i = 1, . . . , q,
and ui(t) ∈ R

mi , t ≥ t0, i = 1, . . . , q.

Theorem 5.1. Consider the controlled nonlinear dynamical system
given by (5.11). If there exist a continuously differentiable, component de-
coupled vector function V : Rn → R

q
+, a continuous function w = [w1, . . . ,

wq]
T : R

q
+×R

n → R
q, and a positive vector p ∈ R

q
+ such that V (0) = 0, the

scalar function v : Rn → R+ defined by v(x) � pTV (x), x ∈ R
n, is positive

definite and radially unbounded, w(·, x) ∈ W, w(0, 0) = 0, and

v′i(xi)fi(x) < wi(V (x), x), x ∈ Ri, i = 1, . . . , q, (5.12)

where Ri � {x ∈ R
n, x �= 0 : v′i(xi)Gi(x) = 0}, i = 1, . . . , q, then V : Rn →

R
q
+ is a control vector Lyapunov function candidate. If, in addition, there

exists φ : Rn → U such that φ(x) = [φT
1 (x), . . . , φ

T
q (x)]

T, x ∈ R
n, and the

system (5.3) and (5.4) is globally asymptotically stable with respect to z
uniformly in x0, then the zero solution x(t) ≡ 0 to (5.4) is globally asymp-
totically stable and V : Rn → R

q
+ is a control vector Lyapunov function.

Proof. Note that for all i = 1, . . . , q,

inf
ui∈Rmi

v′i(xi)(fi(x) +Gi(x)ui)=

{
−∞, x �∈ Ri,

v′i(xi)fi(x), x ∈ Ri,

<wi(V (x), x), x ∈ R
n, (5.13)

which implies (5.10). Now, the proof is a direct consequence of the definition
of a control vector Lyapunov function by noting the equivalence between
(5.9) and (5.10) for component decoupled vector Lyapunov functions.

Using Theorem 5.1 we can construct an explicit feedback control law
that is a function of the control vector Lyapunov function V (·). Specifically,
consider the feedback control law φ(x) = [φT

1 (x), . . . , φ
T
q (x)]

T, x ∈ R
n, given

by

φi(x) =

{
−
(
c0i + ηi(x) +

√
1 + η2i (x)

)
βi(x), βi(x) �= 0,

0, βi(x) = 0,
(5.14)

where αi(x) � v′i(xi)fi(x), x ∈ R
n, βi(x) � GT

i (x)v
′T
i (xi), ηi(x) � (αi(x) −

wi(V (x), x))/(βT
i (x)βi(x)), x ∈ R

n, and c0i > 0, i = 1, . . . , q. The deriva-
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tive V̇ (·) along the trajectories of the dynamical system (5.11), with u =
φ(x), x ∈ R

n, given by (5.14), is given by

v̇i(xi)= v′i(xi)(fi(x) +Gi(x)φi(x))

=αi(x) + βT
i (x)φi(x)

=

{
−
(
c0i +

√
1 + η2i (x)

)
βT
i (x)βi(x) + wi(V (x), x), βi(x) �= 0,

αi(x), βi(x) = 0,

<wi(V (x), x), x ∈ R
n. (5.15)

Thus, if the zero solution z(t) ≡ 0 to (5.3) and (5.4) is globally asymp-
totically stable with respect to z uniformly in x0, then it follows from
Theorem 2.3 that the zero solution x(t) ≡ 0 to (5.11) with u = φ(x) =
[φT

1 (x), . . . , φ
T
q (x)]

T, x ∈ R
n, given by (5.14) is globally asymptotically sta-

ble.
If in Theorem 5.1 w(z, x) = w(z) and the zero solution z(t) ≡ 0 to

(5.5) is globally asymptotically stable, then it follows from Corollary 2.3
that the feedback control law given by (5.14) is a globally asymptotically
stabilizing controller for the nonlinear dynamical system (5.11).

In the case where q = 1, the function w(·, ·) in Theorem 5.1 can be
set to be identically zero, that is, w(z, x) ≡ 0. In this case, the feedback
control law (5.14) specializes to Sontag’s universal formula [165] and is a
global stabilizer for (5.11).

Since fi(·) and Gi(·) are smooth and vi(·) is continuously differentiable
for all i = 1, . . . , q, it follows that αi(x) and βi(x), x ∈ R

n, i = 1, . . . , q, are
continuous functions, and hence, φi(x) given by (5.14) is continuous for all
x ∈ R

n if either βi(x) �= 0 or αi(x) − wi(V (x), x) < 0 for all i = 1, . . . , q.
Hence, the feedback control law given by (5.14) is continuous everywhere
except for the origin. The following result provides necessary and suffi-
cient conditions under which the feedback control law given by (5.14) is
guaranteed to be continuous at the origin in addition to being continuous
everywhere else.

Proposition 5.1. The feedback control law φ(x) given by (5.14) is
continuous on R

n if and only if for every ε > 0, there exists δ > 0 such
that for all 0 < ‖x‖ < δ there exists ui ∈ R

mi such that ‖ui‖ < ε and
αi(x) + βT

i (x)ui < wi(V (x), x), i = 1, . . . , q.

Proof. First note that since vi(xi), xi ∈ R
ni , is a nonnegative function

and vi(0) = 0, it follows from a Taylor series expansion about xi = 0 that
v′i(0) = 0, i = 1, . . . , q, and hence, φ(0) = 0. To show necessity assume
that the feedback control law given by (5.14) is continuous on R

n, that is,
φi(x) is continuous on R

n for all i = 1, . . . , q. Then for every ε > 0, there
exists δ > 0 such that ‖φi(x)‖ < ε for all 0 < ‖x‖ < δ and, by (5.14),
αi(x)+βT

i (x)φi(x) < wi(V (x), x), i = 1, . . . , q. Thus, necessity follows with
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ui = φi(x), i = 1, . . . , q.
To show sufficiency, assume that for ε > 0, there exists δ > 0 such

that for all 0 < ‖x‖ < δ there exists ui ∈ R
mi such that ‖ui‖ < ε and

αi(x) + βi(x)ui < wi(V (x), x), i = 1, . . . , q. In this case, since ‖ui‖ < ε
it follows from the Cauchy-Schwarz inequality that αi(x) − wi(V (x), x) <
ε‖βi(x)‖, i = 1, . . . , q. Furthermore, since vi(·), i = 1, . . . , q, is continuously
differentiable and Gi(·), i = 1, . . . , q, is continuous, it follows that there

exists δ̂ > 0 such that for all 0 < ‖x‖ < δ̂, ‖βi(x)‖ < ε, i = 1, . . . , q.

Hence, for all 0 < ‖x‖ < δmin, where δmin � min{δ, δ̂}, it follows that
αi(x)− wi(V (x), x) < ε‖βi(x)‖ and ‖βi(x)‖ < ε, i = 1, . . . , q.

Furthermore, if βi(x) = 0, then ‖φi(x)‖ = 0, and if βi(x) �= 0, then it
follows from (5.14) that

‖φi(x)‖≤ c0i‖βi(x)‖+
(
ηi(x) +

√
1 + η2i (x)

)
‖βi(x)‖

≤ 2(αi(x)− wi(V (x), x)) + (c0i + 1)‖βi(x)‖2
‖βi(x)‖

≤ (c0i + 3)ε, 0 < ‖x‖ < δmin, αi(x) > wi(V (x), x), i = 1, . . . , q,

(5.16)

and

‖φi(x)‖≤ c0i‖βi(x)‖+
(
ηi(x) +

√
1 + η2i (x)

)
‖βi(x)‖

≤ c0i‖βi(x)‖+
βT
i (x)βi(x)

‖βi(x)‖
=(c0i + 1)‖βi(x)‖
≤ (c0i + 1)ε, 0 < ‖x‖ < δmin, αi(x) ≤ wi(V (x), x), i = 1, . . . , q.

(5.17)

Hence, it follows that for every ε̂ � (c0i +3)ε > 0 there exists δmin > 0 such
that, for all ‖x‖ < δmin, ‖φi(x)‖ < ε̂, which implies that φi(·), i = 1, . . . , q, is
continuous at the origin, and hence, φ(·) = [φT

1 (·), . . . , φT
q (·)]T is continuous

at the origin.

5.3 Stability Margins, Inverse Optimality, and Vector Dissipativity

In this section, we show that the feedback control law given by (5.14) is
robust to sector bounded input nonlinearities. Specifically, we consider the
nonlinear dynamical system (5.11) with nonlinear uncertainties in the input
so that the dynamics of the system are given by

ẋi(t) = fi(x(t)) +Gi(x(t))σi(ui(t)), t ≥ t0, i = 1, . . . , q, (5.18)
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where σi(·) ∈ Φi � {σi : Rmi → R
mi : σi(0) = 0 and 1

2u
T
i ui ≤ σT

i (ui)ui <
∞, ui ∈ R

mi}, i = 1, . . . , q. In addition, we show that for the dynamical
system (5.11) the feedback control law given by (5.14) is inverse optimal
in the sense that it minimizes a derived performance functional over the
set of stabilizing controllers S(x0) � {u(·) : u(·) is admissible and x(t) →
0 as t → ∞}.

Theorem 5.2. Consider the nonlinear dynamical system (5.18) and
assume that the conditions of Theorem 5.1 hold with w(z, x) ≡ w(z), and
with the zero solution z(t) ≡ 0 to (5.5) being globally asymptotically stable.
Then with the feedback control law given by (5.14) the nonlinear dynamical
system (5.18) is globally asymptotically stable for all σi(·) ∈ Φi, i = 1, . . . , q.
Moreover, for the dynamical system (5.11) the feedback control law (5.14)
minimizes the performance functional given by

J(x0, u(·)) =
∫ ∞

t0

q∑
i=1

[L1i(x(t)) + uTi (t)R2i(x(t))ui(t)]dt (5.19)

in the sense that

J(x0, φ(x(·))) = min
u(·)∈S(x0)

J(x0, u(·)), x0 ∈ R
n, (5.20)

where L1i(x) � −αi(x) +
γi(x)
2 βT

i (x)βi(x),

R2i(x) �
{ 1

2γi(x)
Imi , βi(x) �= 0,

0, βi(x) = 0,
(5.21)

and

γi(x) �
{

c0i + ηi(x) +
√

1 + η2i (x) > 0, βi(x) �= 0,

0, βi(x) = 0,
(5.22)

for all i = 1, . . . , q. Finally, J(x0, φ(x(·))) = eTV (x0), x0 ∈ R
n, where

V : R
n → R

q
+ is a control vector Lyapunov function for the dynamical

system (5.11).

Proof. It follows from Theorem 5.1 that the feedback control law
(5.14) globally asymptotically stabilizes the dynamical system (5.11) and
the vector function V : Rn → R

q
+ is a control vector Lyapunov function for

the dynamical system (5.11). Note that with (5.22) the feedback control
law (5.14) can be rewritten as φi(x) = −γi(x)βi(x), x ∈ R

n, i = 1, . . . , q.
Let the control vector Lyapunov function V : R

n → R
q
+ for (5.11) be a

vector Lyapunov function candidate for (5.18). Then the vector Lyapunov
derivative components are given by

v̇i(xi) = v′i(xi)(fi(x) +Gi(x)σi(φi(x))) = αi(x) + βT
i (x)σi(φi(x)),

x ∈ R
n, i = 1, . . . , q. (5.23)
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Note that φi(x) = 0, and hence, σi(φi(x)) = 0 whenever βi(x) = 0 for all
i = 1, . . . , q. In this case, it follows from (5.12) that v̇i(xi) < wi(V (x)), x ∈
R
n, βi(x) = 0, x �= 0, i = 1, . . . , q.

Next, consider the case where βi(x) �= 0, i = 1, . . . , q. In this case,
note that

αi(x)−wi(V (x)) − γi(x)

2
βT
i (x)βi(x)

=
−c0iβ

T
i (x)βi(x)

2
+

1

2

(
ηi(x)−

√
1 + η2i (x)

)
βT
i (x)βi(x)

< 0, x ∈ R
n, βi(x) �= 0, (5.24)

for all i = 1, . . . , q. Thus, the vector Lyapunov derivative components given
by (5.23) satisfy

v̇i(xi)<wi(V (x)) +
γi(x)

2
βT
i (x)βi(x) + βT

i (x)σi(φi(x))

=wi(V (x)) +
1

2γi(x)
φT
i (x)φi(x)−

1

γi(x)
φT
i (x)σi(φi(x))

=wi(V (x)) +
1

γi(x)

[
φT
i (x)φi(x)

2
− φT

i (x)σi(φi(x))

]
≤wi(V (x)), x ∈ R

n, βi(x) �= 0, (5.25)

for all σi(·) ∈ Φi and i = 1, . . . , q. Since the dynamical system (5.5) is
globally asymptotically stable it follows from Corollary 2.3 that the nonlin-
ear dynamical system (5.18) is globally asymptotically stable for all σi(·) ∈
Φi, i = 1, . . . , q.

To show that the feedback control law (5.14) minimizes (5.19) in the
sense of (5.20), define the Hamiltonian

H(x, u) �
q∑

i=1

[L1i(x) + uTi R2i(x)ui + v′i(fi(x) +Gi(x)ui)], (5.26)

and note that H(x, φ(x)) = 0 and H(x, u) ≥ 0, x ∈ R
n, u ∈ R

m, since
H(x, u) =

∑q
i=1(ui − φi(x))

TR2i(x)(ui − φi(x)), x ∈ R
n, u ∈ R

m. Thus,

J(x0, u(·)) =
∫ ∞

t0

[
H(x(t), u(t)) −

q∑
i=1

v′i(x(t))(fi(x(t)) +Gi(x(t))ui(t))

]
dt

=−
∫ ∞

t0

eTV̇ (x(t))dt+

∫ ∞

t0

H(x(t), u(t))dt

=− lim
t→∞ eTV (x(t)) + eTV (x0) +

∫ ∞

t0

H(x(t), u(t))dt

≥ eTV (x0)

= J(x0, φ(x(·))), (5.27)
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which yields (5.20).

It follows from Theorem 5.2 that with the feedback stabilizing control
law (5.14) the nonlinear dynamical system (5.11) has a sector (and hence
gain) margin (12 ,∞) in each decentralized input channel. For details on
stability margins for nonlinear dynamical systems, see [39,70,157].

Finally, note that Theorem 5.2 implies that

αi(x)− wi(V (x)) − θiγi(x)β
T
i (x)βi(x) ≤ 0, x ∈ R

n, (5.28)

for all θi ∈ [12 ,∞) and i = 1, . . . , q. Thus, if∣∣∣∣αi(x)− wi(V (x))

βT
i (x)βi(x)

∣∣∣∣ ≤ μi, x ∈ R
n, βi(x) �= 0, i = 1, . . . , q, (5.29)

then |γi(x)| ≤ c0i + μi + μi

√
1 + μ2

i � λi, x ∈ R
n, i = 1, . . . , q. In this

case, the vector Lyapunov derivative components for the dynamical system
(5.11) with the output y = [yT1 , . . . , y

T
q ]

T, where yi(x) � βi(x), x ∈ R
n, i =

1, . . . , q, satisfy

v̇i(xi)=αi(x) + βT
i (x)ui

≤wi(V (x)) + θiγi(x)β
T
i (x)βi(x) + βT

i (x)ui

≤wi(V (x)) + θiλiy
T
i yi + yTi ui, x ∈ R

n, ui ∈ R
mi , i = 1, . . . , q.

(5.30)

Inequlity (5.30) imples that (5.11) is exponentially vector dissipative with re-
spect to the vector supply rate S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]

T, where
si(ui, yi) = θiλiy

T
i yi + yTi ui, i = 1, . . . , q, and with the control vector Lya-

punov function V : Rn → R
q
+ being a vector storage function.

5.4 Decentralized Control for Large-Scale Nonlinear

Dynamical Systems

In this section, we apply the proposed control framework to decentralized
control of large-scale nonlinear dynamical systems. Specifically, we consider
the large-scale dynamical system G shown in Figure 5.1 involving energy
exchange between n interconnected subsystems. Let xi : [0,∞) → R+ de-
note the energy (and hence a nonnegative quantity) of the ith subsystem,
let ui : [0,∞) → R denote the control input to the ith subsystem, and let
σij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the instantaneous rate of

energy flow from the jth subsystem to the ith subsystem.
An energy balance yields the large-scale dynamical system [81]

ẋ(t) = f(x(t)) +G(x(t))u(t), x(t0) = x0, t ≥ t0, (5.31)
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G1(x)
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σij(x) σji(x)

Figure 5.1 Large-scale dynamical system G.

where x(t) = [x1(t), . . . , xn(t)]
T, t ≥ t0, fi(x) =

∑n
j=1,j 	=i φij(x), where

φij(x) � σij(x) − σji(x), x ∈ R
n
+, i �= j, i, j = 1, . . . , n, denotes the

net energy flow from the jth subsystem to the ith subsystem, G(x) =
diag[G1(x), . . . , Gn(x)] = diag[x1, . . . , xn], x ∈ R

n
+, and u(t) ∈ R

n, t ≥ t0.

Here, we assume that σij : R
n
+ → R+, i �= j, i, j = 1, . . . , n, are lo-

cally Lipschitz continuous on R
n
+, σij(0) = 0, i �= j, i, j = 1, . . . , n, and

u = [u1, . . . , un]
T : R → R

n is such that ui : R → R, i = 1, . . . , n, are
bounded piecewise continuous functions of time.

Furthermore, we assume that σij(x) = 0, x ∈ R
n
+, whenever xj = 0,

i �= j, i, j = 1, . . . , n. In this case, f(·) is essentially nonnegative (i.e.,
fi(x) ≥ 0 for all x ∈ R

n
+ such that xi = 0, i = 1, . . . , n). The above con-

straint implies that if the energy of the jth subsystem of G is zero, then this
subsystem cannot supply any energy to its surroundings. Finally, to ensure
that the trajectories of the closed-loop system remain in the nonnegative
orthant of the state space for all nonnegative initial conditions, we seek a
feedback control law u(·) that guarantees the closed-loop system dynamics
are essentially nonnegative [72].

For the dynamical system G, consider the control vector Lyapunov
function candidate V (x) = [v1(x1), . . . , vn(xn)]

T, x ∈ R
n
+, given by

V (x) = [x1, . . . , xn]
T, x ∈ R

n
+. (5.32)

Note that V (0) = 0 and v(x) � eTV (x), x ∈ R
n
+, is positive definite and
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radially unbounded. Furthermore, consider the function

w(V (x), x) =

⎡
⎢⎣

−σ11(v1(x1)) +
∑n

j=1,j 	=1 φ1j(x)
...

−σnn(vn(xn)) +
∑n

j=1,j 	=n φnj(x)

⎤
⎥⎦ , x ∈ R

n
+, (5.33)

where σii : R+ → R+, i = 1, . . . , n, are positive definite functions, and note
that w(·, x) ∈ W, x ∈ R

n
+, and w(0, 0) = 0. Also note that Ri � {x ∈

R
n
+, xi �= 0 : V ′

i (xi)Gi(x) = 0} = {x ∈ R
n
+, xi �= 0 : xi = 0} = Ø, and

hence, condition (5.12) is satisfied for V (·) and w(·, ·) given by (5.32) and
(5.33), respectively.

To show that the dynamical system

ż(t) = w(z(t), x(t)), z(t0) = z0, t ≥ t0, (5.34)

where z(t) ∈ R
n
+, t ≥ t0, x(t), t ≥ t0, is the solution to (5.31), and the

ith component of w(z, x) is given by wi(z, x) = −σii(zi) +
∑n

j=1,j 	=i φij(x),

z ∈ R
n
+, x ∈ R

n
+, is globally asymptotically stable with respect to z uniformly

in x0, consider the partial Lyapunov function candidate ṽ(z) = eTz, z ∈ R
n
+.

Note that ṽ(·) is radially unbounded, ṽ(0) = 0, ṽ(z) > 0, z ∈ R
n
+, z �= 0,

and ˙̃v(z) = −
∑n

i=1 σii(zi) +
∑n

i=1

∑n
j=1,j 	=i φij(x) = −

∑n
i=1 σii(zi) < 0,

z ∈ R
n
+, z �= 0. Thus, it follows from Corollary 1 of [41] that the dynamical

system (5.34) and (5.31) is globally asymptotically stable with respect to z
uniformly in x0. Hence, it follows from Theorem 5.1 that V (x), x ∈ R

n
+,

given by (5.32) is a control vector Lyapunov function for the dynamical
system (5.31).

Next, using (5.14) with αi(x) = V ′
i (xi)fi(x) =

∑n
j=1,j 	=i φij(x), βi(x) =

xi, x ∈ R
n
+, and c0i > 0, i = 1, . . . , n, we construct a globally stabilizing de-

centralized feedback controller for (5.31). It can be seen from the structure
of the feedback control law that the closed-loop system dynamics are es-
sentially nonnegative. Furthermore, since αi(x)−wi(V (x), x) = σii(vi(xi)),
x ∈ R

n
+, i = 1, . . . , n, this feedback controller is fully independent from f(x),

which represents the internal interconnections of the large-scale system dy-
namics and hence is robust against full modeling uncertainty in f(x). More-
over, it follows from Theorem 5.2 that the dynamical system (5.31) with the
feedback stabilizing control law (5.14) has a sector (and hence gain) margin
(12 ,∞) in each decentralized input channel, and hence, additionally guar-
antees robustness to multiplicative input uncertainty. Finally, the feedback
controller minimizes the derived cost functional given by (5.19).

For the following simulation we consider (5.31) with σij(x) = σijxixj
and σii(x) = σiix

2
i , where σij ≥ 0, i �= j, i, j = 1, . . . , n, and σii > 0,

i = 1, . . . , n. Note that in this case the conditions of Proposition 5.1 are
satisfied, and hence, the feedback control law (5.14) is continuous on R

n
+.

For our simulation we set n = 3, σ11 = 0.1, σ22 = 0.2, σ33 = 0.01, σ12 = 2,
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Figure 5.2 Controlled system states versus time.
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Figure 5.3 Control signals in each decentralized control channel versus time.

σ13 = 3, σ21 = 1.5, σ23 = 0.3, σ31 = 4.4, σ32 = 0.6, c01 = 1, c02 = 1, and
c03 = 0.25, with initial condition x0 = [3, 4, 1]T. Figure 5.2 shows the states
of the closed-loop system versus time and Figure 5.3 shows control signals
for each decentralized control channel as a function of time.





Chapter Six

Finite-Time Stabilization of Large-Scale
Systems via Control Vector
Lyapunov Functions

6.1 Introduction

The notions of asymptotic and exponential stability in dynamical systems
theory imply convergence of the system trajectories to an equilibrium state
over the infinite horizon. In many applications, however, it is desirable that
a dynamical system possesses the property that trajectories that converge
to a Lyapunov stable equilibrium state must do so in finite time rather
than merely asymptotically. Most of the existing control techniques in the
literature ensure that the closed-loop system dynamics of a controlled system
are Lipschitz continuous, which implies uniqueness of system solutions in
forward and backward times. Hence, convergence to an equilibrium state is
achieved over an infinite time interval.

In order to achieve convergence in finite time, the closed-loop system
dynamics need to be non-Lipschitzian giving rise to non-uniqueness of solu-
tions in backward time. Uniqueness of solutions in forward time, however,
can be preserved in the case of finite-time convergence. Sufficient condi-
tions that ensure uniqueness of solutions in forward time in the absence of
Lipschitz continuity are given in [1, 58, 108, 176]. In addition, it is shown
in [43, Theorem 4.3, p. 59] that uniqueness of solutions in forward time
along with continuity of the system dynamics ensure that the system solu-
tions are continuous functions of the system initial conditions even when the
dynamics are not Lipschitz continuous.

Finite-time convergence to a Lyapunov stable equilibrium, that is,
finite-time stability, was rigorously studied in [24, 25] using Hölder con-
tinuous Lyapunov functions. Finite-time stabilization of second-order sys-
tems was considered in [23, 86]. More recently, researchers have considered
finite-time stabilization of higher-order systems [90] as well as finite-time
stabilization using output feedback [91]. Design of globally strongly sta-
bilizing continuous controllers for nonlinear systems using the theory of
homogeneous systems was studied in [149]. Alternatively, discontinuous
finite-time stabilizing feedback controllers have also been developed in the
literature [59, 152, 153]. However, for practical implementations, discontin-
uous feedback controllers can lead to chattering due to system uncertainty
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or measurement noise, and hence, may excite unmodeled high-frequency
system dynamics.

In this chapter, we develop a general framework for finite-time stability
analysis of nonlinear dynamical systems using vector Lyapunov functions.
Specifically, we construct a vector comparison system that is finite-time sta-
ble and, using the vector comparison principle [14,118,133,141,159], relate
this finite-time stability property to the stability properties of the nonlinear
dynamical system. We show that in the case of a scalar comparison system
this result specializes to the result in [24]. Furthermore, we design univer-
sal finite-time stabilizing decentralized controllers for large-scale dynamical
systems based on the newly proposed notion of a control vector Lyapunov
function introduced in Chapter 5. In addition, we present necessary and
sufficient conditions for continuity of such controllers. Moreover, we spe-
cialize these results to the case of a scalar Lyapunov function to obtain
universal finite-time stabilizers for nonlinear systems that are affine in the
control. Finally, we demonstrate the utility of the proposed framework on
two numerical examples.

6.2 Finite-Time Stability via Vector Lyapunov Functions

Consider the nonlinear dynamical system given by

ẋ(t) = f(x(t)), x(t0) = x0, t ∈ Ix0 , (6.1)

where x(t) ∈ D ⊆ R
n, t ∈ Ix0 , is the system state vector, Ix0 is the maximal

interval of existence of a solution x(t) of (6.1), D is an open set, 0 ∈ D,
f(0) = 0, and f(·) is continuous on D. A continuously differentiable function
x : Ix0 → D is said to be a solution of (6.1) on the interval Ix0 ⊂ R if x(·)
satisfies (6.1) for all t ∈ Ix0 . Recall that every bounded solution to (6.1) can
be extended on a semi-infinite time interval [0,∞) [87]. We assume that (6.1)
possesses unique solutions in forward time for all initial conditions except
possibly the origin in the following sense. For every x ∈ D\{0} there exists
τx > 0 such that, if y1 : [0, τ1) → D and y2 : [0, τ2) → D are two solutions
of (6.1) with y1(0) = y2(0) = x, then τx ≤ min{τ1, τ2} and y1(t) = y2(t)
for all t ∈ [0, τx). Without loss of generality, we assume that for each x,
τx is chosen to be the largest such number in R+. In this case, we denote
the trajectory or solution curve of (6.1) on [0, τx) satisfying the consistency
property s(0, x) = x and the semi-group property s(t, s(τ, x)) = s(t + τ, x)
for every x ∈ D and t, τ ∈ [0, τx) by s(·, x) or sx(·). Sufficient conditions
for forward uniqueness in the absence of Lipschitz continuity can be found
in [1], [58, Section 10], [108], and [176, Section 1].

The next definition introduces the notion of finite-time stability [24].

Definition 6.1. Consider the nonlinear dynamical system (6.1). The
zero solution x(t) ≡ 0 to (6.1) is finite-time stable if there exist an open
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neighborhood N ⊆ D of the origin and a function T : N\{0} → (0,∞),
called the settling-time function, such that the following statements hold:

i) Finite-time convergence. For every x ∈ N\{0}, sx(t) is defined on
[0, T (x)), sx(t) ∈ N\{0} for all t ∈ [0, T (x)), and limt→T (x) s(x, t) = 0.

ii) Lyapunov stability. For every ε > 0 there exists δ > 0 such that
Bδ(0) ⊂ N and for every x ∈ Bδ(0)\{0}, s(t, x) ∈ Bε(0) for all t ∈
[0, T (x)).

The zero solution x(t) ≡ 0 of (6.1) is globally finite-time stable if it is finite-
time stable with N = D = R

n.

Note that if the zero solution x(t) ≡ 0 to (6.1) is finite-time stable,
then it is asymptotically stable, and hence, finite-time stability is a stronger
notion than asymptotic stability. Next, consider an example of a finite-time
stable system with a continuous but non-Lipschitzian vector field.

Example 6.1 ([24]). Consider the scalar system

ẋ(t) = −k sign(x(t))|x(t)|α, x(0) = x0, t ≥ 0, (6.2)

where x0 ∈ R, sign(x) � x
|x| , x �= 0, sign(0) � 0, k > 0, and α ∈ (0, 1).

The right-hand side of (6.2) is continuous everywhere and locally Lipschitz
everywhere except the origin. Hence, every initial condition in R\{0} has
a unique solution in forward time on a sufficiently small time interval. The
solution to (6.2) is obtained by direct integration and is given by

s(t, x0) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

sign(x0)
[
|x0|1−α − k(1− α)t

] 1
1−α ,

t < 1
k(1−α) |x0|1−α, x0 �= 0,

0, t ≥ 1
k(1−α) |x0|

1−α, x0 �= 0,

0, t ≥ 0, x0 = 0.

(6.3)

It is clear from (6.3) that i) in Definition 6.1 is satisfied with N = D = R

and with the settling-time function T : R → R+ given by

T (x0) =
1

k(1− α)
|x0|1−α, x0 ∈ R. (6.4)

Lyapunov stability follows by considering the Lyapunov function V (x) = x2,
x ∈ R. Thus, the zero solution x(t) ≡ 0 to (6.2) is globally finite-time stable.

�
Next, we present sufficient conditions for finite-time stability using a

vector Lyapunov function involving a vector differential inequality.

Theorem 6.1. Consider the nonlinear dynamical system (6.1). As-
sume there exist a continuously differentiable vector function V : D →
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Q ∩ R
q
+, where Q ⊂ R

q and 0 ∈ Q, and a positive vector p ∈ R
q
+ such that

V (0) = 0, the scalar function pTV (x), x ∈ D, is positive definite, and

V ′(x)f(x) ≤≤ w(V (x)), x ∈ D, (6.5)

where w : Q → R
q is continuous, w(·) ∈ W, and w(0) = 0. In addition,

assume that the vector comparison system

ż(t) = w(z(t)), z(0) = z0, t ∈ Iz0 , (6.6)

has a unique solution in forward time z(t), t ∈ Iz0 , and there exist a contin-
uously differentiable function v : Q → R, real numbers c > 0 and α ∈ (0, 1),
and a neighborhood M ⊆ Q of the origin such that v(·) is positive definite
and

v′(z)w(z) ≤ −c(v(z))α, z ∈ M. (6.7)

Then the zero solution x(t) ≡ 0 to (6.1) is finite-time stable. Moreover, if
N is as in Definition 6.1 and T : N → [0,∞) is the settling-time function,
then

T (x0) ≤
1

c(1− α)
(v(V (x0)))

1−α, x0 ∈ N , (6.8)

and T (·) is continuous on N . If, in addition, D = R
n, v(·) is radially

unbounded, and (6.7) holds on R
q, then the zero solution x(t) ≡ 0 to (6.1)

is globally finite-time stable.

Proof. Note that pTV (x) ≤ maxi=1,...,q{pi}eTV (x), x ∈ D. Hence,
since pTV (x), x ∈ D, is positive definite, that is, pTV (0) = 0 and pTV (x) >
0, x �= 0, it follows that the function eTV (x), x ∈ D, is also positive definite.

Let V ⊆ M be a bounded open set such that 0 ∈ V and V ⊂ Q. Then
∂V is compact and 0 �∈ ∂V. Now, it follows from Weierstrass’ theorem [70]
that the continuous function v(·) attains a minimum on ∂V and since v(·)
is positive definite, minz∈∂V v(z) > 0. Let 0 < β < minz∈∂V v(z) and Dβ �
{z ∈ V : v(z) ≤ β}. It follows from (6.7) that Dβ ⊂ M is invariant with
respect to (6.6). Furthermore, it follows from (6.7), the positive definiteness
of v(·), and standard Lyapunov arguments that for every ε̂ > 0, there exists

δ̂ > 0 such that Bδ̂(0) ⊂ Dβ ⊂ M and

‖z(t)‖1 ≤ ε̂, ‖z0‖1 < δ̂, (6.9)

where ‖ · ‖1 denotes the absolute sum norm, Bδ̂(0) is defined in terms of
the absolute sum norm ‖ · ‖1, and t ∈ Iz0 . Moreover, since the solution z(t)
to (6.6) is bounded for all t ∈ Iz0 , it can be extended on the semi-infinite
interval [0,∞) [87], and hence, z(t) is defined for all t ≥ 0.

Furthermore, it follows from Corollary 2.2 with q = 1, w(y, x) =
w(y) = −cyα, and z(t) = s(t, v(z0)), where α ∈ (0, 1), that

v(z(t)) ≤ s(t, v(z0)), z0 ∈ Bδ̂(0), t ∈ [0,∞), (6.10)
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where s(·, ·) is given by (6.3) with k = c. Now, it follows from (6.3), (6.10),
and the positive definiteness of v(·) that

z(t) = 0, t ≥ 1

c(1− α)
(v(z0))

1−α, z0 ∈ Bδ̂(0), (6.11)

which implies finite-time convergence of the trajectories of (6.6) for all z0 ∈
Bδ̂(0). This along with (6.9) implies finite-time stability of the zero solution
z(t) ≡ 0 to (6.6).

Next, it follows from the continuity of V (·) that there exists δ1 > 0

such that ‖V (x0)‖1 < δ̂ for all ‖x0‖ < δ1, where ‖ · ‖ is the Euclidian norm
on R

n. Now, choose z0 = V (x0) ∈ Bδ̂(0) for all ‖x0‖ < δ1. In this case,
it follows from (6.5) and Corollary 2.2 that V (x(t)) ≤≤ z(t) on a compact
interval [0, τx0 ], where [0, τx0) is the maximal interval of existence of the
solution x(t) to (6.1). Since z(t), t ≥ 0, is bounded and eTV (·) is positive
definite it follows that x(t), t ∈ [0, τx0 ], is bounded, and hence, x(t) can be
extended to the semi-infinite interval [0,∞). Using (6.11) it follows that

eTV (x(t))= eTz(t) = 0, t ≥ 1

c(1− α)
(v(z0))

1−α, z0 = V (x0) ∈ Bδ̂(0).

(6.12)

Since eTV (·) is positive definite, it follows that

x(t) = 0, t ≥ 1

c(1− α)
(v(V (x0)))

1−α, ‖x0‖ < δ1, (6.13)

which implies finite-time convergence of the trajectories of (6.1) for all
‖x0‖ < δ1. Furthermore, it follows from (6.13) that the settling-time func-
tion satisfies

T (x0) ≤
1

c(1 − α)
(v(V (x0)))

1−α, ‖x0‖ < δ1. (6.14)

Next, note that since eTV (x), x ∈ D, is positive definite, there exist
r > 0 and class K functions [85] α, β : [0, r] → R+ such that Br(0) ⊂ D,
where Br(0) is defined in terms of the Euclidean norm ‖ · ‖, and

α(‖x‖) ≤ eTV (x) ≤ β(‖x‖), x ∈ Br(0). (6.15)

Let ε > 0 and choose 0 < ε̂ < min{ε, r}. In this case, it follows from
the Lyapunov stability of the nonlinear vector comparison system (6.6) that
there exists μ = μ(ε̂) = μ(ε) > 0 such that if ‖z0‖1 < μ, then ‖z(t)‖1 < α(ε̂),
t ≥ 0. Now, choose z0 = V (x0) ≥≥ 0, x0 ∈ D. Since V (x), x ∈ D,
is continuous, eTV (x), x ∈ D, is also continuous. Hence, for μ = μ(ε̂) > 0
there exists δ = δ(μ(ε̂)) = δ(ε) > 0 such that δ < min{δ1, ε̂}, and if ‖x0‖ < δ,
then eTV (x0) = eTz0 = ‖z0‖1 < μ, which implies that ‖z(t)‖1 < α(ε̂), t ≥ 0.
Now, with z0 = V (x0) ≥≥ 0, x0 ∈ D, and the assumption that w(·) ∈ W,
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it follows from (6.5) and Corollary 2.2 that 0 ≤≤ V (x(t)) ≤≤ z(t) on any
compact interval [0, τ ], and hence, eTz(t) = ‖z(t)‖1, t ∈ [0, τ ].

Let τ > 0 be such that x(t) ∈ Br(0), t ∈ [0, τ ], for all x0 ∈ Bδ(0).
Thus, using (6.15), if ‖x0‖ < δ, then

α(‖x(t)‖) ≤ eTV (x(t)) ≤ eTz(t) < α(ε̂), t ∈ [0, τ ], (6.16)

which implies ‖x(t)‖ < ε̂ < ε, t ∈ [0, τ ]. Now, suppose, ad absurdum, that
for some x0 ∈ Bδ(0) there exists t̂ > τ such that ‖x(t̂)‖ = ε̂. Then, for z0 =
V (x0) and the compact interval [0, t̂] it follows from (6.5) and Corollary 2.2
that V (x(t̂)) ≤≤ z(t̂), which implies that α(ε̂) = α(‖x(t̂)‖) ≤ eTV (x(t̂)) ≤
eTz(t̂) < α(ε̂), leading to a contradiction. Hence, for a given ε > 0 there
exists δ = δ(ε) > 0 such that for all x0 ∈ Bδ(0), ‖x(t)‖ < ε, t ≥ t0, which
implies Lyapunov stability of the zero solution x(t) ≡ 0 to (6.1). This, along
with (6.13), implies finite-time stability of the zero solution x(t) ≡ 0 to (6.1)
with N � Bδ(0). Equation (6.8) implies that T (·) is continuous at the origin,
and hence, by Proposition 2.4 of [24], continuous on N .

Finally, if D = R
n and v(·) is radially unbounded, then global finite-

time stability follows using standard arguments.

Assume the conditions of Theorem 6.1 are satisfied with q = 1. In this
case, there exists a continuously differentiable, positive definite function
V : D → Q ∩ R+ such that (6.5) holds, and there exists a continuously
differentiable, positive definite function v : Q → R+ such that (6.7) holds.
Since q = 1 and M is a neighborhood of the origin, it follows that there
exists γ > 0 such that [0, γ] ⊂ M. Furthermore, since v(·) is positive
definite, there exists β > 0 such that v′(z) ≥ 0 for all z ∈ [0, β]. Next,
consider the function ṽ(x) � v(V (x)), x ∈ D, and note that ṽ(·) is positive
definite. Define V � {x ∈ D : V (x) ≤ min{β, γ}}. Then it follows from
(6.5) and (6.7) that

˙̃v(x)= v′(V (x))V ′(x)f(x)
≤ v′(V (x))w(V (x))

≤−c(v(V (x)))α

=−c(ṽ(x))α, x ∈ V, (6.17)

which implies condition (4.7) in Theorem 4.2 of [24]. Thus, in the case where
q = 1, Theorem 6.1 specializes to Theorem 4.2 of [24].

The next result is a specialization of Theorem 6.1 to the case where
the structure of the comparison dynamics directly guarantees finite-time
stability of the comparison system. That is, there is no need to require
the existence of a scalar function v(·) such that (6.7) holds to guarantee
finite-time stability of the nonlinear dynamical system (6.1).

Corollary 6.1. Consider the nonlinear dynamical system (6.1). As-
sume there exist a continuously differentiable vector function V : D →
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Q ∩ R
q
+, where Q ⊂ R

q and 0 ∈ Q, and a positive vector p ∈ R
q
+ such that

V (0) = 0, the scalar function pTV (x), x ∈ D, is positive definite, and

V ′(x)f(x) ≤≤ W (V (x))[α], x ∈ D, (6.18)

where α ∈ (0, 1), W ∈ R
q×q is essentially nonnegative and Hurwitz, and

(V (x))[α] � [(V1(x))
α, . . . , (Vq(x))

α]T. Then the zero solution x(t) ≡ 0 to
(6.1) is finite-time stable. If, in addition, D = R

n, then the zero solution
x(t) ≡ 0 to (6.1) is globally finite-time stable.

Proof. Consider the comparison system given by

ż(t) = W (z(t))[α], z(0) = z0, t ≥ 0, (6.19)

where z0 ∈ R
q
+. Note that the right-hand side in (6.19) is of class W and is

essentially nonnegative and, hence, the solutions to (6.19) are nonnegative
for all nonnegative initial conditions [69]. Since W ∈ R

q×q is essentially
nonnegative and Hurwitz, it follows from Lemma 2.1 that there exist positive
vectors p̂ ∈ R

q
+ and r ∈ R

q
+ such that

0 = WTp̂+ r. (6.20)

Now, consider the Lyapunov function v(z) = p̂Tz, z ∈ R
q
+. Note

that v(0) = 0, v(z) > 0, z ∈ R
q
+, z �= 0, and v(·) is radially unbounded. Let

β � mini=1,...,q ri, γ � maxi=1,...,q p̂
α
i , where ri and p̂i are the ith components

of r ∈ R
q
+ and p̂ ∈ R

q
+, respectively. Then

v̇(z) = p̂TWz[α]

=−rTz[α]

≤−β

γ
γ

(
q∑

i=1

zαi

)

≤−β

γ

(
q∑

i=1

p̂αi z
α
i

)

≤−β

γ

(
q∑

i=1

p̂izi

)α

≤−β

γ
(v(z))α

=−c(v(z))α, z ∈ R
q
+, (6.21)

where c � β
γ . Thus, it follows from Theorem 4.2 of [24] that the comparison

system (6.19) is finite-time stable with the settling-time function T (z0) ≤
1

c(1−α)(v(z0))
1−α, z0 ∈ R

q
+. Next, it follows from Corollary 4.1 of [141]

that the nonlinear dynamical system (6.1) is asymptotically stable with the
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domain of attraction N ⊂ D. Now, the result is a direct consequence of
Theorem 6.1.

It follows from Corollary 6.1 that the nonlinear dynamical system (6.1)
has a settling-time function T (x0) ≤ 1

c(1−α)(v(V (x0)))
1−α, x0 ∈ N , where

v(z) = p̂Tz, z ∈ R
q
+, and p̂ ∈ R

q
+ is as in the proof of Corollary 6.1.

6.3 Finite-Time Stabilization of Large-Scale Dynamical Systems

In Chapter 5, the notion of a control vector Lyapunov function was in-
troduced as a generalization of the classical notion of a control Lyapunov
function. Furthermore, a universal stabilizing feedback control law was con-
structed based on a control vector Lyapunov function. In this section, we
show that this control law can be used to stabilize large-scale dynamical
systems in finite time provided that the comparison system possesses non-
Lipschitzian dynamics.

Specifically, consider the large-scale dynamical system composed of q
interconnected subsystems given by

ẋi(t) = fi(x(t)) +Gi(x(t))ui(t), t ≥ t0, i = 1, . . . , q, (6.22)

where fi : R
n → R

ni satisfying fi(0) = 0 and Gi : R
n → R

ni×mi are
continuous functions for all i = 1, . . . , q, and ui(·), i = 1, . . . , q, satisfy
sufficient regularity conditions such that the nonlinear dynamical system
(6.22) has a unique solution forward in time. Let V = [V1, . . . , Vq]

T : Rn →
R
q
+ be a component decoupled continuously differentiable vector function,

that is, V (x) = [V1(x1), . . . , Vq(xq)]
T, x ∈ R

n, p ∈ R
q
+ be a positive vector,

and w : R
q
+ → R

q be a continuous function such that V (0) = 0, pTV (x),
x ∈ R

n, is positive definite, and w(·) ∈ W with w(0) = 0.
Define αi(x) � V ′

i (xi)fi(x), x ∈ R
n, and βi(x) � GT

i (x)V
′T
i (xi), x ∈

R
n, and assume that

V ′
i (xi)fi(x) < wi(V (x)), x ∈ Ri, i = 1, . . . , q, (6.23)

where Ri � {x ∈ R
n, x �= 0 : βi(x) = 0}, i = 1, . . . , q. Construct the

feedback control law φ(x) = [φT
1 (x), . . . , φ

T
q (x)]

T, x ∈ R
n, given by

φi(x) =

⎧⎪⎪⎨
⎪⎪⎩

−
(
c0i +

(αi(x)−wi(V (x)))+
√

(αi(x)−wi(V (x)))2+(βT
i (x)βi(x))2

βT
i (x)βi(x)

)
βi(x),

if βi(x) �= 0,
0, if βi(x) = 0,

(6.24)

where c0i > 0, i = 1, . . . , q.
The vector Lyapunov derivative components V̇i(·), i = 1, . . . , q, along

the trajectories of the closed-loop dynamical system (6.22), with u = φ(x),
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x ∈ R
n, given by (6.24), satisfy

V̇i(xi)=V ′
i (xi)[fi(x) +Gi(x)φi(x)]

=αi(x) + βT
i (x)φi(x)

=

⎧⎪⎨
⎪⎩

−c0iβ
T
i (x)βi(x)−

√
(αi(x)− wi(V (x)))2 + (βT

i (x)βi(x))
2

+wi(V (x)), if βi(x) �= 0,
αi(x), if βi(x) = 0,

<wi(V (x)), x ∈ R
n.

It follows from Theorem 6.1 that if there exist v : R
q
+ → R, c > 0, and

α ∈ (0, 1) such that v(·) is positive definite and

v′(z)w(z) ≤ −c(v(z))α, z ∈ M, (6.25)

where M is a neighborhood of R
q
+ containing the origin, then the zero

solution x(t) ≡ 0 to (6.22) is finite-time stable with the settling time T (x0) ≤
1

c(1−α)(v(V (x0)))
1−α, x0 ∈ R

n. In this case, it follows from Theorem 5.1 that

V (x), x ∈ R
n, is a control vector Lyapunov function.

If Ri = Ø, i = 1, . . . , q, then the function w(·) in (6.24) can be chosen
to be

w(z) = Wz[α], z ∈ R
q
+, (6.26)

where W ∈ R
q×q is essentially nonnegative and Hurwitz, α ∈ (0, 1), and

z[α] � [zα1 , . . . , z
α
q ]

T. In this case, condition (6.25) need not be verified and
it follows from Corollary 6.1 that the closed-loop system (6.22) and (6.24)
with w(·) given by (6.26) is finite-time stable and, hence, the controller
(6.24) is finite-time stabilizing controller for (6.22).

Since fi(·) and Gi(·) are continuous and Vi(·) is continuously differen-
tiable for all i = 1, . . . , q, it follows that αi(x) and βi(x), x ∈ R

n, i = 1, . . . , q,
are continuous functions, and hence, φi(x) given by (6.24) is continuous for
all x ∈ Rn if either βi(x) �= 0 or αi(x) − wi(V (x)) < 0 for all i = 1, . . . , q.
Hence, the feedback control law given by (6.24) is continuous everywhere
except for the origin. However, as shown in Proposition 5.1, the feedback
control law φ(x) given by (6.24) is continuous on R

n if and only if for every
ε > 0, there exists δ > 0 such that for all 0 < ‖x‖ < δ there exists ui ∈ R

mi

such that ‖ui‖ < ε and αi(x) + βT
i (x)ui < wi(V (x)), i = 1, . . . , q.

The following corollary addressing the case where q = 1 is immediate
from the above arguments. In this case, the nonlinear dynamical system
(6.22) specializes to

ẋ(t) = f(x(t)) +G(x(t))u(t), x(t0) = x0, t ≥ t0, (6.27)

where x0 ∈ R
n and f : Rn → R

n satisfying f(0) = 0 and G : Rn → R
n×m

are continuous functions.
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Corollary 6.2. Consider the nonlinear dynamical system (6.27). As-
sume there exists a continuously differentiable function V : D → R+ such
that V (·) is positive definite, w(V (x)) � −c(V (x))α, x ∈ R

n, and

V ′(x)f(x) ≤ w(V (x)) = −c(V (x))α, x ∈ R, (6.28)

where c > 0, α ∈ (0, 1), R � {x ∈ R
n, x �= 0 : V ′(x)G(x) = 0}. Then the

nonlinear dynamical system (6.27) with the feedback controller u = φ(x),
x ∈ R

n, given by

φ(x) =

⎧⎪⎪⎨
⎪⎪⎩

−
(
c0 +

(α(x)−w(V (x)))+
√

(α(x)−w(V (x)))2+(βT(x)β(x))2

βT(x)β(x)

)
β(x),

if β(x) �= 0,
0, if β(x) = 0,

(6.29)

where c0 > 0, α(x) � V ′(x)f(x), x ∈ R
n, and β(x) � GT(x)V ′T(x), x ∈ R

n,
is finite-time stable with the settling time T (x0) ≤ 1

c(1−α)(V (x0))
1−α, x0 ∈

R
n. Furthermore, V (·) is a control Lyapunov function.

Next, we show that the control law (6.29) ensures finite-time stability
for a perturbed version of (6.27) with bounded perturbations. Specifically,
consider the more accurate description of the system (6.27) given by the
perturbed model

ẋ(t) = f(x(t)) +G(x(t))u(t) + g(t, x(t)), x(t0) = x0, t ≥ t0, (6.30)

where g : [t0,∞) × R
n → R

n is a continuous function that captures dis-
turbances, uncertainties, parameter variations, or modeling errors. Assume
that there exists a continuously differentiable function V : Rn → R+ such
that the conditions of Corollary 6.2 are satisfied. Then it follows from The-
orem 5.2 of [24] that there exist δ0 > 0, � > 0, τ > 0, and an open neighbor-
hood V of the origin such that for every continuous function g(·, ·) with

δ = sup
[t0,∞)×Rn

‖g(t, x)‖ < δ0, (6.31)

the solutions x(t), t ≥ t0, to the closed-loop system (6.30) with u(t) given
by (6.29) and x0 ∈ V are such that x(t) ∈ V, t ≥ t0, and

‖x(t)‖ ≤ �δγ , t ≥ τ, (6.32)

where γ = 1−α
α .

Note that, if in Corollary 6.2 α ∈ (0, 12), then γ > 1, which makes the
bound in (6.32) smaller for sufficiently small δ compared to the case when
0 < γ < 1. In addition, if g(·, ·) is such that

‖g(t, x)‖ ≤ L‖x‖, (t, x) ∈ [t0,∞)× R
n, (6.33)
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Figure 6.1 Large-scale dynamical system G.

where L ≥ 0, then it follows from Theorem 5.3 of [24] that x(t) = 0, t ≥ τ ,
for all x0 ∈ V. Finally, if g : Rn → R

n is only a function of the dynamical
system state and

‖g(x)‖ ≤ L‖x‖, x ∈ R
n, (6.34)

where L ≥ 0, then it follows from Theorem 5.4 of [24] that the zero solution
x(t) ≡ 0 to the closed-loop system (6.30) with u(t) given by (6.29) is finite-
time stable.

Next, consider the large-scale dynamical system G shown in Figure 6.1
involving energy exchange between n interconnected subsystems. Let xi :
[0,∞) → R+ denote the energy (and hence a nonnegative quantity) of the ith
subsystem, let ui : [0,∞) → R denote the control input to the ith subsystem,
and let σij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the instantaneous rate

of energy flow from the jth subsystem to the ith subsystem.
An energy balance yields the large-scale dynamical system [81]

ẋ(t) = f(x(t)) +G(x(t))u(t), x(t0) = x0, t ≥ t0, (6.35)

where x(t) = [x1(t), . . . , xn(t)]
T, t ≥ t0, fi(x) =

∑n
j=1,j 	=i φij(x), where

φij(x) � σij(x) − σji(x), x ∈ R
n
+, i �= j, i, j = 1, . . . , q, denotes the

net energy flow from the jth subsystem to the ith subsystem, G(x) =
diag[G1(x1), . . . , Gn(xn)], x ∈ R

n
+, Gi(xi) = 0 if and only if xi = 0 for

all i = 1, . . . , n, and u(t) ∈ R
n, t ≥ t0. Here, we assume that σij(x) = 0,

x ∈ R
n
+, whenever xj = 0, i �= j, i, j = 1, . . . , n. In this case, f(·) is

essentially nonnegative (i.e., fi(x) ≥ 0 for all x ∈ R
n
+ such that xi = 0,
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i = 1, . . . , n). The above constraint implies that if the energy of the jth
subsystem of G is zero, then this subsystem cannot supply any energy to
its surroundings. In addition, we assume that φij(x

′) ≤ φij(x
′′), i �= j,

i, j = 1, . . . , n, for all x′, x′′ ∈ R
n such that x′i = x′′i and x′k ≤ x′′k, k �= i,

where xi is the ith component of x. The above assumption implies that the
more energy the surroundings of the ith subsystem possess, the more energy
is gained by the ith subsystem from the energy exchange due to subsystem
interconnections. Finally, to ensure that the trajectories of the closed-loop
system remain in the nonnegative orthant of the state space for all nonneg-
ative initial conditions, we seek a feedback control law u(·) that guarantees
the closed-loop system dynamics are essentially nonnegative [69].

For the dynamical system G, consider the control vector Lyapunov
function candidate V (x) = [V1(x1), . . . , Vn(xn)]

T, x ∈ R
n
+, given by

V (x) = [x1, . . . , xn]
T, x ∈ R

n
+. (6.36)

Note that V (0) = 0 and eTV (x), x ∈ R
n
+, is positive definite and radially

unbounded. Furthermore, consider the function

w(V (x)) =

⎡
⎢⎢⎣

−V
1/2
1 (x1) +

∑n
j=1,j 	=1 φ1j(V (x))
...

−V
1/2
n (xn) +

∑n
j=1,j 	=n φnj(V (x))

⎤
⎥⎥⎦ , x ∈ R

n
+,

(6.37)

and note that it follows from the above constraints that w(·) ∈ W and
w(0) = 0. Furthermore, note that Ri � {x ∈ R

n
+, xi �= 0 : V ′

i (xi)Gi(xi) =

0} = {x ∈ R
n
+, xi �= 0 : xi = 0} = Ø, and hence, condition (6.23) is satisfied

for V (·) and w(·) given by (6.36) and (6.37), respectively.
Next, consider the vector comparison system

ż(t) = w(z(t)), z(t0) = z0, t ≥ t0, (6.38)

where z0 ∈ R
n
+ and the ith component of w(z) is given by wi(z) = −z

1/2
i +∑n

j=1,j 	=i φij(z), z ∈ R
n
+. In addition, consider the Lyapunov function candi-

date v(z) = eTz, z ∈ R
n
+, and note that v(·) is radially unbounded, v(0) = 0,

v(z) > 0, z ∈ R
n
+, z �= 0, and

v′(z)w(z) =−
n∑

i=1

z
1/2
i +

n∑
i=1

n∑
j=1,j 	=i

φij(z)

=−
n∑

i=1

z
1/2
i

≤−
(

n∑
i=1

zi

)1/2
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=−(v(z))1/2, z ∈ R
n
+. (6.39)

Thus, it follows from Theorem 6.1 with c = 1, α = 1
2 , and M = R

n
+ that

the large-scale dynamical system (6.35) is finite-time stable with a settling
time T (x0) ≤ 2(eTx0)

1/2, x0 ∈ R
n
+, and V (x), x ∈ R

n
+, given by (6.36) is a

control vector Lyapunov function for (6.35).
Finally, the feedback control law φ(x) = [φT

1 (x), . . . , φ
T
n (x)]

T, where
φi(x), i = 1, . . . , n, is given by (6.24) with

αi(x)=V ′
i (xi)fi(x) =

n∑
j=1,j 	=i

φij(x), x ∈ R
n
+,

βi(x)=Gi(xi), x ∈ R
n
+,

and c0i > 0, i = 1, . . . , n, is a finite-time globally stabilizing decentralized
feedback controller for (6.35). It can be seen from the structure of the
feedback control law that the closed-loop system dynamics are essentially
nonnegative. Furthermore, since αi(x) − wi(V (x)) = (Vi(xi))

1/2, x ∈ R
n
+,

i = 1, . . . , n, this feedback controller is fully independent from f(x), which
represents the internal interconnections of the large-scale system dynamics,
and hence, is robust against full modeling uncertainty in f(x).

6.4 Finite-Time Stabilization for Large-Scale

Homogeneous Systems

In this section, we use geometric homogeneity developed in [10, 25] to con-
struct finite-time controllers for large-scale homogeneous systems. First, we
introduce the concept of homogeneity in relation to a scaling operation or
dilation.

Definition 6.2 ([10, 25]). Let x � [x1, . . . , xn]
T ∈ R

n. A dilation
Δλ(x) : (λ, x1, . . . , xn) �→ (λr1x1, . . . , λ

rnxn) is a mapping that assigns to ev-
ery λ > 0 a diffeomorphism Δλ(x) = (λr1x1, . . . , λ

rnxn), where (x1, . . . , xn)
is a suitable coordinate on R

n and ri > 0, i = 1, . . . , n, are constants. A
function V : Rn → R is homogeneous of degree l ∈ R with respect to the dila-
tion Δλ(x) if V (λr1x1, . . . , λ

rnxn) = λlV (x1, . . . , xn). Finally, a vector field
f(x) � [f1(x), . . . , fn(x)]

T : Rn → R is homogeneous of degree k ∈ R with
respect to the dilation Δλ(x) if fi(λ

r1x1, . . . , λ
rnxn) = λk+rifi(x1, . . . , xn),

λ > 0, i = 1, . . . , n.

Proposition 6.1 ([25]). Consider the nonlinear dynamical system given
by (6.1). Assume f(·) is homogeneous of degree k ∈ R with respect to the
dilation Δλ(x). Furthermore, assume f(·) is continuous on D and x = 0 is
an asymptotically stable equilibrium point of (6.1). If k < 0, then x = 0
is a finite-time stable equilibrium point of (6.1). Alternatively, suppose
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f(x) = g1(x) + · · · + gq(x), x ∈ D, where for each i = 1, . . . , q, the vector
field gi(·) is continuous on D, homogeneous of degree ki ∈ R with respect to
the dilation Δλ(x), and k1 < · · · < kq. If x = 0 is a finite-time stable equi-
librium point of g1(·), then x = 0 is a finite-time stable equilibrium point of
f(·).

If in Theorem 6.1 the comparison function w(·) is homogeneous of de-
gree k < 0 with respect to the dilation Δλ(z) and z = 0 is an asymptotically
stable equilibrium point of (6.6), then the zero solution x(t) ≡ 0 to (6.1) is
finite-time stable. In this case, there is no need to construct a scalar positive
definite function v(·) such that (6.7) holds.

Now, consider the large-scale dynamical system G involving energy ex-
change between n interconnected subsystems given by (6.35). Furthermore,
assume that there exists a constant k ∈ R such that

φij(λ
r1x1, . . . , λ

rnxn) = λri+kφij(x1, . . . , xn), i, j = 1, . . . , q, i �= j,

(6.40)

for every λ > 0 and for given ri > 0, i = 1, . . . , n. Next, consider the
decentralized controller given by

ui = ψi(xi), i = 1, . . . , n, (6.41)

with ψi(xi) satisfying

Gi(λ
rixi)ψi(λ

rixi) = λri+lGi(xi)ψi(xi), i = 1, . . . , n, x ∈ R
n, (6.42)

and
n∑

i=1

Gi(xi)ψi(xi) < 0, x ∈ R
n, (6.43)

for every λ > 0 and for given ri > 0, i = 1, . . . , n, where l ∈ R, G(x) =
diag[G1(x1), . . . , Gn(xn)], and Gi(xi) = 0 if and only if xi = 0, i = 1, . . . , n.
If l = k < 0, then it follows from Proposition 6.1 that the closed-loop
system (6.35) with u(t) = [ψ1(x1), . . . , ψn(xn)]

T is globally finite-time stable.
Alternatively, if l < k and l < 0, then it follows from Proposition 6.1 that
the closed-loop system (6.35) with u(t) = [ψ1(x1), . . . , ψn(xn)]

T is finite-time
stable.

Note that if l < k and l < 0, then stability is only local [25]. To obtain
a global result in this case, we need to examine the control vector Lyapunov
function of the large-scale homogeneous system. Specifically, for the dynam-
ical system G given by (6.35), consider the control vector Lyapunov function
candidate V (·) given by (6.36). Furthermore, consider the function

w(V (x)) =

⎡
⎢⎣

−σ1(V1(x1)) +
∑n

j=1,j 	=1 φ1j(V (x))
...

−σn(Vn(xn)) +
∑n

j=1,j 	=n φnj(V (x))

⎤
⎥⎦ , x ∈ R

n
+,
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where σi(·) satisfies σi(λrixi) = λri+lσi(xi) for each λ > 0 and given ri > 0,
i = 1, . . . , n, l < 0, xi ∈ R+, σi(0) = 0, σi(z) > 0 for z �= 0, z ∈ R, and φij(·)
satisfies (6.40) with k > l and i, j = 1, . . . , n, i �= j.

Next, consider the comparison system given by (6.38) where the ith
component of w(z) is given by wi(z) = −σi(zi) +

∑n
j=1,j 	=i φij(z), z ∈ R

n
+.

Then it follows from Proposition 6.1 that (6.38) is finite-time stable. Fur-
thermore, consider the Lyapunov function candidate v(z) = eTz, z ∈ R

n
+,

and note that v(·) is radially unbounded, v(0) = 0, v(z) > 0, z ∈ R
n
+, z �= 0,

and

v′(z)w(z) =−
n∑

i=1

σi(zi) +

n∑
i=1

n∑
j=1,j 	=i

φij(z)

=−
n∑

i=1

σi(zi)

< 0, z �= 0, z ∈ R
n
+, (6.44)

which implies that (6.38) is globally asymptotically stable. Hence, (6.38) is
globally asymptotically stable, and thus, the large-scale homogeneous sys-
tem (6.35) with ui = ψi(xi), i = 1, . . . , n, is globally finite-time stable and
V (·) given by (6.36) is a control vector Lyapunov function for (6.35). Finally,
(6.24) with αi(x) = V ′

i (xi)fi(x) =
∑n

j=1,j 	=i φij(x), βi(x) = Gi(xi), x ∈ R
n
+,

and c0i > 0, i = 1, . . . , n, is a finite-time globally stabilizing decentralized
feedback controller for (6.35). It can be seen from the structure of the
feedback control law that the closed-loop system dynamics are essentially
nonnegative. Furthermore, since αi(x) − wi(V (x)) = σi(Vi(xi)), x ∈ R

n
+,

i = 1, . . . , n, this feedback controller is fully independent from f(x) which
represents the internal interconnections of the large-scale system dynamics,
and hence, is robust against full modeling uncertainty in f(x).

6.5 Decentralized Control for Finite-Time Stabilization of

Large-Scale Systems

In this section, we provide two numerical examples to illustrate the efficacy of
the proposed approach. In our first example, we consider the large-scale dy-
namical system shown in Figure 6.1 with the power balance equation (6.35)

where σij(x) = σijx
2
j , σij ≥ 0, i �= j, i, j = 1, . . . , n, and Gi(xi) = x

1/4
i ,

i = 1, . . . , n. Note that in this case φij(x
′) ≤ φij(x

′′), i �= j, i, j = 1, . . . , n,

for all x′, x′′ ∈ R
n
+ such that x′i = x′′i and x′k ≤ x′′k, k �= i. Furthermore,

with ui = −2x
1/4
i , i = 1, . . . , n, the conditions of Proposition 5.1 are satis-

fied, and hence, the feedback control law (6.24) is continuous on R
n
+. For

our simulation we set n = 3, σ12 = 2, σ13 = 3, σ21 = 1.5, σ23 = 0.3,
σ31 = 4.4, σ32 = 0.6, c01 = 1, c02 = 1, and c03 = 0.25, with initial condition
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Figure 6.2 Controlled system states versus time.

0 0.5 1 1.5 2
-4

-2

0

0 0.5 1 1.5 2
-4

-2

0

0 0.5 1 1.5 2
-4

-2

0

φ
1(

x
(t

))
φ

2(
x
(t

))
φ

3(
x
(t

))

Time

Figure 6.3 Control signals in each decentralized control channel versus time.

x0 = [3, 4, 1]T. Figure 6.2 shows the states of the closed-loop system ver-
sus time and Figure 6.3 shows control signals for each decentralized control
channel as a function of time.

For the next example, we consider control of thermoacoustic instabili-
ties in combustion processes. Engineering applications involving steam and
gas turbines and jet and ramjet engines for power generation and propul-
sion technology involve combustion processes. Due to the inherent coupling
between several intricate physical phenomena in these processes involving
acoustics, thermodynamics, fluid mechanics, and chemical kinetics, the dy-
namic behavior of combustion systems is characterized by highly complex
nonlinear models [8, 9, 47, 103]. The unstable dynamic coupling between
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heat release in combustion processes generated by reacting mixtures re-
leasing chemical energy and unsteady motions in the combustor develop
acoustic pressure and velocity oscillations that can severely affect operating
conditions and system performance. These pressure oscillations, known as
thermoacoustic instabilities, often lead to high vibration levels, causing me-
chanical failures, high levels of acoustic noise, high burn rates, and even com-
ponent melting. Hence, the need for active control to mitigate combustion-
induced pressure instabilities is critical.

Next, we design a finite-time stabilizing controller for a two-mode,
nonlinear time-averaged combustion model with nonlinearities present due
to the second-order gas dynamics. This model is developed in [47] and is
given by

ẋ1(t)=α1x1(t) + θ1x2(t)− β(x1(t)x3(t) + x2(t)x4(t)) + u1(t),

x1(0) = x10, t ≥ 0, (6.45)

ẋ2(t)=−θ1x1(t) + α1x2(t) + β(x2(t)x3(t)− x1(t)x4(t)) + u2(t),

x2(0) = x20, (6.46)

ẋ3(t)=α2x3(t) + θ2x4(t) + β(x21(t)− x22(t)) + u3(t), x3(0) = x30,

(6.47)

ẋ4(t)=−θ2x3(t) + α2x4(t) + 2βx1(t)x2(t) + u4(t), x4(0) = x40,

(6.48)

where α1, α2 ∈ R represent growth/decay constants, θ1, θ2 ∈ R represent
frequency shift constants, β = ((γ + 1)/8γ)ω1, where γ denotes the ratio
of specific heats, ω1 is the frequency of the fundamental mode, and ui,
i = 1, . . . , 4, are control input signals. For the data parameters α1 = 5,
α2 = −55, θ1 = 4, θ2 = 32, γ = 1.4, ω1 = 1, and x0 = [2, 3, 1, 1]T , the
open-loop (i.e., ui(t) ≡ 0, i = 1, . . . , 4) dynamics (6.45)–(6.48) result in a
limit cycle instability.

To stabilize this system in finite time we design a feedback control law
given by (6.29), where V (x) = 1

2x
Tx, x ∈ R

4, c = 1, c0 = 1, α = 3
4 . In this

case, V ′(x) = xT, G(x) = I4, and hence, R = {x ∈ R
4, x �= 0 : xT = 0} = Ø.

Thus, condition (6.28) is trivially satisfied and it follows from Corollary
6.2 that the closed-loop system (6.45)–(6.48) with the feedback control law
(6.29) is finite-time stable. Furthermore, the hypotheses of Proposition 5.1
are satisfied for the case where q = 1, and hence, the control law (6.29) is
continuous in R

4. Specifically, with u = −f(x)− 2−3/4g(x), where

f(x) =

⎡
⎢⎢⎣

α1x1 + θ1x2 − β(x1x3 + x2x4)
−θ1x1 + α1x2 + β(x2x3 − x1x4)

α2x3 + θ2x4 + β(x21 − x22)
−θ2x3 + α2x4 + 2βx1x2

⎤
⎥⎥⎦ , g(x) =

⎡
⎢⎢⎢⎣

x
1/3
1

x
1/3
2

x
1/3
3

x
1/3
4

⎤
⎥⎥⎥⎦ ,
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the inequality

α(x) + βT(x)u ≤ w(V (x)), 0 < ‖x‖ < δ, (6.49)

is satisfied, where α(x) � V ′(x)f(x), β(x) � GT(x)V ′T(x), w(V (x)) =
−(V (x))3/4, x ∈ R

4, and 0 < δ < 1.
To see this, note that

α(x) + βT(x)u=−2−3/4xTg(x)

=−2−3/4
4∑

i=1

x
4/3
i

≤−2−3/4

(
4∑

i=1

x2i

)3/4

=−(V (x))3/4

=w(V (x)), 0 < ‖x‖ < δ < 1. (6.50)

In addition, since f(·) and g(·) are continuous and f(0) = g(0) = 0, it follows
from (6.50) that for every ε > 0, there exists 0 < δ < 1 such that for all
0 < ‖x‖ < δ there exists u ∈ R

4 such that ‖u‖ < ε and inequality (6.49)
holds. Thus, the feedback control law (6.29) is continuous in R

4. Figure 6.4
shows the states of the closed-loop system versus time and Figure 6.5 shows
the control signals versus time.
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Chapter Seven

Coordination Control for Multiagent
Interconnected Systems

7.1 Introduction

Modern complex multiagent dynamical systems are highly interconnected
and mutually interdependent, both physically and through a multitude of
information and communication networks. Distributed decision-making for
coordination of networks of dynamic agents involving information flow can
be naturally captured by graph-theoretic notions. These dynamical network
systems cover a very broad spectrum of applications, including cooperative
control of unmanned air vehicles (UAVs), autonomous underwater vehicles
(AUVs), distributed sensor networks, air and ground transportation sys-
tems, swarms of air and space vehicle formations, and congestion control
in communication networks, to cite but a few examples. Hence, it is not
surprising that a considerable research effort has been devoted to control of
networks and control over networks in recent years [15,27,29,37].

A key application area of multiagent network coordination within
aerospace systems is cooperative control of vehicle formations using dis-
tributed and decentralized controller architectures. Distributed control refers
to a control architecture wherein the control is distributed via multiple com-
putational units that are interconnected through information and commu-
nication networks, whereas decentralized control refers to a control archi-
tecture wherein local decisions are based only on local information. Vehicle
formations are typically dynamically decoupled, that is, the motion of a
given agent or vehicle does not directly affect the motion of the other agents
or vehicles. The multiagent system is coupled via the task which the agents
or vehicles are required to perform.

The complexity of cooperative maneuvers that multiagent systems
need to perform as well as environmental constraints often necessitate the
design of control algorithms that use information on current position and
velocity of each vehicle to steer them while maintaining a specified forma-
tion. In particular, for mobile agents operating in a foggy environment or
located far from each other, open-loop visual control for coordinated motion
becomes impractical. In this case, feedback control algorithms are required
for individual vehicle steering which determine how a given vehicle maneu-
vers based on positions and velocities of nearby vehicles and/or on those of
a formation leader. The leader could be real, that is, one of the vehicles in
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a formation leads the others, or the leader could be virtual, that is, vehicles
synthesize a leader and the motions of the vehicles in a formation are defined
with respect to a virtual agent whose positions and velocities are known at
each instant of time.

Analysis and control design for networks of mobile agents has re-
ceived considerable attention in the literature. Common formations of mul-
tiagent systems include flocking [142, 166], cyclic pursuit [130], (virtual)
leader following [53, 164], and rendezvous [36, 151]. Graph-theoretic no-
tions [51] are essential in the analysis and control design for a system of
mobile agents performing a common task [56,102]. Several researchers have
proposed different techniques for analyzing network systems. Specifically,
the authors in [45, 159] use graph theory to model interconnected systems,
whereas [49, 56, 134, 135] invoke graph-theoretic notions for stability anal-
ysis of formations of large numbers of agents. Alternatively, the authors
in [124,142,143] use potential functions to analyze flocking and [144] resorts
to control Lyapunov functions to design feedback controllers for coordinated
motion of multi-robot platforms. Distributed control of robotic networks has
been extensively studied in [31,151] where the authors develop a variety of
control algorithms for network consensus. Furthermore, distributed non-
linear static and dynamic control architectures for multiagent coordination
using thermodynamic principles are presented in [95]. A survey of recent
research results in cooperative control of multivehicle systems is presented
in [140].

In this chapter, we develop stability analysis and a control design
framework for multiagent coordination predicated on vector Lyapunov func-
tions. In multiagent systems, several Lyapunov functions arise naturally
where each agent can be associated with a generalized energy function cor-
responding to a component of a vector Lyapunov function. Furthermore,
since a specified formation of multiple vehicles can be characterized by a
time-varying set in the state space, the problem of control design for multia-
gent coordinated motion is equivalent to design of stabilizing controllers for
time-varying sets of nonlinear dynamical systems. Thus, using a stability
and control design framework for time-varying sets, we design distributed
control algorithms for stabilization of multi-vehicle formations. These dis-
tributed control algorithms use only local information of the individual ve-
hicle relative position and velocity with respect to the leader to maintain a
specified formation for a system of multiple vehicles. Finally, we specialize
the results obtained for time-varying sets to address stabilization of time-
invariant sets and develop stabilizing control algorithms for static formations
(rendezvous) of multiple vehicles. The developed cooperative control algo-
rithms are shown to globally exponentially stabilize both moving and static
formations.
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7.2 Stability and Stabilization of Time-Varying Sets

In this section, we present results on stability and stabilization of time-
varying sets for time-varying nonlinear dynamical systems using vector Lya-
punov functions [14,118,133,141,159]. Specifically, consider the time-varying
nonlinear dynamical system given by

ẋ(t) = f(t, x(t)), x(t0) = x0, t ≥ t0, (7.1)

where x(t) ∈ D ⊆ R
n, t ≥ t0, is the solution to (7.1), t0 ∈ [0,∞), D is an

open set, 0 ∈ D, f(t, 0) = 0, t ≥ t0, and f : [t0,∞) × D → R
n is such that

f(·, ·) is jointly continuous in t and x, for every t ∈ [t0,∞), and f(t, ·) is
locally Lipschitz in x uniformly in t for all compact subsets of [0,∞).

The following definition introduces several types of stability for time-
varying sets of nonlinear time-varying dynamical systems. For this defini-
tion, Dt

0 � D0(t), t ≥ t0, is a time-varying set such that, for every t ≥ t0,
D0(t) is a compact set and Oε(D0(t)) � {x ∈ D : dist(x,D0(t)) < ε}, t ≥ t0,
defines the ε-neighborhood of D0(t) at each instant of time t ≥ t0, where
dist(x,D0(t)) � infy∈D0(t) ‖y − x‖, t ≥ t0.

Definition 7.1. Consider the nonlinear time-varying dynamical system
(7.1). Let Dt

0 be positively invariant with respect to (7.1) and, at each time
instant t ∈ [t0,∞), D0(t) is a compact set.

i) Dt
0 is Lyapunov stable if, for every ε > 0 and t0 ∈ [0,∞), there ex-

ists δ = δ(ε, t0) > 0 such that x0 ∈ Oδ(D0(t0)) implies that x(t) ∈
Oε(D0(t)) for all t ≥ t0.

ii) Dt
0 is uniformly Lyapunov stable if, for every ε > 0, there exists δ =

δ(ε) > 0 such that x0 ∈ Oδ(D0(t0)) implies that x(t) ∈ Oε(D0(t)) for
all t ≥ t0 and for all t0 ∈ [0,∞).

iii) Dt
0 is asymptotically stable if Dt

0 is Lyapunov stable and, for every
t0 ∈ [0,∞), there exists δ = δ(t0) > 0 such that x0 ∈ Oδ(D0(t0))
implies that limt→∞ dist(x(t),D0(t)) = 0.

iv) Dt
0 is uniformly asymptotically stable if Dt

0 is uniformly Lyapunov sta-
ble and there exists δ > 0 such that x0 ∈ Oδ(D0(t0)) implies that
limt→∞ dist(x(t),D0(t)) = 0 uniformly in t0 and x0 for all t0 ∈ [0,∞).

v) Dt
0 is globally asymptotically stable if Dt

0 is Lyapunov stable and limt→∞
dist(x(t), D0(t)) = 0 for all x0 ∈ R

n and t0 ∈ [0,∞).

vi) Dt
0 is globally uniformly asymptotically stable if Dt

0 is uniformly Lya-
punov stable and limt→∞ dist(x(t), D0(t)) = 0 uniformly in t0 and x0
for all x0 ∈ R

n and t0 ∈ [0,∞).
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vii) Dt
0 is uniformly exponentially stable if there exist scalars α > 0, β >

0, δ > 0 such that x0 ∈ Oδ(D0(t0)) implies that dist(x(t),D0(t)) ≤
α dist(x0,D0(t0))e

−β(t−t0), t ≥ t0, for all t0 ∈ [0,∞).

viii) Dt
0 is globally uniformly exponentially stable if there exist scalars α > 0,

β > 0 such that dist(x(t),D0(t)) ≤ α dist(x0,D0(t0))e
−β(t−t0), t ≥ t0,

for all x0 ∈ R
n and t0 ∈ [0,∞).

The following definition introduces the notion of class W functions
involving time-varying quasi-monotone increasing functions.

Definition 7.2 ([141, 159]). A function w = [w1, ..., wq ]
T : [0,∞) ×

R
q → R

q is of class W if, for every fixed t ∈ [0,∞), each component wi(·, ·),
i = 1, ..., q, of w(·, ·) satisfies wi(t, z

′) ≤ wi(t, z
′′) for all z′, z′′ ∈ R

q such that
z′j ≤ z′′j , j = 1, ..., q, j �= i, and z′i = z′′i , where zi denotes the ith component
of z.

Note that if w(t, ·) ∈ W and w(t, 0) ≡ 0, then w(·, ·) is essentially
nonnegative [72], which implies that a time-varying dynamical system whose
dynamics are represented by w(·, ·) exhibits solutions that belong to the
nonnegative orthant for all nonnegative initial conditions [72]. The following
result presents sufficient conditions for several types of stability of time-
varying sets with respect to nonlinear time-varying dynamical systems using
vector Lyapunov functions.

Theorem 7.1. Consider the nonlinear time-varying dynamical system
(7.1). Assume that there exists a continuously differentiable vector function
V (t, x) = [V1, . . . , Vq]

T : [0,∞) × D → Q ∩ R
q
+, where Q ⊂ R

q and 0 ∈ Q,
a continuous function w = [w1, . . . , wq]

T : [0,∞) × Q → R
q, and class

K functions α(·), β(·) such that Vi(t, x) = 0, x ∈ Di(t), t ≥ t0, where
Di(t) ⊂ D, t ≥ t0, Vi(t, x) > 0, x ∈ D\Di(t), t ≥ t0, i = 1, . . . , q, Dt

0 =
D0(t) � ∩q

i=1Di(t) �= Ø is positively invariant with respect to (7.1) and
D0(t) is compact at each time instant t ≥ t0, w(t, ·) ∈ W, w(t, 0) = 0, t ≥ 0,

α(dist(x,D0(t))) ≤ eTV (t, x) ≤ β(dist(x,D0(t))), (t, x) ∈ [0,∞)×D,

(7.2)

and

∂Vi(t, x)

∂t
+ V ′

i (t, x)f(t, x)≤wi(t, V (t, x)), (t, x) ∈ [0,∞) ×D,

i = 1, . . . , q. (7.3)

In addition, assume that the vector comparison system

ż(t) = w(t, z(t)), z(0) = z0, t ≥ t0, (7.4)

has a unique solution z(t), t ≥ t0, forward in time. Then the following
statements hold:
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i) If the zero solution to (7.4) is uniformly Lyapunov stable, then Dt
0 is

uniformly Lyapunov stable with respect to (7.1).

ii) If the zero solution to (7.4) is uniformly asymptotically stable, then
Dt

0 is uniformly asymptotically stable with respect to (7.1).

iii) If D = R
n, Q = R

q, α(·) and β(·) are class K∞ functions, and the zero
solution to (7.4) is globally uniformly asymptotically stable, then Dt

0

is globally uniformly asymptotically stable with respect to (7.1).

iv) If there exist constants ν ≥ 1, α > 0, β > 0 such that

α [dist(x,D0(t))]
ν ≤ eTV (t, x) ≤ β [dist(x,D0(t))]

ν ,

(t, x) ∈ [0,∞) ×D, (7.5)

and the zero solution to (7.4) is uniformly exponentially stable, then
Dt

0 is uniformly exponentially stable with respect to (7.1).

v) If D = R
n, Q = R

q and there exist constants ν ≥ 1, α > 0, β > 0
such that (7.5) holds and the zero solution to (7.4) is globally uniformly
exponentially stable, then Dt

0 is globally uniformly exponentially stable
with respect to (7.1).

Proof. i) Let ε > 0. It follows from uniform Lyapunov stability of
the nonlinear dynamical system (7.4) that there exists μ = μ(ε) > 0 such
that if ‖z0‖1 < μ and z0 ∈ R

q
+, where ‖ · ‖1 denotes the absolute sum

norm, then ‖z(t)‖1 < α(ε), t ≥ t0, and z(t) ∈ R
q
+, t ≥ t0. Now, choose

z0 = V (t0, x0) ≥≥ 0, x0 ∈ D, t0 ∈ [0,∞), and, for μ = μ(ε) > 0, choose
δ = δ(μ(ε)) = δ(ε) > 0 such that β(δ) = μ. Then, for x0 ∈ Oδ(D0(t0)), it
follows from (7.2) that

‖z0‖1 = eTz0 = eTV (t0, x0) ≤ β(dist(x0,D0(t0))) < β(δ) = μ, (7.6)

which implies that eTz(t) = ‖z(t)‖1 < α(ε), t ≥ t0. Now, with z0 =
V (t0, x0) ≥≥ 0 and the assumption that w(t, ·) ∈ W it follows from (7.3)
and the vector comparison principle [141] that 0 ≤≤ V (t, x(t)) ≤≤ z(t),
t ≥ t0. Thus, using (7.2), it follows that if x0 ∈ Oδ(D0(t0)), then

α(dist(x(t),D0(t))) ≤ eTV (t, x(t)) ≤ eTz(t) < α(ε), t ≥ t0, (7.7)

which implies that x(t) ∈ Oε(D0(t)), t ≥ t0. This proves uniform Lyapunov
stability of the time-varying set Dt

0 with respect to (7.1).
ii) Uniform Lyapunov stability of Dt

0 with respect to (7.1) follows from
i). Furthermore, since the zero solution to (7.4) is uniformly asymptotically
stable, there exists μ > 0 such that if ‖z0‖1 < μ, then limt→∞ z(t) = 0. As
in i), let z0 = V (t0, x0) ≥≥ 0, x0 ∈ D, t0 ∈ [0,∞), and choose δ = δ(μ) > 0
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such that β(δ) = μ. In this case, if x0 ∈ Oδ(D0(t0)), it follows from (7.2)
that

‖z0‖1 = eTz0 = eTV (t0, x0) ≤ β(dist(x0,D0(t0))) < β(δ) = μ, (7.8)

which implies that limt→∞ z(t) = 0. Since w(t, ·) ∈ W and z0 = V (t0, x0), it
follows from (7.3) and the vector comparison principle that 0 ≤≤ V (t, x(t))
≤≤ z(t), t ≥ t0. Now, using (7.2), it follows that, for x0 ∈ Oδ(D0(t0)),

α(dist(x(t),D0(t))) ≤ eTV (t, x(t)) ≤ eTz(t), (7.9)

for all t ≥ t0. Since limt→∞ z(t) = 0, it follows from (7.9) that limt→∞ dist
(x(t),D0(t)) = 0, which proves uniform asymptotic stability of Dt

0 with
respect to (7.1).

iii) Uniform Lyapunov stability of Dt
0 follows from i). Next, for every

x0 ∈ R
n, t0 ∈ [0,∞), and z0 = V (t0, x0), identical arguments as in ii) can

be used to show that limt→∞ dist(x(t), D0(t)) = 0, which, along with the
uniform Lyapunov stability, implies global uniform asymptotic stability of
Dt

0 with respect to (7.1).
iv) It follows from the uniform exponential stability of the nonlinear

dynamical system (7.4) that there exist positive constants γ, μ, and η such
that if ‖z0‖1 < μ, then

‖z(t)‖1 ≤ γ‖z0‖1e−η(t−t0), t ≥ t0. (7.10)

As in i), let z0 = V (t0, x0) ≥≥ 0, x0 ∈ D, t0 ∈ [0,∞) and choose δ = δ(μ) =(
μ
β

) 1
ν
> 0. In this case, if x0 ∈ Oδ(D0(t0)), it follows from (7.5) that

‖z0‖1 = eTz0 = eTV (t0, x0) ≤ β [dist(x0,D0(t0))]
ν < βδν = μ. (7.11)

Since w(t, ·) ∈ W and z0 = V (t0, x0), it follows from (7.3) and the vector
comparison principle that 0 ≤≤ V (t, x(t)) ≤≤ z(t), t ≥ t0. Now, using (7.5)
and (7.10), it follows that, for x0 ∈ Oδ(D0(t0)),

α [dist(x(t),D0(t))]
ν ≤ eTV (t, x(t))

≤ eTz(t)

≤ γ‖z0‖1e−η(t−t0)

≤ γ β [dist(x0,D0(t0))]
ν e−η(t−t0), t ≥ t0, (7.12)

which implies that

dist(x(t),D0(t)) ≤
(
γβ

α

) 1
ν

dist(x0,D0(t0))e
− η

ν
(t−t0), t ≥ t0, (7.13)

establishing uniform exponential stability of Dt
0 with respect to (7.1).

v) The proof is identical to the proof of iv).
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If we take w(t, z) ≡ w(z) in Theorem 7.1, then uniform stability of (7.4)
is equivalent to the regular notion of stability for autonomous systems. In
addition, if Di(t) � {x ∈ R

n : Xi(t, x) = 0}, t ≥ t0, where Xi : [0,∞)×R
n →

R
si are continuous functions for all i = 1, . . . , q, then Theorem 7.1 still holds

for the definition of a distance given by

dist(x,D0(t)) �
[
XT(t, x)X (t, x)

] 1
2 , (7.14)

where X (t, x) � [XT
1 (t, x), . . . ,XT

q (t, x)]T.
Next, we use the result of Theorem 7.1 to design stabilizing controllers

for time-varying sets of multiagent dynamical systems composed of q agents
whose dynamics are given by

ẋi(t)= fi(t, x(t)) +Gi(t, x(t))ui(t), t ≥ t0, i = 1, . . . , q, (7.15)

where x(t) = [xT1 (t) . . . , x
T
q (t)]

T, xi(t) ∈ R
ni , t ≥ 0, and fi : [0,∞) ×

R
n → R

ni and Gi : [0,∞) × R
n → R

ni×mi are continuous functions for
all i = 1, . . . , q. Consider the time-varying sets given by Di(t) � {x ∈ R

n :
Xi(t, xi) = 0}, t ≥ t0, where Xi : [0,∞)×R

ni → R
si are continuous functions

for all i = 1, . . . , q. Define the motion of the ith agent on the set Di(·) as
xei(t), t ≥ t0, and note that Xi(t, xei(t)) ≡ 0. Furthermore, assume there
exist vector functions uei(t), t ≥ t0, i = 1, . . . , q, such that

Gi(t, xe(t))uei(t)= ẋei(t)− fi(t, xe(t)), t ≥ t0, i = 1, . . . , q, (7.16)

where xe(t) � [xTe1(t), . . . , x
T
eq(t)]

T, t ≥ t0.
The next result presents a controller design that guarantees stabiliza-

tion of a time-varying set for the time-varying nonlinear dynamical system
(7.15) using vector Lyapunov functions.

Theorem 7.2. Consider the multiagent dynamical system given by
(7.15). Assume there exist a continuously differentiable, component decou-
pled vector function V : [0,∞)×R

n → R
q
+, that is, V (t, x) = [V1(t, x1), . . . ,

Vq(t, xq)]
T, (t, x) ∈ [0,∞) × R

n, a continuous function w = [w1, . . . , wq]
T :

[0,∞) × R
q
+ → R

q, and class K functions α : [0,∞) → [0,∞) and β :
[0,∞) → [0,∞) such that Vi(t, xi) = 0, x ∈ Di(t) ⊂ R

n, t ≥ t0, i = 1, . . . , q,
Vi(t, xi) > 0, x ∈ R

n\Di(t), t ≥ t0, i = 1, . . . , q, Dt
0 = D0(t) � ∩q

i=1Di(t) �=
Ø, t ≥ t0, is a compact set at each t ≥ t0, w(t, ·) ∈ W, w(t, 0) = 0, t ≥ 0,

α(dist(x,D0(t))) ≤ eTV (t, x)≤β(dist(x,D0(t))), (t, x) ∈ [0,∞) × R
n,

(7.17)

and, for all i = 1, . . . , q,

∂Vi(t, xi)

∂t
+ V ′

i (t, xi)fi(t, x)≤wi(t, V (t, x)), (t, x) ∈ Ri, (7.18)
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where Ri � {(t, x) ∈ [0,∞) × R
n : V ′

i (t, xi)Gi(t, x) = 0}, i = 1, . . . , q. In
addition, assume that the zero solution z(t) ≡ 0 to

ż(t) = w(t, z(t)), z(0) = z0, t ≥ t0, (7.19)

is uniformly asymptotically stable. Then Dt
0 is uniformly asymptotically

stable with respect to the nonlinear dynamical system (7.15) with the feed-
back control law u = φ(t, x) = [φT

1 (t, x), . . . , φ
T
q (t, x)]

T, x ∈ R
n, t ∈ [0,∞),

given by

φi(t, x) =

⎧⎨
⎩ uei(t)−

(
c0i +

μi(t,x)+
√

λi(t,x)

σT
i (t,x)σi(t,x)

)
σi(t, x), if σi(t, x) �= 0,

uei(t), if σi(t, x) = 0,
(7.20)

where uei(t), t ≥ t0, satisfies (7.16), λi(t, x) � μ2
i (t, x) + (σT

i (t, x)σi(t, x))
2,

μi(t, x) � ρi(t, x)−wi(t, V (t, x))+ ∂Vi(t,xi)
∂t +σT

i (t, x)uei(t), ρi(t, x) � V ′
i (t, xi)

·fi(t, x), σi(t, x) � GT
i (t, x)V

′T
i (t, xi), and c0i > 0, i = 1, . . . , q. If, in

addition, α(·) and β(·) are class K∞ functions and the zero solution z(t) ≡ 0
to (7.19) is globally uniformly asymptotically stable, then Dt

0 is globally
uniformly asymptotically stable with respect to (7.15) with the feedback
control law u = φ(t, x) given by (7.20). Furthermore, if there exist constants
ν ≥ 1, α > 0, and β > 0 such that

α [dist(x,D0(t))]
ν ≤ eTV (t, x)≤β [dist(x,D0(t))]

ν , (t, x) ∈ [0,∞)× R
n,

(7.21)

and the zero solution to (7.19) is uniformly exponentially stable, then Dt
0

is uniformly exponentially stable with respect to (7.15) with the feedback
control law (7.20). Finally, if (7.21) holds and the zero solution to (7.19)
is globally uniformly exponentially stable, then Dt

0 is globally uniformly
exponentially stable with respect to (7.15) with the feedback control law
(7.20).

Proof. The vector Lyapunov derivative components V̇i(·, ·), i = 1, . . . ,
q, along the trajectories of the closed-loop system (7.15), with u = φ(t, x),
(t, x) ∈ [0,∞)× R

n, given by (7.20), satisfy

V̇i(t, xi)=
∂Vi(t, xi)

∂t
+ ρi(t, x) + σT

i (t, x)φi(t, x)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂Vi(t,xi)
∂t + ρi(t, x) + σT

i (t, x)uei(t)
−c0iσ

T
i (t, x)σi(t, x) − μi(t, x)

−
√

λi(t, x), if σi(t, x) �= 0,
∂Vi(t,xi)

∂t + ρi(t, x), if σi(t, x) = 0,

≤wi(t, V (t, x)), (t, x) ∈ [0,∞) × R
n.

Now, the result is a direct consequence of Theorem 7.1.
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Note that if in Theorem 7.2 q = 1, Dt
0 ≡ {0}, and (7.15) is a time-

invariant system, then we can set xe(t) ≡ 0, ue(t) ≡ 0, w(t, z) ≡ 0, and
V (t, x) ≡ V (x). In this case, the feedback control law (7.20) specializes to
Sontag’s universal formula [165]. Alternatively, if Ri = Ø, i = 1, . . . , q, then
w(·, ·) in (7.18) can be chosen arbitrarily so that the comparison system
(7.19) is (globally) uniformly asymptotically (respectively, exponentially)
stable. In addition, since Di(t) = {x ∈ R

n : Xi(t, xi) = 0}, t ≥ t0, then
Vi(·, ·), i = 1, . . . , q, can be chosen arbitrarily provided that Vi(t, xi) = 0,
x ∈ Di(t), t ≥ t0, Vi(t, xi) > 0, x ∈ R

n\Di(t), t ≥ t0, i = 1, . . . , q, and (7.17)
(respectively, (7.21)) holds.

For example, Vi(·, ·) can be taken as Vi(t, xi) = XT
i (t, xi)PiXi(t, xi),

xi ∈ R
ni , where Pi ∈ R

si×si is such that Pi > 0, i = 1, . . . , q. In this case,
α(dist(x,D0(t))) = α [dist(x,D0(t))]

2 , where 0 < α ≤ mini=1,...,q{λmin(Pi)},
β(dist(x,D0(t))) = β [dist(x,D0(t))]

2, where β ≥ maxi=1,...,q{λmax(Pi)},
and dist(x,D0(t)) �

[
XT(t, x)X (t, x)

] 1
2 , where X (t, x) � [XT

1 (t, x1), . . . ,

XT
q (t, xq)]

T. In this case, it follows from Theorem 7.2 that for the closed-

loop system (7.15) and (7.20) the time-varying set Dt
0 is (globally) uniformly

asymptotically (respectively, exponentially) stable.

7.3 Control Design for Multivehicle Coordinated Motion

In this section, we apply the results of Section 7.2 to a problem of coordi-
nated motion of multiple vehicles in pursuit of a (virtual) leader. Specifically,
we design a distributed feedback control law that drives individual vehicles
to a configuration with specified distance and orientation with respect to
a leader while maintaining this configuration throughout the motion of the
leader. The leader can be either real or virtual. In the latter case, the agents
synthesize a motion with respect to which they need to maintain a specified
formation.

Consider the planar motion of q agents with the individual agent dy-
namics given by

ẍi(t)=uxi(t), xi(0) = xi0, ẋi(0) = ẋi0, t ≥ 0, (7.22)

ÿi(t)=uyi(t), yi(0) = yi0, ẏi(0) = ẏi0, (7.23)

where xi : [0,∞) → R and yi : [0,∞) → R, i = 1, . . . , q, are the displace-
ments of the ith agent in the horizontal and vertical directions, respectively,
and uxi and uyi are the control forces acting on the ith agent in the hori-

zontal and vertical directions, respectively. Next, define ηi � [xi, yi, ẋi, ẏi]
T,

i = 1, . . . , q, and η � [ηT1 , . . . , η
T
q ]

T. Then the generalized dynamics (7.22)
and (7.23) for q agents can be written in the state space form as

η̇(t)= (Iq ⊗A)η(t) + (Iq ⊗B)u(t), η(0) = η0, t ≥ 0, (7.24)

where η0 = [ηT10, . . . , η
T
q0]

T, ηi0 = [xi0, yi0, ẋi0, ẏi0]
T, u � [uT1 , . . . , u

T
q ]

T, ui �
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[uxi, uyi]
T, “⊗” is the Kronecker product [18], Iq ∈ R

q×q is the identity
matrix, and A, B are given by

A =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ , B =

⎡
⎢⎢⎣

0 0
0 0
1 0
0 1

⎤
⎥⎥⎦ . (7.25)

Furthermore, define the time-varying sets

Di(t)� {η ∈ R
4q : ηi − pi(t) = 0}, t ≥ 0, i = 1, . . . , q, (7.26)

where

pi(t) �

⎡
⎢⎢⎣

xL(t) + lxiL
yL(t) + lyiL

ẋL(t)
ẏL(t)

⎤
⎥⎥⎦ , t ≥ 0, i = 1, . . . , q, (7.27)

xL(t), yL(t), t ≥ 0, are, respectively, the horizontal and vertical positions of
the leader, ẋL(t), ẏL(t), t ≥ 0, are, respectively, the horizontal and vertical
velocities of the leader, and lxiL, lyiL ∈ R are, respectively, the desired hor-
izontal and vertical distances between the ith agent and the leader. Note
that each set Di(t), t ≥ 0, i = 1, . . . , q, defines relative position and velocity
of the ith agent with respect to the leader. To construct the set Di(t), t ≥ 0,
i = 1, . . . , q, only local information of the ith agent position and velocity is
needed. The position and velocity of the leader at each instant of time are
assumed to be known. Furthermore, the intersection of the sets (7.26) given
by

Dt
0 = D0(t) �

⋂
i=1,...,q

Di(t), t ≥ 0, (7.28)

characterizes the desired formation of the agents with respect to the leader
where all agents maintain specified distances and velocities with respect to
the leader.

Note that this approach of characterizing multivehicle formations via
time-varying sets also captures formations where only neighbor-to-neighbor
interactions are permitted [31,95,102,142, 151]. In this case, as long as the
connectivity graph describing the entire multivehicle formation is strongly
connected [56, 95], the formation is uniquely defined by a time-varying set
characterizing neighbor-to-neighbor relative positions and velocities.

Next, we define the component decoupled vector function V : [0,∞)×
R
4q → R

q such that V (t, η) = [V1(t, η1), . . . , Vq(t, ηq)]
T, where

Vi(t, ηi)= (ηi − pi(t))
TP (ηi − pi(t)), ηi ∈ R

4, t ≥ 0, i = 1, . . . , q,

(7.29)
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and

P =

⎡
⎢⎢⎣

1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ > 0. (7.30)

Note that Vi(t, ηi) = 0, η ∈ Di(t), t ≥ 0, and Vi(t, ηi) > 0, η ∈ R
4q\Di(t), t ≥

0, i = 1, . . . , q. In addition, since λmin(P ) = λmax(P ) = 1, condition (7.21) is

satisfied with α = 1
2 , β = 2, ν = 2, dist(η,D0(t)) �

[
(η − p(t))T(η − p(t))

] 1
2 ,

η ∈ R
4q, t ≥ 0, where p(t) � [pT1 (t), . . . , p

T
q (t)]

T. Furthermore, it can be

shown that, for Ri � {(η, t) ∈ R
4q × [0,∞) : V ′

i (t, ηi)B = 0}, i = 1, . . . , q,
condition (7.18) is satisfied with

∂Vi(t, ηi(t))

∂t
+ V ′

i (t, ηi(t))Aηi(t)≤−γiVi(t, ηi(t)), (t, η) ∈ Ri,

i = 1, . . . , q, (7.31)

for γi ∈ (0, 1], i = 1, . . . , q.
In this case, the zero solution to (7.19) is globally exponentially stable

with

w(z) = [−γ1z1, . . . ,−γqzq]
T. (7.32)

Hence, it follows from Theorem 7.2 that the time-varying set Dt
0 defined

by (7.28) is globally uniformly exponentially stable with respect to (7.24)
with the feedback control law ui = φi(t, ηi), i = 1, . . . , q, given by (7.20)

with μi(t, ηi) � ρi(t, ηi)−wi(Vi(t, ηi)) +
∂Vi(t,ηi)

∂t + σT
i (t, ηi)uei(t), ρi(t, ηi) �

V ′
i (t, ηi)Aηi, σi(t, ηi) � BTV ′T

i (t, ηi), uei(t) = [ẍL(t), ÿL(t)]
T, and w(V (t, η))

given by (7.32). Note that the feedback control law ui = φi(t, ηi), i =
1, . . . , q, is a distributed control algorithm [31, 151] that uses only local in-
formation of the relative position and velocity of the ith agent with respect
to the leader. This allows us to use a fixed controller structure to steer in-
dividual agents while maintaining a specified formation with respect to the
leader.

In the following simulation, we consider two agents pursuing a leader
in a triangular formation. For this design, we set lx1L = −2, ly1L = 2

√
3,

lx2L = −4, ly2L = 0, c0i = 0.5, i = 1, 2, γi =
1
5 , i = 1, 2, η10 = [8, 3,−1,−3]T,

and η20 = [−3,−5, 3,−1]T. With this choice of the parameters lxiL and
lyiL, i = 1, 2, the agents will form a configuration of an equilateral triangle
with respect to the leader. Furthermore, the leader is set to be moving
counterclockwise around a circle of radius 1 characterized by xL(t) = cos t,
yL(t) = sin t, t ≥ 0. For the feedback controller (7.20), Figure 7.1 shows
the position phase portrait of two agents following the leader and Figure 7.2
shows the time history of the control forces acting on each agent.
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Figure 7.1 Position phase portrait of two agents following the leader.
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Figure 7.2 Control forces in horizontal and vertical directions versus time.

Next, we compare the performance of the control law (7.20) with the
performance of two other cooperative control algorithms developed in [151]
for the same formation control problem as above with the same data. Specif-
ically, the first control law that we consider for the system (7.22) and (7.23)
is given by

[uxi(t), uyi(t)]
T =−Kgh̃i(t)−Dgḣi(t)

−Kf (h̃i(t)− h̃i−1(t))

−Df (ḣi(t)− ḣi−1(t))
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Figure 7.3 Position phase portrait of two agents following the leader.
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Figure 7.4 Control forces in horizontal and vertical directions versus time.

−Kf (h̃i(t)− h̃i+1(t))

−Df (ḣi(t)− ḣi+1(t)), (7.33)

where i = 1, 2, h̃i(t) � hi(t)−hid(t), hi(t) � [xi(t), yi(t)]
T, hid(t) � [xL(t)+

lxiL, yL(t) + lyiL]
T, h̃3(t) � h̃1(t), h̃0(t) � h̃2(t), h3(t) � h1(t), and h0(t) �

h2(t). The control gains Kg ∈ R
2×2 and Dg ∈ R

2×2 are positive-definite
matrices and control gains Kf ∈ R

2×2 and Df ∈ R
2×2 are nonnegative-

definite matrices. The second control law for the system (7.22) and (7.23)
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Figure 7.6 Control forces in horizontal and vertical directions versus time.

accounts for the actuator saturation and is given by

[uxi(t), uyi(t)]
T =−kg tanh(kh̃i(t))− dg tanh(kḣi(t))

−kf tanh[k(h̃i(t)− h̃i−1(t))]

−kf tanh[k(h̃i(t)− h̃i+1(t))], (7.34)

where kg > 0, k > 0, dg > 0, kf ≥ 0, and tanh(·) is the hyperbolic tangent
defined componentwise.

Figures 7.3 and 7.4 show the performance of the controller (7.33) with
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Kg = Dg = Kf = Df = I2. Furthermore, Figures 7.5 and 7.6 show the
performance of the controller (7.34) with kg = 7, dg = 5, kf = 5, and k = 1.
In both cases, the values of the control gains were slightly altered from the
ones in [151] to yield the best compromise between the convergence time
and the control effort. It was observed that both controllers, (7.33) and
(7.34), retain a steady-state error between the desired and actual positions
of each agent. This corresponds to a triangular steady-state formation of two
agents with respect to the leader that oscillates around a desired equilateral
triangle but never converges to it. Alternatively, controller (7.20) ensures
exponential stabilization of the desired formation. In addition, the rate of
change for the controller (7.34) is significantly higher than that of (7.20) and
(7.33).

7.4 Stability and Stabilization of Time-Invariant Sets

In this section, we present results on stabilization of time-invariant sets for
time-invariant nonlinear dynamical systems using vector Lyapunov func-
tions. Consider the time-invariant nonlinear dynamical system given by

ẋ(t) = f(x(t)), x(0) = x0, t ≥ 0, (7.35)

where x(t) ∈ D ⊆ R
n, t ≥ 0, is the system state vector, D is an open set,

0 ∈ D, f(0) = 0, and f(·) is Lipschitz continuous on D.

Definition 7.3. For the nonlinear dynamical system (7.35), let D0 ⊂ D
be a compact positively invariant set with respect to (7.35). D0 is Lya-
punov stable if, for every open neighborhood O1 ⊆ D of D0, there exists
an open neighborhood O2 ⊆ O1 of D0 such that x(t) ∈ O1, t ≥ 0, for all
x0 ∈ O2. D0 is asymptotically stable if D0 is Lyapunov stable and there
exists a neighborhood O1 of D0 such that dist(x(t),D0) → 0 as t → ∞ for
all x0 ∈ O1. D0 is globally asymptotically stable if D0 is Lyapunov stable
and dist(x(t),D0) → 0 as t → ∞ for all x0 ∈ R

n. D0 is exponentially sta-
ble if there exist α > 0, β > 0, and a neighborhood O1 of D0 such that
dist(x(t),D0) ≤ αdist(x0,D0)e

−βt, t ≥ 0, for all x0 ∈ O1. Finally, D0

is globally exponentially stable if there exist α > 0 and β > 0 such that
dist(x(t),D0) ≤ α dist(x0,D0)e

−βt, t ≥ 0, for all x0 ∈ R
n.

Theorem 7.3. Consider the nonlinear dynamical system (7.35). As-
sume there exists a continuously differentiable vector function V = [V1, . . . ,
Vq]

T : D → Q ∩ R
q
+, where Q ⊂ R

q and 0 ∈ Q, such that Vi(x) = 0,
x ∈ Di, where Di ⊂ D, i = 1, . . . , q, Vi(x) > 0, x ∈ D\Di, i = 1, . . . , q,
D0 � ∩q

i=1Di �= Ø is a compact positively invariant set with respect to
(7.35), and

V ′(x)f(x) ≤≤ w(V (x)), x ∈ D, (7.36)



142 CHAPTER 7

where w : Q → R
q is continuous, w(·) ∈ W, and w(0) = 0. In addition,

assume that the vector comparison system

ż(t) = w(z(t)), z(0) = z0, t ≥ 0, (7.37)

has a unique solution in forward time z(t), t ≥ 0. Then the following
statements hold:

i) If the zero solution z(t) ≡ 0 to (7.37) is Lyapunov stable, then D0 is
Lyapunov stable with respect to (7.35).

ii) If the zero solution z(t) ≡ 0 to (7.37) is asymptotically stable, then
D0 is asymptotically stable with respect to (7.35).

iii) If D = R
n, Q = R

q, and v(x) � eTV (x), x ∈ R
n, is such that

v(x) → ∞ as dist(x,D0) → ∞, and the zero solution z(t) ≡ 0 to (7.37)
is globally asymptotically stable, then D0 is globally asymptotically
stable with respect to (7.35).

iv) If there exist constants ν ≥ 1, α > 0, and β > 0 such that

α[dist(x,D0)]
ν ≤ eTV (x) ≤ β[dist(x,D0)]

ν , x ∈ D, (7.38)

and the zero solution z(t) ≡ 0 to (7.37) is exponentially stable, then
D0 is exponentially stable with respect to (7.35).

v) If D = R
n, Q = R

q, (7.38) holds for all x0 ∈ R
n, and the zero solution

z(t) ≡ 0 to (7.37) is globally exponentially stable, then D0 is globally
exponentially stable with respect to (7.35).

Proof. The proof is similar to the proof of Theorem 7.1 and, hence,
is omitted.

Next, we use the result of Theorem 7.3 to design controllers to stabilize
time-invariant sets for multiagent dynamical systems composed of q agents
whose dynamics are given by

ẋi(t)= fi(x(t)) +Gi(x(t))ui(t), t ≥ t0, i = 1, . . . , q, (7.39)

where x(t) = [xT1 (t) . . . , x
T
q (t)]

T, xi(t) ∈ R
ni , t ≥ 0, fi : R

n → R
ni satisfying

fi(0) = 0 and Gi : R
n → R

ni×mi are continuous functions for all i = 1, . . . , q,
and ui(·), i = 1, . . . , q, satisfy sufficient regularity conditions such that the
nonlinear dynamical system (7.39) has a unique solution forward in time.

Theorem 7.4. Consider the multiagent dynamical system given by
(7.39). Assume there exist a continuously differentiable, component decou-
pled vector function V : Rn → R

q
+, that is, V (x) = [V1(x1), . . . , Vq(xq)]

T,

x ∈ R
n, and continuous function w = [w1, . . . , wq]

T : R
q
+ → R

q, such that
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Vi(xi) = 0, x ∈ Di ⊂ R
n, i = 1, . . . , q, Vi(xi) > 0, x ∈ R

n\Di, i = 1, . . . , q,
D0 � ∩q

i=1Di �= Ø is a compact set, w(·) ∈ W, w(0) = 0, and, for all
i = 1, . . . , q,

V ′
i (xi)fi(x) ≤ wi(V (x)), x ∈ Ri, (7.40)

where Ri � {x ∈ R
n : V ′

i (xi)Gi(x) = 0}, i = 1, . . . , q. In addition, assume
that the zero solution z(t) ≡ 0 to (7.37) is asymptotically stable. Then D0 is
asymptotically stable with respect to the nonlinear dynamical system (7.39)
with the feedback control law u = φ(x) = [φT

1 (x), . . . , φ
T
q (x)]

T, x ∈ R
n,

given by

φi(x) =

⎧⎨
⎩ −

(
c0i +

(ρi(x)−wi(V (x)))+
√

λi(x)

σT
i (x)σi(x)

)
σi(x), if σi(x) �= 0,

0, if σi(x) = 0,
(7.41)

where λi(x) � (ρi(x)−wi(V (x)))2+(σT
i (x)σi(x))

2, ρi(x) � V ′
i (xi)fi(x), x ∈

R
n, σi(x) � GT

i (x)V
′T
i (xi), x ∈ R

n, and c0i > 0, i = 1, . . . , q. If, in addition,

v(x) � eTV (x), x ∈ R
n, is such that v(x) → ∞ as dist(x,D0) → ∞, and

the zero solution z(t) ≡ 0 to (7.37) is globally asymptotically stable, then
D0 is globally asymptotically stable with respect to (7.39) with the feedback
control law (7.41). Furthermore, if there exist constants ν ≥ 1, α > 0, and
β > 0 such that

α [dist(x,D0)]
ν ≤ eTV (x)≤β [dist(x,D0)]

ν , x ∈ R
n, (7.42)

and the zero solution to (7.37) is exponentially stable, then D0 is expo-
nentially stable with respect to (7.39) with the feedback control law (7.41).
Finally, if (7.42) holds and the zero solution to (7.37) is globally exponen-
tially stable, then D0 is globally exponentially stable with respect to (7.39)
with the feedback control law (7.41).

Proof. The vector Lyapunov derivative components V̇i(·), i = 1, . . . , q,
along the trajectories of the closed-loop dynamical system (7.39), with u =
φ(x), x ∈ R

n, given by (7.41), are given by

V̇i(xi)=V ′
i (xi)[fi(x) +Gi(x)φi(x)]

= ρi(x) + σT
i (x)φi(x)

=

{
−c0iσ

T
i (x)σi(x)−

√
λi(x) + wi(V (x)), if σi(x) �= 0,

ρi(x), if σi(x) = 0,

≤wi(V (x)), x ∈ R
n. (7.43)

Now, the result is a direct consequence of Theorem 7.3.

If Ri = Ø, i = 1, . . . , q, then w(·) in (7.40) and (7.41) can be chosen
arbitrarily so that the comparison system (7.37) is (globally) asymptotically
(respectively, exponentially) stable. In addition, if Di = {x ∈ R

n : Xi(xi) =
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0}, where Xi : R
ni → R

si are continuous functions for all i = 1, . . . , q,
then Vi(·), i = 1, . . . , q, can be chosen arbitrarily provided that Vi(xi) = 0,
x ∈ Di, and Vi(xi) > 0, x ∈ R

n\Di, i = 1, . . . , q. For example, Vi(·) can be
taken as Vi(xi) = XT

i (xi)PiXi(xi), xi ∈ R
ni , where Pi ∈ R

si×si is such that
Pi > 0, i = 1, . . . , q.

7.5 Control Design for Static Formations

In this section, we apply the results of Section 7.4 to stabilize static for-
mations of multiple vehicles. Specifically, we design a feedback control law
that drives two agents to a configuration with specified distance between
the agents and orientation with respect to the horizontal.

In particular, consider the dynamics of the two agents given by (7.22)
and (7.23) and note that we can rewrite them in the state space form as

ξ̇1(t)=Aξ1(t) +Bũ1(t), ξ1(0) = ξ10, t ≥ 0, (7.44)

ξ̇2(t)=Aξ2(t) +Bũ2(t), ξ2(0) = ξ20, (7.45)

where ξ1 � [x1, x2, ẋ1, ẋ2]
T, ξ2 � [y1, y2, ẏ1, ẏ2]

T, ξ � [ξT1 , ξ
T
2 ]

T, ũ1 �
[ux1, ux2]

T, ũ2 � [uy1, uy2]
T, and A, B are given by (7.25).

Next, define the sets D1 � {ξ ∈ R
8 : Eξ1 − px = 0} and D2 � {ξ ∈

R
8 : Eξ2 − py = 0}, where

E =

⎡
⎣ 1 −1 0 0

0 0 1 0
0 0 0 1

⎤
⎦ , px �

⎡
⎣ lx

0
0

⎤
⎦ , py �

⎡
⎣ ly

0
0

⎤
⎦ , (7.46)

and lx, ly ∈ R. Note that D0 � D1 ∩ D2 determines a family of formations
for the two agents where both agents are at the equilibrium and the distance
between the agents and the angle with respect to the horizontal, respectively,
is given by

L = (l2x + l2y)
1
2 , θ =

⎧⎨
⎩

arctan
(
ly
lx

)
, lx ≥ 0,

π + arctan
(
ly
lx

)
, lx < 0.

(7.47)

Furthermore, note that for every pair of L > 0 and θ ∈ [−π
2 ,

3
2π], there exist

unique lx ∈ R and ly ∈ R such that (7.47) is satisfied.
Next, define a component decoupled vector function V : R8 → R

2 such
that V (ξ) = [V1(ξ1), V2(ξ2)]

T, ξ = [ξT1 , ξ
T
2 ]

T ∈ R
8, where

V1(ξ1)=
1

2
(Eξ1 − px)

TP (Eξ1 − px), ξ1 ∈ R
4, (7.48)

V2(ξ2)=
1

2
(Eξ2 − py)

TP (Eξ2 − py), ξ2 ∈ R
4, (7.49)
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and

P =

⎡
⎣ 2 1 0

1 2 0
0 0 1

⎤
⎦ > 0. (7.50)

Note that Vi(ξi) = 0, ξ ∈ Di, and Vi(ξi) > 0, ξ ∈ R
8 \ Di, i = 1, 2. It can be

shown that, for Ri � {ξ ∈ R
8 : V ′

i (ξi)B = 0}, condition (7.40) is satisfied
with

V ′
i (ξi)Aξi ≤ −γiVi(ξi), ξ ∈ Ri, i = 1, 2, (7.51)

for γi ∈ (0, 1], i = 1, 2.
In this case, the zero solution to (7.37) is globally exponentially stable

with

w(V ) =

[
−γ1V1

−γ2V2

]
. (7.52)

Furthermore, since λmin(P ) = 1 and λmax(P ) = 3, condition (7.42) is satis-
fied with α = 1

2 , β = 3
2 , ν = 2, and

dist(ξ,D0) �
(
[(Eξ1 − px)

T, (Eξ2 − py)
T]

[
Eξ1 − px
Eξ2 − py

]) 1
2

, ξ ∈ R
8.

(7.53)

Thus, it follows from Theorem 7.4 that D0 is globally exponentially stable
with respect to (7.44), (7.45) with the feedback control law ũi = φi(ξi) given

by (7.41), where ρi(ξi) = V ′
i (ξi)Aξi, σi(ξi) = BTV ′

i
T(ξi), i = 1, 2, and w(V )

is given by (7.52).
In the following simulation, we set lx = 1√

2
, ly = 1√

2
, c0i = 0.2, γi =

1
2 ,

i = 1, 2, ξ10 = [2, 5,−3, 2]T, and ξ20 = [3, 4, 4, 1]T . With this choice of the
parameters lx and ly, the steady-state distance between agents is 1 with the
angle with respect to the horizontal being π

4 . Figure 7.7 shows the position
phase portrait of the two agents and Figure 7.8 shows the time history of
the control forces acting on each agent.

7.6 Obstacle Avoidance in Multivehicle Coordination

Obstacle avoidance strategies for multivehicle problems include decentral-
ized control approaches where local control laws are defined for each agent
based on local information [2, 174] and behavior-based methods [50, 177].
Perhaps the most promising approach to obstacle avoidance is the poten-
tial field method, which has been extensively utilized for mobile robots
with static and dynamic obstacles implemented in real time experiments
[46,57,60,146] using robust sliding mode controllers [55].
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Figure 7.8 Control forces in horizontal and vertical directions versus time.

A more recent approach to obstacle avoidance is the limit cycle-based
method introduced in [54]. Specifically, the authors in [54] use limit cycles
to generate trajectories for robot manipulators by defining unstable limit
cycles as objects of finite size and shape in order to avoid complex obstacles.
The use of stable limit cycles as a navigation method has been introduced
for obstacle avoidance of mobile robots in [111, 112]. The approach only
considers circular limit cycles for mobile robots which are suitable for shapes
with approximately the same length and width.

In this section, we use the results in this chapter to present an obstacle
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avoidance strategy that involves transitional trajectories defined as solutions
to a set of ordinary differential equations possessing a stable limit cycle of
a given elliptical shape. Specifically, the obstacle is encircled by an ellipse
and once detected, the trajectory of an agent is replanned in such a way
so that the new trajectory follows a solution to the aforementioned system
of ordinary differential equations. As soon as the obstacle is cleared, the
trajectory of the agent is set back to the original trajectory the agent was
following before encountering the obstacle.

For planar agent motion, our obstacle avoidance strategy is based on
approximating obstacles as continuously differentiable shapes that can be
represented as a limit cycle solution of a planar system of ordinary differ-
ential equations. Specifically, we encircle an obstacle by an ellipse which
serves as a limit cycle orbit of a certain two-dimensional dynamical system.
As soon as the obstacle is detected, the trajectory of an agent is replanned
so as to follow a new solution that clears the obstacle.

To elucidate this approach, let the state variables of the transitional
trajectory be given by

x̃=x− xc, (7.54)

ỹ= y − yc, (7.55)

where x and y denote horizontal and vertical displacements of an agent,
respectively, and (xc, yc) denotes the location of the limit cycle origin. We
consider limit cycles of elliptical form given by the zero level set of the
function

l(x̃, ỹ)=

[
x̃ cosφ+ ỹ sinφ

a

]2
+

[
−x̃ sinφ+ ỹ cosφ

b

]2
− 1, (7.56)

where x̃ and ỹ are defined in (7.54) and (7.55), a and b are the semi-major
and semi-minor axes, respectively, and φ is the angle representing the orien-
tation of the ellipse’s semi-major axis relative to the horizontal axis. Thus,

l(x̃, ỹ) ≡ 0 (7.57)

defines an ellipse centered at (xc, yc) with semi-major and semi-minor axes
a and b, respectively, and with the semi-major axis forming angle φ relative
to the horizontal axis.

Next, consider a planar dynamical system that exhibits a limit cycle
of the form (7.57) given by

˙̃x(t)=h1(x̃(t), ỹ(t))− x̃(t)l(x̃(t), ỹ(t)), x̃(0) = x̃0, t ≥ 0, (7.58)
˙̃y(t)=h2(x̃(t), ỹ(t))− ỹ(t)l(x̃(t), ỹ(t)), ỹ(0) = ỹ0, (7.59)

where h1(x̃, ỹ) and h2(x̃, ỹ) represent the agent dynamics on the limit cycle,
that is, the dynamics on l(x̃, ỹ) = 0. The dynamics of (7.58) and (7.59)
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must ensure that a trajectory starting from every point outside of the limit
cycle, that is, every point (x̃, ỹ) ∈ R

2 such that l(x̃, ỹ) > 0, will converge to
the limit cycle without crossing it.

The motion of a particle along the ellipse given by (7.57) with the
angular speed ω is given by

x̃(t)= a cosφ cos ωt− b sinφ sinωt, (7.60)

ỹ(t)= a sinφ cosωt+ b cosφ sinωt. (7.61)

Thus, the time derivative of (7.60) and (7.61) is given by

˙̃x(t)=−ω(a cosφ sinωt− b sinφ cos ωt), (7.62)
˙̃y(t)=ω(−a sinφ sinωt+ b cosφ cos ωt). (7.63)

Note that ω > 0 and ω < 0 represent counterclockwise and clockwise rota-
tion of the particle, respectively. Eliminating cosωt and sinωt from (7.60)–
(7.63) yields

˙̃x(t)=
ω

ab
(he11x̃(t)− he12ỹ(t)), (7.64)

˙̃y(t)=
ω

ab
(he21x̃(t)− he11ỹ(t)), (7.65)

where

he11 =(a2 − b2) sinφ cosφ, (7.66)

he12 = a2 cos2 φ+ b2 sin2 φ, (7.67)

he21 = b2 cos2 φ+ a2 sin2 φ, (7.68)

which represents the particle dynamics on the limit cycle. Thus, h1(x̃, ỹ)
and h2(x̃, ỹ) in (7.58) and (7.59) are given by

h1(x̃, ỹ)=
ω

ab
(he11x̃− he12ỹ), (7.69)

h2(x̃, ỹ)=
ω

ab
(he21x̃− he11ỹ). (7.70)

Proposition 7.1. The system trajectories defined by (7.58) and (7.59)
asymptotically converge to the elliptical limit cycle given by (7.57) for all
initial conditions in N � {(x̃, ỹ) ∈ R

2 : l(x̃, ỹ) > 0}.
Proof. Consider the Lyapunov function candidate given by

V (x̃, ỹ) =
a2b2

2
l(x̃, ỹ), (x̃, ỹ) ∈ N . (7.71)

Note that V (x̃, ỹ) > 0 for all (x̃, ỹ) ∈ N . Now, the Lyapunov derivative
along the trajectories of (7.58) and (7.59) is given by

V̇ (x̃, ỹ)=−l(x̃, ỹ)[a2(−x̃ sinφ+ ỹ cosφ)2 + b2(x̃ cosφ+ ỹ sinφ)2] < 0,

(x̃, ỹ) ∈ N , (7.72)
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which implies asymptotic convergence of the trajectories of (7.58) and (7.59)
to the ellipse (7.57) for all initial conditions in N .

Note that an agent is only required to remain on the trajectory con-
verging to a limit cycle for a finite time. As soon as the obstacle is cleared
the agent returns back to its original trajectory. Next, we consider the mul-
tivehicle coordinated motion discussed in Section 7.3 with obstacles present
in the path of the agents as well as the leader. Specifically, before an obstacle
is encountered, the decentralized feedback controllers given by (7.20) drive
each vehicle in the formation. Furthermore, in accordance with our obstacle
avoidance strategy, when obstacles are detected they are approximated by
ellipses. In this case, the dynamics of the ith agent is driven by

˙̃xi(t)=h1(x̃i(t), ỹi(t))− x̃i(t)l(x̃i(t), ỹi(t)), x̃i(0) = x̃i0, t ≥ 0, (7.73)
˙̃yi(t)=h2(x̃i(t), ỹi(t))− ỹi(t)l(x̃i(t), ỹi(t)), ỹi(0) = ỹi0, (7.74)

where x̃i � xi−xci, ỹi � yi− yci, (xci, yci) is the position of the center of an
ellipse, and h1(·, ·), h2(·, ·), and l(·, ·) are given by (7.69), (7.70), and (7.56),
respectively.

First, we consider the case when an obstacle is detected in the path of
a formation leader. In this case, in addition to the elliptical limit cycle that
encircles an obstacle, we define an elliptical region surrounding the obstacle.
This region includes all points in R

2 satisfying l(x̃L, ỹL) > k, where k is a
safety factor that specifies the size of the elliptical region. Introducing such
an elliptical region as a safety zone ensures that the leader will not collide
with the obstacle and will have enough time to change its trajectory and
converge to the elliptical limit cycle. When an obstacle is detected in the
elliptical region, the leader changes its path from its original path to the
path characterized by the solution to (7.73) and (7.74).

In order to ensure a smooth transition between the original and modi-
fied paths, we define an intermediate path for the leader given by a fifth-order
polynomial. Specifically, as soon as the leader reaches the boundary of the
elliptical region given by l(x̃L, ỹL) = k at time t = t0, the trajectory of the
leader is driven to follow

xL(t)= a5Δt5 + a4Δt4 + a3Δt3 + a2Δt2 + a1Δt+ a0, (7.75)

yL(t)= b5Δt5 + b4Δt4 + b3Δt3 + b2Δt2 + b1Δt+ b0, (7.76)

where Δt � t − t0 and coefficients ai, bi, i = 1, . . . , 5, are determined from
the boundary conditions for the position, velocity, and acceleration of the
leader at times t0 and t1, where t1 denotes the end time of the transitional
path (7.75) and (7.76). After the transitional phase given by (7.75) and
(7.76) is executed, the motion of the leader switches to the dynamics given
by (7.73) and (7.74).

The decentralized control algorithm developed in Section 7.2 guar-
antees that when the leader bypasses the obstacle, the agents will follow
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the leader in a specified formation enforced by the exponential stability of
the time-varying set describing the formation. As soon as the obstacle is
cleared, the formation leader will switch its trajectory back to the original
trajectory. In order to find the proper point of departure from the motion
given by (7.73) and (7.74) to the motion on the original path, a line-drawing
method has been used. In particular, a line is drawn between the current
leader’s position and its original position corresponding to the case where
no obstacle is present. As long as there is an intersection between this line
and the ellipse l(x̃L, ỹL) = 0, the leader’s dynamics will remain driven by
(7.73) and (7.74), and as soon as there is no intersection between the line
and the ellipse, the leader will switch back to its original path and obstacle
avoidance is guaranteed. The transition phase when the leader is departing
from the motion characterized by (7.73) and (7.74) to its original trajectory
is again described by the fifth-order polynomials given by (7.75) and (7.76).

Next, we consider the case when the kth agent in the formation en-
counters an obstacle. Recall that we design a stabilizing controller for the
time-varying set (7.26) for each agent to ensure that the agent will be on a
specified formation while following the formation leader. Now, as soon as
the kth agent detects an obstacle, the time-varying set (7.26) for this agent
is switched to

D̃k(t)� {η ∈ R
4q : ηk − p̃k(t) = 0}, t ≥ 0, (7.77)

where

p̃k(t) �

⎡
⎢⎢⎣

x̃k(t) + xck
ỹk(t) + yck

˙̃xk(t)
˙̃yk(t)

⎤
⎥⎥⎦ , t ≥ 0, (7.78)

and x̃k(t), t ≥ 0, and ỹk(t), t ≥ 0, are solutions to (7.73) and (7.74). The
intersection of the sets (7.26) and (7.77) given by

D̃t
0 = D̃0(t) �

⋂
i=1,...,q, i 	=k

Di(t)
⋂

D̃k(t), t ≥ 0, (7.79)

characterizes a temporary desired formation of the agents with respect to the
leader over the time interval until the obstacle is cleared by the kth agent.
Specifically, when the kth agent encounters an obstacle, the time-varying
set describing the desired formation will switch from (7.26) to (7.77). Then,
after the obstacle is cleared, the time-varying set describing the desired
formation will switch back to the original set (7.26). By switching between
the above time-varying sets, we guarantee obstacle avoidance for each agent
while maintaining the desired formation at steady state.

In the following simulation, we consider two agents pursuing a leader
in a triangular formation with an obstacle in the path of each agent as
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Figure 7.9 Position phase portrait of two agents following the leader. Thick
dashed line represents trajectory of the leader.

well as the leader. We set lx1L = −5, ly1L = 7, lx2L = −12, ly2L = 0,
c0i = 0.2, i = 1, 2, γi =

1
5 , i = 1, 2, η10 = [−20,−2,−1,−2]T, and η20 =

[−1,−10, 3,−2]T. With this choice of the parameters the agents will form an
equilateral triangle configuration with respect to the leader. Furthermore,
the leader is set to be moving on a sinusoidal path given by xL(t) = t and
yL(t) = 2 sin(0.3t), t ≥ 0. We define an obstacle for the first agent encircled
by an ellipse with the parameters xc = −15, yc = 0, a = 2, b = 4, φ = 0.77
rad, and ω = −0.75 rad/s, and we define an obstacle for the second agent
encircled by an ellipse with the parameters xc = −4, yc = −6, a = 2, b = 4,
φ = −0.37 rad, and ω = −0.32 rad/s. The obstacle for the leader is encircled
by the ellipse with parameters xc = 26, yc = 1.5, a = 2, b = 4, φ = 0.77 rad,
and ω = −0.22 rad/s. As soon as the leader detects the obstacle, it switches
its path to the path characterized by the solution of (7.73) and (7.74), and
after the obstacle is cleared, the leader switches its trajectory back to the
original sinusoidal path.

With feedback controller (7.20), Figure 7.9 shows the position phase
portrait of the two agents following the leader while each agent and the
leader avoid obstacles. Figure 7.10 shows that the agents eventually converge
to the desired triangular formation after all obstacles are cleared. Finally,
Figure 7.11 shows the time history of the control forces acting on each agent.
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Figure 7.10 Position phase portrait of two agents following the leader in a tri-
angular formation. Thick dashed line represents trajectory of the
leader.
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Chapter Eight

Large-Scale Discrete-Time Interconnected
Dynamical Systems

8.1 Introduction

Since most physical processes evolve naturally in continuous-time, it is not
surprising that the bulk of large-scale dynamical system theory has been de-
veloped for continuous-time systems. Nevertheless, it is the overwhelming
trend to implement controllers digitally. Hence, in this chapter we extend
the notions of dissipativity theory [70,170,171] to develop vector dissipativity
notions for large-scale nonlinear discrete-time dynamical systems. In par-
ticular, we introduce a generalized definition of dissipativity for large-scale
nonlinear discrete-time dynamical systems in terms of a vector dissipation
inequality involving a vector supply rate, a vector storage function, and a
nonnegative, semistable dissipation matrix. Generalized notions of vector
available storage and vector required supply are also defined and shown to
be element-by-element ordered, nonnegative, and finite. On the subsystem
level, the proposed approach provides a discrete energy flow balance in terms
of the stored subsystem energy, the supplied subsystem energy, the subsys-
tem energy gained from all other subsystems independent of the subsystem
coupling strengths, and the subsystem energy dissipated.

Furthermore, for large-scale discrete-time dynamical systems decom-
posed into interconnected subsystems, dissipativity of the composite system
is shown to be determined from the dissipativity properties of the individual
subsystems and the nature of the interconnections. In particular, we de-
velop extended Kalman-Yakubovich-Popov conditions, in terms of the local
subsystem dynamics and the interconnection constraints, for characterizing
vector dissipativeness via vector storage functions for large-scale discrete-
time dynamical systems. Finally, using the concepts of vector dissipativity
and vector storage functions as candidate vector Lyapunov functions, we de-
velop feedback interconnection stability results of large-scale discrete-time
nonlinear dynamical systems. General stability criteria are given for Lya-
punov and asymptotic stability of feedback interconnections of large-scale
discrete-time dynamical systems. In the case of vector quadratic supply
rates involving net subsystem powers and input-output subsystem energies,
these results provide a positivity and small gain theorem for large-scale
discrete-time systems predicated on vector Lyapunov functions.
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8.2 Vector Dissipativity Theory for Discrete-Time Large-Scale

Nonlinear Dynamical Systems

In this section, we extend the notion of dissipative dynamical systems to
develop the generalized notion of vector dissipativity for discrete-time large-
scale nonlinear dynamical systems. First, however, we recall the regular
notions of dissipativity [40,70] and geometric dissipativity [70] for discrete-
time nonlinear dynamical systems G of the form

x(k + 1)= f(x(k)) +G(x(k))u(k), x(k0) = x0, k ≥ k0, (8.1)

y(k)=h(x(k)) + J(x(k))u(k), (8.2)

where x ∈ D ⊆ R
n, u ∈ U ⊆ R

m, y ∈ Y ⊆ R
l, f : D → R

n and satisfies
f(0) = 0, G : D → R

n×m, h : D → R
l and satisfies h(0) = 0, and J :

D → R
l×m. For the discrete-time nonlinear dynamical system G we assume

that the required properties for the existence and uniqueness of solutions
are satisfied, that is, u(·) satisfies sufficient regularity conditions such that
(8.1) has a unique solution forward in time. Note that since all input-output
pairs u(·) ∈ U and y(·) ∈ Y of the discrete-time nonlinear dynamical system
G are defined on Z+, the supply rate [170] satisfying s(0, 0) = 0 is locally
summable for all input-output pairs satisfying (8.1) and (8.2), that is, for
all input-output pairs u(·) ∈ U and y(·) ∈ Y satisfying (8.1) and (8.2), s(·, ·)
satisfies

∑k2
k=k1

|s(u(k), y(k))| < ∞, k1, k2 ∈ Z+.

Definition 8.1 ([70]). The discrete-time nonlinear dynamical system
G given by (8.1) and (8.2) is geometrically dissipative (respectively, dissi-
pative) with respect to the supply rate s(u, y) if there exist a continuous
nonnegative-definite function vs : R

n → R+, called a storage function, and
a scalar ρ > 1 (respectively, ρ = 1) such that vs(0) = 0 and the dissipation
inequality

ρk2vs(x(k2)) ≤ ρk1vs(x(k1)) +

k2−1∑
i=k1

ρi+1s(u(i), y(i)), k2 ≥ k1, (8.3)

is satisfied for all k2 ≥ k1 ≥ k0, where x(k), k ≥ k0, is the solution to
(8.1) with u(·) ∈ U . The discrete-time nonlinear dynamical system G given
by (8.1) and (8.2) is lossless with respect to the supply rate s(u, y) if the
dissipation inequality is satisfied as an equality with ρ = 1 for all k2 ≥ k1 ≥
k0.

An equivalent statement for dissipativity of the dynamical system (8.1)
and (8.2) is

Δvs(x(k)) ≤ s(u(k), y(k)), k ≥ k0, u(·) ∈ U , y(·) ∈ Y. (8.4)
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Alternatively, an equivalent statement for geometric dissipativity of the dy-
namical system (8.1) and (8.2) is

ρvs(x(k + 1))− vs(x(k)) ≤ ρs(u(k), y(k)), k ≥ k0, u(·) ∈ U , y(·) ∈ Y.
(8.5)

Next, to develop vector dissipativity theory for discrete-time large-
scale nonlinear dynamical systems, consider the discrete-time nonlinear dy-
namical systems G of the form

x(k + 1)=F (x(k), u(k)), x(k0) = x0, k ≥ k0, (8.6)

y(k)=H(x(k), u(k)), (8.7)

where x ∈ D ⊆ R
n, u ∈ U ⊆ R

m, y ∈ Y ⊆ R
l, F : D × U → R

n,
H : D × U → Y , D is an open set with 0 ∈ D, and F (0, 0) = 0. Here,
we assume that G represents a discrete-time large-scale dynamical system
composed of q interconnected controlled subsystems Gi such that, for all
i = 1, . . . , q,

Fi(x, ui)= fi(xi) + Ii(x) +Gi(xi)ui, (8.8)

Hi(xi, ui)=hi(xi) + Ji(xi)ui, (8.9)

where xi ∈ R
ni , ui ∈ Ui ⊆ R

mi , yi � Hi(xi, ui) ∈ Yi ⊆ R
li , (ui, yi) is

the input-output pair for the ith subsystem such that ui(·) ∈ Ui, yi(·) ∈
Yi, where Ui and Yi denote the ith subsystem input and output spaces,
fi : Rni → R

ni and Ii : D → R
ni are continuous and satisfy fi(0) = 0

and Ii(0) = 0, Gi : R
ni → R

ni×mi is continuous, hi : R
ni → R

li and
satisfies hi(0) = 0, Ji : Rni → R

li×mi ,
∑q

i=1 ni = n,
∑q

i=1mi = m, and∑q
i=1 li = l. Furthermore, for the system G we assume that the required

properties for the existence and uniqueness of solutions are satisfied. We
define the composite input and composite output for the discrete-time large-
scale system G as u � [uT1 , . . . , u

T
q ]

T and y � [yT1 , . . . , y
T
q ]

T, respectively.
Note that in this case the set U = U1 × · · · × Uq contains the set of input
values and Y = Y1 × · · · × Yq contains the set of output values whereas
U = U1 × · · · ×Uq and Y = Y1 × · · · ×Yq define the input and output spaces
for (8.6) and (8.7).

Definition 8.2. For the discrete-time large-scale nonlinear dynamical
system G given by (8.6) and (8.7) a vector function S = [s1, . . . , sq]

T :

U × Y → R
q such that S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]

T and S(0, 0) = 0
is called a vector supply rate.

Note that since all input-output pairs (ui, yi) ∈ Ui × Yi, i = 1, . . . , q,
satisfying (8.6) and (8.7) are defined on Z+, si(·, ·) in Definition 8.2 satisfies∑k2

k=k1
|si(ui(k), yi(k))| < ∞, k1, k2 ∈ Z+.
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Definition 8.3. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u, y) if there
exist a continuous, nonnegative definite vector function Vs = [vs1, . . . , vsq]

T :

D → R
q
+, called a vector storage function, and a nonsingular nonnegative

dissipation matrix W ∈ R
q×q such that Vs(0) = 0, W is semistable (respec-

tively, asymptotically stable), and the vector dissipation inequality

Vs(x(k)) ≤≤ W k−k0Vs(x(k0)) +
k−1∑
i=k0

W k−1−iS(u(i), y(i)), k ≥ k0,

(8.10)

is satisfied, where x(k), k ≥ k0, is the solution to (8.6) with u(·) ∈ U . The
discrete-time large-scale nonlinear dynamical system G given by (8.6) and
(8.7) is vector lossless with respect to the vector supply rate S(u, y) if the
vector dissipation inequality is satisfied as an equality with W semistable.

Note that if the subsystems Gi of G are disconnected, that is, Ii(x) ≡ 0
for all i = 1, . . . , q, and W ∈ R

q×q is diagonal, positive definite, and
semistable, then it follows from Definition 8.3 that each of the isolated sub-
systems Gi is dissipative or geometrically dissipative in the sense of Definition
8.1. A similar remark holds in the case where q = 1.

Next, define the vector available storage of the discrete-time large-scale
nonlinear dynamical system G by

Va(x0) � sup
K≥k0, u(·)

⎡
⎣− K−1∑

k=k0

W−(k+1−k0)S(u(k), y(k))

⎤
⎦ , (8.11)

where x(k), k ≥ k0, is the solution to (8.6) with x(k0) = x0 and admissible
inputs u(·) ∈ U . The supremum in (8.11) is taken componentwise, which
implies that for each component of Va(·) the supremum is calculated sepa-
rately. Note, that Va(x0) ≥≥ 0, x0 ∈ D, since Va(x0) is the supremum over
a set of vectors containing the zero vector (K = k0). To state the main
results of this section the following definition is required.

Definition 8.4 ([70]). The discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7) is completely reachable if for all
x0 ∈ D ⊆ R

n, there exist a ki < k0 and a square summable input u(·)
defined on [ki, k0] such that the state x(k), k ≥ ki, can be driven from
x(ki) = 0 to x(k0) = x0. A discrete-time large-scale nonlinear dynamical
system G is zero-state observable if u(k) ≡ 0 and y(k) ≡ 0 imply x(k) ≡ 0.

Theorem 8.1. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is completely
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reachable. Let W ∈ R
q×q be nonsingular, nonnegative, and semistable (re-

spectively, asymptotically stable). Then

K−1∑
k=k0

W−(k+1−k0)S(u(k), y(k)) ≥≥ 0, K ≥ k0, u(·) ∈ U , (8.12)

for x(k0) = 0 if and only if Va(0) = 0 and Va(x) is finite for all x ∈ D.
Moreover, if (8.12) holds, then Va(x), x ∈ D, is a vector storage function
for G, and hence, G is vector dissipative (respectively, geometrically vector
dissipative) with respect to the vector supply rate S(u, y).

Proof. Suppose Va(0) = 0 and Va(x), x ∈ D, is finite. Then

0 = Va(0) = sup
K≥k0, u(·)

⎡
⎣− K−1∑

k=k0

W−(k+1−k0)S(u(k), y(k))

⎤
⎦ , (8.13)

which implies (8.12).
Next, suppose (8.12) holds. Then, for x(k0) = 0,

sup
K≥k0, u(·)

⎡
⎣− K−1∑

k=k0

W−(k+1−k0)S(u(k), y(k))

⎤
⎦ ≤≤ 0, (8.14)

which implies that Va(0) ≤≤ 0. However, since Va(x0) ≥≥ 0, x0 ∈ D, it
follows that Va(0) = 0. Moreover, since G is completely reachable it follows

that for every x0 ∈ D there exists k̂ > k0 and an admissible input u(·)
defined on [k0, k̂] such that x(k̂) = x0. Now, since (8.12) holds for x(k0) = 0
it follows that for all admissible u(·) ∈ U ,

K−1∑
k=k0

W−(k+1−k0)S(u(k), y(k)) ≥≥ 0, K ≥ k̂, (8.15)

or, equivalently, multiplying (8.15) by the nonnegative matrix W k̂−k0 , k̂ >
k0, yields

−
K−1∑
k=k̂

W−(k+1−k̂)S(u(k), y(k))≤≤
k̂−1∑
k=k0

W−(k+1−k̂)S(u(k), y(k))

≤≤Q(x0)

<<∞, K ≥ k̂, u(·) ∈ U , (8.16)

where Q : D → R
q. Hence,

Va(x0) = sup
K≥k̂, u(·)

⎡
⎣−K−1∑

k=k̂

W−(k+1−k̂)S(u(k), y(k))

⎤
⎦



158 CHAPTER 8

≤≤Q(x0)

<<∞, x0 ∈ D, (8.17)

which implies that Va(x0), x0 ∈ D, is finite.
Finally, since (8.12) implies that Va(0) = 0 and Va(x), x ∈ D, is finite

it follows from the definition of the vector available storage that

−Va(x0)≤≤
K−1∑
k=k0

W−(k+1−k0)S(u(k), y(k))

=

kf−1∑
k=k0

W−(k+1−k0)S(u(k), y(k))

+

K−1∑
k=kf

W−(k+1−k0)S(u(k), y(k)), K ≥ k0. (8.18)

Now, multiplying (8.18) by the nonnegative matrix W kf−k0 , kf > k0, it
follows that

W kf−k0Va(x0) +

kf−1∑
k=k0

W−(k+1−kf)S(u(k), y(k))

≥≥ sup
K≥kf , u(·)

⎡
⎣−K−1∑

k=kf

W−(k+1−kf)S(u(k), y(k))

⎤
⎦

= Va(x(kf)), (8.19)

which implies that Va(x), x ∈ D, is a vector storage function, and hence,
G is vector dissipative (respectively, geometrically vector dissipative) with
respect to the vector supply rate S(u, y).

It follows from Lemma 2.2 that if W ∈ R
q×q is nonsingular, nonnega-

tive, and semistable (respectively, asymptotically stable), then there exist a
scalar α ≥ 1 (respectively, α > 1) and a nonnegative vector p ∈ R

q
+, p �= 0,

(respectively, p ∈ R
q
+) such that (2.97) holds. In this case,

pTW−k =αpTW−(k−1) = · · · = αkpT, k ∈ Z+. (8.20)

Using (8.20), we define the (scalar) available storage for the discrete-time
large-scale nonlinear dynamical system G by

va(x0)� sup
K≥k0, u(·)

⎡
⎣− K−1∑

k=k0

pTW−(k+1−k0)S(u(k), y(k))

⎤
⎦

= sup
K≥k0, u(·)

⎡
⎣− K−1∑

k=k0

αk+1−k0s(u(k), y(k))

⎤
⎦ , (8.21)
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where s : U × Y → R defined as s(u, y) � pTS(u, y) is the (scalar) supply
rate for the discrete-time large-scale nonlinear dynamical system G. Clearly,
va(x) ≥ 0 for all x ∈ D. As in standard discrete-time dissipativity theory,
the available storage va(x), x ∈ D, denotes the maximum amount of (scaled)
energy that can be extracted from the discrete-time large-scale nonlinear
dynamical system G at any instant K.

The following theorem relates vector storage functions and vector sup-
ply rates to scalar storage functions and scalar supply rates of discrete-time
large-scale dynamical systems.

Theorem 8.2. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Suppose G is vector dissipative (re-
spectively, geometrically vector dissipative) with respect to the vector supply
rate S : U × Y → R

q and with vector storage function Vs : D → R
q
+. Then

there exists p ∈ R
q
+, p �= 0, (respectively, p ∈ R

q
+) such that G is dissipative

(respectively, geometrically dissipative) with respect to the scalar supply
rate s(u, y) = pTS(u, y) and with storage function vs(x) � pTVs(x), x ∈ D.
Moreover, in this case va(x), x ∈ D, is a storage function for G and

0 ≤ va(x) ≤ vs(x), x ∈ D. (8.22)

Proof. Suppose G is vector dissipative (respectively, geometrically
vector dissipative) with respect to the vector supply rate S(u, y). Then there
exist a nonsingular, nonnegative, and semistable (respectively, asymptoti-
cally stable) dissipation matrixW and a vector storage function Vs : D → R

q
+

such that the dissipation inequality (8.10) holds. Furthermore, it follows
from Lemma 2.2 that there exist α ≥ 1 (respectively, α > 1) and a nonzero
vector p ∈ R

q
+ (respectively, p ∈ R

q
+) satisfying (2.97). Hence, premultiply-

ing (8.10) by pT and using (8.20) it follows that

vs(x(k)) ≤ α−(k−k0)vs(x(k0)) +

k−1∑
i=k0

α−(k−1−i)s(u(i), y(i)),

k ≥ k0, u(·) ∈ U , (8.23)

where vs(x) = pTVs(x), x ∈ D, which implies dissipativity (respectively,
geometric dissipativity) of G with respect to the supply rate s(u, y) and
with storage function vs(x), x ∈ D.

Moreover, since vs(0) = 0, it follows from (8.23) that for x(k0) = 0,

k−1∑
i=k0

αi+1−k0s(u(i), y(i)) ≥ 0, k ≥ k0, u(·) ∈ U , (8.24)

which, using (8.21), implies that va(0) = 0. Now, it can be easily shown
that va(x), x ∈ D, satisfies (8.23), and hence, the available storage defined
by (8.21) is a storage function for G.
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Finally, it follows from (8.23) that

vs(x(k0))≥αk−k0vs(x(k))−
k−1∑
i=k0

αi+1−k0s(u(i), y(i))

≥−
k−1∑
i=k0

αi+1−k0s(u(i), y(i)), k ≥ k0, u(·) ∈ U , (8.25)

which implies

vs(x(k0)) ≥ sup
k≥k0, u(·)

⎡
⎣− k−1∑

i=k0

αi+1−k0s(u(i), y(i))

⎤
⎦ = va(x(k0)), (8.26)

and hence, (8.22) holds.

It follows from Theorem 8.1 that if (8.12) holds for x(k0) = 0, then
the vector available storage Va(x), x ∈ D, is a vector storage function for G.
In this case, it follows from Theorem 8.2 that there exists p ∈ R

q
+, p �= 0,

such that vs(x) � pTVa(x) is a storage function for G that satisfies (8.23),
and hence, by (8.22), va(x) ≤ pTVa(x), x ∈ D. It is important to note that
it follows from Theorem 8.2 that if G is vector dissipative, then G can either
be (scalar) dissipative or (scalar) geometrically dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions, that
is, vs(x) = pTVs(x), of a given vector dissipative discrete-time large-scale
nonlinear dynamical system are positive definite.

Theorem 8.3. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is zero-state ob-
servable. Furthermore, assume that G is vector dissipative (respectively, ge-
ometrically vector dissipative) with respect to the vector supply rate S(u, y)
and there exist α ≥ 1 and p ∈ R

q
+ such that (2.97) holds. In addition,

assume that there exist functions κi : Yi → Ui such that κi(0) = 0 and
si(κi(yi), yi) < 0, yi �= 0, for all i = 1, . . . , q. Then for all vector storage
functions Vs : D → R

q
+ the storage function vs(x) � pTVs(x), x ∈ D, is

positive definite, that is, vs(0) = 0 and vs(x) > 0, x ∈ D, x �= 0.

Proof. It follows from Theorem 8.2 that va(x), x ∈ D, is a storage
function for G that satisfies (8.23). Next, suppose, ad absurdum, that there
exists x ∈ D such that va(x) = 0, x �= 0. Then it follows from the definition
of va(x), x ∈ D, that for x(k0) = x,

K−1∑
k=k0

αk+1−k0s(u(k), y(k)) ≥ 0, K ≥ k0, u(·) ∈ U . (8.27)
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However, for ui = ki(yi) we have si(κi(yi), yi) < 0, yi �= 0, for all i = 1, . . . , q
and since p >> 0 it follows that yi(k) = 0, k ≥ k0, i = 1, . . . , q, which further
implies that ui(k) = 0, k ≥ k0, i = 1, . . . , q. Since G is zero-state observable
it follows that x = 0, and hence, va(x) = 0 if and only if x = 0. The result
now follows from (8.22). Finally, for the geometrically vector dissipative case
it follows from Lemma 2.2 that p >> 0 with the rest of the proof identical,
as above.

Next, we introduce the concept of vector required supply of a discrete-
time large-scale nonlinear dynamical system. Specifically, define the vector
required supply of the discrete-time large-scale dynamical system G by

Vr(x0) � inf
K≥−k0+1, u(·)

k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k)), (8.28)

where x(k), k ≥ −K, is the solution to (8.6) with x(−K) = 0 and x(k0) =
x0. Note that since, with x(k0) = 0, the infimum in (8.28) is the zero vector
it follows that Vr(0) = 0. Moreover, since G is completely reachable it follows
that Vr(x) << ∞, x ∈ D. Using the notion of the vector required supply we
present necessary and sufficient conditions for dissipativity of a large-scale
dynamical system with respect to a vector supply rate.

Theorem 8.4. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7), and assume that G is completely
reachable. Then G is vector dissipative (respectively, geometrically vector
dissipative) with respect to the vector supply rate S(u, y) if and only if

0 ≤≤ Vr(x) << ∞, x ∈ D. (8.29)

Moreover, if (8.29) holds, then Vr(x), x ∈ D, is a vector storage function for
G. Finally, if the vector available storage Va(x), x ∈ D, is a vector storage
function for G, then

0 ≤≤ Va(x) ≤≤ Vr(x) << ∞, x ∈ D. (8.30)

Proof. Suppose (8.29) holds and let x(k), k ∈ Z+, satisfy (8.6) with
admissible inputs u(·) ∈ U , k ∈ Z+, and x(k0) = x0. Then it follows from
the definition of Vr(·) that for −K ≤ kf ≤ k0 − 1 and u(·) ∈ U ,

Vr(x0)≤≤
k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k))

=

kf−1∑
k=−K

W−(k+1−k0)S(u(k), y(k))
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+

k0−1∑
k=kf

W−(k+1−k0)S(u(k), y(k)), (8.31)

and hence,

Vr(x0)≤≤W k0−kf inf
K≥−kf+1, u(·)

[
kf−1∑
k=−K

W−(k+1−kf)S(u(k), y(k))

]

+

k0−1∑
k=kf

W−(k+1−k0)S(u(k), y(k))

= W k0−kfVr(x(kf)) +

k0−1∑
k=kf

W k0−1−kS(u(k), y(k)), (8.32)

which shows that Vr(x), x ∈ D, is a vector storage function for G, and hence,
G is vector dissipative with respect to the vector supply rate S(u, y).

Conversely, suppose that G is vector dissipative with respect to the
vector supply rate S(u, y). Then there exists a nonnegative vector storage
function Vs(x), x ∈ D, such that Vs(0) = 0. Since G is completely reachable
it follows that for x(k0) = x0 there exist K > −k0 and u(k), k ∈ [−K, k0],
such that x(−K) = 0. Hence, it follows from the vector dissipation inequal-
ity (8.10) that

0 ≤≤ Vs(x(k0)) ≤≤ W k0+KVs(x(−K)) +

k0−1∑
k=−K

W k0−1−kS(u(k), y(k)),

(8.33)

which implies that for all K ≥ −k0 + 1 and u(·) ∈ U ,

0 ≤≤
k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k)) (8.34)

or, equivalently,

0 ≤≤ inf
K≥−k0+1, u(·)

k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k)) = Vr(x0). (8.35)

Since, by complete reachability Vr(x) << ∞, x ∈ D, it follows that (8.29)
holds.

Finally, suppose that Va(x), x ∈ D, is a vector storage function. Then
for x(−K) = 0, x(k0) = x0, and u(·) ∈ U , it follows that

Va(x(k0)) ≤≤ W k0+KVa(x(−K)) +

k0−1∑
k=−K

W k0−1−kS(u(k), y(k)), (8.36)
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which implies that

0≤≤Va(x(k0))

≤≤ inf
K≥−k0+1, u(·)

k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k))

= Vr(x(k0)), x ∈ D. (8.37)

Since x(k0) = x0 ∈ D is arbitrary and, by complete reachability, Vr(x) <<
∞, x ∈ D, (8.37) implies (8.30).

The next result is a direct consequence of Theorems 8.1 and 8.4.

Proposition 8.1. Consider the discrete-time large-scale nonlinear dy-
namical system G given by (8.6) and (8.7). Let M = diag [μ1, . . . , μq] be
such that 0 ≤ μi ≤ 1, i = 1, . . . , q. If Va(x), x ∈ D, and Vr(x), x ∈ D, are
vector storage functions for G, then

Vs(x) = MVa(x) + (Iq −M)Vr(x), x ∈ D, (8.38)

is a vector storage function for G.
Proof. Note that M ≥≥ 0 and Iq − M ≥≥ 0 if and only if M =

diag [μ1, . . . , μq] and μi ∈ [0, 1], i = 1, . . . , q. Now, the result is a direct
consequence of the vector dissipation inequality (8.10) by noting that if
Va(x) and Vr(x) satisfy (8.10), then Vs(x) satisfies (8.10).

Next, recall that if G is vector dissipative (respectively, geometrically
vector dissipative), then there exist p ∈ R

q
+, p �= 0, and α ≥ 1 (respectively,

p ∈ R
q
+ and α > 1) such that (2.97) and (8.20) hold. Now, define the (scalar)

required supply for the large-scale nonlinear dynamical system G by

vr(x0)� inf
K≥−k0+1, u(·)

k0−1∑
k=−K

pTW−(k+1−k0)S(u(k), y(k))

= inf
K≥−k0+1, u(·)

k0−1∑
k=−K

αk+1−k0s(u(k), y(k)), x0 ∈ D, (8.39)

where s(u, y) = pTS(u, y) and x(k), k ≥ −K, is the solution to (8.6) with
x(−K) = 0 and x(k0) = x0. It follows from (8.39) that the required supply
of a discrete-time large-scale nonlinear dynamical system is the minimum
amount of generalized energy that can be delivered to the discrete-time
large-scale system in order to transfer it from an initial state x(−K) = 0 to
a given state x(k0) = x0. Using the same arguments as in the case of the
vector required supply, it follows that vr(0) = 0 and vr(x) < ∞, x ∈ D.

Next, using the notion of required supply, we show that all storage
functions of the form vs(x) = pTVs(x), where p ∈ R

q
+, p �= 0, are bounded
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from above by the required supply and bounded from below by the available
storage. Hence, a dissipative discrete-time large-scale nonlinear dynamical
system can deliver to its surroundings only a fraction of all of its stored
subsystem energies and can store only a fraction of the work done to all of
its subsystems.

Corollary 8.1. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6), (8.7). Assume that G is vector dissipative with
respect to a vector supply rate S(u, y) and with vector storage function
Vs : D → R

q
+. Then vr(x), x ∈ D, is a storage function for G. Moreover, if

vs(x) � pTVs(x), x ∈ D, where p ∈ R
q
+, p �= 0, then

0 ≤ va(x) ≤ vs(x) ≤ vr(x) < ∞, x ∈ D. (8.40)

Proof. It follows from Theorem 8.2 that if G is vector dissipative with
respect to the vector supply rate S(u, y) and with a vector storage function
Vs : D → R

q
+, then there exists p ∈ R

q
+, p �= 0, such that G is dissipative

with respect to the supply rate s(u, y) = pTS(u, y) and with storage function
vs(x) = pTVs(x), x ∈ D. Hence, it follows from (8.23), with x(−K) = 0 and
x(k0) = x0, that

k0−1∑
k=−K

αk+1−k0s(u(k), y(k)) ≥ 0, K ≥ −k0, u(·) ∈ U , (8.41)

which implies that vr(x0) ≥ 0, x0 ∈ D. Furthermore, it is easy to see from
the definition of a required supply that vr(x), x ∈ D, satisfies the dissipation
inequality (8.23). Hence, vr(x), x ∈ D, is a storage function for G.

Moreover, it follows from the dissipation inequality (8.23), with x(−K)
= 0, x(k0) = x0, and u ∈ U , that

αk0vs(x(k0))≤α−Kvs(x(−K)) +

k0−1∑
k=−K

αk+1s(u(k), y(k))

=

k0−1∑
k=−K

αk+1s(u(k), y(k)), (8.42)

which implies that

vs(x(k0)) ≤ inf
K≥−k0+1, u(·)

k0−1∑
k=−K

αk+1−k0s(u(k), y(k)) = vr(x(k0)). (8.43)

Finally, it follows from Theorem 8.2 that va(x), x ∈ D, is a storage function
for G, and hence, using (8.22) and (8.43), (8.40) holds.

It follows from Theorem 8.4 that if G is vector dissipative with respect
to the vector supply rate S(u, y), then Vr(x), x ∈ D, is a vector storage
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function for G and, by Theorem 8.2, there exists p ∈ R
q
+, p �= 0, such that

vs(x) � pTVr(x), x ∈ D, is a storage function for G satisfying (8.23). Hence,
it follows from Corollary 8.1 that pTVr(x) ≤ vr(x), x ∈ D.

The next result relates vector (respectively, scalar) available storage
and vector (respectively, scalar) required supply for vector lossless discrete-
time large-scale dynamical systems.

Theorem 8.5. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Assume that G is completely reach-
able to and from the origin. If G is vector lossless with respect to the vector
supply rate S(u, y) and Va(x), x ∈ D, is a vector storage function, then
Va(x) = Vr(x), x ∈ D. Moreover, if Vs(x), x ∈ D, is a vector storage func-
tion, then all (scalar) storage functions of the form vs(x) = pTVs(x), x ∈ D,
where p ∈ R

q
+, p �= 0, are given by

vs(x0) = va(x0) = vr(x0)=−
K+−1∑
k=k0

αk+1−k0s(u(k), y(k))

=

k0−1∑
k=−K−

αk+1−k0s(u(k), y(k)), (8.44)

where x(k), k ≥ k0, is the solution to (8.6) with u(·) ∈ U , x(k0) = x0 ∈ D,
and s(u, y) = pTS(u, y) for every K−, K+ such that x(−K−) = 0 and
x(K+) = 0.

Proof. Suppose G is vector lossless with respect to the vector supply
rate S(u, y). Since G is completely reachable to and from the origin it
follows that for every x0 = x(k0) ∈ D there exist K+ > k0, −K− < k0,
and u(k) ∈ U, k ∈ [−K−,K+], such that x(−K−) = 0, x(K+) = 0, and
x(k0) = x0. Now, it follows from the dissipation inequality (8.10), which is
satisfied as an equality, that

0 =

K+−1∑
k=−K−

WK+−1−kS(u(k), y(k)), (8.45)

or, equivalently,

0 =

K+−1∑
k=−K−

W−(k+1−k0)S(u(k), y(k))

=

k0−1∑
k=−K−

W−(k+1−k0)S(u(k), y(k))
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+

K+−1∑
k=k0

W−(k+1−k0)S(u(k), y(k))

≥≥ inf
K≥−k0+1, u(·)

k0−1∑
k=−K

W−(k+1−k0)S(u(k), y(k))

+ inf
K≥k0, u(·)

K−1∑
k=k0

W−(k+1−k0)S(u(k), y(k))

= Vr(x0)− Va(x0), (8.46)

which implies that Vr(x0) ≤≤ Va(x0), x0 ∈ D. However, it follows from
Theorem 8.4 that if G is vector dissipative and Va(x), x ∈ D, is a vector
storage function, then Va(x) ≤≤ Vr(x), x ∈ D, which along with (8.46)
implies that Va(x) = Vr(x), x ∈ D. Furthermore, since G is vector lossless
there exist a nonzero vector p ∈ R

q
+ and a scalar α ≥ 0 satisfying (2.97).

Next, it follows from (8.45) that

0=

K+−1∑
k=−K−

pTW−(k+1−k0)S(u(k), y(k))

=

K+−1∑
k=−K−

αk+1−k0s(u(k), y(k))

=

k0−1∑
k=−K−

αk+1−k0s(u(k), y(k)) +

K+−1∑
k=k0

αk+1−k0s(u(k), y(k))

≥ inf
K≥−k0+1, u(·)

k0−1∑
k=−K

αk+1−k0s(u(k), y(k))

+ inf
K≥k0, u(·)

K−1∑
k=k0

αk+1−k0s(u(k), y(k))

= vr(x0)− va(x0), x0 ∈ D, (8.47)

which along with (8.40) implies that for any (scalar) storage function of the
form vs(x) = pTVs(x), x ∈ D, the equality va(x) = vs(x) = vr(x), x ∈ D,
holds. Moreover, since G is vector lossless the inequalities (8.23) and (8.42)
are satisfied as equalities and

vs(x0) = −
K+−1∑
k=k0

αk+1−k0s(u(k), y(k)) =

k0−1∑
k=−K−

αk+1−k0s(u(k), y(k)),

(8.48)
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where x(k), k ≥ k0, is the solution to (8.6) with u(·) ∈ U , x(−K−) = 0,
x(K+) = 0, and x(k0) = x0 ∈ D.

The next proposition presents a characterization for vector dissipativ-
ity of discrete-time large-scale nonlinear dynamical systems.

Proposition 8.2. Consider the discrete-time large-scale nonlinear dy-
namical system G given by (8.6) and (8.7), and assume Vs = [vs1, . . . , vsq]

T :

D → R
q
+ is a continuous vector storage function for G. Then G is vector

dissipative with respect to the vector supply rate S(u, y) if and only if

Vs(x(k + 1)) ≤≤ WVs(x(k)) + S(u(k), y(k)), k ≥ k0, u(k) ∈ U. (8.49)

Proof. The proof is immediate from (8.10) and, hence, is omitted.

As a special case of vector dissipativity theory we can analyze the sta-
bility of discrete-time large-scale nonlinear dynamical systems. Specifically,
assume that the discrete-time large-scale dynamical system G is vector dis-
sipative (respectively, geometrically vector dissipative) with respect to the
vector supply rate S(u, y) and with a continuous vector storage function
Vs : D → R

q
+. Moreover, assume that the conditions of Theorem 8.3 are

satisfied. Then it follows from Proposition 8.2, with u(k) ≡ 0 and y(k) ≡ 0,
that

Vs(x(k + 1)) ≤≤ WVs(x(k)), k ≥ k0, (8.50)

where x(k), k ≥ k0, is a solution to (8.6) with x(k0) = x0 and u(k) ≡ 0.
Now, it follows from Corollary 2.6, with w(r) = Wr, that the zero solution
x(k) ≡ 0 to (8.6), with u(k) ≡ 0, is Lyapunov (respectively, asymptotically)
stable.

More generally, the problem of control system design for discrete-time
large-scale nonlinear dynamical systems can be addressed within the frame-
work of vector dissipativity theory. In particular, suppose that there exists
a continuous vector function Vs : D → R

q
+ such that Vs(0) = 0 and

Vs(x(k + 1)) ≤≤ F(Vs(x(k)), u(k)), k ≥ k0, u(k) ∈ U, (8.51)

where F : R
q
+ × R

m → R
q and F(0, 0) = 0. Then the control system

design problem for a discrete-time large-scale dynamical system reduces to
constructing an energy feedback control law φ : R

q
+ → U of the form

u = φ(Vs(x)) � [φT
1 (Vs(x)), . . . , φ

T
q (Vs(x))]

T, x ∈ D, (8.52)

where φi : R
q
+ → Ui, φi(0) = 0, i = 1, . . . , q, such that the zero solution

r(k) ≡ 0 to the comparison system

r(k + 1) = w(r(k)), r(k0) = Vs(x(k0)), k ≥ k0, (8.53)
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is rendered asymptotically stable, where w(r) � F(r, φ(r)) is of class Wd.
In this case, if there exists p ∈ R

q
+ such that vs(x) � pTVs(x), x ∈ D, is

positive definite, then it follows from Corollary 2.6 that the zero solution
x(k) ≡ 0 to (8.6), with u given by (8.52), is asymptotically stable.

As in the continuous-time case, using an energy feedback control archi-
tecture and exploiting the comparison system within the control design for
discrete-time large-scale nonlinear dynamical systems can significantly re-
duce the dimensionality of a control synthesis problem in terms of a number
of states that need to be stabilized. It should be noted, however, that for
stability analysis of discrete-time large-scale dynamical systems the com-
parison system need not be linear as implied by (8.50). A discrete-time
nonlinear comparison system would still guarantee stability of a discrete-
time large-scale dynamical system provided that the conditions of Corollary
2.6 are satisfied.

8.3 Extended Kalman-Yakubovich-Popov Conditions for

Discrete-Time Large-Scale Nonlinear Dynamical Systems

In this section, we show that vector dissipativeness (respectively, geomet-
ric vector dissipativeness) of a discrete-time large-scale nonlinear dynamical
system G of the form (8.6) and (8.7) can be characterized in terms of the
local subsystem functions fi(·), Gi(·), hi(·), and Ji(·), along with the inter-
connection structures Ii(·) for i = 1, . . . , q. For the results in this section
we consider the special case of dissipative systems with quadratic vector
supply rates and set D = R

n, Ui = R
mi , and Yi = R

li . Specifically, let
Ri ∈ S

mi , Si ∈ R
li×mi , and Qi ∈ S

li be given and assume S(u, y) is such
that si(ui, yi) = yTi Qiyi + 2yTi Siui + uTi Riui, i = 1, . . . , q.

For the statement of the next result recall that x = [xT1 , . . . , x
T
q ]

T, u =

[uT1 , . . . , u
T
q ]

T, y = [yT1 , . . . , y
T
q ]

T, xi ∈ R
ni , ui ∈ R

mi , yi ∈ R
li , i = 1, . . . , q,∑q

i=1 ni = n,
∑q

i=1mi = m, and
∑q

i=1 li = l. Furthermore, for (8.6) and
(8.7) defineF : Rn → R

n, G : Rn → R
n×m, h : Rn → R

l, and J : Rn → R
l×m

by F(x) � [FT
1 (x), . . . ,FT

q (x)]
T, where Fi(x) � fi(xi) + Ii(x), i = 1, . . . , q,

G(x) � block−diag[G1(x1), . . . , Gq(xq)], h(x) � [hT1 (x1), . . . , h
T
q (xq)]

T, and

J(x) � block−diag[J1(x1), . . . , Jq(xq)]. In addition, for all i = 1, . . . , q,

define R̂i ∈ S
m, Ŝi ∈ R

l×m, and Q̂i ∈ S
l such that each of these matrices

consists of zero blocks except, respectively, for the matrix blocks Ri ∈ S
mi ,

Si ∈ R
li×mi , and Qi ∈ S

li on (i, i) position. Finally, we introduce a more
general definition of vector dissipativity involving an underlying nonlinear
comparsion system.

Definition 8.5. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u, y) if there
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exist a continuous, nonnegative definite vector function Vs = [vs1, . . . , vsq]
T :

D → R
q
+, called a vector storage function, and a class Wd function w :

R
q
+ → R

q such that Vs(0) = 0, w(0) = 0, the zero solution r(k) ≡ 0 to the
comparison system

r(k + 1) = w(r(k)), r(k0) = r0, k ≥ k0, (8.54)

is Lyapunov (respectively, asymptotically) stable, and the vector dissipation
inequality

Vs(x(k + 1)) ≤≤ w(Vs(x(k))) + S(u(k), y(k)), k ≥ k0, (8.55)

is satisfied, where x(k), k ≥ k0, is the solution to (8.6) with u(·) ∈ U . The
discrete-time large-scale nonlinear dynamical system G given by (8.6) and
(8.7) is vector lossless with respect to the vector supply rate S(u, y) if the
vector dissipation inequality is satisfied as an equality with the zero solution
r(k) ≡ 0 to (8.54) being Lyapunov stable.

If in Definition 8.5 the function w : R
q
+ → R

q is such that w(r) = Wr,
where W ∈ R

q×q, then W is nonnegative and Definition 8.5 collapses to
Definition 8.3.

Theorem 8.6. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Let Ri ∈ S

mi , Si ∈ R
li×mi , and

Qi ∈ S
li , i = 1, . . . , q. If there exist functions Vs = [vs1, . . . , vsq]

T : Rn → R
q
+,

P1i : R
n → R

1×m, P2i : R
n → N

m, w = [w1, . . . , wq]
T : R

q
+ → R

q,
�i : R

n → R
si , and Zi : R

n → R
si×m, such that vsi(·) is continuous,

vsi(0) = 0, i = 1, . . . , q, w ∈ Wd, w(0) = 0,

vsi(F(x) +G(x)u)= vsi(F(x)) + P1i(x)u+ uTP2i(x)u, x ∈ R
n, u ∈ R

m,

(8.56)

the zero solution r(k) ≡ 0 to (8.54) is Lyapunov (respectively, asymptoti-
cally) stable, and, for all x ∈ R

n and i = 1, . . . , q,

0= vsi(F(x)) − hT(x)Q̂ih(x) −wi(Vs(x)) + �Ti (x)�i(x), (8.57)

0= 1
2P1i(x)− hT(x)(Ŝi + Q̂iJ(x)) + �Ti (x)Zi(x), (8.58)

0= R̂i + JT(x)Ŝi + ŜT
i J(x) + JT(x)Q̂iJ(x)− P2i(x)−ZT

i (x)Zi(x),

(8.59)

then G is vector dissipative (respectively, geometrically vector dissipative)
with respect to the vector quadratic supply rate S(u, y), where si(ui, yi) =
uTi Riui + 2yTi Siui + yTi Qiyi, i = 1, . . . , q.

Proof. Suppose that there exist functions vsi : R
n → R+, �i : R

n →
R
si , Zi : R

n → R
si×m, w : R

q
+ → R

q, P1i : R
n → R

1×m, P2i : R
n →

N
m, such that vsi(·) is continuous and nonnegative-definite, vsi(0) = 0, i =
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1, . . . , q, w(0) = 0, w ∈ Wd, the zero solution r(k) ≡ 0 to (8.54) is Lyapunov
(respectively, asymptotically) stable, and (8.56)–(8.59) are satisfied. Then
for every admissible input u(·) ∈ U and x ∈ R

n, i = 1, . . . , q, it follows from
(8.56)–(8.59) that

si(ui, yi)=uTR̂iu+ 2yTŜiu+ yTQ̂iy

=hT(x)Q̂ih(x) + 2hT(x)(Ŝi + Q̂iJ(x))u

+uT(JT(x)Q̂iJ(x) + JT(x)Ŝi + ŜT
i J(x) + R̂i)u

= vsi(F(x)) − wi(Vs(x)) + P1i(x)u+ �Ti (x)�i(x)

+2�Ti (x)Zi(x)u+ uTP2i(x)u+ uTZT
i (x)Zi(x)u

= vsi(F(x) +G(x)u) − wi(Vs(x))

+[�i(x) +Zi(x)u]
T[�i(x) + Zi(x)u]

≥ vsi(F(x) +G(x)u) − wi(Vs(x)), (8.60)

where x(k), k ≥ k0, satisfies (8.6). Now, the result follows from (8.60) with
vector storage function Vs(x) = [vs1(x), . . . , vsq(x)]

T, x ∈ R
n.

Using (8.57)–(8.59) it follows that for k ≥ k0 and i = 1, . . . , q,

si(ui(k), yi(k)) + [wi(Vs(x(k))) − vsi(x(k))] = Δvsi(x(k))

+ [�i(x(k)) + Zi(x(k))u(k)]
T[�i(x(k)) + Zi(x(k))u(k)],

(8.61)

where Vs(x) = [vs1(x), . . . , vsq(x)]
T, x ∈ R

n, which can be interpreted as
a generalized energy balance equation for the ith subsystem of G where
Δvsi(x(k)) is the change in energy between consecutive discrete times, the
two discrete terms on the left are, respectively, the external supplied energy
to the ith subsystem and the energy gained by the ith subsystem from the
net energy flow between all subsystems due to subsystem coupling, and the
second discrete term on the right corresponds to the dissipated energy from
the ith subsystem.

Note that if G with u(k) ≡ 0 is vector dissipative (respectively, ge-
ometrically vector dissipative) with respect to the vector quadratic supply
rate where Qi ≤ 0, i = 1, . . . , q, then it follows from the vector dissipation
inequality that

Vs(x(k + 1)) ≤≤ w(Vs(x(k))) + S(0, y(k)) ≤≤ w(Vs(x(k))), k ≥ k0,

(8.62)

where S(0, y) = [s1(0, y1), . . . , sq(0, yq)]
T, si(0, yi(k)) = yTi (k)Qiyi(k) ≤ 0,

k ≥ k0, i = 1, . . . , q, and x(k), k ≥ k0, is the solution to (8.6) with u(k) ≡ 0.
If, in addition, there exists p ∈ R

q
+ such that pTVs(x), x ∈ R

n, is positive
definite, then it follows from Corollary 2.6 that the undisturbed (u(k) ≡
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0) large-scale nonlinear dynamical system (8.6) is Lyapunov (respectively,
asymptotically) stable.

Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 8.6. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) with mi = li, i = 1, . . . , q, is vector passive
(respectively, geometrically vector passive) if it is vector dissipative (respec-
tively, geometrically vector dissipative) with respect to the vector supply
rate S(u, y), where si(ui, yi) = 2yTi ui, i = 1, . . . , q.

Definition 8.7. The discrete-time large-scale nonlinear dynamical sys-
tem G given by (8.6) and (8.7) is vector nonexpansive (respectively, geomet-
rically vector nonexpansive) if it is vector dissipative (respectively, geometri-
cally vector dissipative) with respect to the vector supply rate S(u, y), where
si(ui, yi) = γ2i u

T
i ui − yTi yi, i = 1, . . . , q, and γi > 0, i = 1, . . . , q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider discrete-time large-scale
nonlinear dynamical systems G that are vector dissipative with respect to
vector supply rate S(u, y), where si(ui, yi) = 2yTi ui, i ∈ Zp, sj(uj , yj) =
γ2ju

T
j uj − yTj yj, γj > 0, j ∈ Zne, and Zp ∪ Zne = {1, . . . , q}. Furthermore,

vector supply rates for vector input strict passivity, vector output strict
passivity, and vector input-output strict passivity generalizing the passivity
notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a vector quadratic supply rate
for the case where the vector storage function Vs(x), x ∈ R

n, is component
decoupled, that is, Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n.

Theorem 8.7. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Assume that there exist functions
Vs = [vs1, . . . , vsq]

T : R
n → R

q
+, P1i : R

n → R
1×mi , P2i : R

n → N
mi ,

w = [w1, . . . , wq]
T : R

q
+ → R

q, �i : R
n → R

si, Zi : R
n → R

si×mi such that
vsi(·) is continuous, vsi(0) = 0, i = 1, . . . , q, w ∈ Wd, w(0) = 0, the zero
solution r(k) ≡ 0 to (8.54) is Lyapunov (respectively, asymptotically) stable,
and, for all x ∈ R

n and i = 1, . . . , q,

0≤ vsi(Fi(x)) − vsi(Fi(x) +Gi(xi)ui) + P1i(x)ui + uTi P2i(x)ui, (8.63)

0≥ vsi(Fi(x)) − hTi (xi)Qihi(xi)− wi(Vs(x)) + �Ti (xi)�i(xi), (8.64)

0= 1
2P1i(x)− hTi (xi)(Si +QiJi(xi)) + �Ti (xi)Zi(xi), (8.65)

0≤Ri + JT
i (xi)Si + ST

i Ji(xi) + JT
i (xi)QiJi(xi)− P2i(x)

−ZT
i (xi)Zi(xi). (8.66)

Then G is vector dissipative (respectively, geometrically vector dissipative)
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with respect to the vector supply rate S(u, y), where si(ui, yi) = uTi Riui +
2yTi Siui + yTi Qiyi, i = 1, . . . , q.

Proof. For every admissible input u = [uT1 , . . . , u
T
q ]

T such that ui ∈
R
mi , k ∈ Z+, and i = 1, . . . , q, it follows from (8.63)–(8.66) that

si(ui(k), yi(k)) =uTi (k)Riui(k) + 2yTi (k)Siui(k) + yTi (k)Qiyi(k)

=hTi (xi(k))Qihi(xi(k))

+2hTi (xi(k))(Si +QiJi(xi(k)))ui(k)

+uTi (k)(J
T
i (xi(k))QiJi(xi(k)) + JT

i (xi(k))Si

+ST
i Ji(xi(k)) +Ri)ui(k)

≥ vsi(Fi(x(k))) + P1i(x(k))ui(k) + �Ti (xi(k))�i(xi(k))

+2�Ti (xi(k))Zi(xi(k))ui(k) + uTi (k)P2i(x(k))ui(k)

+uTi (k)ZT
i (xi(k))Zi(xi(k))ui(k)− wi(Vs(x(k)))

≥ vsi(xi(k + 1))− wi(Vs(x(k)))

+[�i(xi(k)) + Zi(xi(k))ui(k)]
T[�i(xi(k))

+Zi(xi(k))ui(k)]

≥ vsi(xi(k + 1))− wi(Vs(x(k))), (8.67)

where x(k), k ≥ k0, satisfies (8.6). Now, the result follows from (8.67) with
vector storage function Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n.

Finally, we provide necessary and sufficient conditions for the case
where the discrete-time large-scale nonlinear dynamical system G is vector
lossless with respect to a vector quadratic supply rate.

Theorem 8.8. Consider the discrete-time large-scale nonlinear dynam-
ical system G given by (8.6) and (8.7). Let Ri ∈ S

mi , Si ∈ R
li×mi , and

Qi ∈ S
li , i = 1, . . . , q. Then G is vector lossless with respect to the vec-

tor quadratic supply rate S(u, y), where si(ui, yi) = uTi Riui + 2yTi Siui +
yTi Qiyi, i = 1, . . . , q, if and only if there exist functions Vs = [vs1, . . . , vsq]

T :

R
n → R

q
+, P1i : R

n → R
1×m, P2i : R

n → N
m, w = [w1, . . . , wq]

T : R
q
+ → R

q

such that vsi(·) is continuous, vsi(0) = 0, i = 1, . . . , q, w ∈ Wd, w(0) = 0,
the zero solution r(k) ≡ 0 to (8.54) is Lyapunov stable, and, for all x ∈ R

n,
i = 1, . . . , q, (8.56) holds and

0= vsi(F(x))− hT(x)Q̂ih(x)− wi(Vs(x)), (8.68)

0= 1
2P1i(x)− hT(x)(Ŝi + Q̂iJ(x)), (8.69)

0= R̂i + JT(x)Ŝi + ŜT
i J(x) + JT(x)Q̂iJ(x)− P2i(x). (8.70)

Proof. Sufficiency follows as in the proof of Theorem 8.6. To show
necessity, suppose that G is lossless with respect to the vector quadratic sup-
ply rate S(u, y). Then, there exist continuous functions Vs = [vs1, . . . , vsq]

T :
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R
n → R

q
+ and w = [w1, . . . , wq]

T : R
q
+ → R

q such that Vs(0) = 0, the zero
solution r(k) ≡ 0 to (8.54) is Lyapunov stable and

vsi(F(x) +G(x)u) =wi(Vs(x)) + si(ui, yi)

=wi(Vs(x)) + uTR̂iu+ 2yTŜiu+ yTQ̂iy

=wi(Vs(x)) + hT(x)Q̂ih(x)

+2hT(x)(Q̂iJ(x) + Ŝi)u

+uT(R̂i + ŜT
i J(x) + JT(x)Ŝi + JT(x)Q̂iJ(x))u,

x ∈ R
n, u ∈ R

m. (8.71)

Since the right-hand side of (8.71) is quadratic in u it follows that vsi(F(x)+
G(x)u) is quadratic in u, and hence, there exist P1i : R

n → R
1×m and

P2i : R
n → N

m such that

vsi(F(x) +G(x)u) = vsi(F(x)) + P1i(x)u+ uTP2i(x)u,

x ∈ R
n, u ∈ R

m. (8.72)

Now, using (8.72) and equating coefficients of equal powers in (8.71) yields
(8.68)–(8.70).

8.4 Specialization to Discrete-Time Large-Scale Linear

Dynamical Systems

In this section, we specialize the results of Section 8.3 to the case of discrete-
time large-scale linear dynamical systems. Specifically, we assume that w ∈
Wd is linear so that w(r) = Wr, where W ∈ R

q×q is nonnegative, and
consider the discrete-time large-scale linear dynamical system G given by

x(k + 1)=Ax(k) +Bu(k), x(k0) = x0, k ≥ k0, (8.73)

y(k)=Cx(k) +Du(k), (8.74)

where A ∈ R
n×n and A is partitioned as A � [Aij ], i, j = 1, . . . , q, Aij ∈

R
ni×nj ,

∑q
i=1 ni = n, B = block−diag[B1, . . . , Bq], C = block−diag[C1, . . . ,

Cq], D = block−diag[D1, . . . ,Dq], Bi ∈ R
ni×mi , Ci ∈ R

li×ni , Di ∈ R
li×mi ,

and i = 1, . . . , q.

Theorem 8.9. Consider the discrete-time large-scale linear dynamical
system G given by (8.73) and (8.74). Let Ri ∈ S

mi , Si ∈ R
li×mi , Qi ∈

S
li , i = 1, . . . , q. Then G is vector dissipative (respectively, geometrically

vector dissipative) with respect to the vector supply rate S(u, y), where
si(ui, yi) = uTi Riui +2yTi Siui + yTi Qiyi, i = 1, . . . , q, and with a three-times
continuously differentiable vector storage function if and only if there exist
W ∈ R

q×q, Pi ∈ N
n, Li ∈ R

si×n, and Zi ∈ R
si×m, i = 1, . . . , q, such that W
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is nonnegative and semistable (respectively, asymptotically stable), and, for
all i = 1, . . . , q,

0=ATPiA−CTQ̂iC −
q∑

j=1

W(i,j)Pj + LT
i Li, (8.75)

0=ATPiB − CT(Ŝi + Q̂iD) + LT
i Zi, (8.76)

0= R̂i +DTŜi + ŜT
i D +DTQ̂iD −BTPiB − ZT

i Zi. (8.77)

Proof. Sufficiency follows from Theorem 8.6 with F(x) = Ax, G(x) =
B, h(x) = Cx, J(x) = D, P1i(x) = 2xTATPiB, P2i(x) = BTPiB, w(r) =
Wr, �i(x) = Lix, Zi(x) = Zi, and vsi(x) = xTPix, i = 1, . . . , q.

To show necessity, suppose G is vector dissipative with respect to the
vector supply rate S(u, y), where si(ui, yi) = uTi Riui+2yTi Siui+yTi Qiyi, i =

1, . . . , q. Then, with w(r) = Wr, there exists Vs : R
n → R

q
+ such that W

is nonnegative and semistable (respectively, asymptotically stable), Vs(x) �
[vs1(x), . . . , vsq(x)]

T, x ∈ R
n, Vs(0) = 0, and for all x ∈ R

n, u ∈ R
n,

Vs(Ax+Bu)−WVs(x) ≤≤ S(u, y). (8.78)

Next, it follows from (8.78) that there exists a three-times continuously
differentiable vector function d = [d1, . . . , dq]

T : Rn × R
m → R

q such that
d(x, u) ≥≥ 0, d(0, 0) = 0, and

0 = Vs(Ax+Bu)−WVs(x)− S(u,Cx+Du) + d(x, u). (8.79)

Now, expanding vsi(·) and di(·, ·) via a Taylor series expansion about x = 0,
u = 0, and using the fact that vsi(·) and di(·, ·) are nonnegative and vsi(0) =
0, di(0, 0) = 0, i = 1, . . . , q, it follows that there exist Pi ∈ N

n, Li ∈ R
si×n,

Zi ∈ R
si×m, i = 1, . . . , q, such that

vsi(x)=xTPix+ vsri(x), (8.80)

di(x, u)= (Lix+ Ziu)
T(Lix+ Ziu) + dri(x, u),

x ∈ R
n, u ∈ R

m, i = 1, . . . , q, (8.81)

where vsri : R
n → R and dri : R

n × R
m → R contain the higher-order terms

of vsi(·) and di(·, ·), respectively.
Using the above expressions, (8.79) can be written componentwise as

0= (Ax+Bu)TPi(Ax+Bu)−
q∑

j=1

W(i,j)x
TPjx

−(xTCTQ̂iCx+ 2xTCTQ̂iDu+ uTDTQ̂iDu

+2xTCTŜiu+ 2uTDTŜiu+ uTR̂iu)

+(Lix+ Ziu)
T(Lix+ Ziu) + δ(x, u), (8.82)
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where δ(x, u) is such that

lim
‖x‖2+‖u‖2→0

|δ(x, u)|
‖x‖2 + ‖u‖2 = 0. (8.83)

Now, viewing (8.82) as the componentwise Taylor series expansion of (8.79)
about x = 0 and u = 0 it follows that for all x ∈ R

n and u ∈ R
m,

0=xT(ATPiA−
q∑

j=1

W(i,j)Pj − CTQ̂iC + LT
i Li)x

+2xT(ATPiB − CTŜi − CTQ̂iD + LT
i Zi)u

+uT(ZT
i Zi −DTQ̂iD −DTŜi − ŜT

i D − R̂i +BTPiB)u,

i = 1, . . . , q. (8.84)

Now, equating coefficients of equal powers in (8.84) yields (8.75)–(8.77).

Note that (8.75)–(8.77) are equivalent to[
Ai Bi

BT
i Ci

]
= −

[
LT
i

ZT
i

] [
Li Zi

]
≤ 0, i = 1, . . . , q, (8.85)

where, for all i = 1, . . . , q,

Ai=ATPiA− CTQ̂iC −
q∑

j=1

W(i,j)Pj , (8.86)

Bi=ATPiB −CT(Ŝi + Q̂iD), (8.87)

Ci=−(R̂i +DTŜi + ŜT
i D +DTQ̂iD −BTPiB). (8.88)

Hence, vector dissipativity of discrete-time large-scale linear dynamical sys-
tems with respect to vector quadratic supply rates can be characterized via
(cascade) linear matrix inequalities (LMIs) [26]. A similar remark holds for
Theorem 8.10 below.

The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a vector quadratic supply rate in the case
where the vector storage function is component decoupled.

Theorem 8.10. Consider the discrete-time large-scale linear dynam-
ical system G given by (8.73) and (8.74). Let Ri ∈ S

mi , Si ∈ R
li×mi ,

Qi ∈ S
li , i = 1, . . . , q, be given. Assume there exist matrices W ∈ R

q×q,
Pi ∈ N

ni , Lii ∈ R
sii×ni , Zii ∈ R

sii×mi , i = 1, . . . , q, Lij ∈ R
sij×ni , and

Zij ∈ R
sij×nj , i, j = 1, . . . , q, i �= j, such that W is nonnegative and

semistable (respectively, asymptotically stable), and, for all i = 1, . . . , q,

0≥AT
iiPiAii − CT

i QiCi −W(i,i)Pi + LT
iiLii +

q∑
j=1, j 	=i

LT
ijLij, (8.89)
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0=AT
iiPiBi −CT

i Si − CT
i QiDi + LT

iiZii, (8.90)

0≤Ri +DT
i Si + ST

i Di +DT
i QiDi −BT

i PiBi − ZT
iiZii, (8.91)

and, for j = 1, . . . , q, l = 1, . . . , q, j �= i, l �= i, l �= j,

0=AT
ijPiBi, (8.92)

0=AT
ijPiAil, (8.93)

0=AT
iiPiAij + LT

ijZij, (8.94)

0≤W(i,j)Pj − ZT
ijZij −AT

ijPiAij . (8.95)

Then G is vector dissipative (respectively, geometrically vector dissipative)
with respect to the vector supply rate S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]

T,
where si(ui, yi) = uTi Riui + 2yTi Siui + yTi Qiyi, i = 1, . . . , q.

Proof. Since Pi ∈ N
ni , the function vsi(xi) � xTi Pixi, xi ∈ R

ni , is
nonnegative definite and vsi(0) = 0. Moreover, since vsi(·) is continuous it
follows from (8.89)–(8.95) that for all ui ∈ R

mi , i = 1, . . . , q, and k ≥ k0,

vsi(xi(k + 1))=

⎡
⎣ q∑
j=1

Aijxj(k) +Biui(k)

⎤
⎦
T

Pi

⎡
⎣ q∑
j=1

Aijxj(k) +Biui(k)

⎤
⎦

≤xTi (k)

⎡
⎣W(i,i)Pi + CT

i QiCi − LT
iiLii −

q∑
j=1, j 	=i

LT
ijLij

⎤
⎦xi(k)

−
q∑

j=1, j 	=i

2xTi (k)L
T
ijZijxj(k) + 2xTi (k)C

T
i Siui(k)

+2xTi (k)C
T
i QiDiui(k)− 2xTi (k)L

T
iiZiiui(k)

+

q∑
j=1, j 	=i

xTj (k)[W(i,j)Pj − ZT
ijZij ]xj(k) + uTi (k)Riui(k)

+2uTi (k)D
T
i Siui(k) + uTi (k)D

T
i QiDiui(k)

−uTi (k)Z
T
iiZiiui(k)

=

q∑
j=1

W(i,j)vsj(xj(k)) + uTi (k)Riui(k)

+2yTi (k)Siui(k) + yTi (k)Qiyi(k)

−[Liixi(k) + Ziiui(k)]
T[Liixi(k) + Ziiui(k)]

−
q∑

j=1, j 	=i

(Lijxi(k) + Zijxj(k))
T(Lijxi(k) + Zijxj(k))



LARGE-SCALE DISCRETE-TIME INTERCONNECTED DYNAMICAL SYSTEMS 177

≤ si(ui(k), yi(k)) +

q∑
j=1

W(i,j)vsj(xj(k)), (8.96)

or, equivalently, in vector form

Vs(x(k + 1)) ≤≤ WVs(x(k)) + S(u, y), u ∈ U , k ≥ k0, (8.97)

where Vs(x) � [vs1(x1), . . . , vsq(xq)]
T, x ∈ R

n. Now, it follows from Proposi-
tion 8.2 that G is vector dissipative (respectively, geometrically vector dissi-
pative) with respect to the vector supply rate S(u, y) and with vector storage
function Vs(x), x ∈ R

n.

8.5 Stability of Feedback Interconnections of Discrete-Time

Large-Scale Nonlinear Dynamical Systems

In this section, we consider stability of feedback interconnections of discrete-
time large-scale nonlinear dynamical systems. Specifically, for the discrete-
time large-scale dynamical system G given by (8.6) and (8.7) we consider
either a dynamic or static discrete-time large-scale feedback system Gc. Then
by appropriately combining vector storage functions for each system we
show stability of the feedback interconnection. We begin by considering the
discrete-time large-scale nonlinear dynamical system (8.6) and (8.7) with
the large-scale feedback system Gc given by

xc(k + 1)=Fc(xc(k), uc(k)), xc(k0) = xc0, k ≥ k0, (8.98)

yc(k)=Hc(xc(k), uc(k)), (8.99)

where Fc : Rnc × Uc → R
nc , Hc : Rnc × Uc → Yc, Fc � [FT

c1, . . . , F
T
cq]

T,

Hc � [HT
c1, . . . ,H

T
cq]

T, Uc ⊆ R
l, Yc ⊆ R

m. Moreover, for all i = 1, . . . , q, we
assume that

Fci(xc, uci)= fci(xci) + Ici(xc) +Gci(xci)uci, (8.100)

Hci(xci, uci)=hci(xci) + Jci(xci)uci, (8.101)

where uci ∈ Uci ⊆ R
li , yci � Hci(xci, uci) ∈ Yi ⊆ R

mi , (uci, yci) is the input-
output pair for the ith subsystem of Gc, fci : R

nci → R
nci and Ici : Rnc →

R
nci satisfy fci(0) = 0 and Ici(0) = 0, Gci : R

nci → R
nci×li , hci : R

nci → R
mi

and satisfies hci(0) = 0, Jci : R
nci → R

mi×li , and
∑q

i=1 nci = nc.
Furthermore, we define the composite input and composite output for

the system Gc as uc � [uTc1, . . . , u
T
cq]

T and yc � [yTc1, . . . , y
T
cq]

T, respectively.
In this case, Uc = Uc1 × · · · × Ucq and Yc = Yc1 × · · · × Ycq. Note that
with the feedback interconnection given by Figure 8.1, uc = y and yc = −u.
We assume that the negative feedback interconnection of G and Gc is well
posed; that is, det(Imi + Jci(xci)Ji(xi)) �= 0 for all xi ∈ R

ni , xci ∈ R
nci , and

i = 1, . . . , q. Furthermore, we assume that for the discrete-time large-scale
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G

Gc
�
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+

–

Figure 8.1 Feedback interconnection of large-scale systems G and Gc.

systems G and Gc, the conditions of Theorem 8.3 are satisfied; that is, if
Vs(x), x ∈ R

n, and Vcs(xc), xc ∈ R
nc , are vector storage functions for G and

Gc, respectively, then there exist p ∈ R
q
+ and pc ∈ R

q
+ such that the functions

vs(x) = pTVs(x), x ∈ R
n, and vcs(xc) = pTc Vcs(xc), xc ∈ R

nc , are positive
definite. The following result gives sufficient conditions for Lyapunov and
asymptotic stability of the feedback interconnection given by Figure 8.1.

Theorem 8.11. Consider the discrete-time large-scale nonlinear dy-
namical systems G and Gc given by (8.6) and (8.7), and (8.98) and (8.99),
respectively. Assume that G and Gc are vector dissipative with respect to
the vector supply rates S(u, y) and Sc(uc, yc), and with continuous vector
storage functions Vs(·) and Vcs(·) and dissipation matrices W ∈ R

q×q and
Wc ∈ R

q×q, respectively.

i) If there exists Σ � diag[σ1, . . . , σq] > 0 such that S(u, y) +ΣSc(uc, yc)

≤≤ 0 and W̃ ∈ R
q×q is semistable (respectively, asymptotically sta-

ble), where

W̃(i,j)�max{W(i,j), (ΣWcΣ
−1)(i,j)}

=max{W(i,j),
σi
σj

Wc(i,j)}, i, j = 1, . . . , q, (8.102)

then the negative feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

ii) Let Qi ∈ S
li , Si ∈ R

li×mi , Ri ∈ S
mi , Qci ∈ S

mi , Sci ∈ R
mi×li ,

and Rci ∈ S
li , and suppose S(u, y) = [s1(u1, y1), . . . , sq(uq, yq)]

T and
Sc(uc, yc) = [sc1(uc1, yc1), . . . , sq(ucq, ycq)]

T, where si(ui, yi) = uTi Riui+
2yTi Siui+yTi Qiyi and sci(uci, yci) = uTciRciuci+2yTciSciuci+yTciQciyci, i =

1, . . . , q. If there exists Σ � diag[σ1, . . . , σq] > 0 such that for all
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i = 1, . . . , q,

Q̃i �
[

Qi + σiRci −Si + σiS
T
ci

−ST
i + σiSci Ri + σiQci

]
≤ 0 (8.103)

and W̃ ∈ R
q×q is semistable (respectively, asymptotically stable),

where

W̃(i,j)�max{W(i,j), (ΣWcΣ
−1)(i,j)}

=max{W(i,j),
σi
σj

Wc(i,j)}, i, j = 1, . . . , q, (8.104)

then the negative feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

Proof. i) Consider the vector Lyapunov function candidate V (x, xc)
= Vs(x) + ΣVcs(xc), (x, xc) ∈ R

n × R
nc , and note that

V (x(k + 1), xc(k + 1)) = Vs(x(k + 1)) + ΣVcs(xc(k + 1))

≤≤S(u(k), y(k)) + ΣSc(uc(k), yc(k))

+WVs(x(k)) + ΣWcVcs(xc(k))

≤≤WVs(x(k)) + ΣWcΣ
−1ΣVcs(xc(k))

≤≤ W̃ (Vs(x(k)) + ΣVcs(xc(k)))

= W̃V (x(k), xc(k)),

(x(k), xc(k)) ∈ R
n × R

nc , k ≥ k0. (8.105)

Now, since for Vs(x), x ∈ R
n, and Vcs(xc), xc ∈ R

nc , there exist,
by assumption, p ∈ R

q
+ and pc ∈ R

q
+ such that the functions vs(x) =

pTVs(x), x ∈ R
n, and vcs(xc) = pTc Vcs(xc), xc ∈ R

nc , are positive definite
and noting that vcs(xc) ≤ maxi=1,...,q{pci}eTVcs(xc), where pci is the ith
component of pc and e = [1, . . . , 1]T, it follows that eTVcs(xc), xc ∈ R

nc ,
is positive definite. Next, since mini=1,...,q{piσi}eTVcs(xc) ≤ pTΣVcs(xc), it
follows that pTΣVcs(xc), xc ∈ R

nc , is positive definite. Hence, the function
v(x, xc) = pTV (x, xc), (x, xc) ∈ R

n × R
nc , is positive definite. Now, the

result is a direct consequence of Corollary 2.6.
ii) The proof follows from i) by noting that, for all i = 1, . . . , q,

si(ui, yi) + σisci(uci, yci) =

[
y
yc

]T
Q̃i

[
y
yc

]
, (8.106)

and hence S(u, y) + ΣSc(uc, yc) ≤≤ 0.

For the next result note that if the discrete-time large-scale nonlinear
dynamical system G is vector dissipative with respect to the vector supply
rate S(u, y), where si(ui, yi) = 2yTi ui, i = 1, . . . , q, then with κi(yi) = −κiyi,
where κi > 0, i = 1, . . . , q, it follows that si(κi(yi), yi) = −κiy

T
i yi < 0,
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yi �= 0, i = 1, . . . , q. Alternatively, if G is vector dissipative with respect to
the vector supply rate S(u, y), where si(ui, yi) = γ2i u

T
i ui−yTi yi, where γi > 0,

i = 1, . . . , q, then with κi(yi) = 0, it follows that si(κi(yi), yi) = −yTi yi < 0,
yi �= 0, i = 1, . . . , q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist α ≥ 1 and p ∈ R

q
+ such that (2.97) holds,

then it follows from Theorem 8.3 that (scalar) storage functions of the form
vs(x) = pTVs(x), x ∈ R

n, where Vs(·) is a vector storage function for G, are
positive definite. If G is geometrically vector dissipative, then p is positive.

Corollary 8.2. Consider the discrete-time large-scale nonlinear dynam-
ical systems G and Gc given by (8.6) and (8.7), and (8.98) and (8.99), respec-
tively. Assume that G and Gc are zero-state observable and the dissipation
matrices W ∈ R

q×q and Wc ∈ R
q×q are such that there exist, respectively,

α ≥ 1, p ∈ R
q
+, αc ≥ 1, and pc ∈ R

q
+ such that (2.97) is satisfied. Then the

following statements hold:

i) If G and Gc are vector passive and W̃ ∈ R
q×q is asymptotically stable,

where W̃(i,j) � max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the negative
feedback interconnection of G and Gc is asymptotically stable.

ii) If G and Gc are vector nonexpansive and W̃ ∈ R
q×q is asymptotically

stable, where W̃(i,j) � max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the
negative feedback interconnection of G and Gc is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 8.11. Specifi-
cally, i) follows from Theorem 8.11 with Ri = 0, Si = Imi , Qi = 0, Rci = 0,
Sci = Imi , Qci = 0, i = 1, . . . , q, and Σ = Iq, while ii) follows from The-
orem 8.11 with Ri = γ2i Imi , Si = 0, Qi = −Ili , Rci = γ2ciIli , Sci = 0,
Qci = −Imi , i = 1, . . . , q, and Σ = Iq.



Chapter Nine

Thermodynamic Modeling for
Discrete-Time Large-Scale
Dynamical Systems

9.1 Introduction

Thermodynamic principles have been repeatedly used in continuous-time dy-
namical system theory as well as information theory for developing models
that capture the exchange of nonnegative quantities (e.g., mass and energy)
between coupled subsystems [21,27,30,69,147,170,179]. In particular, con-
servation laws (e.g., mass and energy) are used to capture the exchange of
material between coupled macroscopic subsystems known as compartments.
Each compartment is assumed to be kinetically homogeneous, that is, any
material entering the compartment is instantaneously mixed with the mate-
rial in the compartment. These models are known as compartmental models
and are widespread in engineering systems as well as biological and ecological
sciences [4,29,62,72,100,101,156]. Even though the compartmental models
developed in the literature are based on the first law of thermodynamics
involving conservation of energy principles, they do not tell us whether any
particular process can actually occur, that is, they do not address the second
law of thermodynamics involving entropy notions in the energy flow between
subsystems.

The goal of the present chapter is directed toward developing nonlin-
ear discrete-time compartmental models that are consistent with thermody-
namic principles. Specifically, since thermodynamic models are concerned
with energy flow among subsystems, we develop a nonlinear compartmental
dynamical system model that is characterized by energy conservation laws
capturing the exchange of energy between coupled macroscopic subsystems.
Furthermore, using graph-theoretic notions we state three thermodynamic
assumptions consistent with the zeroth and second laws of thermodynam-
ics that ensure that our large-scale dynamical system model gives rise to a
thermodynamically consistent energy flow model. Specifically, using a large-
scale dynamical systems theory perspective, we show that our compartmen-
tal dynamical system model leads to a precise formulation of the equivalence
between work energy and heat in a large-scale dynamical system.

Next, we give a deterministic definition of entropy for a large-scale
dynamical system that is consistent with the classical thermodynamic defi-
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nition of entropy and show that it satisfies a Clausius-type inequality leading
to the law of entropy nonconservation. Furthermore, we introduce a new and
dual notion to entropy, namely, ectropy, as a measure of the tendency of a
large-scale dynamical system to do useful work and grow more organized,
and show that conservation of energy in an isolated thermodynamically con-
sistent system necessarily leads to nonconservation of ectropy and entropy.
Then, using the system ectropy as a Lyapunov function candidate, we show
that our thermodynamically consistent large-scale nonlinear dynamical sys-
tem model possesses a continuum of equilibria and is semistable; that is, it
has convergent subsystem energies to Lyapunov stable energy equilibria de-
termined by the large-scale system initial subsystem energies. In addition,
we show that the steady-state distribution of the large-scale system ener-
gies is uniform, leading to system energy equipartitioning corresponding to
a minimum ectropy and a maximum entropy equilibrium state.

9.2 Conservation of Energy and the First Law

of Thermodynamics

To develop discrete-time compartmental models that are consistent with
thermodynamic principles, consider the discrete-time large-scale dynamical
system G shown in Figure 9.1 involving q interconnected subsystems. Let
Ei : Z+ → R+ denote the energy (and hence a nonnegative quantity) of the
ith subsystem, let Si : Z+ → R denote the external energy supplied to (or
extracted from) the ith subsystem, let σij : R

q
+ → R+, i �= j, i, j = 1, . . . , q,

denote the exchange of energy from the jth subsystem to the ith subsystem,
and let σii : R

q
+ → R+, i = 1, . . . , q, denote the energy loss from the ith

subsystem.
An energy balance equation for the ith subsystem yields

ΔEi(k) =

q∑
j=1, j 	=i

[σij(E(k)) − σji(E(k))] − σii(E(k)) + Si(k), k ≥ k0,

(9.1)

or, equivalently, in vector form,

E(k + 1)=w(E(k)) − d(E(k)) + S(k), k ≥ k0, (9.2)

where E(k) = [E1(k), . . . , Eq(k)]
T, S(k) = [S1(k), . . . , Sq(k)]

T, d(E(k)) =

[σ11(E(k)), . . . , σqq(E(k))]T, k ≥ k0, and w = [w1, . . . , wq]
T : R

q
+ → R

q is
such that

wi(E) = Ei +

q∑
j=1, j 	=i

[σij(E)− σji(E)], E ∈ R
q
+. (9.3)

Equation (9.1) yields a conservation of energy equation and implies
that the change of energy stored in the ith subsystem is equal to the external
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Figure 9.1 Large-scale dynamical system G.

energy supplied to (or extracted from) the ith subsystem plus the energy
gained by the ith subsystem from all other subsystems due to subsystem
coupling minus the energy dissipated from the ith subsystem. Note that
(9.2) or, equivalently, (9.1) is a statement reminiscent of the first law of
thermodynamics for each of the subsystems, with Ei(·), Si(·), σij(·), i �=
j, and σii(·), i = 1, . . . , q, playing the role of the ith subsystem internal
energy, energy supplied to (or extracted from) the ith subsystem, the energy
exchange between subsystems due to coupling, and the energy dissipated to
the environment, respectively.

To further elucidate that (9.2) is essentially the statement of the prin-
ciple of the conservation of energy, let the total energy in the discrete-time
large-scale dynamical system G be given by U � eTE, E ∈ R

q
+, where

eT � [1, . . . , 1], and let the energy received by the discrete-time large-
scale dynamical system G (in forms other than work) over the discrete-time

interval {k1, . . . , k2} be given by Q �
∑k2

k=k1
eT[S(k) − d(E(k))], where

E(k), k ≥ k0, is the solution to (9.2). Then, premultiplying (9.2) by eT and
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using the fact that eTw(E) = eTE, it follows that

ΔU = Q, (9.4)

where ΔU � U(k2)−U(k1) denotes the variation in the total energy of the
discrete-time large-scale dynamical system G over the discrete-time interval
{k1, . . . , k2}. This is a statement of the first law of thermodynamics for the
discrete-time large-scale dynamical system G and gives a precise formulation
of the equivalence between variation in system internal energy and heat.

It is important to note that our discrete-time large-scale dynamical
system model does not consider work done by the system on the environ-
ment nor work done by the environment on the system. Hence, Q can be
interpreted physically as the amount of energy that is received by the system
in forms other than work. The extension of addressing work performed by
and on the system can be easily handled by including an additional state
equation, coupled to the energy balance equation (9.2), involving volume
states for each subsystem [81]. Since this slight extension does not alter
any of the results in this chapter, it is not considered here for simplicity of
exposition.

For our large-scale dynamical system model G, we assume that σij(E) =

0, E ∈ R
q
+, whenever Ej = 0, i, j = 1, . . . , q. This constraint implies that

if the energy of the jth subsystem of G is zero, then this subsystem can-
not supply any energy to its surroundings nor dissipate energy to the en-
vironment. Furthermore, for the remainder of this chapter we assume that
Ei ≥ σii(E) − Si −

∑q
j=1,j 	=i[σij(E) − σji(E)] = −ΔEi, E ∈ R

q
+, S ∈ R

q,
i = 1, . . . , q. This constraint implies that the energy that can be dissipated,
extracted, or exchanged by the ith subsystem cannot exceed the current en-
ergy in the subsystem. Note that this assumption implies that E(k) ≥≥ 0
for all k ≥ k0.

Next, premultiplying (9.2) by eT and using the fact that eTw(E) =
eTE, it follows that

eTE(k1) = eTE(k0) +

k1−1∑
k=k0

eTS(k)−
k1−1∑
k=k0

eTd(E(k)), k1 ≥ k0. (9.5)

Now, for the discrete-time large-scale dynamical system G define the input
u(k) � S(k) and the output y(k) � d(E(k)). Hence, it follows from (9.5)
that the discrete-time large-scale dynamical system G is lossless [170] with
respect to the energy supply rate r(u, y) = eTu − eTy and with the energy
storage function U(E) � eTE, E ∈ R

q
+. This implies that (see [170] for

details)

0 ≤ Ua(E0) = U(E0) = Ur(E0) < ∞, E0 ∈ R
q
+, (9.6)



THERMODYNAMIC MODELING FOR DISCRETE-TIME LARGE-SCALE SYSTEMS 185

where

Ua(E0)�− inf
u(·),K≥k0

K−1∑
k=k0

(eTu(k)− eTy(k)), (9.7)

Ur(E0)� inf
u(·), K≥−k0+1

k0−1∑
k=−K

(eTu(k)− eTy(k)), (9.8)

and E0 = E(k0) ∈ R
q
+.

Since Ua(E0) is the maximum amount of stored energy that can be
extracted from the discrete-time large-scale dynamical system G at any
discrete-time instant K, and Ur(E0) is the minimum amount of energy
that can be delivered to the discrete-time large-scale dynamical system G
to transfer it from a state of minimum potential E(−K) = 0 to a given
state E(k0) = E0, it follows from (9.6) that the discrete-time large-scale
dynamical system G can deliver to its surroundings all of its stored sub-
system energies and can store all of the work done to all of its subsys-
tems. In the case where S(k) ≡ 0, it follows from (9.5) and the fact that
σii(E) ≥ 0, E ∈ R

q
+, i = 1, . . . , q, that the zero solution E(k) ≡ 0 of the

discrete-time large-scale dynamical system G with the energy balance equa-
tion (9.2) is Lyapunov stable with Lyapunov function U(E) corresponding
to the total energy in the system.

The next result shows that the large-scale dynamical system G is lo-
cally controllable.

Proposition 9.1. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2). Then for every equilibrium state
Ee ∈ R

q
+ and every ε > 0 and T ∈ Z+, there exist Se ∈ R

q, α > 0, and

T̂ ∈ {0, · · · , T} such that for every Ê ∈ R
q
+ with ‖Ê − Ee‖ ≤ αT , there

exists S : {0, · · · , T̂} → R
q such that ‖S(k) − Se‖ ≤ ε, k ∈ {0, · · · , T̂}, and

E(k) = Ee +
(Ê−Ee)

T̂
k, k ∈ {0, · · · , T̂}.

Proof. Note that with Se = d(Ee) − w(Ee) + Ee, the state Ee ∈ R
q
+

is an equilibrium state of (9.2). Let θ > 0 and T ∈ Z+, and define

M(θ, T )� sup
E∈B1(0), k∈{0,···,T}

‖w(Ee + kθE)− w(Ee)

−d(Ee + kθE) + d(Ee)− kθE‖. (9.9)

Note that for every T ∈ Z+, limθ→0+ M(θ, T ) = 0. Next, let ε > 0 and
T ∈ Z+ be given, and let α > 0 be such that M(α, T ) + α ≤ ε. (The
existence of such an α is guaranteed since M(α, T ) → 0 as α → 0+). Now,

let Ê ∈ R
q
+ be such that ‖Ê − Ee‖ ≤ αT . With T̂ � �‖Ê−Ee‖

α � ≤ T , where
�x� denotes the ceiling function returning the smallest integer greater than
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or equal to x, and

S(k) = −w(E(k)) + d(E(k)) + E(k) +
Ê − Ee

�‖Ê−Ee‖
α �

, k ∈ {0, · · · , T̂ },

(9.10)

it follows that

E(k) = Ee +
(Ê − Ee)

�‖Ê−Ee‖
α �

k, k ∈ {0, · · · , T̂}, (9.11)

is a solution to (9.2).

The result is now immediate by noting that E(T̂ ) = Ê and

‖S(k)− Se‖≤
∥∥∥w(Ee +

(Ê − Ee)

�‖Ê−Ee‖
α �

k
)
− w(Ee)− d

(
Ee +

(Ê − Ee)

�‖Ê−Ee‖
α �

k
)

+d(Ee)−
(Ê − Ee)

�‖Ê−Ee‖
α �

k
∥∥∥+ α

≤M(α, T ) + α

≤ ε, k ∈ {0, · · · , T̂ }. (9.12)

This completes the proof.

It follows from Proposition 9.1 that the discrete-time large-scale dy-
namical system G with the energy balance equation (9.2) is reachable from
and controllable to the origin in R

q
+. Recall that the discrete-time large-scale

dynamical system G with the energy balance equation (9.2) is reachable from
the origin in R

q
+ if, for all E0 = E(k0) ∈ R

q
+, there exists a finite time ki ≤ k0

and an input S(k) defined on {ki, . . . , k0} such that the state E(k), k ≥ ki,
can be driven from E(ki) = 0 to E(k0) = E0. Alternatively, G is control-
lable to the origin in R

q
+ if, for all E0 = E(k0) ∈ R

q
+, there exists a finite

time kf ≥ k0 and an input S(k) defined on {k0, . . . , kf} such that the state
E(k), k ≥ k0, can be driven from E(k0) = E0 to E(kf) = 0.

We let Ur denote the set of all admissible bounded energy inputs to the
discrete-time large-scale dynamical system G such that for every K ≥ −k0,
the system energy state can be driven from E(−K) = 0 to E(k0) = E0 ∈ R

q
+

by S(·) ∈ Ur, and we let Uc denote the set of all admissible bounded energy
inputs to the discrete-time large-scale dynamical system G such that for
every K ≥ k0, the system energy state can be driven from E(k0) = E0 ∈ R

q
+

to E(K) = 0 by S(·) ∈ Uc. Furthermore, let U be an input space that is a
subset of bounded continuous Rq-valued functions on Z. The spaces Ur, Uc,
and U are assumed to be closed under the shift operator, that is, if S(·) ∈ U
(respectively, Uc or Ur), then the function SK defined by SK(k) = S(k+K)
is contained in U (respectively, Uc or Ur) for all K ≥ 0.
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9.3 Nonconservation of Entropy and the Second Law

of Thermodynamics

The nonlinear energy balance equation (9.2) can exhibit a full range of non-
linear behavior including bifurcations, limit cycles, and even chaos. How-
ever, a thermodynamically consistent energy flow model should ensure that
the evolution of the system energy is diffusive (parabolic) in character with
convergent subsystem energies. Hence, to ensure a thermodynamically con-
sistent energy flow model we require the following assumptions. For the
statement of these assumptions recall Definition 4.1 and let φij(E) � σij(E)−
σji(E), E ∈ R

q
+, denote the net energy exchange between subsystems Gi and

Gj of the discrete-time large-scale dynamical system G.

Assumption 9.1. The connectivity matrix C ∈ R
q×q associated with

the large-scale dynamical system G is defined by

C(i,j) �
{

0, if φij(E) ≡ 0,
1, otherwise,

i �= j, i, j = 1, . . . , q, (9.13)

and

C(i,i) � −
q∑

k=1, k 	=i

C(k,i), i = j, i = 1, . . . , q, (9.14)

and satisfies rank C = q − 1. Moreover, for every i �= j such that C(i,j) = 1,
φij(E) = 0 if and only if Ei = Ej .

Assumption 9.2. For i, j = 1, . . . , q, (Ei − Ej)φij(E) ≤ 0, E ∈ R
q
+.

Assumption 9.3. For i, j = 1, . . . , q,
ΔEi−ΔEj

Ei−Ej
≥ −1, Ei �= Ej .

The fact that φij(E) = 0 if and only if Ei = Ej, i �= j, implies that sub-
systems Gi and Gj of G are connected ; alternatively, φij(E) ≡ 0 implies that
Gi and Gj are disconnected. Assumption 9.1 implies that if the energies in the
connected subsystems Gi and Gj are equal, then energy exchange between
these subsystems is not possible. This is a statement consistent with the
zeroth law of thermodynamics, which postulates that temperature equality
is a necessary and sufficient condition for thermal equilibrium. Furthermore,
it follows from the fact that C = CT and rank C = q−1 that the connectivity
matrix C is irreducible, which implies that for any pair of subsystems Gi and
Gj , i �= j, of G there exists a sequence of connected subsystems of G that
connect Gi and Gj.

Assumption 9.2 implies that energy is exchanged from more energetic
subsystems to less energetic subsystems and is consistent with the second
law of thermodynamics, which states that heat (energy) must flow in the
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direction of lower temperatures. Furthermore, note that φij(E) = −φji(E),

E ∈ R
q
+, i �= j, i, j = 1, . . . , q, which implies conservation of energy between

lossless subsystems. With S(k) ≡ 0, Assumptions 9.1 and 9.2 along with
the fact that φij(E) = −φji(E), E ∈ R

q
+, i �= j, i, j = 1, . . . , q, imply

that at a given instant of time energy can only be transported, stored, or
dissipated but not created and the maximum amount of energy that can be
transported and/or dissipated from a subsystem cannot exceed the energy
in the subsystem.

Finally, Assumption 9.3 implies that for every pair of connected sub-
systems Gi and Gj, i �= j, the energy difference between consecutive time
instants is monotonic, that is, [Ei(k+1)−Ej(k+1)][Ei(k)−Ej(k)] ≥ 0 for
all Ei �= Ej , k ≥ k0, i, j = 1, . . . , q.

Next, we give a deterministic definition of entropy for the discrete-
time large-scale dynamical system G that is consistent with the classical
thermodynamic definition of entropy.

Definition 9.1. For the discrete-time large-scale dynamical system G
with energy balance equation (9.2), a function S : R

q
+ → R satisfying

S(E(k2)) ≥ S(E(k1)) +

k2−1∑
k=k1

q∑
i=1

Si(k)− σii(E(k))

c+ Ei(k + 1)
, (9.15)

for every k2 ≥ k1 ≥ k0 and S(·) ∈ U , is called the entropy of G.
The next proposition gives a closed-form expression for the entropy of

G.

Proposition 9.2. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2) and assume that Assumptions 9.2
and 9.3 hold. Then the function S : R

q
+ → R given by

S(E) = eTloge(ce+ E)− q loge c, E ∈ R
q
+, (9.16)

where c > 0, is an entropy function of G.
Proof. Since E(k) ≥≥ 0, k ≥ k0, and φij(E) = −φji(E), E ∈ R

q
+,

i �= j, i, j = 1, . . . , q, it follows that

ΔS(E(k)) =

q∑
i=1

loge

[
1 +

ΔEi(k)

c+ Ei(k)

]

≥
q∑

i=1

[
ΔEi(k)

c+ Ei(k)

] [
1 +

ΔEi(k)

c+ Ei(k)

]−1

=

q∑
i=1

ΔEi(k)

c+ Ei(k) + ΔEi(k)
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=

q∑
i=1

ΔEi(k)

c+ Ei(k + 1)

=

q∑
i=1

⎡
⎣Si(k)− σii(E(k))

c+ Ei(k + 1)
+

q∑
j=1, j 	=i

φij(E(k))

c+ Ei(k + 1)

⎤
⎦

=

q∑
i=1

Si(k)− σii(E(k))

c+ Ei(k + 1)

+

q−1∑
i=1

q∑
j=i+1

(
φij(E(k))

c+ Ei(k + 1)
− φij(E(k))

c+Ej(k + 1)

)

=

q∑
i=1

Si(k)− σii(E(k))

c+ Ei(k + 1)

+

q−1∑
i=1

q∑
j=i+1

φij(E(k))(Ej(k + 1)− Ei(k + 1))

(c+ Ei(k + 1))(c + Ej(k + 1))

≥
q∑

i=1

Si(k)− σii(E(k))

c+ Ei(k + 1)
, k ≥ k0, (9.17)

where in (9.17) we used the fact that loge(1 + x) ≥ x
x+1 , x > −1. Now,

summing (9.17) over {k1, . . . , k2 − 1} yields (9.15).

Note that it follows from the first equality in (9.17) that the entropy
function given by (9.16) satisfies (9.15) as an equality for an equilibrium
process and as a strict inequality for a nonequilibrium process. The entropy
expression given by (9.16) is identical in form to the Boltzmann entropy for
statistical thermodynamics. Due to the fact that the entropy is indetermi-
nate to the extent of an additive constant, we can place the constant q loge c
to zero by taking c = 1. Since S(E) given by (9.16) achieves a maximum
when all the subsystem energies Ei, i = 1, . . . , q, are equal, entropy can be
thought of as a measure of the tendency of a system to lose the ability to
do useful work, lose order, and settle to a more homogeneous state.

9.4 Nonconservation of Ectropy

In this section, we introduce a new and dual notion to entropy, namely
ectropy, describing the status quo of the discrete-time large-scale dynamical
system G. First, we present the definition of ectropy for the discrete-time
large-scale dynamical system G.

Definition 9.2. For the discrete-time large-scale dynamical system G
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with energy balance equation (9.2), a function E : R
q
+ → R satisfying

E(E(k2)) ≤ E(E(k1))+

k2−1∑
k=k1

q∑
i=1

Ei(k + 1)[Si(k)− σii(E(k))], (9.18)

for every k2 ≥ k1 ≥ k0 and S(·) ∈ U , is called the ectropy of G.
The next proposition gives a closed-form expression for the ectropy of

G.

Proposition 9.3. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2) and assume that Assumptions 9.2
and 9.3 hold. Then the function E : R

q
+ → R given by

E(E) = 1
2E

TE, E ∈ R
q
+, (9.19)

is an ectropy function of G.
Proof. Since E(k) ≥≥ 0, k ≥ k0, and φij(E) = −φji(E), E ∈ R

q
+,

i �= j, i, j = 1, . . . , q, it follows that

ΔE(E(k)) = 1
2E

T(k + 1)E(k + 1)− 1
2E

T(k)E(k)

=

q∑
i=1

Ei(k + 1)[Si(k)− σii(E(k))]

−1
2

q∑
i=1

⎡
⎣ q∑
j=1, j 	=i

φij(E(k)) + Si(k)− σii(E(k))

⎤
⎦
2

+

q∑
i=1

q∑
j=1, j 	=i

Ei(k + 1)φij(E(k))

=

q∑
i=1

Ei(k + 1)[Si(k)− σii(E(k))]

−1
2

q∑
i=1

⎡
⎣ q∑
j=1, j 	=i

φij(E(k)) + Si(k)− σii(E(k))

⎤
⎦
2

+

q−1∑
i=1

q∑
j=i+1

(Ei(k + 1)− Ej(k + 1))φij(E(k))

≤
q∑

i=1

Ei(k + 1)[Si(k)− σii(E(k))], k ≥ k0. (9.20)

Now, summing (9.20) over {k1, . . . , k2 − 1} yields (9.18).
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Note that it follows from the last equality in (9.20) that the ectropy
function given by (9.19) satisfies (9.18) as an equality for an equilibrium
process and as a strict inequality for a nonequilibrium process. It follows
from (9.19) that ectropy is a measure of the extent to which the system
energy deviates from a homogeneous state. Thus, ectropy is the dual of
entropy and is a measure of the tendency of the discrete-time large-scale
dynamical system G to do useful work and grow more organized.

9.5 Semistability of Discrete-Time Thermodynamic Models

Inequality (9.15) is analogous to Clausius’ inequality for equilibrium and
nonequilibrium thermodynamics as applied to discrete-time large-scale dy-
namical systems, whereas inequality (9.18) is an anti-Clausius inequality.
Moreover, for the ectropy function defined by (9.19), inequality (9.20) shows
that a thermodynamically consistent discrete-time large-scale dynamical sys-
tem is dissipative [170] with respect to the supply rate ETS and with storage
function corresponding to the system ectropy E(E). For the entropy func-
tion given by (9.16) note that S(0) = 0, or, equivalently, limE→0 S(E) = 0,
which is consistent with the third law of thermodynamics (Nernst’s theo-
rem), which states that the entropy of every system at absolute zero can
always be taken to be equal to zero.

For the isolated (i.e., S(k) ≡ 0 and d(E(k)) ≡ 0) discrete-time large-
scale dynamical system G, (9.15) yields the fundamental inequality

S(E(k2)) ≥ S(E(k1)), k2 ≥ k1. (9.21)

Inequality (9.21) implies that, for any dynamical change in an isolated
discrete-time large-scale system, the entropy of the final state can never
be less than the entropy of the initial state. It is important to stress that
this result holds for an isolated dynamical system. It is, however, possible
with energy supplied from an external dynamical system (e.g., a controller)
to reduce the entropy of the discrete-time large-scale dynamical system.
The entropy of both systems taken together, however, cannot decrease. The
above observations imply that when an isolated discrete-time large-scale
dynamical system with thermodynamically consistent energy flow charac-
teristics (i.e., Assumptions 9.1, 9.2, and 9.3 hold) is at a state of maximum
entropy consistent with its energy, it cannot be subject to any further dy-
namical change since any such change would result in a decrease of entropy.
This of course implies that the state of maximum entropy is the stable state
of an isolated system and this state has to be semistable.

Analogously, it follows from (9.18) that for an isolated discrete-time
large-scale dynamical system G the fundamental inequality

E(E(k2)) ≤ E(E(k1)), k2 ≥ k1, (9.22)

is satisfied, which implies that the ectropy of the final state of G is always
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less than or equal to the ectropy of the initial state of G. Hence, for the
isolated large-scale dynamical system G the entropy increases if and only
if the ectropy decreases. Thus, the state of minimum ectropy is the stable
state of an isolated system and this equilibrium state has to be semistable.
The next theorem concretizes the above observations.

Theorem 9.1. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2) with S(k) ≡ 0 and d(E) ≡ 0, and
assume that Assumptions 9.1, 9.2, and 9.3 hold. Then for every α ≥ 0, αe
is a Lyapunov equilibrium state of (9.2). Furthermore, E(k) → 1

qee
TE(k0)

as k → ∞ and 1
qee

TE(k0) is a semistable equilibrium state. Finally, if

for some m ∈ {1, . . . , q}, σmm(E) ≥ 0, E ∈ R
q
+, and σmm(E) = 0 if and

only if Em = 0,1 then the zero solution E(k) ≡ 0 to (9.2) is a globally
asymptotically stable equilibrium state of (9.2).

Proof. It follows from Assumption 9.1 that αe ∈ R
q
+, α ≥ 0, is an

equilibrium state for (9.2). To show Lyapunov stability of the equilibrium
state αe consider the system shifted ectropy Es(E) = 1

2(E − αe)T(E − αe)

as a Lyapunov function candidate. Now, since φij(E) = −φji(E), E ∈ R
q
+,

i �= j, i, j = 1, . . . , q, and eTE(k + 1) = eTE(k), k ≥ k0, it follows from
Assumptions 9.2 and 9.3 that

ΔEs(E(k)) = 1
2 (E(k + 1)− αe)T(E(k + 1)− αe)

−1
2(E(k) − αe)T(E(k) − αe)

=

q∑
i=1

q∑
j=1, j 	=i

Ei(k + 1)φij(E(k))

−1
2

q∑
i=1

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

=

q−1∑
i=1

q∑
j=i+1

(Ei(k + 1)−Ej(k + 1))φij(E(k))

−1
2

q∑
i=1

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

≤ 0, E(k) ∈ R
q
+, k ≥ k0, (9.23)

which establishes Lyapunov stability of the equilibrium state αe.

1The assumption σmm(E) ≥ 0, E ∈ R
q
+, and σmm(E) = 0 if and only if Em = 0 for

some m ∈ {1, . . . , q} implies that if the mth subsystem possesses no energy, then this
subsystem cannot dissipate energy to the environment. Conversely, if the mth subsystem
does not dissipate energy to the environment, then this subsystem has no energy.
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To show that αe is semistable, note that

ΔEs(E(k)) =

q∑
i=1

q∑
j=1, j 	=i

Ei(k)φij(E(k)) + 1
2

q∑
i=1

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

≥
q−1∑
i=1

q∑
j=i+1

(Ei(k)− Ej(k))φij(E(k))

=

q−1∑
i=1

∑
j∈Ki

(Ei(k)− Ej(k))φij(E(k)), E(k) ∈ R
q
+, k ≥ k0,

(9.24)

where Ki � Ni \ ∪i−1
l=1{l} and

Ni � {j ∈ {1, . . . , q} : φij(E) = 0 if and only if Ei = Ej}, i = 1, . . . , q.

(9.25)

Next, we show that ΔEs(E) = 0 if and only if (Ei−Ej)φij(E) = 0, i =
1, . . . , q, j ∈ Ki. First, assume that (Ei−Ej)φij(E) = 0, i = 1, . . . , q, j ∈ Ki.
Then it follows from (9.24) that ΔEs(E) ≥ 0. However, it follows from (9.23)
that ΔEs(E) ≤ 0. Hence, ΔEs(E) = 0. Conversely, assume ΔEs(E) = 0. In
this case, it follows from (9.23) that (Ei(k + 1) − Ej(k + 1))φij(E(k)) = 0
and

∑q
j=1, j 	=i φij(E(k)) = 0, k ≥ k0, i, j = 1, . . . , q, i �= j. Since

[Ei(k + 1)− Ej(k + 1)]φij(E(k)) = [Ei(k)− Ej(k)]φij(E(k))

+

⎡
⎣ q∑
h=1, h 	=i

φih(E(k))

−
q∑

l=1, l 	=j

φjl(E(k))

⎤
⎦ φij(E(k))

= [Ei(k)− Ej(k)]φij(E(k)),

k ≥ k0, i, j = 1, . . . , q, i �= j, (9.26)

it follows that (Ei − Ej)φij(E) = 0, i = 1, . . . , q, j ∈ Ki.

Let R � {E ∈ R
q
+ : ΔEs(E) = 0} = {E ∈ R

q
+ : (Ei − Ej)φij(E) =

0, i = 1, . . . , q, j ∈ Ki}. Now, by Assumption 9.1 the directed graph asso-
ciated with the connectivity matrix C for the discrete-time large-scale dy-
namical system G is strongly connected, which implies that R = {E ∈
R
q
+ : E1 = · · · = Eq}. Since the set R consists of the equilibrium

states of (9.2), it follows that the largest invariant set M contained in R
is given by M = R. Hence, it follows from the Krasovskii-LaSalle invari-
ant set theorem that for every initial condition E(k0) ∈ R

q
+, E(k) → M
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as k → ∞, and hence, αe is a semistable equilibrium state of (9.2). Next,
note that since eTE(k) = eTE(k0) and E(k) → M as k → ∞, it fol-
lows that E(k) → 1

qee
TE(k0) as k → ∞. Hence, with α = 1

qe
TE(k0),

αe = 1
qee

TE(k0) is a semistable equilibrium state of (9.2).

Finally, to show that in the case where for some m ∈ {1, . . . , q},
σmm(E) ≥ 0, E ∈ R

q
+, and σmm(E) = 0 if and only if Em = 0, the zero

solution E(k) ≡ 0 to (9.2) is globally asymptotically stable, consider the
system ectropy E(E) = 1

2E
TE as a candidate Lyapunov function. Note that

E(0) = 0, E(E) > 0, E ∈ R
q
+, E �= 0, and E(E) is radially unbounded. Now,

the Lyapunov difference is given by

ΔE(E(k)) = 1
2E

T(k + 1)E(k + 1)− 1
2E

T(k)E(k)

=−Em(k + 1)σmm(E(k)) − 1
2

⎡
⎣ q∑
j=1, j 	=m

φmj(E(k))

−σmm(E(k))

⎤
⎦
2

− 1
2

q∑
i=1,i	=m

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

+

q∑
i=1

q∑
j=1, j 	=i

Ei(k + 1)φij(E(k))

=−Em(k + 1)σmm(E(k)) − 1
2

⎡
⎣ q∑
j=1, j 	=m

φmj(E(k))

−σmm(E(k))

⎤
⎦
2

− 1
2

q∑
i=1,i	=m

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

+

q−1∑
i=1

q∑
j=i+1

(Ei(k + 1)−Ej(k + 1))φij(E(k))

≤ 0, E(k) ∈ R
q
+, k ≥ k0, (9.27)

which shows that the zero solution E(k) ≡ 0 to (9.2) is Lyapunov stable.
To show global asymptotic stability of the zero equilibrium state, note

that

ΔE(E(k)) =

q−1∑
i=1

q∑
j=i+1

(Ei(k)− Ej(k))φij(E(k))

+1
2

q∑
i=1,i	=m

⎡
⎣ q∑
j=1, j 	=i

φij(E(k))

⎤
⎦
2

− Em(k)σmm(E(k))
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+1
2

⎡
⎣ q∑
j=1, j 	=m

φmj(E(k)) − σmm(E(k))

⎤
⎦
2

≥
q−1∑
i=1

∑
j∈Ki

(Ei(k)− Ej(k))φij(E(k)) − Em(k)σmm(E(k)),

E(k) ∈ R
q
+, k ≥ k0. (9.28)

Next, we show that ΔE(E) = 0 if and only if (Ei − Ej)φij(E) = 0 and
σmm(E) = 0, i = 1, . . . , q, j ∈ Ki, m ∈ {1, . . . , q}. First, assume that
(Ei − Ej)φij(E) = 0 and σmm(E) = 0, i = 1, . . . , q, j ∈ Ki, m ∈ {1, . . . , q}.
Then it follows from (9.28) that ΔE(E) ≥ 0. However, it follows from (9.27)
that ΔE(E) ≤ 0. Thus, ΔE(E) = 0. Conversely, assume ΔE(E) = 0.
Then it follows from (9.27) that (Ei(k + 1) − Ej(k + 1))φij(E(k)) = 0,
i, j = 1, . . . , q, i �= j,

∑q
j=1, j 	=i φij(E(k)) = 0, i = 1, . . . , q, i �= m, k ≥ k0,

and σmm(E) = 0, m ∈ {1, . . . , q}. Note that in this case it follows that
σmm(E) =

∑q
j=1,j 	=m φmj(E) = 0, and hence,

[Ei(k + 1)− Ej(k + 1)]φij(E(k)) = [Ei(k)− Ej(k)]φij(E(k)),

k ≥ k0, i, j = 1, . . . , q, i �= j, (9.29)

which implies that (Ei − Ej)φij(E) = 0, i = 1, . . . , q, j ∈ Ki. Hence,
(Ei − Ej)φij(E) = 0 and σmm(E) = 0, i = 1, . . . , q, j ∈ Ki, m ∈ {1, . . . , q}
if and only if ΔE(E) = 0.

Let R � {E ∈ R
q
+ : ΔE(E) = 0} = {E ∈ R

q
+ : σmm(E) = 0, m ∈

{1, . . . , q}} ∩ {E ∈ R
q
+ : (Ei − Ej)φij(E) = 0, i = 1, . . . , q, j ∈ Ki}. Now,

since Assumption 9.1 holds and σmm(E) = 0 if and only if Em = 0, it follows
that R = {E ∈ R

q
+ : Em = 0, m ∈ {1, . . . , q}} ∩ {E ∈ R

q
+ : E1 = E2 =

· · · = Eq} = {0} and the largest invariant set M contained in R is given
by M = {0}. Hence, it follows from the Krasovskii-LaSalle invariant set
theorem that for every initial condition E(k0) ∈ R

q
+, E(k) → M = {0} as

k → ∞, which proves global asymptotic stability of the zero equilibrium
state of (9.2).

It is important to note that Assumption 9.3 involving monotonicity
of solutions is explicitly used to prove semistability for discrete-time com-
partmental dynamical systems. However, Assumption 9.3 is a sufficient
condition and not necessary for guaranteeing semistability. Replacing the
monotonicity condition with

∑q
i=1,j=1,i	=j αij(E)fij(E) ≥ 0, where

αij(E)�
{

φij(E)
Ej−Ei

, Ei �= Ej,

0, Ei = Ej,
(9.30)

fij(E)� [Ei(k)− Ej(k)][Ei(k + 1)− Ej(k + 1)], (9.31)
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provides a weaker sufficient condition for guaranteeing semistability. How-
ever, in this case, to ensure that the entropy of G is monotonically increasing,
we additionally require that

∑q
i=1,j=1,i	=j βij(E)fij(E) ≥ 0, where

βij(E)�
{

1
(c+Ei(k+1))(c+Ej(k+1)) ·

φij(E(k))
Ej(k)−Ei(k)

, Ei �= Ej,

0, Ei = Ej,
. (9.32)

Thus, a weaker condition for Assumption 9.3 that combines

q∑
i=1,j=1,i	=j

αij(E)fij(E) ≥ 0 (9.33)

and

q∑
i=1,j=1,i	=j

βij(E)fij(E) ≥ 0, (9.34)

is

q∑
i=1,j=1,i	=j

γij(E)fij(E) ≥ 0, (9.35)

where

γij(E) � αij(E) + βij(E)− sgn(fij(E))|αij(E) − βij(E)| (9.36)

and

sgn(fij(E)) � |fij(E)|/fij(E). (9.37)

In Theorem 9.1 we used the shifted ectropy function to show that
for the isolated (i.e., S(k) ≡ 0 and d(E) ≡ 0) discrete-time large-scale
dynamical system G with Assumptions 9.1, 9.2, and 9.3, E(k) → 1

qee
TE(k0)

as k → ∞ and 1
qee

TE(k0) is a semistable equilibrium state. This result can
also be arrived at using the system entropy for the isolated discrete-time
large-scale dynamical system G with Assumptions 9.1, 9.2, and 9.3. To see
this, note that since eTw(E) = eTE, E ∈ R

q
+, it follows that eTΔE(k) =

0, k ≥ k0. Hence, e
TE(k) = eTE(k0), k ≥ k0. Furthermore, since E(k) ≥≥

0, k ≥ k0, it follows that 0 ≤≤ E(k) ≤≤ eeTE(k0), k ≥ k0, which implies
that all solutions to (9.2) are bounded. Next, since by (9.21) the entropy
S(E(k)), k ≥ k0, of G is monotonically increasing and E(k), k ≥ k0, is
bounded, the result follows by using similar arguments as in Theorem 9.1
and using the fact that x

1+x ≤ loge(1 + x) ≤ x for all x > −1.
Theorem 9.1 implies that the steady-state value of the energy in each

subsystem Gi of the isolated large-scale dynamical system G is equal; that is,
the steady-state energy of the isolated discrete-time large-scale dynamical
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0
E1

E2

Figure 9.2 Thermodynamic equilibria (· · ·), constant energy surfaces (———),
constant ectropy surfaces (− − −), and constant entropy surfaces
(− · − · −).

system G given by E∞ = 1
qee

TE(k0) =
[
1
q

∑q
i=1Ei(k0)

]
e is uniformly dis-

tributed over all subsystems of G. As noted in Chapter 4, this phenomenon
is known as equipartition of energy [20, 21, 81, 88, 129, 148] and is an emer-
gent behavior in thermodynamic systems. The next proposition shows that
among all possible energy distributions in the discrete-time large-scale dy-
namical system G, energy equipartition corresponds to the minimum value
of the system’s ectropy and the maximum value of the system’s entropy (see
Figure 9.2).

Proposition 9.4. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation (9.2), let E : R

q
+ → R and S : R

q
+ → R

denote the ectropy and entropy of G given by (9.19) and (9.16), respectively,
and define Dc � {E ∈ R

q
+ : eTE = β}, where β ≥ 0. Then,

argmin
E∈Dc

(E(E)) = argmax
E∈Dc

(S(E)) = E∗ =
β

q
e. (9.38)

Furthermore, Emin � E(E∗) = 1
2
β2

q and Smax � S(E∗) = q loge(c +
β
q ) −

q loge c.

Proof. This is a restatement of Proposition 4.1 for discerete-time
large-scale dynamical systems.
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It follows from (9.21), (9.22), and Proposition 9.4 that conservation of
energy necessarily implies nonconservation of ectropy and entropy. Hence,
in an isolated discrete-time large-scale dynamical system G all the energy,
though always conserved, will eventually be degraded (diluted) to the point
where it cannot produce any useful work. Hence, all motion would cease and
the dynamical system would be fated to a state of eternal rest (semistability)
wherein all subsystems would possess identical energies (energy equiparti-
tion). Ectropy would be a minimum and entropy would be a maximum
giving rise to a state of absolute disorder.

9.6 Entropy Increase and the Second Law of Thermodynamics

In the preceding discussion it was assumed that our discrete-time large-
scale nonlinear dynamical system model is such that energy is exchanged
from more energetic subsystems to less energetic subsystems, that is, heat
(energy) flows in the direction of lower temperatures. Although this uni-
versal phenomenon can be predicted with virtual certainty, it follows as a
manifestation of entropy and ectropy nonconservation for the case of two
subsystems. To see this, consider the isolated (i.e., S(k) ≡ 0 and d(E) ≡ 0)
discrete-time large-scale dynamical system G with energy balance equation
(9.2) and assume that the system entropy is monotonically increasing and
hence ΔS(E(k)) ≥ 0, k ≥ k0. Now, since

0≤ΔS(E(k))

=

q∑
i=1

loge

[
1 +

ΔEi(k)

c+ Ei(k)

]

≤
q∑

i=1

ΔEi(k)

c+ Ei(k)

=

q∑
i=1

q∑
j=1, j 	=i

φij(E(k))

c+ Ei(k)

=

q−1∑
i=1

q∑
j=i+1

[
φij(E(k))

c+ Ei(k)
− φij(E(k))

c+ Ej(k)

]

=

q−1∑
i=1

q∑
j=i+1

φij(E(k))(Ej(k)− Ei(k))

(c+ Ei(k))(c + Ej(k))
, k ≥ k0, (9.39)

it follows that for q = 2, (E1 − E2)φ12(E) ≤ 0, E ∈ R
2
+, which implies that

energy (heat) flows naturally from a more energetic subsystem (hot object)
to a less energetic subsystem (cooler object). The universality of this emer-
gent behavior thus follows from the fact that entropy (respectively, ectropy)
transfer, accompanying energy transfer, always increases (respectively, de-



THERMODYNAMIC MODELING FOR DISCRETE-TIME LARGE-SCALE SYSTEMS 199

creases).
In the case where we have multiple subsystems, it is clear from (9.39)

that entropy and ectropy nonconservation does not necessarily imply As-
sumption 9.2. However, if we invoke the additional condition (Assumption
9.4) that if for any pair of connected subsystems Gk and Gl, k �= l, with
energies Ek ≥ El (respectively, Ek ≤ El), and for any other pair of con-
nected subsystems Gm and Gn, m �= n, with energies Em ≥ En (respectively,
Em ≤ En) the inequality φkl(E)φmn(E) ≥ 0, E ∈ R

q
+, holds, then non-

conservation of entropy and ectropy in the isolated discrete-time large-scale
dynamical system G implies Assumption 9.2. The above inequality postu-
lates that the direction of energy exchange for any pair of energy similar
subsystems is consistent; that is, if for a given pair of connected subsystems
at given different energy levels the energy flows in a certain direction, then
for any other pair of connected subsystems with the same energy level, the
energy flow direction is consistent with the original pair of subsystems. Note
that this assumption does not specify the direction of energy flow between
subsystems.

To see that ΔS(E(k)) ≥ 0, k ≥ k0, along with Assumption 9.4 implies
Assumption 9.2, note that since (9.39) holds for all k ≥ k0 and E(k0) ∈ R

q
+

is arbitrary, (9.39) implies

q∑
i=1

∑
j∈Ki

φij(E)(Ej − Ei)

(c+ Ei)(c + Ej)
≥ 0, E ∈ R

q
+. (9.40)

Now, it follows from (9.40) that for any fixed system energy level E ∈ R
q
+

there exists at least one pair of connected subsystems Gk and Gl, k �= l,
such that φkl(E)(El − Ek) ≥ 0. Thus, if Ek ≥ El (respectively, Ek ≤ El),
then φkl(E) ≤ 0 (respectively, φkl(E) ≥ 0). Furthermore, it follows from
Assumption 9.2 that for any other pair of connected subsystems Gm and Gn,
m �= n, with Em ≥ En (respectively, Em ≤ En) the inequality φmn(E) ≤ 0
(respectively, φmn(E) ≥ 0) holds, which implies that

φmn(E)(En − Em) ≥ 0, m �= n. (9.41)

Thus, it follows from (9.41) that energy (heat) flows naturally from more
energetic subsystems (hot objects) to less energetic subsystems (cooler ob-
jects). Of course, since in the isolated discrete-time large-scale dynamical
system G ectropy decreases if and only if entropy increases, the same re-
sult can be arrived at by considering the ectropy of G. Since Assumption
9.2 holds, it follows from the conservation of energy and the fact that the
discrete-time large-scale dynamical system G is strongly connected that non-
conservation of entropy and ectropy necessarily implies energy equipartition.

Finally, we close this section by showing that our definition of entropy
given by (9.16) satisfies the eight criteria established in [67] for the accep-
tance of an analytic expression for representing a system entropy function.
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In particular, note that for a dynamical system G: i) S(E) is well defined
for every state E ∈ R

q
+ as long as c > 0. ii) If G is isolated, then S(E(k)) is

a nondecreasing function of time. iii) If Si(Ei) = loge(c+Ei)− loge c is the
entropy of the ith subsystem of the system G, then S(E) =

∑q
i=1 Si(Ei) =

eTloge(ce+E)−q loge c, and hence, the system entropy S(E) is an additive
quantity over all subsystems. iv) For the system G, S(E) ≥ 0 for all E ∈ R

q
+.

v) It follows from Proposition 9.4 that for a given value β ≥ 0 of the total en-

ergy of the system G, one and only one state, namely, E∗ = β
q e, corresponds

to the largest value of S(E). vi) It follows from (9.16) that for the system
G, the graph of entropy versus energy is concave and smooth. vii) For a
composite discrete-time large-scale dynamical system GC of two dynamical
systems GA and GB, the expression for the composite entropy SC = SA+SB,
where SA and SB are entropies of GA and GB, respectively, is such that
the expression for the equilibrium state where the composite maximum en-
tropy is achieved is identical to those obtained for GA and GB individually.
Specifically, if qA and qB denote the number of subsystems in GA and GB,
respectively, and βA and βB denote the total energies of GA and GB, respec-
tively, then the maximum entropy of GA and GB individually is achieved at
E∗

A = βA
qA

e and E∗
B = βB

qB
e, respectively, while the maximum entropy of the

composite system GC is achieved at E∗
C = βA+βB

qA+qB
e. viii) It follows from

Theorem 9.1 that for a stable equilibrium state E = β
q e, where β ≥ 0 is the

total energy of the system G and q is the number of subsystems of G, the
entropy is totally defined by β and q; that is, S(E) = q loge(c+

β
q )− q loge c.

Dual criteria to the eight criteria outlined above can also be established for
an analytic expression representing system ectropy.

9.7 Thermodynamic Models with Linear Energy Exchange

In this section, we specialize the results of Section 9.2 to the case of large-
scale dynamical systems with linear energy exchange between subsystems,
that is, w(E) = WE and d(E) = DE, where W ∈ R

q×q and D ∈ R
q×q. In

this case, the vector form of the energy balance equation (9.2), with k0 = 0,
is given by

E(k + 1) = WE(k)−DE(k) + S(k), E(0) = E0, k ≥ 0. (9.42)

Next, let the net energy exchange from the jth subsystem Gj to the ith
subsystem Gi be parameterized as φij(E) = ΦT

ijE, where Φij ∈ R
q and

E ∈ R
q
+. In this case, since wi(E) = Ei +

∑q
i=1,j 	=i φij(E), it follows that

W = Iq +

⎡
⎣ q∑
j=2

Φ1j , . . . ,

q∑
j=1,j 	=i

Φij, . . . ,

q−1∑
j=1

Φqj

⎤
⎦
T

. (9.43)
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Since φij(E) = −φji(E), i, j = 1, . . . , q, i �= j, E ∈ R
q
+, it follows that

Φij = −Φji, i �= j, i, j = 1, . . . , q. The following proposition considers the
special case where W is symmetric.

Proposition 9.5. Consider the large-scale dynamical system G with
energy balance equation given by (9.42) and with D = 0. Then Assumptions
9.1 and 9.2 hold if and only ifW = WT, (W−Iq)e = 0, rank (W−Iq) = q−1,
and W is nonnegative. In addition, if S = 0 and Assumption 9.3 holds, then
rank (W + Iq) = q and rank (W 2 − Iq) = q − 1.

Proof. Assume Assumptions 9.1 and 9.2 hold. Since, by Assumption
9.2, (Ei − Ej)φij(E) ≤ 0, E ∈ R

q
+, it follows that ETΦije

T
ijE ≤ 0, i, j =

1, . . . , q, i �= j, where E ∈ R
q
+ and eij ∈ R

q is a vector whose ith entry is 1,
jth entry is −1, and remaining entries are zero. Next, it can be shown that
ETΦije

T
ijE ≤ 0, E ∈ R

q
+, i �= j, i, j = 1, . . . , q, if and only if Φij ∈ R

q is such
that its ith entry is −σij, its jth entry is σij , and its remaining entries are
zero, where σij ≥ 0. Furthermore, since Φij = −Φji, i �= j, i, j = 1, . . . , q, it
follows that σij = σji, i �= j, i, j = 1, . . . , q. Hence, W is given by

W(i,j) =

{
1−

∑q
k=1,k 	=j σkj, i = j,

σij , i �= j,
(9.44)

which implies that W is symmetric (since σij = σji) and (W − Iq)e = 0.
Note that since at any given instant of time energy can only be trans-

ported or stored but not created and the maximum amount of energy that
can be transported cannot exceed the energy in a compartment, it follows
that 1 ≥

∑q
k=1,k 	=j σkj. Thus, W is a nonnegative matrix. Now, since by

Assumption 9.1, φij(E) = 0 if and only if Ei = Ej for all i, j = 1, . . . , q,
i �= j, such that C(i,j) = 1, it follows that σij > 0 for all i, j = 1, . . . , q, i �= j,
such that C(i,j) = 1. Hence, rank (W − Iq) = rank C = q − 1. The converse
is immediate and, hence, is omitted.

Next, assume Assumption 9.3 holds. Since, by Assumption 9.3, (Ei(k+
1) − Ej(k + 1))(Ei(k) − Ej(k)) ≥ 0, i, j = 1, . . . , q, i �= j, k ≥ k0, it follows
that ET(k + 1)eije

T
ijE(k) ≥ 0 or, equivalently, ET(k)WTeije

T
ijE(k) ≥ 0,

i, j = 1, . . . , q, i �= j, k ≥ k0, where E ∈ R
q
+. Next, we show that Iq + W

is strictly diagonally dominant. Suppose, ad absurdum, that 1 + W(i,i) ≤∑q
l=1,l 	=iW(i,l) for some i, 1 ≤ i ≤ q. Let E(k0) = ei, i = 1, . . . , q, where

ei ∈ R
q
+ is a vector whose ith entry is 1 and remaining entries are zero.

Then,

ET(k0)W
Teije

T
ijE(k0)= eTi W

Teije
T
ijei

=W(i,i) −W(i,j)

=1−
q∑

k=1,k 	=j

σkj − σij
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≥ 0, i, j = 1, . . . , q, i �= j. (9.45)

Now, it follows from (9.45) that

1 +W(i,j) ≤ 1 +W(i,i) ≤
q∑

l=1,l 	=i

W(i,l), j = 1, . . . , q, j �= i, 1 ≤ i ≤ q,

(9.46)

or, equivalently,

1 ≤
q∑

l=1,l 	=i,l 	=j

W(i,l), j = 1, . . . , q, j �= i, 1 ≤ i ≤ q. (9.47)

However, since W is compartmental and symmetric, it follows that

q∑
l=1,l 	=i

W(i,l) =

q∑
l=1,l 	=i

W(l,i) =

q∑
l=1,l 	=i

σl,i ≤ 1, i = 1, . . . , q. (9.48)

Now, since W(i,j) = σij > 0 for all i, j = 1, . . . , q, i �= j, it follows that

q∑
l=1,l 	=i,l 	=j

W(i,l) <

q∑
l=1,l 	=i

W(i,l) ≤ 1, i = 1, . . . , q, (9.49)

which contradicts (9.47).
Next, since Iq + W is strictly diagonally dominant it follows from

Theorem 6.1.10 of [92] that rank (Iq + W ) = q. Furthermore, since rank
(W 2 − Iq) = rank (W + Iq)(W − Iq), it follows from Sylvester’s inequality
that

rank (W + Iq) + rank (W − Iq)− q≤ rank (W 2 − Iq)

≤min{rank (W + Iq), rank (W − Iq)}.
(9.50)

Now, rank (W 2 − Iq) = q − 1 follows from (9.50) by noting that rank (W −
Iq) = q − 1 and rank (W + Iq) = q.

Next, we specialize the energy balance equation (9.42) to the case
where D = diag[σ11, σ22, . . . , σqq]. In this case, the vector form of the energy
balance equation (9.2), with k0 = 0, is given by

E(k + 1) = AE(k) + S(k), E(0) = E0, k ∈ Z+, (9.51)

where A � W −D is such that

A(i,j) =

{
1−

∑q
k=1 σkj, i = j,
σij , i �= j.

(9.52)
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Note that (9.52) implies
∑q

i=1 A(i,j) = 1 − σii ≤ 1, j = 1, . . . , q, and hence
A is a Lyapunov stable compartmental matrix. If σii > 0, i = 1, . . . , q, then
A is an asymptotically stable compartmental matrix.

An important special case of (9.51) is the case where A is symmetric
or, equivalently, σij = σji, i �= j, i, j = 1, . . . , q. In this case, it follows from
(9.51) that for each subsystem the energy balance equation satisfies

ΔEi(k) + σiiEi(k) +

q∑
j=1, j 	=i

σij[Ei(k)− Ej(k)] = Si(k), k ∈ Z+. (9.53)

Note that φi(E) �
∑q

j=1, j 	=i σij(Ei−Ej), i = 1, . . . , q, represents the energy
exchange from the ith subsystem to all other subsystems and is given by the
sum of the individual energy exchanges from the ith subsystem to the jth
subsystem. Furthermore, these energy exchanges are proportional to the
energy differences of the subsystems, that is, Ei − Ej. Hence, (9.53) is an
energy balance equation that governs the energy exchange among coupled
subsystems and is completely analogous to the equations of thermal transfer
with subsystem energies playing the role of temperatures. Furthermore, note
that since σij ≥ 0, i, j = 1, . . . , q, energy is exchanged from more energetic
subsystems to less energetic subsystems; this phenomenon is consistent with
the second law of thermodynamics, which requires that heat (energy) must
flow in the direction of lower temperatures.

The next lemma and proposition are needed for developing expres-
sions for steady-state energy distributions of the discrete-time large-scale
dynamical system G with linear energy balance equation (9.51).

Lemma 9.1. Let A ∈ R
q×q be (discrete-time) compartmental and let

S ∈ R
q. Then the following properties hold:

i) Iq −A is an M-matrix.

ii) |λ| ≤ 1, λ ∈ spec (A).

iii) If A is semistable and λ ∈ spec (A), then either |λ| < 1 or λ = 1 and
λ = 1 is semisimple.

iv) ind(Iq −A) ≤ 1 and ind(A) ≤ 1.

v) If A is semistable, then limk→∞Ak = Iq − (A− Iq)(A− Iq)
# ≥≥ 0.

vi) R(A− Iq) = N (Iq − (A− Iq)(A− Iq)
#) and N (A− Iq) = R(Iq − (A−

Iq)(A− Iq)
#).

vii)
∑k

i=0 A
i = (A−Iq)

#(Ak+1−Iq)+(k+1)[Iq−(A−Iq)(A−Iq)
#], k ∈ Z+.

viii) If A is semistable, then
∑∞

i=0 A
i S exists if and only if S ∈ R(A− Iq),

where S ∈ R
q.
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ix) If A is semistable and S ∈ R(A− Iq), then
∑∞

i=0 A
i S = −(A− Iq)

#S.

x) If A is semistable, S ∈ R(A−Iq), and S ≥≥ 0, then −(A−Iq)
#S ≥≥ 0.

xi) A− Iq is nonsingular if and only if Iq −A is a nonsingular M-matrix.

xii) If A is semistable and A− Iq is nonsingular, then A is asymptotically
stable and (Iq −A)−1 ≥≥ 0.

Proof. i) Note that ATe = [−(1−
∑q

i=1 A(i, 1)),−(1 −
∑q

i=1A(i, 2)),

. . . ,−(1−
∑q

i=1 A(i, q))]
T+e. Then (Iq−A)Te ≥≥ 0 and Iq−A is a Z-matrix.

It follows from Theorem 1 of [16] that (Iq − A)T, and hence, Iq − A is an
M-matrix.

ii) The result follows from i) and Lemma 1 of [71].
iii) The result follows from Theorem 2 of [71].
iv) Since (Iq − A)Te ≥≥ 0 it follows that Iq − A is an M-matrix

and has “property c” (see [15]). Hence, it follows from Lemma 4.11 of [15]
that Iq − A has “property c” if and only if ind(Iq − A) ≤ 1. Next, since
ind(Iq − A) ≤ 1, it follows from the real Jordan decomposition that there
exist invertible matrices J ∈ R

r×r, where r = rank(Iq − A), and U ∈ R
q×q

such that J is diagonal and

Iq −A = U

[
J 0
0 0

]
U−1, (9.54)

which implies

A = U

[
Ir − J 0

0 Iq−r

]
U−1. (9.55)

Hence, ind(A) ≤ 1.
v) The result follows from Theorem 2 of [71].
vi) Let x ∈ R(A − Iq), that is, there exists y ∈ R

q such that x =
(A−Iq)y. Now, (Iq−(A−Iq)(A−Iq)

#)x = x−(A−Iq)(A−Iq)
#(A−Iq)y =

x−(A−Iq)y = 0, which implies that R(A−Iq) ⊆ N (Iq−(A−Iq)(A−Iq)
#).

Conversely, let x ∈ N (Iq − (A − Iq)(A − Iq)
#). Hence, (Iq − (A − Iq)(A −

Iq)
#)x = 0, or, equivalently, x = (A − Iq)(A − Iq)

#x, which implies that
x ∈ R(A− Iq), and hence, proves R(A− Iq) = N (Iq − (A− Iq)(A− Iq)

#).
The equality N (A − Iq) = R(Iq − (A − Iq)(A − Iq)

#) can be proved in an
analogous manner.

vii) Note since A = U

[
Ir − J 0

0 Iq−r

]
U−1 and J is invertible it

follows that

k∑
i=0

Ai =

k∑
i=0

U

[
(Ir − J)i 0

0 Iq−r

]
U−1
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=U

[ ∑k
i=0(Ir − J)i 0

0 (k + 1)Iq−r

]
U−1

=U

[
−J−1[(Ir − J)k+1 − Ir] 0

0 (k + 1)Iq−r

]
U−1

=U

[
−J−1 0
0 0

]
U−1U

[
(Ir − J)k+1 − Ir 0

0 0

]
U−1

+U

[
0 0
0 (k + 1)Iq−r

]
U−1

=(A− Iq)
#(Ak+1 − Iq) + (k + 1)

·
(
Iq − U

[
J − Ir 0

0 0

]
U−1U

[
(J − Ir)

−1 0
0 0

]
U−1

)
=(A− Iq)

#(Ak+1 − Iq) + (k + 1)[Iq − (A− Iq)(A− Iq)
#],

k ∈ Z+. (9.56)

viii) The result is a direct consequence of v)–vii).
ix ) The result follows from v) and vii).
x ) The result follows from ix ).
xi) The result follows from i).
xii) Asymptotic stability of A is a direct consequence of iii). (Iq −

A)−1 ≥≥ 0 follows from Lemma 1 of [71].

Proposition 9.6 ([71]). Consider the discrete-time large-scale dynam-
ical system G with energy balance equation given by (9.51). Suppose E0 ≥≥
0, and S(k) ≥≥ 0, k ∈ Z+. Then the solution E(k), k ∈ Z+, to (9.51) is
nonnegative for all k ∈ Z+ if and only if A is nonnegative.

Next, we develop expressions for the steady-state energy distribution
for a discrete-time large-scale linear dynamical system G for the cases where
A is semistable, and the supplied system energy S(k) is a periodic function
with period τ ∈ Z+, τ > 0, that is, S(k + τ) = S(k), k ∈ Z+, and S(k) is
constant, that is, S(k) ≡ S. Define e(k) � E(k) − E(k + τ), k ∈ Z+, and
note that

e(k + 1) = Ae(k), e(0) = E(0) −E(τ), k ∈ Z+. (9.57)

Hence, since

e(k) = Ak[E(0) − E(τ)], k ∈ Z+, (9.58)

and A is semistable, it follows from v) of Lemma 9.1 that

lim
k→∞

e(k)= lim
k→∞

[E(k) − E(k + τ)]

= [Iq − (A− Iq)(A− Iq)
#][E(0) − E(τ)], (9.59)
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which represents a constant offset to the steady-state error energy distribu-
tion in the discrete-time large-scale nonlinear dynamical system G. For the
case where S(k) ≡ S, τ → ∞, and hence, the following result is immediate.

Proposition 9.7. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Suppose that A is
semistable, E0 ≥≥ 0, and S(k) ≡ S ≥≥ 0. Then E∞ � limk→∞E(k) exists
if and only if S ∈ R(A− Iq). In this case,

E∞ = [Iq − (A− Iq)(A − Iq)
#]E0 − (A− Iq)

#S (9.60)

and E∞ ≥≥ 0. If, in addition, A− Iq is nonsingular, then E∞ exists for all
S ≥≥ 0 and is given by

E∞ = (Iq −A)−1S. (9.61)

Proof. Note that the solution E(k), k ∈ Z+, to (9.51) is given by

E(k) = AkE0 +
k−1∑
i=0

A(k−1−i)S(i), k ∈ Z+. (9.62)

Now, the result is a direct consequence of Proposition 9.6 and v), viii), ix),
and x) of Lemma 9.1.

Next, we specialize the result of Proposition 9.7 to the case where there
is no energy dissipation from each subsystem Gi of G, that is, σii = 0, i =
1, . . . , q. Note that in this case eT(A − Iq) = 0 and hence rank (A − Iq) ≤
q− 1. Furthermore, if S = 0 it follows from (9.51) that eTΔE(k) = eT(A−
Iq)E(k) = 0, k ∈ Z+, and hence, the total energy of the isolated discrete-
time large-scale nonlinear dynamical system G is conserved.

Proposition 9.8. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Assume rank (A−Iq) =
rank (A2 − Iq) = q − 1, σii = 0, i = 1, . . . , q, and A = AT. If E0 ≥≥ 0, and
S = 0, then the equilibrium state αe, α ≥ 0, of the isolated system G
is semistable and the steady-state energy distribution E∞ of the isolated
discrete-time large-scale dynamical system G is given by

E∞ =

[
1

q

q∑
i=1

Ei0

]
e. (9.63)

If, in addition, for some m ∈ {1, . . . , q}, σmm > 0, then the zero solution
E(k) ≡ 0 to (9.51) is globally asymptotically stable.

Proof. Note that since eT(A − Iq) = 0 it follows from (9.51) with
S(k) ≡ 0 that eTΔE(k) = 0, k ≥ 0, and hence, eTE(k) = eTE0, k ≥ 0.
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Furthermore, since by Proposition 9.6 the solution E(k), k ≥ k0, to (9.51)
is nonnegative, it follows that 0 ≤ Ei(k) ≤ eTE(k) = eTE0, k ≥ 0, i =
1, . . . , q. Hence, the solution E(k), k ≥ 0, to (9.51) is bounded for all E0 ∈
R
q
+. Next, note that φij(E) = σij(Ej−Ei) and (Ei−Ej)φij(E) = −σij(Ei−

Ej)
2 ≤ 0, E ∈ R

q
+, i �= j, i, j = 1, . . . , q, which implies that Assumptions 9.1

and 9.2 are satisfied. Thus, E = αe, α ≥ 0, is the equilibrium state of the
isolated large-scale dynamical system G. Furthermore, define the Lyapunov
function candidate Es(E) = 1

2(E − αe)T(E − αe), E ∈ R
q
+. Since A is

compartmental and symmetric, it follows from ii) of Lemma 9.1 that

ΔEs(E)= 1
2(AE − αe)T(AE − αe)− 1

2(E − αe)T(E − αe)

= 1
2E

T(A2 − Iq)E

≤ 0, (9.64)

which implies Lyapunov stability of the equilibrium state αe, α ≥ 0.
Next, consider the set R � {E ∈ R

q
+ : ΔEs(E) = 0} = {E ∈ R

q
+ :

ET(A2 − Iq)E = 0}. Since A is compartmental and symmetric it follows
from ii) of Lemma 9.1 that A2 − Iq is a negative semi-definite matrix and
hence ET(A2 − Iq)E = 0 if and only if (A2 − Iq)E = 0. Furthermore, since,
by assumption, rank (A− Iq) = rank (A2 − Iq) = q − 1, it follows that there
exists one and only one linearly independent solution to (A2−Iq)E = 0 given

by E = e. Hence, R = {E ∈ R
q
+ : E = αe, α ≥ 0}. Since R consists of only

equilibrium states of (9.51) it follows that M = R, where M is the largest
invariant set contained in R. Hence, for every E0 ∈ R

q
+, it follows from

the Krasovskii-LaSalle invariant set theorem that E(k) → αe as k → ∞
for some α ≥ 0 and, hence, αe, α ≥ 0, is a semistable equilibrium state of
(9.51). Furthermore, since the energy is conserved in the isolated large-scale
dynamical system G it follows that qα = eTE0. Thus, α = 1

q

∑q
i=1 Ei0,

which implies (9.63).
Finally, to show that in the case where σmm > 0 for some m ∈

{1, . . . , q}, the zero solution E(k) ≡ 0 to (9.51) is globally asymptotically
stable, consider the system ectropy E(E) = 1

2E
TE, E ∈ R

q
+, as a candidate

Lyapunov function. Note that Lyapunov stability of the zero equilibrium
state follows from the previous analysis with α = 0. Next, note that

ΔE(E) = 1
2E

T(A2 − Iq)E

= 1
2E

T[(W −D)2 − Iq]E

= 1
2E

T(W 2 − Iq)E − 1
2E

T(WD +DW −D2)E

= 1
2E

T(W 2 − Iq)E −
∑q

i=1,i	=m σmmσmiEmEi

−σmm(W(m,m) − σmm)E2
m − 1

2σ
2
mmE2

m, E ∈ R
q
+. (9.65)

Consider the set R � {E ∈ R
q
+ : ΔE(E) = 0} = {E ∈ R

q
+ : E1 = · · · =

Eq} ∩ {E ∈ R
q
+ : Em = 0, m ∈ {1, . . . , q}} = {0}. Hence, the largest
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invariant set contained in R is given by M = R = {0}, and thus, it follows
from the Krasovskii-LaSalle invariant set theorem that the zero solution
E(k) ≡ 0 to (9.51) is globally asymptotically stable.

Finally, we examine the steady-state energy distribution for large-
scale nonlinear dynamical systems G in case of strong coupling between
subsystems, that is, σij → ∞, i �= j. For this analysis we assume that A
given by (9.51) is symmetric, that is, σij = σji, i �= j, i, j = 1, . . . , q, and
σii > 0, i = 1, . . . , q. Thus, Iq − A is a nonsingular M-matrix for all values
of σij , i �= j, i, j = 1, . . . , q. Moreover, in this case it follows that if

σij

σkl
→ 1

as σij → ∞, i �= j, and σkl → ∞, k �= l, then

lim
σij→∞, i 	=j

(Iq −A)−1 = lim
σ→∞[D − σ(−qIq + eeT)]−1, (9.66)

where D = diag[σ11, . . . , σqq] > 0. The following lemmas are needed for the
next result.

Lemma 9.2. Let Y ∈ R
q×q be such that ind (Y ) ≤ 1. Then limσ→∞(Iq−

σY )−1 = Iq − Y #Y .

Proof. Note that

(Iq − σY )−1 = Iq + σ(Iq − σY )−1Y

= Iq +

(
1

σ
Iq − Y

)−1

Y

= Iq −
(
Y − 1

σ
Iq

)−1

Y. (9.67)

Now, using the fact that if A ∈ R
q×q and indA ≤ 1, then

lim
α→0

(A+ αI)−1A = AA# = A#A, (9.68)

it follows that

lim
σ→∞(Iq − σY )−1 = Iq − lim

1
σ
→0

(
Y − 1

σ
Iq

)−1

Y = Iq − Y #Y, (9.69)

which proves the result.

Lemma 9.3. Let D ∈ R
q×q and X ∈ R

q×q be such that D > 0 and
X = −qIq + eeT. Then

Iq − Y #Y =
D

1
2 eeTD

1
2

eTDe
, (9.70)

where Y � D− 1
2XD− 1

2 .
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Proof. Note that

Y = D− 1
2 (−qIq + eeT)D− 1

2 = −qD−1 +D− 1
2 eeTD− 1

2 . (9.71)

Now, using the fact that if N ∈ R
q×q is nonsingular and symmetric and

b ∈ R
q is a nonzero vector, then

(N + bbT)+=

(
I − 1

bTN−2b
N−1bbTN−1

)
N−1

·
(
I − 1

bTN−2b
N−1bbTN−1

)
, (9.72)

it follows that

−Y # =
1

q

(
Iq −

D
1
2 eeTD

1
2

eTDe

)
D

(
Iq −

D
1
2 eeTD

1
2

eTDe

)
. (9.73)

Hence,

−Y #Y =−
(
Iq −

D
1
2 eeTD

1
2

eTDe

)
D

(
Iq −

D
1
2eeTD

1
2

eTDe

)

·
(
D−1 − 1

q
D− 1

2 eeTD− 1
2

)

=−
(
Iq −

D
1
2 eeTD

1
2

eTDe

)
. (9.74)

Thus, Iq − Y #Y = D
1
2eeTD

1
2

eTDe .

Proposition 9.9. Consider the discrete-time large-scale dynamical sys-
tem G with energy balance equation given by (9.51). Let S(k) ≡ S, S ∈
R
q×q, A ∈ R

q×q be compartmental and assume A is symmetric, σii > 0, i =
1, . . . , q, and

σij

σkl
→ 1 as σij → ∞, i �= j, and σkl → ∞, k �= l. Then the

steady-state energy distribution E∞ of the discrete-time large-scale dynam-
ical system G is given by

E∞ =

[
eTS∑q
i=1 σii

]
e. (9.75)

Proof. Note that in the case where
σij

σkl
→ 1 as σij → ∞, i �= j, and

σkl → ∞, k �= l, it follows that the corresponding limit of (Iq − A)−1 can
be equivalently taken as in (9.66). Next, with D = diag[σ11, . . . , σqq] and

X = −qIq+eeT, it follows that Iq−A = D−σX = D
1
2 (Iq−σD− 1

2XD− 1
2 )D

1
2 .

Now, it follows from Lemmas 9.2 and 9.3 that

E∞ = lim
σij→∞, i 	=j

(Iq −A)−1S =
eeT

eTDe
S =

[
eTS∑q
i=1 σii

]
e, (9.76)
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which proves the result.

Proposition 9.9 shows that in the limit of strong coupling the steady-
state energy distribution E∞ given by (9.61) becomes

E∞ = lim
σij→∞, i 	=j

(Iq −A)−1S =

[
eTS∑q
i=1 σii

]
e, (9.77)

which implies energy equipartition.



Chapter Ten

Large-Scale Impulsive Dynamical Systems

10.1 Introduction

The complexity of modern controlled large-scale dynamical systems is fur-
ther exacerbated by the use of hierarchical embedded control subsystems
within the feedback control system, that is, abstract decision-making units
performing logical checks that identify system mode operation and spec-
ify the continuous-variable subcontroller to be activated. As discussed in
Chapter 1, such systems typically possess a multiechelon hierarchical hybrid
decentralized control architecture characterized by continuous-time dynam-
ics at the lower levels of the hierarchy and discrete-time dynamics at the
higher levels of the hierarchy. The lower-level units directly interact with
the dynamical system to be controlled, while the higher-level units receive
information from the lower-level units as inputs and provide (possibly dis-
crete) output commands that serve to coordinate and reconcile the (some-
times competing) actions of the lower-level units. The hierarchical controller
organization reduces processor cost and controller complexity by breaking
up the processing task into relatively small pieces and decomposing the fast
and slow control functions. Typically, the higher-level units perform logical
checks that determine system mode operation, and the lower-level units ex-
ecute continuous-variable commands for a given system mode of operation.

In light of the fact that energy flow modeling arises naturally in large-
scale dynamical systems, and vector Lyapunov functions provide a powerful
stability analysis framework for these systems, it seems natural that hybrid
dissipativity theory [68,74,75,82], on the subsystem level, should play a key
role in analyzing large-scale impulsive dynamical systems. Specifically, hy-
brid dissipativity theory provides a fundamental framework for the analysis
and design of impulsive dynamical systems using an input, state, and out-
put description based on system energy-related considerations [74, 75, 82].
The hybrid dissipation hypothesis on impulsive dynamical systems results
in a fundamental constraint on their dynamic behavior, wherein a dissipa-
tive impulsive dynamical system can deliver only a fraction of its energy to
its surroundings and can store only a fraction of the work done to it. Such
conservation laws are prevalent in large-scale impulsive dynamical systems
such as aerospace, power, network, telecommunications, and transportation
systems. Since these systems have numerous input-output properties re-
lated to conservation, dissipation, and transport of energy, extending hybrid
dissipativity theory to capture conservation and dissipation notions on the



212 CHAPTER 10

subsystem level would provide a natural energy flow model for large-scale
impulsive dynamical systems.

Aggregating the dissipativity properties of each of the impulsive sub-
systems by appropriate storage functions and hybrid supply rates would
allow us to study the dissipativity properties of the composite large-scale
impulsive system using vector storage functions and vector hybrid supply
rates. Furthermore, since vector Lyapunov functions can be viewed as gener-
alizations of composite energy functions for all of the impulsive subsystems,
a generalized notion of hybrid dissipativity, namely, vector hybrid dissipa-
tivity, with appropriate vector storage functions and vector hybrid supply
rates, can be used to construct vector Lyapunov functions for nonlinear
feedback large-scale impulsive systems by appropriately combining vector
storage functions for the forward and feedback large-scale impulsive sys-
tems. Finally, as in classical dynamical system theory, vector dissipativity
theory can play a fundamental role in addressing robustness, disturbance re-
jection, stability of feedback interconnections, and optimality for large-scale
impulsive dynamical systems.

In this chapter, we develop vector dissipativity notions for large-scale
nonlinear impulsive dynamical systems. In particular, we introduce a gener-
alized definition of dissipativity for large-scale nonlinear impulsive dynam-
ical systems in terms of a hybrid vector dissipation inequality involving a
vector hybrid supply rate, a vector storage function, and an essentially non-
negative, semistable dissipation matrix. Generalized notions of a vector
available storage and a vector required supply are also defined and shown
to be element-by-element ordered, nonnegative, and finite. On the impul-
sive subsystem level, the proposed approach provides an energy flow bal-
ance over the continuous-time dynamics and the resetting events in terms
of the stored subsystem energy, the supplied subsystem energy, the subsys-
tem energy gained from all other subsystems independent of the subsystem
coupling strengths, and the subsystem energy dissipated. Furthermore, for
large-scale impulsive dynamical systems decomposed into interconnected im-
pulsive subsystems, dissipativity of the composite impulsive system is shown
to be determined from the dissipativity properties of the individual impul-
sive subsystems and the nature of the interconnections.

In addition, we develop extended Kalman-Yakubovich-Popov condi-
tions, in terms of the local impulsive subsystem dynamics and the inter-
connection constraints, for characterizing vector dissipativeness via vector
storage functions for large-scale impulsive dynamical systems. Finally, using
the concepts of vector dissipativity and vector storage functions as candidate
vector Lyapunov functions, we develop feedback interconnection stability re-
sults of large-scale impulsive nonlinear dynamical systems. General stability
criteria are given for Lyapunov and asymptotic stability of feedback large-
scale impulsive dynamical systems. In the case of vector quadratic supply
rates involving net subsystem powers and input-output subsystem energies,
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these results provide a positivity and small-gain theorem for large-scale im-
pulsive systems predicated on vector Lyapunov functions.

10.2 Stability of Impulsive Systems via Vector

Lyapunov Functions

In this section, we consider state-dependent impulsive dynamical systems
[82] given by

ẋ(t)= fc(x(t)), x(t0) = x0, x(t) �∈ Z, t ∈ Ix0 , (10.1)

Δx(t)= fd(x(t)), x(t) ∈ Z, (10.2)

where x(t) ∈ D ⊆ R
n, t ∈ Ix0 , is the system state vector, Ix0 is the maximal

interval of existence of a solution x(t) to (10.1) and (10.2), D is an open
set, 0 ∈ D, fc : D → R

n is Lipschitz continuous and satisfies fc(0) = 0,
fd : D → R

n is continuous, Δx(t) � x(t+) − x(t), where x(t+) � x(t) +
fd(x(t)) = limε→0 x(t + ε), x(t) ∈ Z, and Z ⊂ D ⊆ R

n is the resetting
set. For a particular trajectory x(t), t ≥ 0, we let tk = τk(x0), x0 ∈ D,
denote the kth instant of time at which x(t) intersects Z. Note that xe ∈ D
is an equilibrium point of (10.1) and (10.2) if and only if fc(xe) = 0 and
fd(xe) = 0. To ensure the well-posedness of the resetting times we make the
following assumptions [82]:

Assumption 10.1. If x ∈ Z\Z, then there exists ε > 0 such that,
for all 0 < δ < ε, ψ(δ, x) �∈ Z, where ψ(·, ·) denotes the solution to the
continuous-time dynamics (10.1).

Assumption 10.2. If x ∈ Z, then x+ fd(x) �∈ Z.

Assumption 10.1 ensures that if a trajectory reaches the closure of Z at
a point that does not belong to Z, then the trajectory must be directed away
from Z, that is, a trajectory cannot enter Z through a point that belongs to
the closure of Z but not to Z. Furthermore, Assumption 10.2 ensures that
when a trajectory intersects the resetting set Z, it instantaneously exits
Z. Furthermore, note that if x0 ∈ Z, then the system initially resets to
x+0 = x0 + fd(x0) �∈ Z, which serves as the initial condition for continuous-
time dynamics (10.1). Note that if x∗ ∈ D satisfies fd(x

∗) = 0, then x∗ �∈ Z.
To see this, suppose x∗ ∈ Z. Then x∗ + fd(x

∗) = x∗ ∈ Z, contradicting
Assumption 10.2. Thus, if x = xe is an equilibrium point of (10.1) and
(10.2), then xe �∈ Z, and hence, xe ∈ D is an equilibrium point of (10.1) and
(10.2) if and only if fc(xe) = 0. In addition, note that it follows from the
definition of τk(·) that τ1(x) > 0, x �∈ Z, and τ1(x) = 0, x ∈ Z. Finally, since
x+fd(x) �∈ Z for every x ∈ Z, it follows that τ2(x) = τ1(x)+τ1(x+fd(x)) >
0. For further details, see [82].

A function x : Ix0 → D is a solution to the impulsive dynamical system
(10.1) and (10.2) on the interval Ix0 ⊆ R with initial condition x(0) = x0,
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where Ix0 denotes the maximal interval of existence of a solution to (10.1)
and (10.2), if x(·) is left-continuous and x(t) satisfies (10.1) and (10.2) for
all t ∈ Ix0. For further discussion on solutions to impulsive differential
equations, see [11, 13, 28, 74, 82, 117, 137, 155, 175]. For convenience, we use
the notation s(t, x0) to denote the solution x(t) of (10.1) and (10.2) at time
t ≥ 0 with initial condition x(0) = x0.

For a particular trajectory x(t), we let tk � τk(x0) denote the kth
instant of time at which x(t) intersects Z, and we call the times tk the
resetting times. Thus, the trajectory of the system (10.1) and (10.2) from
the initial condition x(0) = x0 is given by ψ(t, x0) for 0 < t ≤ t1, where
ψ(·, x0) is the solution to (10.1) starting at x0. If and when the trajectory
reaches a state x1 � x(t1) satisfying x1 ∈ Z, then the state is instantaneously
transferred to x+1 � x1 + fd(x1) according to the resetting law (10.2). The
trajectory x(t), t1 < t ≤ t2, is then given by ψ(t − t1, x

+
1 ), and so on.

Our convention here is that the solution x(t) of (10.1) and (10.2) is left
continuous, that is, it is continuous everywhere except at the resetting times
tk, and xk � x(tk) = limε→0+ x(tk − ε) and x+k � x(tk) + fd(x(tk)) =
limε→0+ x(tk + ε) for k = 1, 2, . . ..

Since the resetting times are well defined and distinct, and since the
solution to (10.1) exists and is unique, it follows that the solution of the
impulsive dynamical system (10.1) and (10.2) also exists and is unique over
a forward time interval. However, it is important to note that the analysis
of impulsive dynamical systems can be quite involved. In particular, such
systems can exhibit Zenoness and beating, as well as confluence, wherein
solutions exhibit infinitely many resettings in a finite time, encounter the
same resetting surface a finite or infinite number of times in zero time,
and coincide after a certain point in time. In this chapter we allow for
the possibility of confluence and Zeno solutions; however, Assumption 10.2
precludes the possibility of beating. Furthermore, since not every bounded
solution of an impulsive dynamical system over a forward time interval can
be extended to infinity due to Zeno solutions, we assume that existence
and uniqueness of solutions are satisfied in forward time. For details, see
[11,13,117].

The next result presents a generalization of the comparison principle
given in Corollary 2.2 to impulsive dynamical systems. For this result and
the remainder of the monograph we use the notation W andWc interchange-
ably.

Theorem 10.1. Consider the impulsive dynamical system (10.1) and
(10.2). Assume there exists a continuously differentiable vector function
V : D → Q ⊆ R

q such that

V ′(x)fc(x)≤≤wc(V (x), x), x �∈ Z, (10.3)

V (x+ fd(x))≤≤V (x) + wd(V (x), x), x ∈ Z, (10.4)
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where wc : Q × D → R
q and wd : Q × Z → R

q are continuous functions,
wc(·, x) ∈ Wc, wd(·, x) ∈ Wd, and the comparison impulsive dynamical
system

ż(t)=wc(z(t), x(t)), z(t0) = z0, x(t) �∈ Z, t ∈ Iz0,x0 , (10.5)

Δz(t)=wd(z(t), x(t)), x(t) ∈ Z, (10.6)

has a unique solution z(t), t ∈ Iz0,x0 , where x(t), t ∈ Ix0 , is a solution to
(10.1) and (10.2). If [t0, t0 + τ ] ⊆ Ix0 ∩ Iz0,x0 , then

V (x0) ≤≤ z0, z0 ∈ Q, x0 ∈ D, (10.7)

implies

V (x(t)) ≤≤ z(t), t ∈ [t0, t0 + τ ]. (10.8)

Proof. Without loss of generality, let x0 �∈ Z, x0 ∈ D. If x0 ∈ Z,
then by Assumption 10.2, x0 + fd(x0) �∈ Z serves as the initial condition
for the continuous-time dynamics. If for x0 �∈ Z the solution x(t) �∈ Z for
all t ∈ [t0, t0 + τ ], then the result follows from Corollary 2.2. Next, suppose
the interval [t0, t0 + τ ] contains the resetting times τk(x0) < τk+1(x0), k ∈
{1, 2, . . . ,m}. Consider the compact interval [t0, τ1(x0)] and let V (x0) ≤≤
z0. Then it follows from (10.3) and Corollary 2.2 that

V (x(t)) ≤≤ z(t), t ∈ [t0, τ1(x0)], (10.9)

where z(t), t ∈ Iz0 , is the solution to (10.5). Now, since wd(·, x) ∈ Wd it
follows from (10.4) and (10.9) that

V (x(τ+1 (x0)))≤≤V (x(τ1(x0))) + wd(V (x(τ1(x0))), x(τ1(x0)))

≤≤ z(τ1(x0)) + wd(z(τ1(x0)), x(τ1(x0)))

= z(τ+1 (x0)). (10.10)

Consider the compact interval [τ+1 (x0), τ2(x0)]. Since V (x(τ+1 (x0)))
≤≤ z(τ+1 (x0)), it follows from (10.3) that

V (x(t)) ≤≤ z(t), t ∈ [τ+1 (x0), τ2(x0)]. (10.11)

Repeating the above arguments for t ∈ [τ+k (x0), τk+1(x0)], k = 3, . . . , m,
yields (10.8). Finally, in the case of infinitely many resettings over the time
interval [t0, t0 + τ ], let limk→∞ τk(x0) = τ∞(x0) ∈ (t0, t0 + τ ]. In this case,

[t0, τ∞(x0)] = [t0, τ1(x0)] ∪
[⋃∞

k=1[τk(x0), τk+1(x0)]
]
. Repeating the above

arguments, the result can be shown for the interval [t0, τ∞(x0)].

Note that if the solutions to (10.1), (10.2), (10.5), and (10.6) are glob-
ally defined for all x0 ∈ D and z0 ∈ Q, then the result of Theorem 10.1
holds for every arbitrarily large but compact interval [t0, t0 + τ ] ⊂ R+. For
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the remainder of this chapter we assume that the solutions to the systems
(10.1), (10.2), (10.5), and (10.6) are defined for all t ≥ t0. Next, consider
the cascade nonlinear impulsive dynamical system given by

ż(t)=wc(z(t), x(t)), z(t0) = z0, x(t) �∈ Z, t ≥ t0, (10.12)

ẋ(t)= fc(x(t)), x(t0) = x0, x(t) �∈ Z, (10.13)

Δz(t)=wd(z(t), x(t)), x(t) ∈ Z, (10.14)

Δx(t)= fd(x(t)), x(t) ∈ Z, (10.15)

where z0 ∈ Q ⊆ R
q, x0 ∈ D ⊆ R

n, [zT(t), xT(t)]T, t ≥ t0, is the solution to
(10.12)–(10.15), wc : Q × D → R

q and wd : Q × Z → R
q are continuous,

wc(·, x) ∈ Wc, wd(·, x) ∈ Wd, wc(0, 0) = 0, fc : D → R
n is Lipschitz

continuous on D, fc(0) = 0, and fd : D → R
n is continuous.

The following definition introduces several types of partial stability of
the nonlinear state-dependent impulsive dynamical system (10.12)–(10.15).

Definition 10.1 ([82]). i) The nonlinear impulsive dynamical system
(10.12)–(10.15) is Lyapunov stable with respect to z if, for every ε > 0 and
x0 ∈ R

n, there exists δ = δ(ε, x0) > 0 such that ‖z0‖ < δ implies that
‖z(t)‖ < ε for all t ≥ 0.

ii) The nonlinear impulsive dynamical system (10.12)–(10.15) is Lya-
punov stable with respect to z uniformly in x0 if, for every ε > 0, there exists
δ = δ(ε) > 0 such that ‖z0‖ < δ implies that ‖z(t)‖ < ε for all t ≥ 0 and for
all x0 ∈ R

n.
iii) The nonlinear impulsive dynamical system (10.12)–(10.15) is asymp-

totically stable with respect to z if it is Lyapunov stable with respect to z
and, for every x0 ∈ R

n, there exists δ = δ(x0) > 0 such that ‖z0‖ < δ implies
that limt→∞ z(t) = 0.

iv) The nonlinear impulsive dynamical system (10.12)–(10.15) is asymp-
totically stable with respect to z uniformly in x0 if it is Lyapunov stable with
respect to z uniformly in x0 and there exists δ > 0 such that ‖z0‖ < δ
implies that limt→∞ z(t) = 0 uniformly in z0 and x0 for all x0 ∈ R

n.
v) The nonlinear impulsive dynamical system (10.12)–(10.15) is glob-

ally asymptotically stable with respect to z if it is Lyapunov stable with
respect to z and limt→∞ z(t) = 0 for all z0 ∈ R

q and x0 ∈ R
n.

vi) The nonlinear impulsive dynamical system (10.12)–(10.15) is glob-
ally asymptotically stable with respect to z uniformly in x0 if it is Lyapunov
stable with respect to z uniformly in x0 and limt→∞ z(t) = 0 uniformly in
z0 and x0 for all z0 ∈ R

q and x0 ∈ R
n.

vii) The nonlinear impulsive dynamical system (10.12)–(10.15) is ex-
ponentially stable with respect to z uniformly in x0 if there exist scalars
α, β, δ > 0 such that ‖z0‖ < δ implies that ‖z(t)‖ ≤ α‖z0‖e−βt, t ≥ 0, for
all x0 ∈ R

n.
viii) The nonlinear impulsive dynamical system (10.12)–(10.15) is
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globally exponentially stable with respect to z uniformly in x0 if there ex-
ist scalars α, β > 0 such that ‖z(t)‖ ≤ α‖z0‖e−βt, t ≥ 0, for all z0 ∈ R

q and
x0 ∈ R

n.

Theorem 10.2. Consider the impulsive dynamical system (10.1) and
(10.2). Assume that there exist a continuously differentiable vector function
V : D → Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0, the

scalar function v : D → R+ defined by v(x) � pTV (x), x ∈ D, is such that
v(x) > 0, x �= 0, and

V ′(x)fc(x)≤≤wc(V (x), x), x �∈ Z, (10.16)

V (x+ fd(x))≤≤V (x) + wd(V (x), x), x ∈ Z, (10.17)

where wc : Q×D → R
q and wd : Q×Z → R

q are continuous, wc(·, x) ∈ Wc,
wd(·, x) ∈ Wd, and wc(0, 0) = 0. Then the following statements hold:

i) If the nonlinear impulsive dynamical system (10.12)–(10.15) is Lya-
punov stable with respect to z uniformly in x0, then the zero solution
x(t) ≡ 0 to (10.1) and (10.2) is Lyapunov stable.

ii) If the nonlinear impulsive dynamical system (10.12)–(10.15) is asymp-
totically stable with respect to z uniformly in x0, then the zero solution
x(t) ≡ 0 to (10.1) and (10.2) is asymptotically stable.

iii) If D = R
n, Q = R

q, v : Rn → R+ is radially unbounded, and the non-
linear impulsive dynamical system (10.12)–(10.15) is globally asymp-
totically stable with respect to z uniformly in x0, then the zero solution
x(t) ≡ 0 to (10.1) and (10.2) is globally asymptotically stable.

iv) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v : D → R+

satisfies

α‖x‖ν ≤ v(x) ≤ β‖x‖ν , x ∈ D, (10.18)

and the nonlinear impulsive dynamical system (10.12)–(10.15) is ex-
ponentially stable with respect to z uniformly in x0, then the zero
solution x(t) ≡ 0 to (10.1) and (10.2) is exponentially stable.

v) If D = R
n, Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0
such that v : Rn → R+ satisfies (10.18), and the nonlinear impulsive
dynamical system (10.12)–(10.15) is globally exponentially stable with
respect to z uniformly in x0, then the zero solution x(t) ≡ 0 to (10.1)
and (10.2) is globally exponentially stable.

Proof. Assume there exist a continuously differentiable vector func-
tion V : D → Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that v(x) =

pTV (x), x ∈ D, is positive definite, that is, v(0) = 0 and v(x) > 0, x �=
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0. Since v(x) = pTV (x) ≤ maxi=1,...,q{pi}eTV (x), x ∈ D, where e �
[1, . . . , 1]T, the function eTV (x), x ∈ D, is also positive definite. Thus, there
exist r > 0 and class K functions α, β : [0, r] → R+ such that Br(0) ⊂ D
and

α(‖x‖) ≤ eTV (x) ≤ β(‖x‖), x ∈ Br(0). (10.19)

i) Let ε > 0 and choose 0 < ε̂ < min{ε, r}. It follows from Lyapunov
stability of the nonlinear impulsive dynamical system (10.12)–(10.15) with
respect to z uniformly in x0 that there exists μ = μ(ε̂) = μ(ε) > 0 such
that if ‖z0‖1 < μ, where ‖z‖1 �

∑q
i=1 |zi| and zi is the ith component of z,

then ‖z(t)‖1 < α(ε̂), t ≥ t0, for every x0 ∈ D. Now, choose z0 = V (x0) ≥≥
0, x0 ∈ D. Since V (x), x ∈ D, is continuous, the function eTV (x), x ∈ D, is
also continuous. Hence, for μ = μ(ε̂) > 0 there exists δ = δ(μ(ε̂)) = δ(ε) > 0
such that δ < ε̂ and if ‖x0‖ < δ, then eTV (x0) = eTz0 = ‖z0‖1 < μ, which
implies that ‖z(t)‖1 < α(ε̂), t ≥ t0. Now, with z0 = V (x0) ≥≥ 0, x0 ∈ D,
and the assumption that wc(·, x) ∈ Wc and wd(·, x) ∈ Wd, it follows from
(10.16), (10.17), and Theorem 10.1 that 0 ≤≤ V (x(t)) ≤≤ z(t) on every
compact interval [t0, t0 + τ ], and hence, eTz(t) = ‖z(t)‖1, [t0, t0 + τ ]. Let
τ > t0 be such that x(t) ∈ Br(0), t ∈ [t0, t0 + τ ] for all x0 ∈ Bδ(0). Thus,
using (10.19), it follows that for ‖x0‖ < δ,

α(‖x(t)‖) ≤ eTV (x(t)) ≤ eTz(t) < α(ε̂), t ∈ [t0, t0 + τ ], (10.20)

which implies ‖x(t)‖ < ε̂ < ε, t ∈ [t0, t0 + τ ].
Next, suppose, ad absurdum, that for some x0 ∈ Bδ(0) there exists t̂ >

t0 + τ such that ‖x(t̂)‖ ≥ ε̂. Then, for z0 = V (x0) and the compact interval
[t0, t̂] it follows from (10.16), (10.17), and Theorem 10.1 that V (x(t̂)) ≤≤
z(t̂), which implies that α(ε̂) ≤ α(‖x(t̂)‖) ≤ eTV (x(t̂)) ≤ eTz(t̂) < α(ε̂).
This is a contradiction, and hence, for a given ε > 0 there exists δ = δ(ε) > 0
such that for all x0 ∈ Bδ(0), ‖x(t)‖ < ε, t ≥ t0, which implies Lyapunov
stability of the zero solution x(t) ≡ 0 to (10.1) and (10.2).

ii) It follows from i) and the asymptotic stability of the nonlinear
impulsive dynamical system (10.12)–(10.15) with respect to z uniformly in
x0 that the zero solution x(t) ≡ 0 to (10.1) and (10.2) is Lyapunov stable,
and there exists μ > 0 such that if ‖z0‖1 < μ, then limt→∞ z(t) = 0 for
any x0 ∈ D. As in i), choose z0 = V (x0) ≥≥ 0, x0 ∈ D. It follows from
Lyapunov stability of the zero solution x(t) ≡ 0 to (10.1) and (10.2), and
the continuity of V : D → Q ∩ R

q
+ that there exists δ = δ(μ) > 0 such that

if ‖x0‖ < δ, then ‖x(t)‖ < r, t ≥ t0, and eTV (x0) = eTz0 = ‖z0‖1 < μ.
Thus, by asymptotic stability of (10.12)–(10.15) with respect to z uniformly
in x0, for every arbitrary ε > 0 there exists T = T (ε) > t0 such that
‖z(t)‖1 < α(ε), t ≥ T . Thus, it follows from (10.16), (10.17), and Theorem
10.1 that 0 ≤≤ V (x(t)) ≤≤ z(t) on any compact interval [T, T + τ ], and
hence, eTz(t) = ‖z(t)‖1, t ∈ [T, T + τ ], and, by (10.19),

α(‖x(t)‖) ≤ eTV (x(t)) ≤ eTz(t) < α(ε), t ∈ [T, T + τ ]. (10.21)
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Now, suppose, ad absurdum, that for some x0 ∈ Bδ(0), limt→∞ x(t)
�= 0, that is, there exists a sequence {tn}∞n=1, with tn → ∞ as n → ∞,
such that ‖x(tn)‖ ≥ ε̂, n ∈ Z+, for some 0 < ε̂ < r. Choose ε = ε̂ and the
interval [T, T +τ ] such that at least one tn ∈ [T, T +τ ]. Then it follows from
(10.21) that α(ε) ≤ α(‖x(tn)‖) < α(ε), which is a contradiction. Hence,
there exists δ > 0 such that for all x0 ∈ Bδ(0), limt→∞ x(t) = 0, which along
with Lyapunov stability implies asymptotic stability of the zero solution
x(t) ≡ 0 to (10.1) and (10.2).

iii) Suppose D = R
n, Q = R

q, v : Rn → R+ is radially unbounded,
and the nonlinear impulsive dynamical system (10.12)–(10.15) is globally
asymptotically stable with respect to z uniformly in x0. In this case, V :
R
n → R

q
+ satisfies (10.19) for all x ∈ R

n, where the functions α, β : R+ →
R+ are of class K∞ [110]. Furthermore, Lyapunov stability of the zero
solution x(t) ≡ 0 to (10.1) and (10.2) follows from i). Next, for every
x0 ∈ R

n and z0 = V (x0) ∈ R
q
+, identical arguments to those in ii) can be

used to show that limt→∞ x(t) = 0, which proves global asymptotic stability
of the zero solution x(t) ≡ 0 to (10.1) and (10.2).

iv) Suppose (10.18) holds. Since p ∈ R
q
+, then

α̂‖x‖ν ≤ eTV (x) ≤ β̂‖x‖ν , x ∈ D, (10.22)

where α̂
�
= α/maxi=1,...,q{pi} and β̂

�
= β/mini=1,...,q{pi}. It follows from the

exponential stability of the nonlinear impulsive dynamical system (10.12)–
(10.15) with respect to z uniformly in x0 that there exist positive constants
γ, μ, and η such that if ‖z0‖1 < μ, then

‖z(t)‖1 ≤ γ‖z0‖1e−η(t−t0), t ≥ t0, (10.23)

for all x0 ∈ D. Choose z0 = V (x0) ≥≥ 0, x0 ∈ D. By continuity of
V : D → Q ∩ R

q
+, there exists δ = δ(μ) > 0 such that for all x0 ∈ Bδ(0),

eTV (x0) = eTz0 = ‖z0‖1 < μ. Furthermore, it follows from (10.16), (10.17),
(10.22), (10.23), and Theorem 10.1 that for all x0 ∈ Bδ(0) the inequality

α̂‖x(t)‖ν ≤ eTV (x(t)) ≤ eTz(t)≤ γ‖z0‖1e−η(t−t0) ≤ γβ̂‖x0‖νe−η(t−t0)

holds on every compact interval [t0, t0 + τ ]. This in turn implies that for
every x0 ∈ Bδ(0),

‖x(t)‖ ≤
(
γβ̂

α̂

) 1
ν

‖x0‖e−
η
ν
(t−t0), t ∈ [t0, t0 + τ ]. (10.24)

Now, suppose, ad absurdum, that for some x0 ∈ Bδ(0) there exists t̂ > t0+ τ
such that

‖x(t̂)‖ >

(
γβ̂

α̂

) 1
ν

‖x0‖e−
η
ν
(t̂−t0). (10.25)
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Then for the compact interval [t0, t̂], it follows from (10.24) that ‖x(t̂)‖ ≤(
γβ̂
α̂

) 1
ν ‖x0‖e−

η
ν
(t̂−t0), which is a contradiction. Thus, inequality (10.24)

holds for all t ≥ t0, establishing exponential stability of the zero solution
x(t) ≡ 0 to (10.1) and (10.2).

v) The proof is identical to the proof of iv).

If V : D → Q∩R
q
+ satisfies the conditions of Theorem 10.2 we say that

V (x), x ∈ D, is a vector Lyapunov function [159]. Note that for stability
analysis each component of a vector Lyapunov function need not be positive
definite, nor does it need to have a negative definite time derivative along
the trajectories of (10.1) and (10.2) between resettings and negative semi-
definite difference across the resettings. This provides more flexibility in
searching for a vector Lyapunov function as compared to a scalar Lyapunov
function for addressing the stability of impulsive dynamical systems. The
next corollary is immediate from Theorem 10.2.

Corollary 10.1. Consider the impulsive dynamical system (10.1) and
(10.2). Assume that there exist a continuously differentiable vector function
V : D → Q ∩ R

q
+ and a positive vector p ∈ R

q
+ such that V (0) = 0, the

scalar function v : D → R+ defined by v(x) � pTV (x), x ∈ D, is such that
v(x) > 0, x �= 0, and

V ′(x)fc(x)≤≤w(V (x)), x �∈ Z, (10.26)

V (x+ fd(x))≤≤V (x), x ∈ Z, (10.27)

where w : Q → R
q is continuous, w(·) ∈ W, and w(0) = 0. Then the

following statements hold:

i) If the zero solution z(t) ≡ 0 to

ż(t) = w(z(t)), z(t0) = z0, t ≥ t0, (10.28)

is Lyapunov stable, then the zero solution x(t) ≡ 0 to (10.1) and (10.2)
is Lyapunov stable.

ii) If the zero solution z(t) ≡ 0 to (10.28) is asymptotically stable, then
the zero solution x(t) ≡ 0 to (10.1) and (10.2) is asymptotically stable.

iii) If D = R
n, Q = R

q, v : Rn → R+ is radially unbounded, and the zero
solution z(t) ≡ 0 to (10.28) is globally asymptotically stable, then the
zero solution x(t) ≡ 0 to (10.1) and (10.2) is globally asymptotically
stable.

iv) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v : D → R+

satisfies

α‖x‖ν ≤ v(x) ≤ β‖x‖ν , x ∈ D, (10.29)
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and the zero solution z(t) ≡ 0 to (10.28) is exponentially stable, then
the zero solution x(t) ≡ 0 to (10.1) and (10.2) is exponentially stable.

v) If D = R
n, Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0 such
that v : Rn → R+ satisfies (10.29), and the zero solution z(t) ≡ 0 to
(10.28) is globally exponentially stable, then the zero solution x(t) ≡ 0
to (10.1) and (10.2) is globally exponentially stable.

Proof. The proof is a direct consequence of Theorem 10.2 with
wc(z, x) = w(z) and wd(z, x) ≡ 0.

Next, we use the vector Lyapunov stability results of Theorem 10.2 to
develop partial stability analysis results for nonlinear impulsive dynamical
systems [41, 78]. Specifically, consider the nonlinear impulsive dynamical
system (10.1) and (10.2) with partitioned dynamics1 given by

ẋI(t)= fIc(xI(t), xII(t)), xI(t0) = xI0, x(t) �∈ Z, t ≥ t0, (10.30)

ẋII(t)= fIIc(xI(t), xII(t)), xII(t0) = xII0, x(t) �∈ Z, (10.31)

ΔxI(t)= fId(xI(t), xII(t)), x(t) ∈ Z, (10.32)

ΔxII(t)= fIId(xI(t), xII(t)), x(t) ∈ Z, (10.33)

where xI(t) ∈ DI, t ≥ t0, DI ⊆ R
nI is an open set such that 0 ∈ DI,

xII(t) ∈ R
nII, t ≥ t0, ΔxI(t) = xI(t

+) − xI(t), ΔxII(t) = xII(t
+) − xII(t),

fIc : DI × R
nII → R

nI is such that, for all xII ∈ R
nII , fIc(0, xII) = 0 and

fIc(·, xII) is locally Lipschitz in xI, fIIc : DI × R
nII → R

nII is such that, for
every xI ∈ DI, fIIc(xI, ·) is locally Lipschitz in xII, fId : DI × R

nII → R
nI

is continuous and fId(0, xII) = 0 for all xII ∈ R
nII, fIId : DI × R

nII → R
nII

is continuous, Z ∈ DI × R
nII, x(t) � [xTI (t), x

T
II(t)]

T ∈ D = DI × R
nII ⊆

R
n, t ≥ t0, x0 � [xTI0, x

T
II0]

T, and nI + nII = n. For the nonlinear impulsive
dynamical system (10.30)–(10.33) the definitions of partial stability given
in [78] hold. Furthermore, for a particular trajectory x(t) = (xI(t), xII(t)),
t ≥ 0, we let tk(= τk(xI0, xII0)) denote the kth instant of time at which x(t)
intersects Z, and we assume that Assumptions 10.1 and 10.2 hold for x(t) =
(xI(t), xII(t)), t ≥ 0. Note that for the impulsive dynamical system (10.1)
and (10.2), fc(xI, xII) = [fT

Ic(xI, xII), f
T
IIc(xI, xII)]

T, (xI, xII) ∈ DI ×R
nII, and

fd(xI, xII) = [fT
Id(xI, xII), f

T
IId(xI, xII)]

T, (xI, xII) ∈ DI × R
nII.

For the following result define

ΔV (xI, xII) � V (xI + fId(xI, xII), xII + fIId(xI, xII))− V (xI, xII),

for a given vector function V : DI × R
nII → R

q.

1Here we use the Roman subscripts I and II as opposed to Arabic subscripts 1 and 2
for denoting the partial states of x not to confuse the partial states with the component
states of the vector Lyapunov function.
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Theorem 10.3. Consider the nonlinear impulsive dynamical system
(10.30)–(10.33). Assume that there exist a continuously differentiable vector
function V : DI × R

nII → Q ∩ R
q
+, a positive vector p ∈ R

q
+, and class K

functions α(·) and β(·) such that the scalar function v : DI × R
nII → R+

defined by v(xI, xII) � pTV (xI, xII) satisfies

α(‖xI‖) ≤ v(xI, xII) ≤ β(‖xI‖), (xI, xII) ∈ DI × R
nII, (10.34)

and

V ′(xI, xII)f(xI, xII)≤≤wc(V (xI, xII), xI, xII), (xI, xII) �∈ Z, (10.35)

ΔV (xI, xII)≤≤wd(V (xI, xII), xI, xII), (xI, xII) ∈ Z, (10.36)

where wc : Q×DI×R
nII → R

q and wd : Q×Z → R
q, where Z ⊂ DI×R

nII,
are continuous, wc(·, xI, xII) ∈ Wc, wd(·, xI, xII) ∈ Wd, and wc(0, 0, 0) = 0.
Then the following statements hold:

i) If the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)–
(10.33) is Lyapunov (respectively, asymptotically) stable with respect
to z uniformly in (xI0, xII0), then the nonlinear impulsive dynamical
system (10.30)–(10.33) is Lyapunov (respectively, asymptotically) sta-
ble with respect to xI uniformly in xII0.

ii) If DI = R
nI , Q = R

q, the functions α(·) and β(·) are class K∞, and
the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)–
(10.33) is globally asymptotically stable with respect to z uniformly
in (xI0, xII0), then the nonlinear impulsive dynamical system (10.30)–
(10.33) is globally asymptotically stable with respect to xI uniformly
in xII0.

iii) If there exist constants ν ≥ 1, α > 0, and β > 0 such that v :
DI × R

nII → R+ satisfies

α‖xI‖ν ≤ v(xI, xII) ≤ β‖xI‖ν , (xI, xII) ∈ DI × R
nII , (10.37)

and the nonlinear impulsive dynamical system (10.12), (10.14), (10.30)–
(10.33) is exponentially stable with respect to z uniformly in (xI0, xII0),
then the nonlinear impulsive dynamical system (10.30)–(10.33) is ex-
ponentially stable with respect to xI uniformly in xII0.

iv) If DI = R
nI, Q = R

q, there exist constants ν ≥ 1, α > 0, and β > 0
such that v : RnI ×R

nII → R+ satisfies (10.37), and the nonlinear im-
pulsive dynamical system (10.12), (10.14), (10.30)–(10.33) is globally
exponentially stable with respect to z uniformly in (xI0, xII0), then
the nonlinear impulsive dynamical system (10.30)–(10.33) is globally
exponentially stable with respect to xI uniformly in xII0.
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Proof. Since p ∈ R
q
+ is a positive vector it follows from (10.34) that

α(‖xI‖)/maxi=1,...,q{pi} ≤ eTV (xI, xII) ≤ β(‖xI‖)/mini=1,...,q{pi},
(xI, xII) ∈ DI × R

nII . (10.38)

Next, let ε > 0 and note that it follows from Lyapunov stability of the
nonlinear impulsive dynamical system (10.12), (10.14), (10.30)–(10.33) with
respect to z uniformly in (xI0, xII0) that there exists μ = μ(ε) > 0 such that
if ‖z0‖1 < μ, where ‖z‖1 �

∑q
i=1 |zi| and zi is the ith component of z, then

‖z(t)‖1 < α(ε)/maxi=1,...,q{pi}, t ≥ t0, for every (xI0, xII0) ∈ DI×R
nII. Now,

choose z0 = V (xI0, xII0) ≥≥ 0, (xI0, xII0) ∈ DI×R
nII . Since V (·, ·) is contin-

uous, the function eTV (·, ·) is also continuous. Moreover, it follows from the
continuity of β(·) that for μ = μ(ε) there exists δ = δ(μ(ε)) = δ(ε) > 0 such
that δ < ε and if ‖xI0‖ < δ, then β(‖xI0‖)/mini=1,...,q{pi} < μ, which, by
(10.38), implies that eTV (xI0, xII0) = eTz0 = ‖z0‖1 < μ for all xII0 ∈ R

nII,
and hence, ‖z(t)‖1 < α(ε)/maxi=1,...,q{pi}, t ≥ t0. In addition, it follows
from (10.35), (10.36), and Theorem 10.1 that 0 ≤≤ V (xI(t), xII(t)) ≤≤ z(t)
on every compact interval [t0, t0 + τ ], and hence, eTz(t) = ‖z‖1, [t0, t0 + τ ].
Thus, it follows from (10.38) that for all ‖xI0‖ < δ, xII0 ∈ R

nII, and
t ∈ [t0, t0 + τ ],

α(‖xI(t)‖)/ max
i=1,...,q

{pi}≤eTV (xI(t), xII(t))

≤eTz(t)

<α(ε)/ max
i=1,...,q

{pi}, (10.39)

which implies that ‖xI(t)‖ < ε, t ∈ [t0, t0 + τ ].
Next, suppose, ad absurdum, that for some xI0 ∈ DI with ‖xI0‖ < δ

and for some xII0 ∈ R
nII there exists t̂ > t0+ τ such that ‖xI(t̂)‖ ≥ ε. Then,

for z0 = V (xI0, xII0) and the compact interval [t0, t̂] it follows from Theorem
10.1 that V (xI(t̂), xII(t̂)) ≤≤ z(t̂), which implies that

α(ε)

maxi=1,...,q{pi}
≤ α(‖xI(t̂)‖)

maxi=1,...,q{pi}
≤ eTV (xI(t̂), xII(t̂))

≤ eTz(t̂)

<
α(ε)

maxi=1,...,q{pi}
. (10.40)

This is a contradiction and hence, for a given ε > 0 there exists δ = δ(ε) > 0
such that for all xI0 ∈ DI with ‖xI0‖ < δ and for all xII0 ∈ R

nII , ‖xI(t)‖ <
ε, t ≥ t0, which implies Lyapunov stability of the nonlinear impulsive dy-
namical system (10.30)–(10.33) with respect to xI uniformly in xII0.



224 CHAPTER 10

The remainder of the proof involves similar arguments as those above
and as those in the proof of parts ii) − v) of Theorem 10.2 and, hence, is
omitted.

Note that Theorem 10.3 allows us to address stability of time-dependent
nonlinear impulsive dynamical systems via vector Lyapunov functions. In
particular, with xI(t) ≡ x(t), xII(t) ≡ t, nI = n, nII = 1, fIc(xI, xII) =
fc(x(t), t), fIIc(xI(t), xII(t)) = 1, fId(xI, xII) = fd(x(t), t), fIId(xI(t), xII(t)) =
0, and Z = D×T , with T � {t1, t2, . . .}, Theorem 10.3 can be used to estab-
lish stability results for the nonlinear time-dependent impulsive dynamical
system given by

ẋ(t)= fc(x(t), t), x(t0) = x0, t �= tk, t ≥ t0, (10.41)

Δx(t)= fd(x(t), t), t = tk, (10.42)

where x0 ∈ D ⊆ R
n. For details on the unification between partial sta-

bility of state-dependent impulsive systems and stability theory for time-
dependent impulsive systems see [78,82].

10.3 Vector Dissipativity Theory for Large-Scale Impulsive

Dynamical Systems

In this section, we develop vector dissipativity theory for impulsive large-
scale dynamical systems. For that, first recall the standard notions of dissi-
pativity and exponential dissipativity [68,74] for input/state-dependent im-
pulsive dynamical systems G of the form [82]

ẋ(t)= fc(x(t)) +Gc(x(t))uc(t), x(t0) = x0, (x(t), uc(t)) �∈ Z, (10.43)

Δx(t)= fd(x(t)) +Gd(x(t))ud(t), (x(t), uc(t)) ∈ Z, (10.44)

yc(t)=hc(x(t)) + Jc(x(t))uc(t), (x(t), uc(t)) �∈ Z, (10.45)

yd(t)=hd(x(t)) + Jd(x(t))ud(t), (x(t), uc(t)) ∈ Z, (10.46)

where t ≥ t0, x(t) ∈ D ⊆ R
n, uc(t) ∈ Uc ⊆ R

mc , ud(tk) ∈ Ud ⊆ R
md ,

tk denotes the kth instant of time at which (x(t), uc(t)) intersects Z ⊂
D × Uc for a particular trajectory x(t) and input uc(t), yc(t) ∈ Yc ⊆ R

lc ,
yd(tk) ∈ Yd ⊆ R

ld , fc : D → R
n is Lipschitz continuous and satisfies fc(0) =

0, Gc : D → R
n×mc , fd : D → R

n is continuous, Gd : D → R
n×md,

hc : D → R
lc satisfies hc(0) = 0, Jc : D → R

lc×mc , hd : D → R
ld , and

Jd : D → R
ld×md . For the impulsive dynamical system G we assume that the

required properties for the existence and uniqueness of solutions are satisfied,
that is, uc(·) satisfies sufficient regularity conditions such that (10.43) has a
unique solution forward in time.

For the impulsive dynamical system G given by (10.43)–(10.46) defined
on the state space D ⊆ R

n, U � Uc × Ud and Y � Yc × Yd define an
input and output space, respectively, consisting of left-continuous bounded
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U -valued and Y -valued functions on the semi-infinite interval [0,∞). The
set U � Uc × Ud, where Uc ⊆ R

mc and Ud ⊆ R
md , contains the set of

input values, that is, for every u = (uc, ud) ∈ U and t ∈ [0,∞), u(t) ∈ U ,
uc(t) ∈ Uc, and ud(tk) ∈ Ud. The set Y � Yc × Yd, where Yc ⊆ R

lc and
Yd ⊆ R

ld , contains the set of output values, that is, for every y = (yc, yd) ∈ Y
and t ∈ [0,∞), y(t) ∈ Y , yc(t) ∈ Yc, and yd(tk) ∈ Yd. The spaces U and
Y are assumed to be closed under the shift operator, that is, if u(·) ∈ U
(respectively, y(·) ∈ Y), then the function uT (respectively, yT ) defined by
uT � u(t+ T ) (respectively, yT � y(t+ T )) is contained in U (respectively,
Y) for all T ≥ 0.

For convenience, we use the notation s(t, τ, x0, u) to denote the solution
x(t) of (10.43) and (10.44) at time t ≥ τ with initial condition x(τ) =

x0, where u = (uc, ud) : R × T → Uc × Ud and T �
= {t1, t2, . . .}. Thus,

the trajectory of the system (10.43) and (10.44) from the initial condition
x(0) = x0 is given by ψ(t, 0, x0, uc) for 0 < t ≤ t1, where ψ(·, 0, x0, uc) is the
solution to (10.43) with the input uc(·) ∈ Uc. If and when the trajectory

reaches a state x1
�
= x(t1) satisfying (x1, u1) ∈ Z, where u1

�
= uc(t1), then

the state is instantaneously transferred to x+1
�
= x1+ fd(x1)+Gd(x1)ud(t1),

where ud(·) ∈ Ud is a given input, according to the resetting law (10.44).
The trajectory x(t), t1 < t ≤ t2, is then given by ψ(t, t1, x

+
1 , uc), and so

on. As in the uncontrolled case, the solution x(t) of (10.43) and (10.44) is
left-continuous, that is, it is continuous everywhere except at the resetting
times tk, and

xk
�
=x(tk) = lim

ε→0+
x(tk − ε), (10.47)

x+k
�
=x(tk) + fd(x(tk)) +Gd(x(tk))ud(tk)

= lim
ε→0+

x(tk + ε), ud(tk) ∈ Ud, (10.48)

for k = 1, 2, . . .. Furthermore, the analogs to Assumptions 10.1 and 10.2
become:

Assumption 10.3. If (x(t), uc(t)) ∈ Z\Z, then there exists ε > 0 such
that, for all 0 < δ < ε,

ψ(t+ δ, t, x(t), uc(t+ δ)) �∈ Z. (10.49)

Assumption 10.4. If (x(tk), uc(tk)) ∈ ∂Z ∩Z, then there exists ε > 0
such that, for all 0 ≤ δ < ε and ud(tk) ∈ Ud,

ψ(tk + δ, tk, x(tk) + fd(x(tk)) +Gd(x(tk))ud(tk), uc(tk + δ)) �∈ Z. (10.50)

Thus, it follows from Assumptions 10.3 and 10.4 that if (x, uc) ∈ Z,
then (x + fd(x) + Gd(x)ud, uc) �∈ Z, ud ∈ Ud. In addition, if at time t
the trajectory (x(t), uc(t)) ∈ Z\Z, then there exists ε > 0 such that for
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0 < δ < ε, (x(t+ δ), uc(t+ δ)) �∈ Z. Finally, in the case where Z � Zx ×Uc

and Zx ⊂ D, we refer to (10.43)–(10.46) as a state-dependent impulsive
dynamical system. Alternatively, for Z � D×Zuc , where Zuc ⊂ Uc, we refer
to (10.43)–(10.46) as an input-dependent impulsive dynamical system, while
in the case where Z � (Zx × Uc) ∪ (D ×Zuc) we refer to (10.43)–(10.46) as
an input/state-dependent impulsive dynamical system.

For the impulsive dynamical system G given by (10.43)–(10.46) a func-
tion (sc(uc, yc), sd(ud, yd)), where sc : Uc×Yc → R and sd : Ud×Yd → R are
such that sc(0, 0) = 0 and sd(0, 0) = 0, is called a hybrid supply rate [68,74]
if it is locally integrable for all input-output pairs satisfying (10.43) and
(10.45), that is, for all input-output pairs uc(·) ∈ Uc and yc(·) ∈ Yc satisfy-

ing (10.43) and (10.45), sc(·, ·) satisfies
∫ t̂
t |sc(uc(σ), yc(σ))|dσ < ∞, t, t̂ ≥ 0.

Note that since all input-output pairs ud(·) ∈ Ud and yd(·) ∈ Yd satis-
fying (10.44) and (10.46) are defined for discrete instants, sd(·, ·) satisfies∑

k∈Z[t,t̂)
|sd(ud(tk), yd(tk))| < ∞, where Z[t,t̂) � {k : t ≤ tk < t̂}.

Definition 10.2 ([82]). The impulsive dynamical system G given by
(10.43)–(10.46) is exponentially dissipative (respectively, dissipative) with re-
spect to the hybrid supply rate (sc, sd) if there exist a continuous, nonnegative-
definite function vs : D → R and a scalar ε > 0 (respectively, ε = 0) such
that vs(0) = 0, called a storage function, and the hybrid dissipation inequal-
ity

eεT vs(x(T ))≤ eεt0vs(x(t0)) +

∫ T

t0

eεtsc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

eεtksd(ud(tk), yd(tk)), T ≥ t0, (10.51)

is satisfied for all T ≥ t0, where x(t), t ≥ t0, is the solution of (10.43)–(10.46)
with (uc(·), ud(·)) ∈ Uc × Ud. The impulsive dynamical system G given by
(10.43)–(10.46) is lossless with respect to the hybrid supply rate (sc, sd) if
the hybrid dissipation inequality is satisfied as an equality with ε = 0 for all
T ≥ t0 and (uc(·), ud(·)) ∈ Uc × Ud.

The following result gives necessary and sufficient conditions for dis-
sipativity over an interval t ∈ (tk, tk+1] involving the consecutive resetting
times tk and tk+1. First, however, the following definition is required.

Definition 10.3 ([82]). A large-scale impulsive dynamical system G
given by (10.43)–(10.46) is completely reachable if for all (t0, xi) ∈ R × D,
there exist a finite time ti < t0, a square integrable input uc(t) defined
on [ti, t0], and inputs ud(tk) defined on k ∈ Z[ti, t0), such that the state
x(t), t ≥ ti, can be driven from x(ti) = 0 to x(t0) = xi. A large-scale impul-
sive dynamical system G given by (10.43)–(10.46) is zero-state observable if
(uc(t), ud(tk)) ≡ 0 and (yc(t), yd(tk)) ≡ 0 implies x(t) ≡ 0.
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Theorem 10.4 ([82]). Assume G is completely reachable. Then G
is exponentially dissipative (respectively, dissipative) with respect to the
hybrid supply rate (sc, sd) if and only if there exist a continuous nonnegative-
definite function vs : D → R and a scalar ε > 0 (respectively, ε = 0) such
that vs(0) = 0 and for all k ∈ Z+,

eεt̂vs(x(t̂)) ≤ eεtvs(x(t)) +

∫
t

t̂

eεssc(uc(s), yc(s))ds, tk < t ≤ t̂ ≤ tk+1,

(10.52)

vs(x(tk) + fd(x(tk)) +Gd(x(tk))ud(tk)) ≤ vs(x(tk)) + sd(ud(tk), yd(tk)).

(10.53)

Finally, G given by (10.43)–(10.46) is lossless with respect to the hybrid
supply rate (sc, sd) if and only if (10.52) and (10.53) are satisfied as equalities
with ε = 0 for all k ∈ Z+.

To develop vector dissipativity notions for large-scale impulsive dy-
namical systems we consider input/state-dependent impulsive dynamical
systems G of the form

ẋ(t)=Fc(x(t), uc(t)), x(t0) = x0, (x(t), uc(t)) �∈ Z, t ≥ t0, (10.54)

Δx(t)=Fd(x(t), ud(t)), (x(t), uc(t)) ∈ Z, (10.55)

yc(t)=Hc(x(t), uc(t)), (x(t), uc(t)) �∈ Z, (10.56)

yd(t)=Hd(x(t), ud(t)), (x(t), uc(t)) ∈ Z, (10.57)

where x(t) ∈ D ⊆ R
n, t ≥ t0, uc(t) ∈ Uc ⊆ R

mc , ud(tk) ∈ Ud ⊆ R
md ,

yc(t) ∈ Yc ⊆ R
lc , yd(tk) ∈ Yd ⊆ R

ld , Fc : D × Uc → R
n, Fd : D × Ud → R

n,
Hc : D × Uc → Yc, Hd : D × Ud → Yd, D is an open set with 0 ∈ D,
Z ⊂ D × Uc, and Fc(0, 0) = 0. Here, we assume that G represents a large-
scale impulsive dynamical system composed of q interconnected controlled
impulsive subsystems Gi such that, for all i = 1, . . . , q,

Fci(x, uci)= fci(xi) + Ici(x) +Gci(xi)uci, (10.58)

Fdi(x, udi)= fdi(xi) + Idi(x) +Gdi(xi)udi, (10.59)

Hci(xi, uci)=hci(xi) + Jci(xi)uci, (10.60)

Hdi(xi, udi)=hdi(xi) + Jdi(xi)udi, (10.61)

where xi ∈ Di ⊆ R
ni , uci ∈ Uci ⊆ R

mci , udi ∈ Udi ⊆ R
mdi , yci �

Hci(xi, uci) ∈ Yci ⊆ R
lci , ydi � Hdi(xi, udi) ∈ Ydi ⊆ R

ldi , ((uci, udi),
(yci, ydi)) is the hybrid input-output pair for the ith subsystem such that
uci(·) ∈ Uci, udi(·) ∈ Udi, yci(·) ∈ Yci, ydi(·) ∈ Ydi, where (Uci,Udi) and
(Yci,Ydi) denote the ith subsystem input and output spaces, fci : R

ni → R
ni

and Ici : D → R
ni are Lipschitz continuous and satisfy fci(0) = 0 and

Ici(0) = 0, fdi : R
ni → R

ni and Idi : D → R
ni are continuous, Gci : R

ni →
R
ni×mci and Gdi : Rni → R

ni×mdi are continuous, hci : Rni → R
lci and
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satisfies hci(0) = 0, hdi : Rni → R
ldi , Jci : Rni → R

lci×mci , Jdi : Rni →
R
ldi×mdi ,

∑q
i=1 ni = n,

∑q
i=1mci = mc,

∑q
i=1mdi = md,

∑q
i=1 lci = lc, and∑q

i=1 ldi = ld.
Here, fci : Di ⊆ R

ni → R
ni and fdi : Di ⊆ R

ni → R
ni define vector

fields of each isolated subsystem of (10.54) and (10.55), and Ici : D → R
ni

and Idi : D → R
ni define the structure of the interconnection dynamics

of the ith impulsive subsystem with all other impulsive subsystems. Fur-
thermore, for the large-scale dynamical system G we assume that the re-
quired properties for the existence and uniqueness of solutions are satisfied,
that is, for each i ∈ {1, . . . , q}, uci(·) and udi(·) satisfy sufficient regularity
conditions such that the system (10.54) and (10.55) has a unique solution
forward in time. We define the composite input and composite output for

the large-scale impulsive dynamical system G as uc
�
= [uTc1, . . . , u

T
cq]

T, ud
�
=

[uTd1, . . . , u
T
dq]

T, yc
�
= [yTc1, . . . , y

T
cq]

T, and yd
�
= [yTd1, . . . , y

T
dq]

T, respectively. In

addition, we define U � Uc×Ud and Y � Yc×Yd, where Uc � Uc1×· · ·×Ucq,

Ud � Ud1 × · · · × Udq, Yc � Yc1 × · · · × Ycq, Yd � Yd1 × · · · × Ydq, to be
input and output spaces, respectively, for the system (10.54)–(10.57) con-
sisting of left-continuous bounded U -valued and Y -valued functions on the
semi-infinite interval [0,∞).

Definition 10.4. For the large-scale impulsive dynamical system G giv-
en by (10.54)–(10.57) a vector function (Sc(uc, yc), Sd(ud, yd)), where

Sc(uc, yc)� [sc1(uc1, yc1), . . . , scq(ucq, ycq)]
T, (10.62)

Sd(ud, yd)� [sd1(ud1, yd1), . . . , sdq(udq, ydq)]
T, (10.63)

sci : Uci × Yci → R, and sdi : Udi × Ydi → R, i = 1, . . . , q, such that
Sc(0, 0) = 0 and Sd(0, 0) = 0, is called a vector hybrid supply rate if
it is locally componentwise integrable for all input-output pairs satisfying
(10.54)–(10.57), that is, for every i ∈ {1, . . . , q} and for all input-output
pairs uci(·) ∈ Uci and yci(·) ∈ Yci satisfying (10.54)–(10.57), sci(·, ·) satisfies∫ t̂
t |sci(uci(s), yci(s))|ds < ∞, t, t̂ ≥ t0.

Note that since all input-output pairs udi(·) ∈ Udi and ydi(·) ∈ Ydi are
defined for discrete instants, sdi(·, ·) in Definition 10.4 satisfies∑

k∈Z[t,t̂)

|sdi(udi(tk), ydi(tk))| < ∞, (10.64)

where Z[t,t̂) � {k : t ≤ tk < t̂}. For the statement of the next definition,

recall that a matrix W ∈ R
q×q is semistable if and only if limt→∞ eWt

exists [21,69], whileW is asymptotically stable if and only if limt→∞ eWt = 0.

Definition 10.5. The large-scale impulsive dynamical system G given
by (10.54)–(10.57) is vector dissipative (respectively, exponentially vector
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dissipative) with respect to the vector hybrid supply rate (Sc, Sd) if there ex-
ist a continuous, nonnegative definite vector function Vs = [vs1, . . . , vsq]

T :

D → R
q
+, called a vector storage function, and an essentially nonnegative

dissipation matrix W ∈ R
q×q such that Vs(0) = 0, W is semistable (respec-

tively, asymptotically stable), and the vector hybrid dissipation inequality

Vs(x(T ))≤≤ eW (T−t0)Vs(x(t0)) +

∫ T

t0

eW (T−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

eW (T−tk)Sd(ud(tk), yd(tk)), T ≥ t0, (10.65)

is satisfied, where x(t), t ≥ t0, is the solution to (10.54)–(10.57) with (uc(·),
ud(·)) ∈ Uc×Ud and x(t0) = x0. The large-scale impulsive dynamical system
G given by (10.54)–(10.57) is vector lossless with respect to the vector hybrid
supply rate (Sc, Sd) if the vector hybrid dissipation inequality is satisfied as
an equality with W semistable.

Note that if the subsystems Gi of G are disconnected, that is, Ici(x) ≡
0 and Idi(x) ≡ 0 for all i = 1, . . . , q, and −W ∈ R

q×q is diagonal and
nonnegative definite, then it follows from Definition 10.5 that each of the
disconnected subsystems Gi is dissipative or exponentially dissipative in the
sense of Definition 10.2. A similar remark holds in the case where q = 1.

Next, define the vector available storage of the large-scale impulsive
dynamical system G by

Va(x0)
�
= − inf

(uc(·), ud(·)), T≥t0

⎡
⎣∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦ ,

(10.66)

where x(t), t ≥ t0, is the solution to (10.54)–(10.57) with x(t0) = x0 and
admissible inputs (uc(·), ud(·)) ∈ Uc × Ud. The infimum in (10.66) is taken
componentwise, which implies that for each element of Va(·) the infimum is
calculated separately. Note that Va(x0) ≥≥ 0, x0 ∈ D, since Va(x0) is the
infimum over a set of vectors containing the zero vector (T = t0).

Theorem 10.5. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57) and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (Sc, Sd) if and only if there exist
a continuous, nonnegative-definite vector function Vs : D → R

q
+ and an
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essentially nonnegative dissipation matrix W ∈ R
q×q such that Vs(0) = 0,

W is semistable (respectively, asymptotically stable), and for all k ∈ Z+,

Vs(x(t̂))≤≤ eW (t̂−t)Vs(x(t)) +

∫ t̂

t
eW (t̂−s)Sc(uc(s), yc(s))ds,

tk < t ≤ t̂ ≤ tk+1, (10.67)

Vs(x(tk) + Fd(x(tk), ud(tk))) ≤≤ Vs(x(tk)) + Sd(ud(tk), yd(tk)). (10.68)

Alternatively, G is vector lossless with respect to the vector hybrid supply
rate (Sc, Sd) if and only if there exists a continuous, nonnegative-definite
vector function Vs : D → R

q
+ such that (10.67) and (10.68) are satisfied as

equalities with W semistable.

Proof. Let k ∈ Z+ and suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector hybrid supply
rate (Sc, Sd). Then, there exist a continuous nonnegative-definite vector
function Vs : D → R

q
+ and an essentially nonnegative matrix W ∈ R

q×q

such that (10.65) holds. Now, since for tk < t ≤ t̂ ≤ tk+1, Z[t,t̂) = Ø, (10.67)

is immediate. Next, it follows from (10.65) that

Vs(x(t
+
k ))≤≤ eW (t+k −tk)Vs(x(tk)) +

∫ t+k

tk

eW (t+k −s)Sc(uc(s), yc(s))ds

+
∑

k∈Z
[tk,t

+
k

)

eW (t+k −tk)Sd(ud(tk), yd(tk)) (10.69)

which, since Z[tk,t
+
k ) = k, implies (10.68).

Conversely, suppose (10.67) and (10.68) hold and let t̂ ≥ t ≥ t0 and
Z[t,t̂) = {i, i + 1, . . . , j}. (Note that if Z[t,t̂) = Ø, then the converse result is

a direct consequence of (10.67).) If Z[t,t̂) �= Ø, then it follows from (10.67)

and (10.68) that

Vs(x(t̂)) − eW (t̂−t)Vs(x(t))

= Vs(x(t̂))− eW (t̂−t+j )Vs(x(t
+
j ))

+eW (t̂−t+j )Vs(x(t
+
j ))− eW (t̂−t+j−1)Vs(x(t

+
j−1))

+eW (t̂−t+j−1)Vs(x(t
+
j−1))− · · · − eW (t̂−t+i )Vs(x(t

+
i ))

+eW (t̂−t+i )Vs(x(t
+
i ))− eW (t̂−t)Vs(x(t))

= Vs(x(t̂))− eW (t̂−tj)Vs(x(t
+
j ))

+eW (t̂−tj)Vs(x(tj) + Fd(x(tj), ud(tj)))− eW (t̂−tj)Vs(x(tj))

+eW (t̂−tj)Vs(x(tj))− eW (t̂−t+j−1)Vs(x(t
+
j−1)) + · · ·
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+eW (t̂−ti)Vs(x(ti) + Fd(x(ti), ud(ti)))− eW (t̂−ti)Vs(x(ti))

+eW (t̂−ti)Vs(x(ti))− eW (t̂−t)Vs(x(t))

= Vs(x(t̂))− eW (t̂−tj)Vs(x(t
+
j ))

+eW (t̂−tj)[Vs(x(tj) + Fd(x(tj), ud(tj)))− Vs(x(tj))]

+eW (t̂−tj)[Vs(x(tj))− eW (tj−tj−1)Vs(x(t
+
j−1))] + · · ·

+eW (t̂−ti)[Vs(x(ti) + Fd(x(ti), ud(ti))) − Vs(x(ti))]

+eW (t̂−ti)[Vs(x(ti))− eW (ti−t)Vs(x(t))]

≤≤
∫ t̂

tj

eW (t̂−s)Sc(uc(s), yc(s))ds+ eW (t̂−tj)Sd(ud(tj), yd(tj))

+eW (t̂−tj)

∫ tj

tj−1

eW (tj−s)Sc(uc(s), yc(s))ds+ · · ·

+eW (t̂−ti)Sd(ud(ti), yd(ti))

+eW (t̂−ti)

∫ ti

t
eW (ti−s)Sc(uc(s), yc(s))ds

=

∫ t̂

t
eW (t̂−s)Sc(uc(s), yc(s))ds

+
∑

k∈Z[t,t̂)

eW (t̂−tk)Sd(ud(tk), yd(tk)), (10.70)

which implies that G is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector hybrid supply rate (Sc, Sd).

Finally, similar constructions show that G is vector lossless with respect
to the vector hybrid supply rate (Sc, Sd) if and only if (10.67) and (10.68)
are satisfied as equalities with W semistable.

Theorem 10.6. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57) and assume that G is completely reachable. Let
W ∈ R

q×q be essentially nonnegative and semistable (respectively, asymp-
totically stable). Then

∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), yd(tk)) ≥≥ 0,

T ≥ t0, (10.71)

for x(t0) = 0 and (uc(·), ud(·)) ∈ Uc × Ud if and only if Va(0) = 0 and Va(x)
is finite for all x ∈ D. Moreover, if (10.71) holds, then Va(x), x ∈ D, is a
vector storage function for G, and hence, G is vector dissipative (respectively,
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exponentially vector dissipative) with respect to the vector hybrid supply
rate (Sc(uc, yc), Sd(ud, yd)).

Proof. Suppose Va(0) = 0 and Va(x), x ∈ D, is finite. Then

0 = Va(0) =− inf
(uc(·), ud(·)), T≥t0

⎡
⎣∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦ , (10.72)

which implies (10.71).
Next, suppose (10.71) holds. Then for x(t0) = 0,

− inf
(uc(·), ud(·)), T≥t0

⎡
⎣∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦ ≤≤ 0,

(10.73)

which implies that Va(0) ≤≤ 0. However, since Va(x0) ≥≥ 0, x0 ∈ D, it
follows that Va(0) = 0. Moreover, since G is completely reachable it follows
that for every x0 ∈ D there exists t̂ > t0 and an admissible input u(·) defined
on [t0, t̂] such that x(t̂) = x0.

Now, since (10.71) holds for x(t0) = 0 it follows that for all admissible
(uc(·), yc(·)) ∈ Uc × Yc and (ud(·), yd(·)) ∈ Ud × Yd,∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), yd(tk))≥≥ 0,

T ≥ t̂, (10.74)

or, equivalently, multiplying (10.74) by the nonnegative matrix eW (t̂−t0),
t̂ ≥ t0, (see Corollary 2.1) yields

−
∫ T

t̂
e−W (t−t̂)Sc(uc(t), yc(t))dt−

∑
k∈Z[t̂,T )

e−W (tk−t̂)Sd(ud(tk), ud(tk))

≤≤
∫ t̂

t0

e−W (t−t̂)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,t̂)

e−W (tk−t̂)Sd(ud(tk), ud(tk))
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≤≤ Q(x0)

<< ∞, T ≥ t̂, (uc(·), ud(·)) ∈ Uc × Ud, (10.75)

where Q : D → R
q. Hence,

Va(x0) = − inf
(uc(·), ud(·)), T≥t̂

⎡
⎣∫ T

t̂
e−W (t−t̂)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t̂,T )

e−W (tk−t̂)Sd(ud(tk), ud(tk))

⎤
⎦

≤≤Q(x0)

<<∞, x0 ∈ D, (10.76)

which implies that Va(x0), x0 ∈ D, is finite.
Finally, since (10.71) implies that Va(0) = 0 and Va(x), x ∈ D, is finite

it follows from the definition of the vector available storage that

−Va(x0)≤≤
∫ T

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

e−W (tk−t0)Sd(ud(tk), ud(tk))

=

∫ tf

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,tf )

e−W (tk−t0)Sd(ud(tk), ud(tk))

+

∫ T

tf

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[tf ,T )

e−W (tk−t0)Sd(ud(tk), ud(tk)), T ≥ t0. (10.77)

Now, multiplying (10.77) by the nonnegative matrix eW (tf−t0), tf ≥ t0, (see
Corollary 2.1) it follows that

eW (tf−t0)Va(x0)+

∫ tf

t0

eW (tf−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,tf )

eW (tf−tk)Sd(ud(tk), ud(tk))

≥≥ − inf
(uc(·), ud(·)), T≥tf

⎡
⎣∫ T

tf

e−W (t−tf )Sc(uc(t), yd(t))dt



234 CHAPTER 10

+
∑

k∈Z[tf ,T )

e−W (tk−tf)Sd(ud(tk), ud(tk))

⎤
⎦

= Va(x(tf)), (10.78)

which implies that Va(x), x ∈ D, is a vector storage function, and hence,
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)).

Recall that it follows from Lemma 2.1 that if W ∈ R
q×q is essentially

nonnegative and semistable (respectively, asymptotically stable), then there
exist a scalar α ≥ 0 (respectively, α > 0) and a nonnegative vector p ∈
R
q
+, p �= 0, (respectively, positive vector p ∈ R

q
+) such that (2.4) holds. In

this case,

pTeWt= pT[Iq +Wt+ 1
2W

2t2 + · · ·]
= pT[Iq − αtIq +

1
2α

2t2Iq + · · ·]
= e−αtpT, t ∈ R. (10.79)

Using (10.79), we define the (scalar) available storage for the large-
scale impulsive dynamical system G by

va(x0)
�
=− inf

(uc(·),ud(·)), T≥t0

⎡
⎣∫ T

t0

pTe−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

pTe−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦

=− inf
(uc(·),ud(·)), T≥t0

⎡
⎣∫ T

t0

eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦ , (10.80)

where sc : Uc × Yc → R and sd : Ud × Yd → R defined as sc(uc, yc) �
pTSc(uc, yc) and sd(ud, yd) � pTSd(ud, yd) form the (scalar) hybrid sup-
ply rate (sc, sd) for the large-scale impulsive dynamical system G. Clearly,
va(x) ≥ 0 for all x ∈ D. As in standard hybrid dissipativity theory [74,82],
the available storage va(x), x ∈ D, denotes the maximum amount of (scaled)
energy that can be extracted from the large-scale impulsive dynamical sys-
tem G at any time T .

The following theorem relates vector storage functions and vector hy-
brid supply rates to scalar storage functions and scalar hybrid supply rates
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of large-scale impulsive dynamical systems.

Theorem 10.7. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57). Suppose G is vector dissipative (respectively,
exponentially vector dissipative) with respect to the vector hybrid supply
rate (Sc(uc, yc), Sd(ud, yd)) : (Uc × Yc, Ud × Yd) → R

q × R
q and with vector

storage function Vs : D → R
q
+. Then there exists p ∈ R

q
+, p �= 0, (respec-

tively, p ∈ R
q
+) such that G is dissipative (respectively, exponentially dissipa-

tive) with respect to the scalar hybrid supply rate (sc(uc, yc), sd(ud, yd)) =
(pTSc(uc, yc), p

TSd(ud, yd)) and with storage function vs(x) = pTVs(x), x ∈
D. Moreover, in this case va(x), x ∈ D, is a storage function for G and

0 ≤ va(x) ≤ vs(x), x ∈ D. (10.81)

Proof. Suppose G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector hybrid supply rate (Sc(uc, yc),
Sd(ud, yd)). Then there exist an essentially nonnegative, semistable (respec-
tively, asymptotically stable) dissipation matrix W and a vector storage
function Vs : D → R

q
+ such that the dissipation inequality (10.65) holds.

Furthermore, it follows from Lemma 2.1 that there exist α ≥ 0 (respec-
tively, α > 0) and a nonzero vector p ∈ R

q
+ (respectively, p ∈ R

q
+) satisfying

(10.79). Hence, premultiplying (10.65) by pT and using (10.79) it follows
that

eαT vs(x(T ))≤ eαt0vs(x(t0)) +

∫ T

t0

eαtsc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

eαtksd(ud(tk), yd(tk)),

T ≥ t0, (uc(·), ud(·)) ∈ Uc × Ud, (10.82)

where vs(x) = pTVs(x), x ∈ D, which implies dissipativity (respectively,
exponential dissipativity) of G with respect to the scalar hybrid supply rate
(sc(uc, yc), sd(ud, yd)) and with storage function vs(x), x ∈ D. Moreover,
since vs(0) = 0, it follows from (10.82) that for x(t0) = 0,∫ T

t0

eα(t−t0)sc(uc(t), yc(t))dt+
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk)) ≥ 0,

T ≥ t0, (uc(·), ud(·)) ∈ Uc × Ud, (10.83)

which, using (10.80), implies that va(0) = 0. Now, it can be easily shown
that va(x), x ∈ D, satisfies (10.82), and hence, the available storage defined
by (10.80) is a storage function for G.

Finally, it follows from (10.82) that

vs(x(t0))≥ eα(T−t0)vs(x(T )) −
∫ T

t0

eα(t−t0)sc(uc(t), yc(t))dt
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−
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk))

≥−
∫ T

t0

eα(t−t0)sc(u(t), y(t))dt

−
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk)),

T ≥ t0, (uc(·), ud(·)) ∈ Uc × Ud, (10.84)

which implies

vs(x(t0))≥− inf
(uc(·),ud(·)), T≥t0

⎡
⎣∫ T

t0

eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦

= va(x(t0)), (10.85)

and hence, (10.81) holds.

It follows from Theorem 10.6 that if (10.71) holds for x(t0) = 0, then
the vector available storage Va(x), x ∈ D, is a vector storage function for
G. In this case, it follows from Theorem 10.7 that there exists p ∈ R

q
+,

p �= 0, such that vs(x)
�
= pTVa(x) is a storage function for G that satisfies

(10.82), and hence, by (10.81), va(x) ≤ pTVa(x), x ∈ D. Furthermore, it
is important to note that it follows from Theorem 10.7 that if G is vector
dissipative, then G can either be (scalar) dissipative or (scalar) exponentially
dissipative.

The following theorem provides sufficient conditions guaranteeing that
all scalar storage functions defined in terms of vector storage functions,
that is, vs(x) = pTVs(x), of a given vector dissipative large-scale impulsive
nonlinear dynamical system are positive definite.

Theorem 10.8. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57) and assume that G is zero-state observable. Fur-
thermore, assume that G is vector dissipative (respectively, exponentially
vector dissipative) with respect to the vector hybrid supply rate (Sc(uc, yc),
Sd(ud, yd)) and there exist α ≥ 0 and p ∈ R

q
+ such that (2.4) holds. In

addition, assume that there exist functions κci : Yci → Uci and κdi : Ydi →
Udi such that κci(0) = 0, κdi(0) = 0, sci(κci(yci), yci) < 0, yci �= 0, and
sdi(κdi(ydi), ydi) < 0, ydi �= 0, for all i = 1, . . . , q. Then for all vector stor-

age functions Vs : D → R
q
+ the storage function vs(x)

�
= pTVs(x), x ∈ D, is

positive definite, that is, vs(0) = 0 and vs(x) > 0, x ∈ D, x �= 0.
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Proof. It follows from Theorem 10.7 that va(x), x ∈ D, is a storage
function for G that satisfies (10.82). Next, suppose, ad absurdum, that there
exists x ∈ D such that va(x) = 0, x �= 0. Then it follows from the definition
of va(x), x ∈ D, that for x(t0) = x,∫ T

t0

eα(t−t0)sc(uc(t), yc(t))dt+
∑

k∈Z[t0,T )

eα(tk−t0)sd(ud(tk), yd(tk)) ≥ 0,

T ≥ t0, (uc(·), ud(·)) ∈ Uc × Ud. (10.86)

However, for uci = κci(yci) and udi = κdi(ydi) we have sci(κci(yci), yci) < 0,
sdi(κdi(ydi), ydi) < 0, yci �= 0, ydi �= 0 for all i = 1, . . . , q, and since p >> 0,
it follows that yci(t) = 0, tk < t ≤ tk+1, ydi(tk) = 0, k ∈ Z+, i = 1, . . . , q,
which further implies that uci(t) = 0, tk < t ≤ tk+1, and udi(tk) = 0, k ∈
Z+, i = 1, . . . , q. Since G is zero-state observable it follows that x = 0, and
hence, va(x) = 0 if and only if x = 0. The result now follows from (10.81).
Finally, for the exponentially vector dissipative case it follows from Lemma
2.1 that p >> 0, with the rest of the proof being identical to that above.

Next, we introduce the concept of vector required supply of a large-
scale impulsive dynamical system. Specifically, define the vector required
supply of the large-scale impulsive dynamical system G by

Vr(x0)
�
= inf

(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦ ,

(10.87)

where x(t), t ≥ T , is the solution to (10.54)–(10.57) with x(T ) = 0 and
x(t0) = x0. Note that since, with x(t0) = 0, the infimum in (10.87) is
the zero vector, it follows that Vr(0) = 0. Moreover, since G is completely
reachable it follows that Vr(x) << ∞, x ∈ D. Using the notion of the vector
required supply we present necessary and sufficient conditions for vector
dissipativity of a large-scale impulsive dynamical system with respect to a
vector hybrid supply rate.

Theorem 10.9. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57) and assume that G is completely reachable. Then
G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)) if and only
if

0 ≤≤ Vr(x) << ∞, x ∈ D. (10.88)
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Moreover, if (10.88) holds, then Vr(x), x ∈ D, is a vector storage function for
G. Finally, if the vector available storage Va(x), x ∈ D, is a vector storage
function for G, then

0 ≤≤ Va(x) ≤≤ Vr(x) << ∞, x ∈ D. (10.89)

Proof. Suppose (10.88) holds and let x(t), t ∈ R, satisfy (10.54)–
(10.57) with admissible inputs (uc(·), ud(·)) ∈ Uc×Ud and x(t0) = x0. Then,
it follows from the definition of Vr(·) that for T ≤ tf ≤ t0, uc(·) ∈ Uc, and
ud(·) ∈ Ud,

Vr(x0)≤≤
∫ t0

T
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

=

∫ tf

T
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,tf )

e−W (tk−t0)Sd(ud(tk), yd(tk))

+

∫ t0

tf

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[tf ,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk)), (10.90)

and hence,

Vr(x0)≤≤ eW (t0−tf ) inf
(uc(·),ud(·)), T≤tf

⎡
⎣∫ tf

T
e−W (t−tf )Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,tf )

e−W (tk−tf)Sd(ud(tk), yd(tk))

⎤
⎦

+

∫ t0

tf

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[tf ,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

= eW (t0−tf )Vr(x(tf)) +

∫ t0

tf

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[tf ,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk)), (10.91)
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which shows that Vr(x), x ∈ D, is a vector storage function for G, and
hence, G is vector dissipative with respect to the vector hybrid supply rate
(Sc(uc, yc), Sd(ud, yd)).

Conversely, suppose that G is vector dissipative with respect to the
vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)). Then there exists a non-
negative vector storage function Vs(x), x ∈ D, such that Vs(0) = 0. Since
G is completely reachable it follows that for x(t0) = x0 there exist T < t0
and uc(t), t ∈ [T, t0], and ud(tk), k ∈ Z[T,t0], such that x(T ) = 0. Hence, it
follows from the vector hybrid dissipation inequality (10.65) that

0 ≤≤ Vs(x(t0))≤≤ eW (t0−T )Vs(x(T )) +

∫ t0

T
eW (t0−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eW (t0−tk)Sd(ud(tk), yd(tk)), (10.92)

which implies that for all T ≤ t0, uc(t) ∈ Uc, and ud(tk) ∈ Ud,

0≤≤
∫ t0

T
eW (t0−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eW (t0−tk)Sd(ud(tk), yd(tk)) (10.93)

or, equivalently,

0≤≤ inf
(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
eW (t0−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eW (t0−tk)Sd(ud(tk), yd(tk))

⎤
⎦

= Vr(x0). (10.94)

Since, by complete reachability, Vr(x) << ∞, x ∈ D, it follows that (10.88)
holds.

Finally, suppose that Va(x), x ∈ D, is a vector storage function. Then
for x(T ) = 0, x(t0) = x0, uc(·) ∈ Uc, and ud(·) ∈ Ud, it follows that

Va(x(t0))≤≤ eW (t0−T )Va(x(T )) +

∫ t0

T
eW (t0−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eW (t0−tk)Sd(ud(tk), yd(tk)), (10.95)

which implies that

0≤≤Va(x(t0))
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≤≤ inf
(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
eW (t0−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eW (t0−tk)Sd(ud(tk), yd(tk))

⎤
⎦

= Vr(x(t0)), x ∈ D. (10.96)

Since x(t0) = x0 ∈ D is arbitrary and, by complete reachability, Vr(x) <<
∞, x ∈ D, (10.96) implies (10.89).

The next result is a direct consequence of Theorems 10.6 and 10.9.

Proposition 10.1. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)–(10.57) and assume G is completely reachable. Let
M = diag [μ1, . . . , μq] be such that 0 ≤ μi ≤ 1, i = 1, . . . , q. If Va(x), x ∈ D,
and Vr(x), x ∈ D, are vector storage functions for G, then

Vs(x) = MVa(x) + (Iq −M)Vr(x), x ∈ D, (10.97)

is a vector storage function for G.
Proof. First note that M ≥≥ 0 and Iq − M ≥≥ 0 if and only if

M = diag [μ1, . . . , μq] and μi ∈ [0, 1], i = 1, . . . , q. Now, the result is a
direct consequence of the complete reachability of G along with vector hy-
brid dissipation inequality (10.65) by noting that if Va(x) and Vr(x) satisfy
(10.65), then Vs(x) satisfies (10.65).

Next, recall that if G is vector dissipative (respectively, exponentially
vector dissipative), then there exist p ∈ R

q
+, p �= 0, and α ≥ 0 (respectively,

p ∈ R
q
+ and α > 0) such that (2.4) and (10.79) hold. Now, define the (scalar)

required supply for the large-scale impulsive dynamical system G by

vr(x0)
�
= inf

(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
pTe−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦

= inf
(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦ , x0 ∈ D, (10.98)
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where sc(uc, yc) = pTSc(uc, yc), sd(ud, yd) = pTSd(ud, yd), and x(t), t ≥ T ,
is the solution to (10.54)–(10.57) with x(T ) = 0 and x(t0) = x0. It follows
from (10.98) that the required supply of a large-scale impulsive dynamical
system is the minimum amount of generalized energy that can be delivered
to the large-scale system to transfer it from an initial state x(T ) = 0 to
a given state x(t0) = x0. Using the same arguments as in the case of the
vector required supply, it follows that vr(0) = 0 and vr(x) < ∞, x ∈ D.

Next, using the notion of the required supply, we show that all storage
functions of the form vs(x) = pTVs(x), where p ∈ R

q
+, p �= 0, are bounded

from above by the required supply and bounded from below by the available
storage. Hence, a dissipative large-scale impulsive dynamical system can de-
liver to its surroundings only a fraction of all of its stored subsystem energies
and can store only a fraction of the work done to all of its subsystems.

Corollary 10.2. Consider the large-scale impulsive dynamical system G
given by (10.54)–(10.57). Assume that G is vector dissipative with respect to
the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)) and with vector storage
function Vs : D → R

q
+. Then vr(x), x ∈ D, is a storage function for G.

Moreover, if vs(x)
�
= pTVs(x), x ∈ D, where p ∈ R

q
+, p �= 0, then

0 ≤ va(x) ≤ vs(x) ≤ vr(x) < ∞, x ∈ D. (10.99)

Proof. It follows from Theorem 10.7 that if G is vector dissipative with
respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)) and with a
vector storage function Vs : D → R

q
+, then there exists p ∈ R

q
+, p �= 0,

such that G is dissipative with respect to the hybrid supply rate (sc(uc, yc),
sd(ud, yd)) = (pTSc(uc, yc), p

TSd(ud, yd)) and with storage function vs(x) =
pTVs(x), x ∈ D. Hence, it follows from (10.82), with x(T ) = 0 and x(t0) =
x0, that∫ t0

T
eα(t−t0)sc(uc(t), yc(t))dt+

∑
k∈Z[T,t0)

eα(tk−t0)sd(ud(tk), yd(tk)) ≥ 0,

T ≤ t0, (uc(·), ud(·)) ∈ Uc × Ud, (10.100)

which implies that vr(x0) ≥ 0, x0 ∈ D.
Furthermore, it is easy to see from the definition of the required sup-

ply that vr(x), x ∈ D, satisfies the dissipation inequality (10.82). Hence,
vr(x), x ∈ D, is a storage function for G. Moreover, it follows from the
dissipation inequality (10.82), with x(T ) = 0, x(t0) = x0, uc(·) ∈ Uc, and
ud(·) ∈ Ud, that

eαt0vs(x(t0))≤ eαT vs(x(T )) +

∫ t0

T
eαtsc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eαtksd(ud(tk), yd(tk))



242 CHAPTER 10

=

∫ t0

T
eαtsc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eαtksd(ud(tk), yd(tk)), (10.101)

which implies that

vs(x(t0))≤ inf
(uc(·),ud(·)), T≤t0

⎡
⎣∫ t0

T
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T,t0)

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦

= vr(x(t0)). (10.102)

Finally, it follows from Theorem 10.7 that va(x), x ∈ D, is a storage function
for G, and hence, using (10.81) and (10.102), (10.99) holds.

It follows from Theorem 10.9 that if G is vector dissipative with respect
to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), then Vr(x), x ∈
D, is a vector storage function for G and, by Theorem 10.7, there exists

p ∈ R
q
+, p �= 0, such that vs(x)

�
= pTVr(x), x ∈ D, is a storage func-

tion for G satisfying (10.82). Hence, it follows from Corollary 10.2 that
pTVr(x) ≤ vr(x), x ∈ D. The next result relates the vector (respectively,
scalar) available storage and the vector (respectively, scalar) required sup-
ply for vector lossless large-scale impulsive dynamical systems.

Theorem 10.10. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57). Assume that G is completely reachable to and
from the origin. If G is vector lossless with respect to the vector hybrid
supply rate (Sc(uc, yc), Sd(ud, yd)) and Va(x), x ∈ D, is a vector storage
function, then Va(x) = Vr(x), x ∈ D. Moreover, if Vs(x), x ∈ D, is a vector
storage function, then all (scalar) storage functions of the form vs(x) =
pTVs(x), x ∈ D, where p ∈ R

q
+, p �= 0, are given by

vs(x0) = va(x0) = vr(x0)=−
∫ T+

t0

eα(t−t0)sc(uc(t), yc(t))dt

−
∑

k∈Z[t0,T+)

eα(tk−t0)sd(ud(tk), yd(tk))

=

∫ t0

T−
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

eα(tk−t0)sd(ud(tk), yd(tk)), (10.103)



LARGE-SCALE IMPULSIVE DYNAMICAL SYSTEMS 243

where x(t), t ≥ t0, is the solution to (10.54)–(10.57) with uc(·) ∈ Uc, ud(·) ∈
Ud, x(t0) = x0 ∈ D, sc(uc, yc) = pTSc(uc, yc), and sd(ud, yd) = pTSd(ud, yd),
for every T+ > t0 and T− < t0 such that x(T+) = 0 and x(T−) = 0.

Proof. Suppose G is vector lossless with respect to the vector hybrid
supply rate (Sc(uc, yc), Sd(ud, yd)). Since G is completely reachable to and
from the origin it follows that for every x0 = x(t0) ∈ D there exist T+ > t0,
T− < t0, uc(t), t ∈ [T−, T+], and ud(tk), k ∈ Z[T−,T+], such that x(T−) = 0,
x(T+) = 0, and x(t0) = x0. Now, it follows from the dissipation inequality
(10.65), which is satisfied as an equality, that

0=

∫ T+

T−
eW (T+−t)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,T+)

eW (T+−tk)Sd(ud(tk), yd(tk)), (10.104)

or, equivalently,

0 =

∫ T+

T−
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,T+)

e−W (tk−t0)Sd(ud(tk), yd(tk))

=

∫ t0

T−
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

+

∫ T+

t0

e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T+)

e−W (tk−t0)Sd(ud(tk), yd(tk))

≥≥ inf
(uc(·),ud(·)), T−≤t0

⎡
⎣∫ t0

T−
e−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦

+ inf
(uc(·),ud(·)), T+≥t0

⎡
⎣∫ T+

t0

e−W (t−t0)Sc(uc(t), yc(t))dt
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+
∑

k∈Z[t0,T+)

e−W (tk−t0)Sd(ud(tk), yd(tk))

⎤
⎦

= Vr(x0)− Va(x0), (10.105)

which implies that Vr(x0) ≤≤ Va(x0), x0 ∈ D. However, it follows from
Theorem 10.9 that if G is vector dissipative and Va(x), x ∈ D, is a vector
storage function, then Va(x) ≤≤ Vr(x), x ∈ D, which along with (10.105)
implies that Va(x) = Vr(x), x ∈ D.

Next, since G is vector lossless there exist a nonzero vector p ∈ R
q
+

and a scalar α ≥ 0 satisfying (2.4). Now, it follows from (10.104) that

0=

∫ T+

T−
pTe−W (t−t0)Sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,T+)

pTe−W (tk−t0)Sd(ud(tk), yd(tk))

=

∫ T+

T−
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,T+)

eα(tk−t0)sd(ud(tk), yd(tk))

=

∫ t0

T−
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

eα(tk−t0)sd(ud(tk), yd(tk))

+

∫ T+

t0

eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T+)

eα(tk−t0)sd(ud(tk), yd(tk))

≥ inf
(uc(·),ud(·)), T−≤t0

⎡
⎣∫ t0

T−
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦

+ inf
(uc(·),ud(·)), T+≥t0

⎡
⎣∫ T+

t0

eα(t−t0)sc(uc(t), yc(t))dt
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+
∑

k∈Z[t0,T+)

eα(tk−t0)sd(ud(tk), yd(tk))

⎤
⎦

= vr(x0)− va(x0), x0 ∈ D, (10.106)

which along with (10.99) implies that for any (scalar) storage function of
the form vs(x) = pTVs(x), x ∈ D, the equality va(x) = vs(x) = vr(x), x ∈
D, holds. Moreover, since G is vector lossless the inequalities (10.82) and
(10.101) are satisfied as equalities and

vs(x0)=−
∫ T+

t0

eα(t−t0)sc(uc(t), yc(t))dt

−
∑

k∈Z[t0,T+)

eα(tk−t0)sd(ud(tk), yd(tk))

=

∫ t0

T−
eα(t−t0)sc(uc(t), yc(t))dt

+
∑

k∈Z[T−,t0)

eα(tk−t0)sd(ud(tk), yd(tk)), (10.107)

where x(t), t ≥ t0, is the solution to (10.54)–(10.57) with uc(·) ∈ Uc, ud(·) ∈
Ud, x(T−) = 0, x(T+) = 0, and x(t0) = x0 ∈ D.

The next proposition presents a characterization for vector dissipa-
tivity of large-scale impulsive dynamical systems in the case where Vs(·) is
continuously differentiable.

Proposition 10.2. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)–(10.57), assume Vs = [vs1, . . . , vsq]

T : D → R
q
+ is a

continuously differentiable vector storage function for G, and assume G is
completely reachable. Then G is vector dissipative with respect to the vector
hybrid supply rate (Sc(uc, yc), Sd(ud, yd)) if and only if

V̇s(x(t)) ≤≤ WVs(x(t)) + Sc(uc(t), yc(t)), tk < t ≤ tk+1, (10.108)

Vs(x(tk) + Fd(x(tk), ud(tk))) ≤≤ Vs(x(tk)) + Sd(ud(tk), yd(tk)), k ∈ Z+,

(10.109)

where V̇s(x(t)) denotes the total time derivative of each component of Vs(·)
along the state trajectories x(t), tk < t ≤ tk+1, of G.

Proof. Suppose G is vector dissipative with respect to the vector
hybrid supply rate (Sc(uc, yc), Sd(ud, yd)) and with a continuously differ-
entiable vector storage function Vs : D → R

q
+. Then, with T = t̂ and

t0 = t, it follows from (10.67) that there exists a nonnegative vector func-
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tion l(t, t̂, x0, uc(·)) ≥≥ 0, tk+1 ≥ t̂ ≥ t > tk, x0 ∈ D, uc(·) ∈ Uc, such that

Vs(x(t̂))= eW (t̂−t)Vs(x(t)) +

∫ t̂

t
eW (t̂−σ)Sc(uc(σ), yc(σ))dσ

−l(t, t̂, x0, uc(·)), (10.110)

or, equivalently,

e−Wt̂Vs(x(t̂))− e−WtVs(x(t))=

∫ t̂

t
e−WσSc(uc(σ), yc(σ))dσ

−e−Wt̂l(t, t̂, x0, uc(·)). (10.111)

Now, dividing (10.111) by t̂− t and letting t̂ → t+, (10.111) is equiva-
lent to

d

dσ

[
e−WσVs(x(σ))

]∣∣
σ=t

= e−WtSc(uc(t), yc(t))

−e−Wt lim
t̂→t+

l(t, t̂, x0, uc(·))
t̂− t

, (10.112)

where the limit in (10.112) exists since Vs(·) is assumed to be continuously
differentiable. Next, premultiplying (10.112) by eWt, t ≥ 0, yields

V̇s(x(t)) −WVs(x(t)) = Sc(uc(t), yc(t))− lim
t̂→t+

l(t, t̂, x0, uc(·))
t̂− t

, (10.113)

which, since limt̂→t+
l(t,t̂,x0,uc(·))

t̂−t
≥≥ 0 and t is arbitrary, gives (10.108).

Inequality (10.109) is a restatement of (10.68).
The converse is immediate from Theorem 10.5.

Recall that if a disconnected subsystem Gi (i.e., Ici(x) ≡ 0 and Idi(x) ≡
0, i ∈ {1, . . . , q}) of a large-scale impulsive dynamical system G is exponen-
tially dissipative (respectively, dissipative) with respect to a hybrid supply
rate (sci(uci, yci), sdi(udi, ydi)), then there exist a storage function vsi : R

ni →
R+ and a constant εi > 0 (respectively, εi = 0), i = 1, . . . , q, such that the
dissipation inequality

eεiT vsi(x(T ))≤ eεit0vsi(x(t0)) +

∫ T

t0

eεitsci(uci(t), yci(t))dt

+
∑

k∈Z[t0,T )

eεitksdi(udi(tk), ydi(tk)), T ≥ t0, (10.114)

holds. In the case where vsi : R
ni → R+ is continuously differentiable and G

is completely reachable, (10.114) yields

v′si(xi)(fci(xi) +Gci(xi)uci)≤−εivsi(xi) + sci(uci, yci),
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x �∈ Zi, uci ∈ Uci, (10.115)

vsi(xi + fdi(xi) +Gdi(xi)udi)≤ vsi(xi) + sdi(udi, ydi), x ∈ Zi, udi ∈ Udi,

(10.116)

where Zi � R
n1 × · · · ×R

ni−1 ×Zxi ×R
ni+1 × · · · ×R

q ⊂ R
n and Zxi ⊂ R

ni,
i = 1, . . . , q. The next result relates exponential dissipativity with respect
to a scalar hybrid supply rate of each disconnected subsystem Gi of G with
vector dissipativity (or, possibly, exponential vector dissipativity) of G with
respect to a vector hybrid supply rate.

Proposition 10.3. Consider the large-scale impulsive dynamical sys-
tem G given by (10.54)–(10.57) with Zx = ∪q

i=1Zi. Assume that G is com-
pletely reachable and each disconnected subsystem Gi of G is exponentially
dissipative with respect to the hybrid supply rate (sci(uci, yci), sdi(udi, ydi))
and with a continuously differentiable storage function vsi : R

ni → R+, i =
1, . . . , q. Furthermore, assume that the interconnection functions Ici : D →
R
ni and Idi : D → R

ni , i = 1, . . . , q, of G are such that

v′si(xi)Ici(x) ≤
∑q

j=1 ξij(x)vsj(xj), x �∈ Zx, (10.117)

vsi(xi + fdi(xi) + Idi(x) +Gdi(xi)udi) ≤ vsi(xi + fdi(xi) +Gdi(xi)udi),

x ∈ Zx, udi ∈ Udi, i = 1, . . . , q, (10.118)

where ξij : D → R, i, j = 1, . . . , q, are given bounded functions. If W ∈ R
q×q

is semistable (respectively, asymptotically stable), with

W(i,j) =

{
−εi + αii, i = j,

αij , i �= j,
(10.119)

where εi > 0 and αij
�
= max{0, supx∈D ξij(x)}, for all i, j = 1, . . . , q, then

G is vector dissipative (respectively, exponentially vector dissipative) with
respect to the vector hybrid supply rate

(Sc(uc, yc), Sd(ud, yd)) �

⎛
⎜⎝
⎡
⎢⎣

sc1(uc1, yc1)
...

scq(ucq, ycq)

⎤
⎥⎦ ,
⎡
⎢⎣

sd1(ud1, yd1)
...

sdq(udq, ydq)

⎤
⎥⎦
⎞
⎟⎠ (10.120)

and with vector storage function Vs(x)
�
= [vs1(x1), . . . , vsq(xq)]

T, x ∈ D.

Proof. Since each disconnected subsystem Gi of G is exponentially
dissipative with respect to the hybrid supply rate sci(uci, yci), i = 1, . . . , q,
it follows from (10.115)–(10.118) that, for all uci ∈ Uci and i = 1, . . . , q,

v̇si(xi(t))= v′si(xi(t))[fci(xi(t)) + Ici(x(t)) +Gci(xi(t))uci(t)]

≤−εivsi(xi(t)) + sci(uci(t), yci(t)) +

q∑
j=1

ξij(x(t))vsj(xj(t))
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≤−εivsi(xi(t)) + sci(uci(t), yci(t)) +

q∑
j=1

αijvsj(xj(t)),

tk < t ≤ tk+1, (10.121)

and

vsi(xi(tk)+ fdi(xi(tk)) + Idi(x(tk)) +Gdi(xi(tk))udi(tk))

≤ vsi(xi(tk) + fdi(xi(tk)) +Gdi(xi(tk))udi(tk))

≤ vsi(xi(tk)) + sdi(udi(tk), ydi(tk)), k ∈ Z+. (10.122)

Now, the result follows from Proposition 10.2 by noting that for all
subsystems Gi of G,

V̇s(x(t)) ≤≤ WVs(x(t)) + Sc(uc(t), yc(t)), tk < t ≤ tk+1, uc(·) ∈ Uc,

(10.123)

Vs(x(tk) + Fd(x(tk), ud(tk))) ≤≤ Vs(x(tk)) + Sd(ud(tk), yd(tk)),

k ∈ Z+, ud(·) ∈ Ud, (10.124)

where W is essentially nonnegative and, by assumption, semistable (respec-

tively, asymptotically stable), and the vector function Vs(x)
�
= [vs1(x1), . . . ,

vsq(xq)]
T, for all x ∈ D, is a vector storage function for G.

As a special case of vector dissipativity theory we can analyze the sta-
bility of large-scale impulsive dynamical systems. Specifically, assume that
the large-scale impulsive dynamical system G is vector dissipative (respec-
tively, exponentially vector dissipative) with respect to the vector hybrid
supply rate (Sc(uc, yc), Sd(ud, yd)) and with a continuously differentiable
vector storage function Vs : D → R

q
+. Moreover, assume that the conditions

of Theorem 10.8 are satisfied. Then it follows from Proposition 10.2, with
uc(t) ≡ 0, ud(tk) ≡ 0, yc(t) ≡ 0, and yd(tk) ≡ 0, that

V̇s(x(t)) ≤≤ WVs(x(t)), tk < t ≤ tk+1 (10.125)

Vs(x(tk) + fd(x(tk)) + Id(x(tk))) ≤≤ Vs(x(tk)), k ∈ Z+, (10.126)

where x(t), t ≥ t0, is a solution to (10.54)–(10.57) with x(t0) = x0, uc(t) ≡ 0,
and ud(tk) ≡ 0. Now, it follows from Theorem 10.2, with wc(z) = Wz and
wd(z) = 0, that the zero solution x(t) ≡ 0 to (10.54)–(10.57), with uc(t) ≡ 0
and ud(tk) ≡ 0, is Lyapunov (respectively, asymptotically) stable.

More generally, the problem of control system design for large-scale im-
pulsive dynamical systems can be addressed within the framework of vector
dissipativity theory. In particular, suppose that there exists a continuously
differentiable vector function Vs : D → R

q
+ such that Vs(0) = 0 and

V̇s(x(t)) ≤≤ Fc(Vs(x(t)), uc(t)), tk < t ≤ tk+1, uc(·) ∈ Uc, (10.127)
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Vs(x(tk) + Fd(x(tk), ud(tk))) ≤≤ Vs(x(tk)), k ∈ Z+, ud(·) ∈ Ud,

(10.128)

where Fc : R
q
+×R

mc → R
q and Fc(0, 0) = 0. Then the control system design

problem for a large-scale impulsive dynamical system reduces to constructing
a hybrid energy feedback control law (φc, φd) : R

q
+ × R

q
+ → Uc × Ud of the

form

uc=φc(Vs(x))
�
= [φT

c1(Vs(x)), . . . , φ
T
cq(Vs(x))]

T, x �∈ Zx, (10.129)

ud=φd(Vs(x))
�
= [φT

d1(Vs(x)), . . . , φ
T
dq(Vs(x))]

T, x ∈ Zx, (10.130)

where φci : R
q
+ → Uci, φci(0) = 0, φdi : R

q
+ → Udi, i = 1, . . . , q, such that

the zero solution z(t) ≡ 0 to the comparison system

ż(t)=wc(z(t)), z(t0) = Vs(x(t0)), t ≥ t0, (10.131)

is rendered asymptotically stable, where wc(z)
�
= Fc(z, φc(z)) is of class W,

and Assumptions 10.1 and 10.2 hold. In this case, if there exists p ∈ R
q
+

such that vs(x)
�
= pTVs(x), x ∈ D, is positive definite, then it follows from

Theorem 10.2 that the zero solution x(t) ≡ 0 to (10.54)–(10.57), with uc and
ud given by (10.129) and (10.130), respectively, is asymptotically stable.

As can be seen from the above discussion, using an energy feedback
control architecture and exploiting the comparison system within the control
design for large-scale impulsive dynamical systems can significantly reduce
the dimensionality of a control synthesis problem in terms of the number
of states that need to be stabilized. It should be noted, however, that for
stability analysis of large-scale impulsive dynamical systems the comparison
system need not be linear as implied by (10.125). A nonlinear comparison
system would still guarantee stability of a large-scale impulsive dynamical
system provided that the conditions of Theorem 10.2 are satisfied.

10.4 Extended Kalman-Yakubovich-Popov Conditions for Large-

Scale Impulsive Dynamical Systems

In this section, we show that vector dissipativeness (respectively, exponential
vector dissipativeness) of a large-scale impulsive dynamical system G of the
form (10.54)–(10.57) can be characterized in terms of the local subsystem
functions fci(·), Gci(·), hci(·), Jci(·), fdi(·), Gdi(·), hdi(·), and Jdi(·), along
with the interconnection structures Ici(·) and Idi(·) for i = 1, . . . , q. For
the results in this section we consider the special case of dissipative systems
with quadratic vector hybrid supply rates and set D = R

n, Uci = R
mci ,

Udi = R
mdi , Yci = R

lci , and Ydi = R
ldi . Furthermore, we assume that

Z = Zx × R
mc , where Zx ⊂ D, so that resetting occurs only when x(t)

intersects Zx. Specifically, let Rci ∈ S
mci , Sci ∈ R

lci×mci , Qci ∈ S
lci , Rdi ∈

S
mdi , Sdi ∈ R

ldi×mdi , and Qdi ∈ S
ldi be given, and assume Sc(uc, yc) is
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such that sci(uci, yci) = yTciQciyci + 2yTciSciuci + uTciRciuci and Sd(ud, yd) is
such that sdi(udi, ydi) = yTdiQdiydi + 2yTdiSdiudi + uTdiRdiudi, i = 1, . . . , q.
Furthermore, for the remainder of this chapter we assume that there exists
a continuously differentiable vector storage function Vs(x), x ∈ R

n, for the
large-scale impulsive dynamical system G.

For the statement of the next result recall that x = [xT1 , . . . , x
T
q ]

T, uc =

[uTc1, . . . , u
T
cq]

T, yc = [yTc1, . . . , y
T
cq]

T, ud = [uTd1, . . . , u
T
dq]

T, yd = [yTd1, . . . , y
T
dq]

T,

xi ∈ R
ni , uci ∈ R

mci , yci ∈ R
lci , udi ∈ R

mdi , ydi ∈ R
ldi , i = 1, . . . , q,∑q

i=1 ni = n,
∑q

i=1 mci = mc,
∑q

i=1mdi = md,
∑q

i=1 lci = lc, and
∑q

i=1 ldi =
ld. Furthermore, for (10.54)–(10.57) define Fc : R

n → R
n, Gc : R

n →
R
n×mc , hc : R

n → R
lc , Jc : R

n → R
lc×mc , Fd : Rn → R

n, Gd : Rn → R
n×md,

hd : Rn → R
ld , and Jd : Rn → R

ld×md by Fc(x)
�
= [FT

c1(x), . . . ,FT
cq(x)]

T,

Fd(x)
�
= [FT

d1(x), . . . ,FT
dq(x)]

T, where Fci(x)
�
= fci(xi) + Ici(x), Fdi(x)

�
=

fdi(xi) + Idi(x), i = 1, . . . , q, Gc(x)
�
= block−diag[Gc1(x1), . . . , Gcq(xq)],

Gd(x)
�
= block−diag[Gd1(x1), . . . , Gdq(xq)], hc(x)

�
= [hTc1(x1), . . . , h

T
cq(xq)]

T,

hd(x)
�
= [hTd1(x1), . . . , h

T
dq(xq)]

T, Jc(x)
�
= block−diag [Jc1(x1), . . . , Jcq(xq)],

and Jd(x)
�
= block−diag[Jd1(x1), . . . , Jdq(xq)]. Moreover, for all i = 1, . . . , q,

define R̂ci ∈ S
mc , Ŝci ∈ R

lc×mc , Q̂ci ∈ S
lc , R̂di ∈ S

md , Ŝdi ∈ R
ld×md , and

Q̂di ∈ S
ld such that each of these block matrices consists of zero blocks

except, respectively, for the matrix blocks Rci ∈ S
mci , Sci ∈ R

lci×mci ,
Qci ∈ S

lci , Rdi ∈ S
mdi , Sdi ∈ R

ldi×mdi , and Qdi ∈ S
ldi on (i, i) position.

The next result introduces a more general definition of vector dissipa-
tivity involving an underlying nonlinear comparison system.

Definition 10.6. The large-scale impulsive dynamical system G given
by (10.54)–(10.57) is vector dissipative (respectively, exponentially vector
dissipative) with respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd))
if there exist a continuous, nonnegative definite vector function Vs = [vs1, . . . ,
vsq]

T : D → R
q
+, called a vector storage function, and a class W function

wc : R
q
+ → R

q such that Vs(0) = 0, wc(0) = 0, the zero solution z(t) ≡ 0 to
the comparison system

ż(t)=wc(z(t)), z(t0) = z0, t ≥ t0, (10.132)

is Lyapunov (respectively, asymptotically) stable, and the vector hybrid dis-
sipation inequality

Vs(x(T ))≤≤Vs(x(t0)) +

∫ T

t0

wc(Vs(x(t)))dt+

∫ T

t0

Sc(uc(t), yc(t))dt

+
∑

k∈Z[t0,T )

Sd(ud(tk), yd(tk)), T ≥ t0, (10.133)

is satisfied, where x(t), t ≥ t0, is the solution to (10.54)–(10.57) with uc(·) ∈
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Uc and ud(·) ∈ Ud. The large-scale impulsive dynamical system G given by
(10.54)–(10.57) is vector lossless with respect to the vector hybrid supply rate
(Sc(uc, yc), Sd(ud, yd)) if the vector hybrid dissipation inequality is satisfied
as an equality with the zero solution z(t) ≡ 0 to (10.132) being Lyapunov
stable.

If G is completely reachable and Vs(·) is continuously differentiable,
then (10.133) can be equivalently written as

V̇s(x(t)) ≤≤ wc(Vs(x(t))) + Sc(uc(t), yc(t)), tk < t ≤ tk+1, (10.134)

Vs(x(tk) + Fd(x(tk), ud(tk))) ≤≤ Vs(x(tk)) + Sd(ud(tk), yd(tk)), k ∈ Z+,

(10.135)

with uc(·) ∈ Uc and ud(·) ∈ Ud. If in Definition 10.6 the function wc :
R
q
+ → R

q is such that wc(z) = Wz, where W ∈ R
q×q, then W is essentially

nonnegative and Definition 10.6 collapses to Definition 10.5.

Theorem 10.11. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57). Let Rci ∈ S

mci , Sci ∈ R
lci×mci , Qci ∈ S

lci ,
Rdi ∈ S

mdi , Sdi ∈ R
ldi×mdi , and Qdi ∈ S

ldi , i = 1, . . . , q. Then G is vector
dissipative (respectively, exponentially vector dissipative) with respect to
the quadratic hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) =
yTciQciyci+2yTciSciuci+uTciRciuci and sdi(udi, ydi) = yTdiQdiydi+2yTdiSdiudi+
uTdiRdiudi, i = 1, . . . , q, if there exist functions Vs = [vs1, . . . , vsq]

T : Rn →
R
q
+, wc = [wc1, . . . , wcq]

T : R
q
+ → R

q, �ci : R
n → R

sci , Zci : R
n → R

sci×mc ,
�di : R

n → R
sdi, Zdi : R

n → R
sdi×md , P1i : R

n → R
1×md , and P2i : R

n →
N
md such that vsi(·) is continuously differentiable, vsi(0) = 0, i = 1, . . . , q,

wc(·) ∈ W, wc(0) = 0, the zero solution z(t) ≡ 0 to (10.132) is Lyapunov
(respectively, asymptotically) stable,

vsi(x+ Fd(x) +Gd(x)ud)= vsi(x+ Fd(x)) + P1i(x)ud + uTdP2i(x)ud,

x ∈ Zx, ud ∈ R
md , (10.136)

and, for all i = 1, . . . , q,

0= v′si(x)Fc(x)− hTc (x)Q̂cihc(x)− wci(Vs(x)) + �Tci(x)�ci(x), x �∈ Zx,

(10.137)

0= 1
2v

′
si(x)Gc(x)− hTc (x)(Ŝci + Q̂ciJc(x)) + �Tci(x)Zci(x), x �∈ Zx,

(10.138)

0= R̂ci + JT
c (x)Ŝci + ŜT

ciJc(x) + JT
c (x)Q̂ciJc(x)−ZT

ci(x)Zci(x), x �∈ Zx,

(10.139)

0= vsi(x+ Fd(x))− hTd (x)Q̂dihd(x)− vsi(x) + �Tdi(x)�di(x), x ∈ Zx,

(10.140)

0= 1
2P1i(x)− hTd (x)(Ŝdi + Q̂diJd(x)) + �Tdi(x)Zdi(x), x ∈ Zx, (10.141)
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0= R̂di + JT
d (x)Ŝdi + ŜT

diJd(x) + JT
d (x)Q̂diJd(x)− P2i(x)

−ZT
di(x)Zdi(x), x ∈ Zx. (10.142)

Proof. Suppose that there exist functions vsi : R
n → R+, �ci : R

n →
R
sci , Zci : R

n → R
sci×mc , �di : R

n → R
sdi, Zdi : R

n → R
sdi×md , wc : R

q
+ →

R
q, P1i : R

n → R
1×md , and P2i : R

n → N
md such that vsi(·) is continuously

differentiable and nonnegative definite, vsi(0) = 0, i = 1, . . . , q, wc(0) = 0,
wc(·) ∈ W, the zero solution z(t) ≡ 0 to (10.132) is Lyapunov (respectively,
asymptotically) stable, and (10.136)–(10.142) are satisfied. Then for every
uc(t) ∈ R

mc , t, t̂ ∈ R, tk < t ≤ t̂ ≤ tk+1, k ∈ Z+, and i = 1, . . . , q, it follows
from (10.137)–(10.139) that∫ t̂

t
sci(uci(σ), yci(σ))dσ=

∫ t̂

t
[uTc (σ)R̂ciuc(σ) + 2yTc (σ)Ŝciuc(σ)

+yTc (σ)Q̂ciyc(σ)]dσ

=

∫ t̂

t
[hTc (x(σ))Q̂cihc(x(σ))

+2hTc (x(σ))(Ŝci + Q̂ciJc(x(σ)))uc(σ)

+uTc (σ)(J
T
c (x(σ))Q̂ciJc(x(σ)) + JT

c (x(σ))Ŝci

+ŜT
ciJc(x(σ)) + R̂ci)uc(σ)]dσ

=

∫ t̂

t
[v′si(x(σ))(Fc(x(σ)) +Gc(x(σ))uc(σ))

+�Tci(x(σ))�ci(x(σ))

+2�Tci(x(σ))Zci(x(σ))uc(σ)

+uTc (σ)ZT
ci(x(σ))Zci(x(σ))uc(σ)

−wci(Vs(x(σ)))]dσ

=

∫ t̂

t
[v̇si(x(σ))

+[�ci(x(σ)) + Zci(x(σ))uc(σ)]
T[�ci(x(σ))

+Zci(x(σ))uc(σ)] − wci(Vs(x(σ)))]dσ

≥ vsi(x(t̂))− vsi(x(t))−
∫ t̂

t
wci(Vs(x(σ)))dσ,

(10.143)

where x(σ), σ ∈ (tk, tk+1], satisfies (10.54).
Next, for every ud(tk) ∈ R

md , tk ∈ R, and k ∈ Z+, it follows from
(10.136) and (10.140)–(10.142) that

vsi(x+Fd(x) +Gd(x)ud)− vsi(x)

= vsi(x+ Fd(x)) − vsi(x) + P1i(x)ud + uTdP2i(x)ud
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=hTd (x)Q̂dihd(x)− �Tdi(x)�di(x) + 2[hTd (x)(Q̂diJd(x)

+Ŝdi)− �Tdi(x)Zdi(x)]ud + uTd [R̂di + ŜT
diJd(x)

+JT
d (x)Ŝdi + JT

d (x)Q̂diJd(x)−ZT
di(x)Zdi(x)]ud

= sdi(udi, ydi)− [�di(x) + Zdi(x)ud]
T[�di(x) + Zdi(x)ud]

≤ sdi(udi, ydi). (10.144)

Now, using (10.143) and (10.144) the result is immediate with vector storage
function Vs(x) = [vs1(x), . . . , vsq(x)]

T, x ∈ R
n.

Using (10.137)–(10.142) it follows that for T ≥ t0 ≥ 0, k ∈ Z[t0,T ), and
i = 1, . . . , q,∫ T

t0

sci(uci(t), yci(t))dt+

∫ T

t0

wci(Vs(x(t)))dt+
∑

k∈Z[t0,T )

sdi(ud(tk), yd(tk))

= vsi(x(T )) − vsi(x(t0)) +

∫ T

t0

[�ci(x(t)) +Zci(x(t))uc(t)]
T

·[�ci(x(t)) + Zci(x(t))uc(t)]dt

+
∑

k∈Z[t0,T )

[�di(x(tk)) + Zdi(x(tk))ud(tk)]
T[�di(x(tk)) + Zdi(x(tk))ud(tk)],

(10.145)

where Vs(x) = [vs1(x), . . . , vsq(x)]
T, x ∈ R

n, which can be interpreted as a
generalized energy balance equation for the ith impulsive subsystem of G,
where vsi(x(T ))− vsi(x(t0)) is the stored or accumulated generalized energy
of the ith impulsive subsystem; the two path-dependent terms on the left
are, respectively, the external supplied energy to the ith subsystem over
the continuous-time dynamics and the energy gained over the continuous-
time dynamics by the ith subsystem from the net energy flow between all
subsystems due to subsystem coupling; the last discrete term on the left
corresponds to the external supplied energy to the ith subsystem at the re-
setting instants; the second path-dependent term on the right corresponds to
the dissipated energy from the ith impulsive subsystem over the continuous-
time dynamics; and the last discrete term on the right corresponds to the
dissipated energy from the ith impulsive subsystem at the resetting instants.

Equivalently, (10.145) can be rewritten as

v̇si(x(t)) = sci(uci(t), yci(t)) + wci(Vs(x(t)))

−[�ci(x(t)) + Zci(x(t))uc(t)]
T[�ci(x(t)) + Zci(x(t))uc(t)],

tk < t ≤ tk+1, i = 1, . . . , q, (10.146)

vsi(x(tk)+Fd(x(tk)) +Gd(x(tk))ud(tk))− vsi(x(tk))

= sdi(ud(tk), yd(tk))− [�di(x(tk)) + Zdi(x(tk))ud(tk)]
T

·[�di(x(tk)) + Zdi(x(tk))ud(tk)], k ∈ Z+, (10.147)
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which yields a set of q generalized energy conservation equations for the
large-scale impulsive dynamical system G. Specifically, (10.146) shows that
the rate of change in generalized energy, or generalized power, over the time
interval t ∈ (tk, tk+1] for the ith subsystem of G is equal to the general-
ized system power input to the ith subsystem plus the instantaneous rate
of energy supplied to the ith subsystem from the net energy flow between
all subsystems minus the internal generalized system power dissipated from
the ith subsystem; (10.147) shows that the change of energy at the reset-
ting times tk, k ∈ Z+, is equal to the external generalized system supplied
energy at the resetting times minus the generalized dissipated energy at the
resetting times.

Note that if G, with (uc(t), ud(tk)) ≡ (0, 0), is vector dissipative (re-
spectively, exponentially vector dissipative) with respect to the quadratic
hybrid supply rate, and Qci ≤ 0 and Qdi ≤ 0, i = 1, . . . , q, then it follows
from the vector hybrid dissipation inequality that for all k ∈ Z+,

V̇s(x(t)) ≤≤ wc(Vs(x(t))) + Sc(0, yc(t)) ≤≤ wc(Vs(x(t))), tk < t ≤ tk+1,

(10.148)

Vs(x(tk) + Fd(x(tk)))− Vs(x(tk)) ≤≤ Sd(0, yd(tk)) ≤≤ 0, (10.149)

where Sc(0, yc) = [sc1(0, yc1), . . . , scq(0, ycq)]
T, Sd(0, yd) = [sd1(0, yd1), . . . ,

sdq(0, ydq)]
T,

sci(0, yci(t))= yTci(t)Qciyci(t) ≤ 0, i = 1, . . . , q, (10.150)

sdi(0, ydi(tk))= yTdi(tk)Qdiydi(tk) ≤ 0, tk < t ≤ tk+1, k ∈ Z+,

i = 1, . . . , q, (10.151)

and x(t), t ≥ t0, is the solution to (10.54)–(10.57) with (uc(t), ud(tk)) ≡
(0, 0). If, in addition, there exists p ∈ R

q
+ such that pTVs(x), x ∈ R

n, is
positive definite, then it follows from Theorem 10.2 that the undisturbed
((uc(t), ud(tk)) ≡ (0, 0)) large-scale impulsive dynamical system (10.54)–
(10.57) is Lyapunov (respectively, asymptotically) stable.

Next, we extend the notions of passivity and nonexpansivity to vector
passivity and vector nonexpansivity.

Definition 10.7. The large-scale impulsive dynamical system G given
by (10.54)–(10.57) with mci = lci, mdi = ldi, i = 1, . . . , q, is vector pas-
sive (respectively, vector exponentially passive) if it is vector dissipative
(respectively, exponentially vector dissipative) with respect to the vector
hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) = 2yTciuci and
sdi(udi, ydi) = 2yTdiudi, i = 1, . . . , q.

Definition 10.8. The large-scale impulsive dynamical system G given
by (10.54)–(10.57) is vector nonexpansive (respectively, vector exponentially
nonexpansive) if it is vector dissipative (respectively, exponentially vector
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dissipative) with respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud,
yd)), where sci(uci, yci) = γ2ciu

T
ciuci − yTciyci and sdi (udi, ydi) = γ2diu

T
diudi −

yTdiydi, i = 1, . . . , q, and γci > 0, γdi > 0, i = 1, . . . , q, are given.

Note that a mixed vector passive-nonexpansive formulation of G can
also be considered. Specifically, one can consider large-scale impulsive dy-
namical systems G that are vector dissipative with respect to vector hybrid
supply rates (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) = 2yTciuci, sdi(udi, ydi)
= 2yTdiudi, i ∈ Zp, scj(ucj , ycj) = γ2cju

T
cjucj − yTcjycj , γcj > 0, sdj(udj , ydj) =

γ2dju
T
djudj−yTdjydj, γdj > 0, j ∈ Zne, Zp∩Zne = Ø, and Zp∪Zne = {1, . . . , q}.

Furthermore, hybrid supply rates for vector input strict passivity, vector out-
put strict passivity, and vector input-output strict passivity generalizing the
dissipativity notions given in [89] can also be considered.

The next result presents constructive sufficient conditions guarantee-
ing vector dissipativity of G with respect to a quadratic hybrid supply rate
for the case where the vector storage function Vs(x), x ∈ R

n, is component
decoupled, that is, Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n.

Theorem 10.12. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57). Assume that there exist functions Vs = [vs1, . . . ,
vsq]

T : R
n → R

q
+, wc = [wc1, . . . , wcq]

T : R
q
+ → R

q, �ci : R
n → R

sci ,
Zci : Rn → R

sci×mci , �di : Rn → R
sdi, Zdi : Rn → R

sdi×mdi , P1i : Rn →
R
1×mdi , and P2i : R

n → N
mdi such that Vs(x) = [vs1(x1), . . . , vsq(xq)]

T,
vsi(·) is continuously differentiable, vsi(0) = 0, i = 1, . . . , q, wc(·) ∈ W,
wc(0) = 0, the zero solution z(t) ≡ 0 to (10.132) is Lyapunov (respectively,
asymptotically) stable, and, for all x ∈ R

n and i = 1, . . . , q,

0≤ vsi(xi + Fdi(x)) − vsi(xi + Fdi(x) +Gdi(xi)udi) + P1i(x)udi

+uTdiP2i(x)udi, x ∈ Zx, udi ∈ R
mdi , (10.152)

0≥ v′si(xi)Fci(x)− hTci(xi)Qcihci(xi)− wci(Vs(x)) + �Tci(xi)�ci(xi),

x �∈ Zx, (10.153)

0= 1
2v

′
si(xi)Gci(xi)− hTci(xi)(Sci +QciJci(xi)) + �Tci(xi)Zci(xi),

x �∈ Zx, (10.154)

0≤Rci + JT
ci(xi)Sci + ST

ciJci(xi) + JT
ci(xi)QciJci(xi)−ZT

ci(xi)Zci(xi),

x �∈ Zx, (10.155)

0≥ vsi(xi + Fdi(x)) − hTdi(xi)Qdihdi(xi)− vsi(xi) + �Tdi(xi)�di(xi),

x ∈ Zx, (10.156)

0= 1
2P1i(x)− hTdi(xi)(Sdi +QdiJdi(xi)) + �Tdi(xi)Zdi(xi), x ∈ Zx,

(10.157)

0≤Rdi + JT
di(xi)Sdi + ST

diJdi(xi) + JT
di(xi)QdiJdi(xi)− P2i(x)

−ZT
di(xi)Zdi(xi), x ∈ Zx. (10.158)

Then G is vector dissipative (respectively, exponentially vector dissipative)
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with respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where
sci(uci, yci) = uTciRciuci+2yTciSciuci+yTciQciyci and sdi(udi, ydi) = uTdiRdiudi+
2yTdiSdiudi + yTdiQdiydi, i = 1, . . . , q.

Proof. For every admissible input uc(t) = [uTc1(t), . . . , u
T
cq(t)]

T such

that uci(t) ∈ R
mci , t, t̂ ∈ R, tk < t ≤ t̂ ≤ tk+1, k ∈ Z+, and i = 1, . . . , q, it

follows from (10.153)–(10.155) that∫ t̂

t
sci(uci(σ), yci(σ))dσ=

∫ t̂

t
[uTci(σ)Rciuci(σ) + 2yTci(σ)Sciuci(σ)

+yTci(σ)Qciyci(σ)]dσ

=

∫ t̂

t
[hTci(xi(σ))Qcihci(xi(σ))

+2hTci(xi(σ))(Sci +QciJci(xi(σ)))

uci(σ) + uTci(σ)(J
T
ci(xi(σ))QciJci(xi(σ))

+JT
ci(xi(σ))Sci + ST

ciJci(xi(σ))

+Rci)uci(σ)]dσ

≥
∫ t̂

t
[v′si(xi(σ))[Fci(x(σ)) +Gci(xi(σ))uci(σ)]

+�Tci(xi(σ))�ci(xi(σ))

+2�Tci(xi(σ))Zci(xi(σ))uci(σ)

+uTci(σ)ZT
ci(xi(σ))Zci(xi(σ))uci(σ)

−wci(Vs(x(σ)))]dσ

=

∫ t̂

t
[v̇si(xi(σ)) + [�ci(xi(σ))

+Zci(xi(σ))uci(σ)]
T[�ci(xi(σ))

+Zci(xi(σ))uci(σ)]− wci(Vs(x(σ)))]dσ

≥ vsi(xi(t̂))− vsi(xi(t)) −
∫ t̂

t
wci(Vs(x(σ)))dσ,

(10.159)

where x(σ), tk < σ ≤ tk+1, satisfies (10.54).
Next, for every admissible input ud(tk) = [uTd1(tk), . . . , u

T
dq(tk)]

T such

that udi(tk) ∈ R
mdi , tk ∈ R, k ∈ Z+, and i = 1, . . . , q, it follows from

(10.152) and (10.156)–(10.158) that

sdi(udi(tk), ydi(tk))=uTdi(tk)Rdiudi(tk) + 2yTdi(tk)Sdiudi(tk)

+yTdi(tk)Qdiydi(tk)

=hTdi(xi(tk))Qdihdi(xi(tk))

+2hTdi(xi(tk))(Sdi +QdiJdi(xi(tk)))udi(tk)
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+uTdi(tk)(J
T
di(xi(tk))QdiJdi(xi(tk))

+JT
di(xi(tk))Sdi + ST

diJdi(xi(tk)) +Rdi)udi(tk)

≥ vsi(xi(tk) + Fdi(x(tk))) + P1i(x(tk))udi(tk)

+�Tdi(xi(tk))�di(xi(tk)) + 2�Tdi(xi(tk))Zdi(xi(tk))udi(tk)

+uTdi(tk)P2i(x(tk))udi(tk)

+uTdi(tk)ZT
di(xi(tk))Zdi(xi(tk))udi(tk)− vsi(xi(tk))

≥ vsi(xi(tk) + Fdi(x(tk)) +Gdi(xi(tk))udi(tk))

+[�di(xi(tk)) + Zdi(xi(tk))udi(tk)]
T[�di(xi(tk))

+Zdi(xi(tk))udi(tk)]− vsi(xi(tk))

≥ vsi(xi(tk) + Fdi(x(tk)) +Gdi(xi(tk))udi(tk))

−vsi(xi(tk)), (10.160)

where x(tk), k ∈ Z+, satisfies (10.55). Now, the result follows from (10.159)
and (10.160) with vector storage function Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈
R
n.

Finally, we provide necessary and sufficient conditions for the case
where the large-scale impulsive dynamical system G is vector lossless with
respect to a quadratic hybrid supply rate.

Theorem 10.13. Consider the large-scale impulsive dynamical system
G given by (10.54)–(10.57). Let Rci ∈ S

mci , Sci ∈ R
lci×mci , Qci ∈ S

lci , Rdi ∈
S
mdi , Sdi ∈ R

ldi×mdi , and Qdi ∈ S
ldi , i = 1, . . . , q. Then G is vector loss-

less with respect to the quadratic hybrid supply rate (Sc(uc, yc), Sd(ud, yd)),
where sci(uci, yci) = uTciRciuci + 2yTciSciuci + yTciQciyci and sdi(udi, ydi) =
uTdiRdiudi+2yTdiSdiudi+yTdiQdiydi, i = 1, . . . , q, if and only if there exist func-

tions Vs = [vs1, . . . , vsq]
T : Rn → R

q
+, P1i : R

n → R
1×md , P2i : R

n → N
md ,

and wc = [wc1, . . . , wcq]
T : R

q
+ → R

q such that vsi(·) is continuously dif-
ferentiable, vsi(0) = 0, i = 1, . . . , q, wc ∈ W, wc(0) = 0, the zero solution
z(t) ≡ 0 to (10.132) is Lyapunov stable, and, for all x ∈ R

n, i = 1, . . . , q,
(10.136) holds and

0= v′si(x)Fc(x)− hTc (x)Q̂cihc(x)− wci(Vs(x)), x �∈ Zx, (10.161)

0= 1
2v

′
si(x)Gc(x)− hTc (x)(Ŝci + Q̂ciJc(x)), x �∈ Zx, (10.162)

0= R̂ci + JT
c (x)Ŝci + ŜT

ciJc(x) + JT
c (x)Q̂ciJc(x), x �∈ Zx, (10.163)

0= vsi(x+ Fd(x))− hTd (x)Q̂dihd(x)− vsi(x), x ∈ Zx, (10.164)

0= 1
2P1i(x)− hTd (x)(Ŝdi + Q̂diJd(x)), x ∈ Zx, (10.165)

0= R̂di + JT
d (x)Ŝdi + ŜT

diJd(x) + JT
d (x)Q̂diJd(x)− P2i(x), x ∈ Zx.

(10.166)

Proof. Sufficiency follows as in the proof of Theorem 10.11. To show
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necessity, suppose that G is lossless with respect to the quadratic hybrid
supply rate (Sc(uc, yc), Sd(ud, yd)). Then, there exist continuous functions
Vs = [vs1, . . . , vsq]

T : Rn → R
q
+ and wc = [wc1, . . . , wcq]

T : R
q
+ → R

q such
that Vs(0) = 0, the zero solution z(t) ≡ 0 to (10.132) is Lyapunov stable,
and for all k ∈ Z+, i = 1, . . . , q,

vsi(x(t̂))− vsi(x(t)) =

∫ t̂

t
sci(uci(σ), yci(σ))dσ+

∫ t̂

t
wci(Vs(x(σ)))dσ,

tk < t ≤ t̂ ≤ tk+1, (10.167)

and

vsi(x(tk) + Fd(x(tk)) +Gd(x(tk))ud(tk))= vsi(x(tk)) + sdi(udi(tk), ydi(tk)).

(10.168)

Now, dividing (10.167) by t̂ − t+ and letting t̂ → t+, (10.167) is equivalent
to

v̇si(x(t))= v′si(x(t))[Fc(x(t)) +Gc(x(t))uc(t)]

= sci(uci(t), yci(t)) + wci(Vs(x(t))), tk < t ≤ tk+1. (10.169)

Next, with t = t0, it follows from (10.169) that

v′si(x0)[Fc(x0) +Gc(x0)uc(t0)] = sci(uci(t0), yci(t0)) + wci(Vs(x0)),

x0 �∈ Zx, uc(t0) ∈ R
mc . (10.170)

Since x0 �∈ Zx is arbitrary, it follows that

v′si(x)[Fc(x) +Gc(x)uc] =wci(Vs(x)) + uTc R̂ciuc + 2yTc Ŝciuc + yTc Q̂ciyc

=wci(Vs(x)) + hTc (x)Q̂cihc(x)

+2hTc (x)(Q̂ciJc(x) + Ŝci)uc

+uTc (R̂ci + ŜT
ciJc(x) + JT

c (x)Ŝci

+JT
c (x)Q̂ciJc(x))uc, x ∈ R

n, uc ∈ R
mc .

(10.171)

Now, equating coefficients of equal powers yields (10.161)–(10.163).
Next, it follows from (10.168) with k = 1 that

vsi(x(t1) + Fd(x(t1)) +Gd(x(t1))ud(t1))= vsi(x(t1)) + sdi(udi(t1), ydi(t1)).

(10.172)

Now, since the continuous-time dynamics (10.54) are Lipschitz, it follows
that for arbitrary x ∈ Zx there exists x0 �∈ Zx such that x(t1) = x. Hence,
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it follows from (10.172) that

vsi(x+ Fd(x) +Gd(x)ud)= vsi(x) + uTd R̂diud + 2yTd Ŝdiud + yTd Q̂diyd

= vsi(x) + hTd (x)Q̂dihd(x)

+2hTd (x)(Q̂diJd(x) + Ŝdi)ud

+uTd (R̂di + ŜT
diJd(x) + JT

d (x)Ŝdi

+JT
d (x)Q̂diJd(x))ud, x ∈ R

n, ud ∈ R
md .

(10.173)

Since the right-hand side of (10.173) is quadratic in ud it follows that vsi(x+
Fd(x)+Gd(x)ud) is quadratic in ud, and hence, there exist P1i : R

n → R
1×md

and P2i : R
n → N

md , i = 1, . . . , q, such that

vsi(x+ Fd(x) +Gd(x)ud) = vsi(x+ Fd(x)) + P1i(x)ud + uTdP2i(x)ud,

x ∈ R
n, ud ∈ R

md . (10.174)

Now, using (10.174) and equating coefficients of equal powers in (10.173)
yields (10.164)–(10.166).

10.5 Specialization to Large-Scale Linear Impulsive

Dynamical Systems

In this section, we specialize the results of Section 10.4 to the case of large-
scale linear2 impulsive dynamical systems. Specifically, we assume that
wc(·) ∈ W is linear so that wc(z) = Wz, where W ∈ R

q×q is essentially
nonnegative, and consider the large-scale linear impulsive dynamical system
G given by

ẋ(t)=Acx(t) +Bcuc(t), x(t) �∈ Zx, (10.175)

Δx(t)= (Ad − In)x(t) +Bdud(t), x(t) ∈ Zx, (10.176)

yc(t)=Ccx(t) +Dcuc(t), x(t) �∈ Zx, (10.177)

yd(t)=Cdx(t) +Ddud(t), x(t) ∈ Zx, (10.178)

where Ac ∈ R
n×n is partitioned as Ac

�
= [Acij ], i, j = 1, . . . , q, Acij ∈

R
ni×nj ,

∑q
i=1 ni = n, Bc = block−diag[Bc1, . . . , Bcq], Cc = block−diag

[Cc1, . . . , Ccq], Dc = block−diag[Dc1, . . . ,Dcq], Bci ∈ R
ni×mci , Cci ∈ R

lci×ni ,

Dci ∈ R
lci×mci , Ad ∈ R

n×n is partitioned as Ad
�
= [Adij ], i, j = 1, . . . , q,

Adij ∈ R
ni×nj , Bd = block−diag[Bd1, . . . , Bdq], Cd = block−diag[Cd1, . . . ,

2Impulsive dynamical systems with fc(x) = Acx, Gc(x) = Bc, fd(x) = (Ad − I)x,
Gd(x) = Bd, hc(x) = Ccx, Jc(x) = Dc, hd(x) = Cdx, and Jd(x) = Dd are not linear.
However, this minor abuse in terminology provides a natural way of differentiating between
impulsive dynamical systems with nonlinear vector fields and nonlinear input functions
versus impulsive dynamical systems with linear vector fields and linear input functions.
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Cdq], Dd = block−diag[Dd1, . . . ,Ddq], Bdi ∈ R
ni×mdi , Cdi ∈ R

ldi×ni , Ddi ∈
R
ldi×mdi , and i = 1, . . . , q.

Theorem 10.14. Consider the large-scale linear impulsive dynamical
system G given by (10.175)–(10.178). Let Rci ∈ S

mci , Sci ∈ R
lci×mci , Qci ∈

S
lci , Rdi ∈ S

mdi , Sdi ∈ R
ldi×mdi , Qdi ∈ S

ldi , i = 1, . . . , q. Then G is vector
dissipative (respectively, exponentially vector dissipative) with respect to
the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) =
uTciRciuci+2yTciSciuci+yTciQciyci and sdi(udi, ydi) = uTdiRdiudi+2yTdiSdiudi+
yTdiQdiydi, i = 1, . . . , q, if there exist W ∈ R

q×q, Pi ∈ N
n, Lci ∈ R

sci×n,
Zci ∈ R

sci×mc , Ldi ∈ R
sdi×n, and Zdi ∈ R

sdi×md , i = 1, . . . , q, such that
W is essentially nonnegative and semistable (respectively, asymptotically
stable), and, for all i = 1, . . . , q,

0=xT(AT
c Pi + PiAc − CT

c Q̂ciCc −
q∑

j=1

W(i,j)Pj + LT
ciLci)x, x �∈ Zx,

(10.179)

0=xT(PiBc − CT
c (Ŝci + Q̂ciDc) + LT

ciZci), x �∈ Zx, (10.180)

0= R̂ci +DT
c Ŝci + ŜT

ciDc +DT
c Q̂ciDc − ZT

ciZci, (10.181)

0=xT(AT
dPiAd − CT

d Q̂diCd − Pi + LT
diLdi)x, x ∈ Zx, (10.182)

0=xT(AT
dPiBd − CT

d (Ŝdi + Q̂diDd) + LT
diZdi), x ∈ Zx, (10.183)

0= R̂di +DT
d Ŝdi + ŜT

diDd +DT
d Q̂diDd −BT

d PiBd − ZT
diZdi. (10.184)

Proof. The proof follows from Theorem 10.11 with Fc(x) = Acx,
Gc(x) = Bc, hc(x) = Ccx, Jc(x) = Dc, wc(r) = Wr, �ci(x) = Lcix, Zci(x) =
Zci, Fd(x) = Adx, Gd(x) = Bd, hd(x) = Cdx, Jd(x) = Dd, �di(x) =
Ldix, Zdi(x) = Zdi, P1i(x) = 2xTAT

dPiBd, P2i(x) = BT
d PiBd, and vsi(x) =

xTPix, i = 1, . . . , q.

Note that (10.179)–(10.184) are implied by[
Aci Bci

BT
ci Cci

]
=−

[
LT
ci

ZT
ci

] [
Lci Zci

]
≤ 0, (10.185)[

Adi Bdi

BT
di Cdi

]
=−

[
LT
di

ZT
di

] [
Ldi Zdi

]
≤ 0, i = 1, . . . , q, (10.186)

where, for all i = 1, . . . , q,

Aci=AT
c Pi + PiAc − CT

c Q̂ciCc −
q∑

j=1

W(i,j)Pj , (10.187)

Bci=PiBc − CT
c (Ŝci + Q̂ciDc), (10.188)

Cci=−(R̂ci +DT
c Ŝci + ŜT

ciDc +DT
c Q̂ciDc), (10.189)
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Adi=AT
dPiAd − CT

d Q̂diCd − Pi, (10.190)

Bdi=AT
dPiBd − CT

d (Ŝdi + Q̂diDd), (10.191)

Cdi=−(R̂di +DT
d Ŝdi + ŜT

diDd +DT
d Q̂diDd −BT

d PiBd). (10.192)

Hence, vector dissipativity of large-scale linear impulsive dynamical systems
with respect to quadratic hybrid supply rates can be characterized via (cas-
cade) linear matrix inequalities (LMIs) [26]. A similar remark holds for
Theorem 10.15 below.

The next result presents sufficient conditions guaranteeing vector dis-
sipativity of G with respect to a quadratic hybrid supply rate in the case
where the vector storage function is component decoupled.

Theorem 10.15. Consider the large-scale linear impulsive dynami-
cal system G given by (10.175)–(10.178). Let Rci ∈ S

mci , Sci ∈ R
lci×mci ,

Qci ∈ S
lci , Rdi ∈ S

mdi , Sdi ∈ R
ldi×mdi , and Qdi ∈ S

ldi, i = 1, . . . , q, be given.
Assume there exist matrices W ∈ R

q×q, Pi ∈ N
ni , Lcii ∈ R

scii×ni , Zcii ∈
R
scii×mci , Ldii ∈ R

sdii×ni , Zdii ∈ R
sdii×mci , i = 1, . . . , q, Lcij ∈ R

scij×ni ,
Zcij ∈ R

scij×nj , Ldij ∈ R
sdij×ni , and Zdij ∈ R

sdij×nj , i, j = 1, . . . , q, i �= j,
such that W is essentially nonnegative and semistable (respectively, asymp-
totically stable), and, for all i = 1, . . . , q,

0≥xTi

⎛
⎝AT

ciiPi + PiAcii − CT
ciQciCci −W(i,i)Pi + LT

ciiLcii

−
q∑

j=1, j 	=i

LT
cijLcij

⎞
⎠xi, x �∈ Zx, (10.193)

0=xTi (PiBci − CT
ciSci − CT

ciQciDci + LT
ciiZcii), x �∈ Zx (10.194)

0≤Rci +DT
ciSci + ST

ciDci +DT
ciQciDci − ZT

ciiZcii, (10.195)

0≥xTi

⎛
⎝AT

diiPiAdii − CT
diQdiCdi − Pi + LT

diiLdii

+

q∑
j=1, j 	=i

LT
dijLdij

⎞
⎠xi, x ∈ Zx, (10.196)

0=xTi (A
T
diiPiBdi − CT

diSdi − CT
diQdiDdi + LT

diiZdii), x ∈ Zx,

(10.197)

0≤Rdi +DT
diSdi + ST

diDdi +DT
diQdiDdi −BT

diPiBdi − ZT
diiZdii,

(10.198)

and for j = 1, . . . , q, l = 1, . . . , q, j �= i, l �= i,

0=xTi (PiAcij + LT
cijZcij), x �∈ Zx, (10.199)
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0≤xTj (W(i,j)Pj − ZT
cijZcij)xj , x �∈ Zx, (10.200)

0=xTj (A
T
dijPiBdi), x ∈ Zx, (10.201)

0≥xTj (A
T
dijPiAdil)xl, x ∈ Zx, (10.202)

0≥xTi (A
T
diiPiAdij + LT

dijZdij)xj , x ∈ Zx, (10.203)

0=xTj (Z
T
dijZdij)xj , x ∈ Zx. (10.204)

Then G is vector dissipative (respectively, exponentially vector dissipative)
with respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where
sci(uci, yci) = uTciRciuci+2yTciSciuci+yTciQciyci and sdi(udi, ydi) = uTdiRdiudi+
2yTdiSdiudi + yTdiQdiydi, i = 1, . . . , q.

Proof. Since Pi is nonnegative definite, the function vsi(xi)
�
= xTi Pixi,

xi ∈ R
ni , is nonnegative definite and vsi(0) = 0. Moreover, since vsi(·)

is continuously differentiable it follows from (10.193)–(10.204) that for all
uci(t) ∈ R

mci , udi(tk) ∈ R
mdi , i = 1, . . . , q, and tk < t ≤ tk+1, k ∈ Z+,

v̇si(xi(t))

= 2xTi (t)Pi

⎡
⎣ q∑
j=1

Acijxj(t) +Bciuci(t)

⎤
⎦

≤xTi (t)

⎡
⎣W(i,i)Pi +CT

ciQciCci − LT
ciiLcii −

q∑
j=1, j 	=i

LT
cijLcij

⎤
⎦xi(t)

−
q∑

j=1, j 	=i

2xTi (t)L
T
cijZcijxj(t)

+2xTi (t)C
T
ciSciuci(t) + 2xTi (t)C

T
ciQciDciuci(t)

−2xTi (t)L
T
ciiZciiuci(t) +

q∑
j=1, j 	=i

xTj (t)[W(i,j)Pj − ZT
cijZcij ]xj(t)

+uTci(t)Rciuci(t) + 2uTci(t)D
T
ciSciuci(t) + uTci(t)D

T
ciQciDciuci(t)

−uTci(t)Z
T
ciiZciiuci(t)

=

q∑
j=1

W(i,j)vsj(xj(t)) + uTci(t)Rciuci(t) + 2yTci(t)Sciuci(t)

+yTci(t)Qciyci(t)

−[Lciixi(t) + Zciiuci(t)]
T[Lciixi(t) + Zciiuci(t)]

−
q∑

j=1, j 	=i

(Lcijxi(t) + Zcijxj(t))
T(Lcijxi(t) + Zcijxj(t))
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≤ sci(uci(t), yci(t)) +

q∑
j=1

W(i,j)vsj(xj(t)). (10.205)

Furthermore,

vsi

⎛
⎝ q∑

j=1

Adijxj(tk) +Bdiudi(tk)

⎞
⎠ =

⎡
⎣ q∑
j=1

Adijxj(tk) +Bdiudi(tk)

⎤
⎦
T

·Pi

⎡
⎣ q∑
j=1

Adijxj(tk) +Bdiudi(tk)

⎤
⎦

≤xTi (tk)

⎡
⎣Pi + CT

diQdiCdi − LT
diiLdii −

q∑
j=1, j 	=i

LT
dijLdij

⎤
⎦xi(tk)

−
q∑

j=1, j 	=i

2xTi (tk)L
T
dijZdijxj(tk) + 2xTi (tk)C

T
diSdiudi(tk)

+2xTi (tk)C
T
diQdiDdiudi(tk)− 2xTi (tk)L

T
diiZdiiudi(tk)

−
q∑

j=1, j 	=i

xTj (tk)Z
T
dijZdijxj(tk) + uTdi(tk)Rdiudi(tk)

+2uTdi(tk)D
T
diSdiudi(tk) + uTdi(tk)D

T
diQdiDdiudi(tk)

−uTdi(tk)Z
T
diiZdiiudi(tk)

= vsi(xi(tk)) + uTdi(tk)Rdiudi(tk) + 2yTdi(tk)Sdiudi(tk) + yTdi(tk)Qdiydi(tk)

−[Ldiixi(tk) + Zdiiudi(tk)]
T[Ldiixi(tk) + Zdiiudi(tk)]

−
q∑

j=1, j 	=i

[Ldijxi(tk) + Zdijxj(tk)]
T[Ldijxi(tk) + Zdijxj(tk)]

≤ sdi(udi(tk), ydi(tk)) + vsi(xi(tk)). (10.206)

Writing (10.205) and (10.206) in vector form yields

V̇s(x)≤≤WVs(x) + Sc(uc, yc), uc ∈ R
mc , x �∈ Zx, (10.207)

Vs(Adx+Bdud)≤≤Vs(x) + Sd(ud, yd), ud ∈ R
md , x ∈ Zx, (10.208)

where Vs(x)
�
= [vs1(x1), . . . , vsq(xq)]

T, x ∈ R
n. Now, it follows from Defini-

tion 10.6 that G is vector dissipative (respectively, exponentially vector dissi-
pative) with respect to the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd))
and with vector storage function Vs(x), x ∈ R

n.
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10.6 Stability of Feedback Interconnections of Large-Scale

Impulsive Dynamical Systems

In this section, we use the concepts of vector dissipativity and vector stor-
age functions as candidate vector Lyapunov functions to develop feedback
interconnection stability results of large-scale impulsive dynamical systems.
General stability criteria are given for Lyapunov and asymptotic stability
of feedback large-scale impulsive dynamical systems. Specifically, we con-
sider input/state-dependent impulsive large-scale dynamical systems G of
the form

ẋ(t)=Fc(x(t), uc(t)), x(t0) = x0, (x(t), uc(t)) �∈ Z, t ≥ t0, (10.209)

Δx(t)=Fd(x(t), ud(t)), (x(t), uc(t)) ∈ Z, (10.210)

yc(t)=Hc(x(t), uc(t)), (x(t), uc(t)) �∈ Z, (10.211)

yd(t)=Hd(x(t), ud(t)), (x(t), uc(t)) ∈ Z, (10.212)

where x(t) ∈ D ⊆ R
n, t ≥ t0, uc(t) ∈ Uc ⊆ R

mc , ud(tk) ∈ Ud ⊆ R
md ,

yc(t) ∈ Yc ⊆ R
lc , yd(tk) ∈ Yd ⊆ R

ld, Fc : D × Uc → R
n, Fd : D × Ud → R

n,
Hc : D × Uc → Yc, Hd : D × Ud → Yd, D is an open set with 0 ∈ D,
Z ⊂ D × Uc, and Fc(0, 0) = 0.

Here, we assume that G represents a large-scale impulsive dynamical
system composed of q interconnected controlled impulsive subsystems Gi

such that, for all i = 1, . . . , q,

Fci(x, uci)= fci(xi) + Ici(x) +Gci(xi)uci, (10.213)

Fdi(x, udi)= fdi(xi) + Idi(x) +Gdi(xi)udi, (10.214)

Hci(xi, uci)=hci(xi) + Jci(xi)uci, (10.215)

Hdi(xi, udi)=hdi(xi) + Jdi(xi)udi, (10.216)

where xi ∈ Di ⊆ R
ni , uci ∈ Uci ⊆ R

mci , udi ∈ Udi ⊆ R
mdi , yci

�
=

Hci(xi, uci) ∈ Yci ⊆ R
lci , ydi

�
= Hdi(xi, udi) ∈ Ydi ⊆ R

ldi , ((uci, udi),
(yci, ydi)) is the hybrid input-output pair for the ith subsystem, fci : R

ni →
R
ni and Ici : D → R

ni are Lipschitz continuous and satisfy fci(0) = 0
and Ici(0) = 0, fdi : R

ni → R
ni and Idi : D → R

ni are continuous,
Gci : R

ni → R
ni×mci and Gdi : R

ni → R
ni×mdi are continuous, hci :

R
ni → R

lci and satisfies hci(0) = 0, hdi : R
ni → R

ldi , Jci : R
ni → R

lci×mci ,
Jdi : R

ni → R
ldi×mdi ,

∑q
i=1 ni = n,

∑q
i=1mci = mc,

∑q
i=1 mdi = md,∑q

i=1 lci = lc, and
∑q

i=1 ldi = ld. Furthermore, for the large-scale dynami-
cal system G we assume that the required properties for the existence and
uniqueness of solutions are satisfied, that is, for each i ∈ {1, . . . , q}, uci(·) and
udi(·) satisfy sufficient regularity conditions such that the system (10.209)
and (10.210) has a unique solution forward in time. We define the com-
posite input and composite output for the large-scale impulsive dynamical
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system G as uc
�
= [uTc1, . . . , u

T
cq]

T, ud
�
= [uTd1, . . . , u

T
dq]

T, yc
�
= [yTc1, . . . , y

T
cq]

T,

and yd
�
= [yTd1, . . . , y

T
dq]

T, respectively.
Next, we consider a dynamical large-scale impulsive feedback system

Gc given by

ẋc(t)=Fcc(xc(t), ucc(t)), xc(t0) = xc0, (xc(t), ucc(t)) �∈ Zc, (10.217)

Δxc(t)=Fdc(xc(t), udc(t)), (xc(t), ucc(t)) ∈ Zc, (10.218)

ycc(t)=Hcc(xc(t), ucc(t)), (xc(t), ucc(t)) �∈ Zc, (10.219)

ydc(t)=Hdc(xc(t), udc(t)), (xc(t), ucc(t)) ∈ Zc, (10.220)

where Fcc : R
nc ×Ucc → R

nc , Fdc : R
nc ×Udc → R

nc , Hcc : R
nc ×Ucc → Ycc,

Hdc : R
nc × Udc → Ydc, Fcc

�
= [FT

cc1, . . . , F
T
ccq]

T, Fdc
�
= [FT

dc1, . . . , F
T
dcq]

T,

Hcc
�
= [HT

cc1, . . . ,H
T
ccq]

T, Hdc
�
= [HT

dc1, . . . ,H
T
dcq]

T, Ucc ⊆ R
lc , Udc ⊆ R

ld,
Ycc ⊆ R

mc , Ydc ⊆ R
md . Moreover, for all i = 1, . . . , q, we assume that

Fcci(xc, ucci)= fcci(xci) + Icci(xc) +Gcci(xci)ucci, (10.221)

Fdci(xc, udci)= fdci(xci) + Idci(xc) +Gdci(xci)udci, (10.222)

Hcci(xci, ucci)=hcci(xci) + Jcci(xci)ucci, (10.223)

Hdci(xci, udci)=hdci(xci) + Jdci(xci)udci, (10.224)

where ucci ∈ Ucci ⊆ R
lci , udci ∈ Udci ⊆ R

ldi , ycci
�
= Hcci(xci, ucci) ∈

Ycci ⊆ R
mci , ydci

�
= Hdci(xci, udci) ∈ Ydci ⊆ R

mdi , fcci : R
nci → R

nci

and Icci : Rnc → R
nci satisfy fcci(0) = 0 and Icci(0) = 0, fdci : Rnci →

R
nci , Idci : Rnc → R

nci , Gcci : R
nci → R

nci×lci , Gdci : R
nci → R

nci×ldi ,
hcci : R

nci → R
mci and satisfies hcci(0) = 0, hdci : R

nci → R
mdi , Jcci :

R
nci → R

mci×lci , Jdci : R
nci → R

mdi×ldi , and
∑q

i=1 nci = nc. Furthermore,
we define the composite input and composite output for the system Gc as

ucc
�
= [uTcc1, . . . , u

T
ccq]

T, udc
�
= [uTdc1, . . . , u

T
dcq]

T, ycc
�
= [yTcc1, . . . , y

T
ccq]

T, and

ydc
�
= [yTdc1, . . . , y

T
dcq]

T, respectively. In this case, Ucc = Ucc1 × · · · × Uccq,
Udc = Udc1 × · · · ×Udcq, Ycc = Ycc1 × · · · × Yccq, and Ydc = Ydc1 × · · · × Ydcq.
Note that with the negative feedback interconnection given by Figure 10.1,
(ucc, udc) = (yc, yd) and (ycc, ydc) = (−uc,−ud).

We assume that the negative feedback interconnection of G and Gc is
well posed, that is, det[Imci+Jcci(xci)Jci(xi)] �= 0, det[Imdi

+Jdci(xci)Jdi(xi)]
�= 0 for all xi ∈ R

ni , xci ∈ R
nci , and i = 1, . . . , q. Next, we assume that

Zc � Zcxc ×Zcucc = {(xc, ucc) : Xc(xc, ucc) = 0}, where Xc : R
nc ×Ucc → R,

and define the closed-loop resetting set

Z̃x̃ � Zx ×Zcxc ∪ {(x, xc) : (Lcc(x, xc),Lc(x, xc)) ∈ Zcucc ×Zuc}, (10.225)

where Lcc(·, ·) and Lc(·, ·) are functions of x and xc arising from the alge-
braic loops due to ucc and uc, respectively. Note that since the feedback
interconnection of G and Gc is well posed, it follows that Z̃x̃ is well de-
fined and depends on the closed-loop states x̃ � [xT xTc ]

T. Furthermore, we
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G

Gc
�

�

+

–

Figure 10.1 Feedback interconnection of large-scale systems G and Gc.

assume that for the large-scale systems G and Gc, the conditions of The-
orem 10.8 are satisfied, that is, if Vs(x), x ∈ R

n, and Vcs(xc), xc ∈ R
nc ,

are vector storage functions for G and Gc, respectively, then there exist
p ∈ R

q
+ and pc ∈ R

q
+ such that the functions vs(x) = pTVs(x), x ∈ R

n,

and vcs(xc) = pTc Vcs(xc), xc ∈ R
nc , are positive definite. The following re-

sult gives sufficient conditions for Lyapunov and asymptotic stability of the
feedback interconnection given by Figure 10.1.

Theorem 10.16. Consider the large-scale impulsive dynamical sys-
tems G and Gc given by (10.209)–(10.212) and (10.217)–(10.220), respec-
tively. Assume that G and Gc are vector dissipative with respect to the
vector hybrid supply rates (Sc(uc, yc), Sd(ud, yd)) and (Scc(ucc, ycc), Sdc(udc,
ydc)), and with continuously differentiable vector storage functions Vs(·) and
Vcs(·), and dissipation matrices W ∈ R

q×q and Wc ∈ R
q×q, respectively.

i) If there exists Σ
�
= diag[σ1, . . . , σq] > 0 such that

Sc(uc, yc) + ΣScc(ucc, ycc)≤≤ 0, (10.226)

Sd(ud, yd) + ΣSdc(udc, ydc)≤≤ 0, (10.227)

and W̃ ∈ R
q×q is semistable (respectively, asymptotically stable),

where

W̃(i,j)�max
{
W(i,j), (ΣWcΣ

−1)(i,j)
}

=max

{
W(i,j),

σi
σj

Wc(i,j)

}
, i, j = 1, . . . , q, (10.228)

then the negative feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

ii) Let Qci ∈ S
lci , Sci ∈ R

lci×mci , Rci ∈ S
mci , Qdi ∈ S

ldi, Sdi ∈ R
ldi×mdi ,

Rdi ∈ S
mdi , Qcci ∈ S

mci , Scci ∈ R
mci×lci , Rcci ∈ S

lci , Qdci ∈ S
mdi ,
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Sdci ∈ R
mdi×ldi , and Rdci ∈ S

ldi , and suppose

Sc(uc, yc)= [sc1(uc1, yc1), . . . , scq(ucq, ycq)]
T, (10.229)

Sd(ud, yd)= [sd1(ud1, yd1), . . . , sdq(udq, ydq)]
T, (10.230)

Scc(ucc, ycc)= [scc1(ucc1, ycc1), . . . , sccq(uccq, yccq)]
T, (10.231)

Sdc(udc, ydc)= [sdc1(udc1, ydc1), . . . , sdcq(udcq, ydcq)]
T, (10.232)

where

sci(uci, yci)=uTciRciuci + 2yTciSciuci + yTciQciyci, (10.233)

sdi(udi, ydi)=uTdiRdiudi + 2yTdiSdiudi + yTdiQdiydi, (10.234)

scci(ucci, ycci)=uTcciRcciucci + 2yTcciScciucci + yTcciQcciycci, (10.235)

sdci(udci, ydci)=uTdciRdciudci + 2yTdciSdciudci + yTdciQdciydci, (10.236)

for all i = 1, . . . , q. If there exists Σ
�
= diag[σ1, . . . , σq] > 0 such that

for all i = 1, . . . , q,

Q̃ci
�
=

[
Qci + σiRcci −Sci + σiS

T
cci

−ST
ci + σiScci Rci + σiQcci

]
≤ 0, (10.237)

Q̃di
�
=

[
Qdi + σiRdci −Sdi + σiS

T
dci

−ST
di + σiSdci Rdi + σiQdci

]
≤ 0, (10.238)

and W̃ ∈ R
q×q is semistable (respectively, asymptotically stable),

where

W̃(i,j)�max
{
W(i,j), (ΣWcΣ

−1)(i,j)
}

=max

{
W(i,j),

σi
σj

·Wc(i,j)

}
, i, j = 1, . . . , q, (10.239)

then the negative feedback interconnection of G and Gc is Lyapunov
(respectively, asymptotically) stable.

Proof. Let T̃ c � T c
x0,uc

∪ T c
xc0,ucc

and tk ∈ T̃ c, k ∈ Z+. First, note
that it follows from Assumptions 10.1 and 10.2 that the resetting times
tk(= τk(x̃0)) for the feedback system are well defined and distinct for every
closed-loop trajectory.

i) Consider the vector Lyapunov function candidate V (x, xc) = Vs(x)+
ΣVcs(xc), (x, xc) ∈ R

n × R
nc , and note that the corresponding vector Lya-

punov derivative of V (x, xc) along the state trajectories (x(t), xc(t)), t ∈
(tk, tk+1), is given by

V̇ (x(t), xc(t)) = V̇s(x(t)) + ΣV̇cs(xc(t))

≤≤Sc(uc(t), yc(t)) + ΣScc(ucc(t), ycc(t)) +WVs(x(t))

+ΣWcVcs(xc(t))
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≤≤WVs(x(t)) + ΣWcΣ
−1ΣVcs(xc(t))

≤≤ W̃ (Vs(x(t)) + ΣVcs(xc(t)))

= W̃V (x(t), xc(t)), (x(t), xc(t)) �∈ Z̃x̃, (10.240)

and the Lyapunov difference of V (x, xc) at the resetting times tk, k ∈ Z+,
is given by

ΔV (x(tk), xc(tk)) = ΔVs(x(tk)) + ΣΔVcs(xc(tk))

≤≤Sd(ud(tk), yd(tk)) + ΣSdc(udc(tk), ydc(tk))

≤≤ 0, (x(t), xc(t)) ∈ Z̃x̃. (10.241)

Next, since for Vs(x), x ∈ R
n, and Vcs(xc), xc ∈ R

nc , there exist, by as-
sumption, p ∈ R

q
+ and pc ∈ R

q
+ such that the functions vs(x) = pTVs(x), x ∈

R
n, and vcs(xc) = pTc Vcs(xc), xc ∈ R

nc , are positive definite, and noting that
vcs(xc) ≤ maxi=1,...,q{pci}eTVcs(xc), where pci is the ith element of pc and

e � [1, . . . , 1]T, it follows that eTVcs(xc), xc ∈ R
nc , is positive definite. Now,

since

min
i=1,...,q

{piσi}eTVcs(xc) ≤ pTΣVcs(xc), (10.242)

it follows that pTΣVcs(xc), xc ∈ R
nc , is positive definite. Hence, the function

v(x, xc) � pTV (x, xc), (x, xc) ∈ R
n × R

nc , is positive definite. Now, the
result is a direct consequence of Theorem 10.2.

ii) The proof follows from i) by noting that, for all i = 1, . . . , q,

sci(uci, yci) + σiscci(ucci, ycci)=

[
yc
ycc

]T
Q̃ci

[
yc
ycc

]
, (10.243)

sdi(udi, ydi) + σisdci(udci, ydci)=

[
yd
ydc

]T
Q̃di

[
yd
ydc

]
, (10.244)

and hence, Sc(uc, yc) + ΣScc(ucc, ycc) ≤≤ 0 and Sd(ud, yd) + ΣSdc(udc,
ydc) ≤≤ 0.

For the next result note that if the large-scale impulsive dynamical
system G is vector dissipative with respect to the vector hybrid supply
rate (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) = 2yTciuci and sdi(udi, ydi) =
2yTdiudi, i = 1, . . . , q, then, with κci(yci) = −κciyci and κdi(ydi) = −κdiydi,
where κci > 0, κdi > 0, i = 1, . . . , q, it follows that sci(κci(yci), yci) =
−2κciy

T
ciyci < 0 and sdi(κdi(ydi), ydi) = −2κdiy

T
diydi < 0, yci �= 0, ydi �=

0, i = 1, . . . , q. Alternatively, if G is vector dissipative with respect to
the vector hybrid supply rate (Sc(uc, yc), Sd(ud, yd)), where sci(uci, yci) =
γ2ciu

T
ciuci − yTciyci and sdi(udi, ydi) = γ2diu

T
diudi − yTdiydi, where γci > 0,

γdi > 0, i = 1, . . . , q, then, with κci(yci) = 0 and κdi(ydi) = 0, it follows that
sci(κci(yci), yci) = −yTciyci < 0 and sdi(κdi(ydi), ydi) = −yTdiydi < 0, yci �= 0,
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ydi �= 0, i = 1, . . . , q. Hence, if G is zero-state observable and the dissipation
matrix W is such that there exist α ≥ 0 and p ∈ R

q
+ such that (2.4) holds,

then it follows from Theorem 10.8 that (scalar) storage functions of the form
vs(x) = pTVs(x), x ∈ R

n, where Vs(·) is a vector storage function for G, are
positive definite. If G is exponentially vector dissipative, then p is positive.

Corollary 10.3. Consider the large-scale impulsive dynamical systems
G and Gc given by (10.209)–(10.212) and (10.217)–(10.220), respectively.
Assume that G and Gc are zero-state observable and the dissipation matrices
W ∈ R

q×q and Wc ∈ R
q×q are such that there exist, respectively, α ≥ 0,

p ∈ R
q
+, αc ≥ 0, and pc ∈ R

q
+ such that (2.4) is satisfied. Then the following

statements hold:

i) If G and Gc are vector passive and W̃ ∈ R
q×q is asymptotically stable,

where W̃(i,j)
�
= max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the negative

feedback interconnection of G and Gc is asymptotically stable.

ii) If G and Gc are vector nonexpansive and W̃ ∈ R
q×q is asymptotically

stable, where W̃(i,j)
�
= max{W(i,j), Wc(i,j)}, i, j = 1, . . . , q, then the

negative feedback interconnection of G and Gc is asymptotically stable.

Proof. The proof is a direct consequence of Theorem 10.16. Specif-
ically, statement i) follows from Theorem 10.16 with Rci = 0, Sci = Imci ,
Qci = 0, Rdi = 0, Sdi = Imdi

, Qdi = 0, Rcci = 0, Scci = Imci , Qcci = 0,
Rdci = 0, Sdci = Imdi

, Qdci = 0, i = 1, . . . , q, and Σ = Iq. Statement
ii) follows from Theorem 10.16 with Rci = γ2ciImci , Sci = 0, Qci = −Ilci ,
Rdi = γ2diImdi

, Sdi = 0, Qdi = −Ildi , Rcci = γ2cciIlci , Scci = 0, Qcci = −Imci ,
Rdci = γ2dciIldi , Sdci = 0, Qdci = −Imdi

, i = 1, . . . , q, and Σ = Iq.





Chapter Eleven

Control Vector Lyapunov Functions for
Large-Scale Impulsive Systems

11.1 Introduction

The mathematical descriptions of many hybrid dynamical systems can be
characterized by impulsive differential equations [11,13,82,94,117,155]. As
shown in Chapter 10, impulsive dynamical systems can be viewed as a sub-
class of hybrid systems and consist of three elements—namely, a continuous-
time differential equation, which governs the motion of the dynamical system
between impulsive or resetting events; a difference equation, which governs
the way the system states are instantaneously changed when a resetting
event occurs; and a criterion for determining when the states of the system
are to be reset. Since impulsive systems can involve impulses at variable
times, they are in general time-varying systems, wherein the resetting events
are both a function of time and the system’s state. In the case where the
resetting events are defined by a prescribed sequence of times that are in-
dependent of the system state, the equations are known as time-dependent
differential equations [11,13,32,74,75,117]. Alternatively, in the case where
the resetting events are defined by a manifold in the state space that is
independent of time, the equations are autonomous and are known as state-
dependent differential equations [11, 13,32,74,75,117].

Even though impulsive dynamical systems were first formulated by
Mil’man and Myshkis [138, 139], the fundamental theory of impulsive dif-
ferential equations is developed in the monographs by Bainov, Lakshmikan-
tham, Perestyuk, Samoilenko, and Simeonov [11–13,117,155]. These mono-
graphs develop qualitative solution properties, existence of solutions, asymp-
totic properties of solutions, and stability theory of impulsive dynamical
systems. In a recent series of papers [37, 74, 75, 78], stability, dissipativity,
and optimality results have been developed for impulsive dynamical systems
that include invariant set stability theorems, partial stability, dissipativity
theory, and optimal control design.

In this chapter, we provide generalizations to vector Lyapunov theory
for continuous-time systems presented in Chapter 5 to address stability and
control design of impulsive dynamical systems via vector Lyapunov func-
tions. Vector Lyapunov theory has been developed to weaken the hypothe-
sis of standard Lyapunov theory to enlarge the class of Lyapunov functions
that can be used for analyzing system stability. In particular, as shown in
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Chapters 5 and 6 the use of vector Lyapunov functions in dynamical sys-
tem theory offers a very flexible framework since each component of the
vector Lyapunov function can satisfy less rigid requirements as compared to
a single scalar Lyapunov function. Weakening the hypothesis on the Lya-
punov function enlarges the class of Lyapunov functions that can be used
for analyzing system stability. In particular, each component of a vector
Lyapunov function need not be positive definite with a negative or even
negative-semidefinite derivative. Alternatively, the time derivative of the
vector Lyapunov function need only satisfy an element-by-element inequal-
ity involving a vector field of a certain comparison system. Since in this
case the stability properties of the comparison system imply the stability
properties of the dynamical system, the use of vector Lyapunov theory can
significantly reduce the complexity (i.e., dimensionality) of the dynamical
system being analyzed. Extensions of vector Lyapunov function theory that
include relaxed conditions on standard vector Lyapunov functions as well as
matrix Lyapunov functions appear in [52, 131,132].

In this chapter, we extend the notion of control vector Lyapunov func-
tions presented in Chapter 5 to impulsive dynamical systems and show that
in the case of a scalar comparison system the definition of a control vector
Lyapunov function collapses into a combination of the classical definition of
a control Lyapunov function for continuous-time dynamical systems given
in [6] and the definition of a control Lyapunov function for discrete-time dy-
namical systems given in [3,38]. In addition, using control vector Lyapunov
functions, we present a universal hybrid decentralized feedback stabilizer for
a decentralized affine in the control nonlinear impulsive dynamical system
with guaranteed gain and sector margins. These results are then used to
develop hybrid decentralized controllers for large-scale impulsive dynamical
systems with robustness guarantees against full modeling and input uncer-
tainty.

11.2 Control Vector Lyapunov Functions for Impulsive Systems

In this section, we consider a feedback control problem and generalize the
notion of a control vector Lyapunov function introduced in Chapter 5 to
nonlinear impulsive dynamical systems. Specifically, consider the nonlinear
controlled impulsive dynamical system given by

ẋ(t)=Fc(x(t), uc(t)), x(t0) = x0, x(t) �∈ Z, t ≥ t0, (11.1)

Δx(t)=Fd(x(t), ud(t)), x(t) ∈ Z, (11.2)

where x0 ∈ D, D ⊆ R
n is an open set with 0 ∈ D, uc(t) ∈ Uc ⊆ R

mc , t ≥
t0, ud(tk) ∈ Ud ⊆ R

md , tk denotes the kth instant of time at which x(t)
intersects Z for a particular trajectory x(t) and input (uc(·), ud(·)), Fc :
D × Uc → R

n is Lipschitz continuous for all (x, uc) ∈ D × Uc and satisfies
Fc(0, 0) = 0, and Fd : D×Ud → R

n is continuous. Here, we assume that uc(·)
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and ud(·) are restricted to the class of admissible control inputs consisting
of measurable functions such that (uc(t), ud(tk)) ∈ Uc×Ud for all t ≥ t0 and
k ∈ Z[t0,t) � {k : t0 ≤ tk < t}, where the constraint set Uc × Ud is given
with (0, 0) ∈ Uc × Ud. Furthermore, we assume that uc(·) and ud(·) satisfy
sufficient regularity conditions such that the nonlinear impulsive dynamical
system (11.1) and (11.2) has a unique solution forward in time. Let φc :
D → Uc be such that φc(0) = 0 and let φd : Z → Ud. If (uc(t), ud(tk)) =
(φc(x(t)), φd(x(tk))), where x(t), t ≥ t0, satisfies (11.1) and (11.2), then
(uc(·), ud(·)) is called a hybrid feedback control.

Definition 11.1. If there exist a continuously differentiable vector func-
tion V = [v1, . . . , vq]

T : D → Q ∩ R
q
+, continuous functions wc = [wc1, . . . ,

wcq]
T : Q × D → R

q and wd = [wd1, . . . , wdq]
T : Q × Z → R

q, and a

positive vector p ∈ R
q
+ such that V (0) = 0, v(x) � pTV (x), x ∈ D, is

positive definite, wc(·, x) ∈ Wc, wd(·, x) ∈ Wd, wc(0, 0) = 0, Fc(x) �
∩q
i=1Fci(x) �= Ø, x ∈ D, x �∈ Z, x �= 0, Fd(x) � ∩q

i=1Fdi(x) �= Ø, x ∈ Z,

where Fci(x) � {uc ∈ Uc : v′i(x)Fc(x, uc) < wci(V (x), x)}, x ∈ D, x �∈
Z, x �= 0, i = 1, . . . , q, and Fdi(x) � {ud ∈ Ud : vi(x+ Fd(x, ud))− vi(x) ≤
wdi(V (x), x)}, x ∈ Z, i = 1, . . . , q, then the vector function V : D → Q∩R

q
+

is called a control vector Lyapunov function candidate.

It follows from Definition 11.1 that if there exists a control vector
Lyapunov function candidate, then there exists a hybrid feedback control
law φc : D → Uc and φd : Z → Ud such that

V ′(x)Fc(x, φc(x))<<wc(V (x), x), x ∈ D, x �∈ Z, x �= 0,

V (x+ Fd(x, φd(x)))≤≤V (x) + wd(V (x), x), x ∈ Z.

Moreover, if the nonlinear impulsive dynamical system

ż(t)=wc(z(t), x(t)), z(t0) = z0, x(t) �∈ Z, t ≥ t0, (11.3)

ẋ(t)=Fc(x(t), φc(x(t))), x(t0) = x0, x(t) �∈ Z, (11.4)

Δz(t)=wd(z(t), x(t)), x(t) ∈ Z, (11.5)

Δx(t)=Fd(x(t), φd(x(t))), x(t) ∈ Z, (11.6)

where z0 ∈ Q and x0 ∈ D, is asymptotically stable with respect to z
uniformly in x0, then it follows from Theorem 10.2 that the zero solution
x(t) ≡ 0 to (11.4) and (11.6) is asymptotically stable. In this case, the vec-
tor function V : D → R

q
+ given in Definition 11.1 is called a control vector

Lyapunov function for impulsive dynamical system (11.1) and (11.2). This
is a generalization of the notion of control vector Lyapunov functions intro-
duced in Chapter 5 for continuous-time systems. Furthermore, if D = R

n,
Q = R

q, Uc = R
mc , Ud = R

md , v : Rn → R+ is radially unbounded, and
the system (11.3)–(11.6) is globally asymptotically stable with respect to
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z uniformly in x0, then the zero solution x(t) ≡ 0 to (11.1) and (11.2) is
globally asymptotically stabilizable.

If in Definition 11.1 wc(z, x) = wc(z), wd(z, x) = wd(z), and the zero
solution z(t) ≡ 0 to

ż(t)=wc(z(t)), z(t0) = z0, x(t) �∈ Z, t ≥ t0, (11.7)

Δz(t)=wd(z(t)), x(t) ∈ Z, (11.8)

where z0 ∈ Q, is asymptotically stable, then it follows from Theorem 10.2,
with wc(z, x) = wc(z), wd(z, x) = wd(z), that V : D → Q ∩ R

q
+ is a control

vector Lyapunov function. In this case, the nonlinear impulsive comparison
system (11.7) and (11.8) is a time-dependent impulsive dynamical system
[82]. To see this, note that the resetting times τk(x0), k ∈ Z+, where
x(τk(x0)) ∈ Z and x(t) is the solution to (11.1) and (11.2), are determined
by the state of (11.1) and (11.2), and hence, provide a prescribed sequence of
the resetting times for (11.7) and (11.8) since the dynamics of the impulsive
system (11.1) and (11.2) and the comparison system (11.7) and (11.8) are
decoupled.

In the case where q = 1, wc(z, x) ≡ wc(z), and wd(z, x) ≡ wd(z),
Definition 11.1 implies the existence of a positive-definite continuously dif-
ferentiable function v : D → Q ∩ R+ and continuous functions wc : Q → R

and wd : Q → R, where Q ⊆ R, such that wc(0) = 0, Fc(x) = {uc ∈ Uc :
v′(x)Fc(x, uc) < wc(v(x))} �= Ø, x ∈ D, x �∈ Z, x �= 0, and Fd(x) = {ud ∈
Ud : v(x+ Fd(x, ud))− v(x) ≤ wd(v(x))} �= Ø, x ∈ Z, which implies

inf
uc∈Uc

v′(x)Fc(x, uc)<wc(v(x)), x �∈ Z, x �= 0, (11.9)

inf
ud∈Ud

[v(x+ Fd(x, ud))− v(x)]≤wd(v(x)), x ∈ Z. (11.10)

Now, the fact that Fc(x) �= Ø, x ∈ D, x �∈ Z, x �= 0, and Fd(x) �= Ø, x ∈ Z,
implies the existence of a hybrid feedback control law φc : D → Uc and
φd : Z → Ud such that v′(x)Fc(x, φc(x)) < wc(v(x)), x ∈ D, x �∈ Z, x �= 0,
and v(x+Fd(x, φd(x)))− v(x) ≤ wd(v(x)), x ∈ Z. Moreover, if v : D → R+

is a control vector Lyapunov function (with q = 1), then it follows from the
discussion above that the zero solution z(t) ≡ 0 to the system (11.7) and
(11.8) is asymptotically stable and, since q = 1, this implies that wc(z) <
0, z ∈ Q∩R+, z �= 0. Thus, since v(·) is positive definite, (11.9) and (11.10)
can be rewritten as

inf
uc∈Uc

v′(x)Fc(x, uc)< 0, x �∈ Z, x �= 0, (11.11)

inf
ud∈Ud

[v(x+ Fd(x, ud))− v(x)]≤wd(v(x)), x ∈ Z, (11.12)

where (11.11) is similar to the definition of a scalar control Lyapunov func-
tion for continuous-time dynamical systems.



CONTROL VECTOR LYAPUNOV FUNCTIONS FOR IMPULSIVE SYSTEMS 275

Since the system (11.7) and (11.8) is time-dependent it is impossible
to determine the sign of wd(·), which, in this case, can vary for the different
values of the argument. The sign definiteness of wc(·) follows from the fact
that the system (11.7) and (11.8) is asymptotically stable and might exhibit
no resettings for a particular trajectory. However, asymptotic stability of
the zero solution to scalar state-dependent impulsive dynamical systems
necessarily implies the negative definiteness of both continuous-time and
discrete-time dynamics in a sufficiently small neighborhood of the origin.

Next, consider the case where the control input to (11.1) and (11.2)
possesses a decentralized control architecture so that the dynamics of (11.1)
and (11.2) are given by

ẋi(t)=Fci(x(t), uci(t)), x(t) �∈ Z, t ≥ t0, i = 1, . . . , q, (11.13)

Δxi(t)=Fdi(x(t), udi(t)), x(t) ∈ Z, i = 1, . . . , q, (11.14)

where xi(t) ∈ R
ni , x(t) = [xT1 (t), . . . , x

T
q (t)]

T, uci(t) ∈ Uci ⊆ R
mci , t ≥ t0,

udi(tk) ∈ Udi ⊆ R
mdi , k ∈ Z+, tk denotes the kth resetting time for a

particular trajectory of (11.13) and (11.14),
∑q

i=1 ni = n,
∑q

i=1mci = mc,
and

∑q
i=1 mdi = md. Note that xi(t) ∈ R

ni , t ≥ t0, i = 1, . . . , q, as long
as x(t) ∈ D, t ≥ t0, and the sets of control inputs are given by Uc =
Uc1 × · · · × Ucq ⊆ R

mc and Ud = Ud1 × · · · × Udq ⊆ R
md .

In the case of a component decoupled control vector Lyapunov function
candidate, that is, V (x) = [v1(x1), . . . , vq(xq)]

T, x ∈ D, it suffices to require
in Definition 11.1 that, for all i = 1, . . . , q,

Fci(x)= {uc ∈ Uc : v
′
i(xi)Fci(x, uci) < wci(V (x), x)} �= Ø, x ∈ D,

x �∈ Z, x �= 0, (11.15)

Fdi(x)= {ud ∈ Ud : vi(xi + Fdi(x, udi))− vi(x) ≤ wdi(V (x), x)} �= Ø,

x ∈ Z, (11.16)

to ensure that Fc(x) = ∩q
i=1Fci(x) �= Ø, x ∈ D, x �∈ Z, x �= 0, and Fd(x) =

∩q
i=1Fdi(x) �= Ø, x ∈ Z. Note that for a component decoupled control vector

Lyapunov function V : D → Q∩ R
q
+, (11.15) is equivalent to

inf
uc∈Uc

V ′(x)Fc(x, uc)<<wc(V (x), x), x ∈ D, x �∈ Z, x �= 0, (11.17)

and (11.16) implies

inf
ud∈Ud

[V (x+ Fd(x, ud))− V (x)]≤≤wd(V (x), x), x ∈ Z, (11.18)

where the infimum in (11.17) and (11.18) is taken componentwise, that
is, for each component of (11.17) and (11.18) the infimum is calculated
separately. It follows from the fact that Fc(x) �= Ø, x ∈ D, x �∈ Z, x �= 0,
and Fd(x) �= Ø, x ∈ Z, that there exists a hybrid feedback control law φc :
D → Uc and φd : Z → Ud such that φc(x) = [φT

c1(x), . . . , φ
T
cq(x)]

T, x ∈ D,
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φd(x) = [φT
d1(x), . . . , φ

T
dq(x)]

T, x ∈ Z, where φci : D → Uci, φdi : Z → Udi,

v′i(xi)Fci(x, φci(x)) < wci(V (x), x), x ∈ D, x �∈ Z, x �= 0, and vi(xi +
Fdi(x, φdi(x))) − vi(xi) ≤ wdi(V (x), x), x ∈ Z, i = 1, . . . , q. Finally, note
that if wci(V (x), x) = 0 for x ∈ D with xi = 0, then condition (11.15) holds
for all x ∈ D such that xi �= 0.

Next, we consider the special case of a nonlinear impulsive dynamical
system of the form (11.13) and (11.14) with affine control inputs given by

ẋi(t)= fci(x(t)) +Gci(x(t))uci(t), x(t) �∈ Z, t ≥ t0, i = 1, . . . , q,

(11.19)

Δxi(t)= fdi(x(t)) +Gdi(x(t))udi(t), x(t) ∈ Z, i = 1, . . . , q, (11.20)

where fci : Rn → R
ni satisfying fci(0) = 0 and Gci : Rn → R

ni×mci are
smooth functions (at least continuously differentiable mappings) for all i =
1, . . . , q, fdi : Rn → R

ni and Gdi : Rn → R
ni×mdi are continuous for all

i = 1, . . . , q, uci(t) ∈ R
mci , t ≥ t0, and udi(tk) ∈ R

mdi , k ∈ Z+, for all
i = 1, . . . , q.

Theorem 11.1. Consider the controlled nonlinear impulsive dynami-
cal system given by (11.19) and (11.20). If there exist a continuously dif-
ferentiable, component decoupled vector function V : Rn → R

q
+, continu-

ous functions P1ui : Rn → R
1×mdi , P2ui : Rn → R

mdi×mdi , i = 1, . . . , q,
wc = [wc1, . . . , wcq]

T : R
q
+ ×R

n → R
q, wd = [wd1, . . . , wdq]

T : R
q
+ ×Z → R

q,
and a positive vector p ∈ R

q
+ such that V (0) = 0, the scalar function

v : Rn → R+ defined by v(x) � pTV (x), x ∈ R
n, is positive definite and

radially unbounded, wc(·, x) ∈ Wc, wd(·, x) ∈ Wd, wc(0, 0) = 0, and, for all
i = 1, . . . , q,

vi(xi + fdi(x) +Gdi(x)udi) = vi(xi + fdi(x)) + P1ui(x)udi + uTdiP2ui(x)udi,

x ∈ R
n, udi ∈ R

mdi , (11.21)

v′i(xi)fci(x) < wci(V (x), x), x ∈ Ri, (11.22)

vi(xi + fdi(x))− vi(xi)− 1
4P1ui(x)P

+
2ui(x)P

T
1ui(x) ≤ wdi(V (x), x), x ∈ Z,

(11.23)

where Ri � {x ∈ R
n, x �= 0 : v′i(xi)Gci(x) = 0}, i = 1, . . . , q, and P+

2ui(·)
is the Moore-Penrose generalized inverse of P2ui(·), then V : Rn → R

q
+ is a

control vector Lyapunov function candidate. If, in addition, there exist φc :
R
n → R

mc and φd : Z → R
md such that φc(x) = [φT

c1(x), . . . , φ
T
cq(x)]

T, x ∈
R
n, φd(x) = [φT

d1(x), . . . , φ
T
dq(x)]

T, x ∈ Z, and the system (11.3)–(11.6) is
globally asymptotically stable with respect to z uniformly in x0, then the
zero solution x(t) ≡ 0 to (11.4) and (11.6) is globally asymptotically stable
and V : Rn → R

q
+ is a control vector Lyapunov function.
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Proof. Note that for all i = 1, . . . , q,

inf
uci∈Rmci

v′i(xi)(fci(x) +Gci(x)uci)=

{
−∞, x �∈ Ri,

v′i(xi)fci(x), x ∈ Ri,

<wci(V (x), x), x ∈ R
n, x �= 0,

which implies that Fci(x) �= Ø, x ∈ R
n, x �= 0, i = 1, . . . , q. Next, note

that it follows from a Taylor series expansion about x∗i = xi + fdi(x) that
P1ui(x) = v′i(x

∗
i )Gdi(x) and

P2ui(x) =
1

2
GT

di(x)
∂2vi
∂x2i

∣∣∣∣
xi=x∗

i

Gdi(x). (11.24)

Since V (·) is continuously differentiable it follows that ∂2vi
∂x2

i

∣∣∣
xi=x∗

i

is symmet-

ric, and hence, P2ui(·) is symmetric for all i = 1, . . . , q.
Next, with udi = −1

2P
+
2ui(x)P

T
1ui(x), x ∈ Z, i = 1, . . . , q, it follows

from (11.21) and (11.23) that

vi(xi + fdi(x) +Gdi(x)udi)− vi(xi)

= vi(xi + fdi(x))− vi(xi) + P1ui(x)udi + uTdiP2ui(x)udi

= vi(xi + fdi(x))− vi(xi)−
1

4
P1ui(x)P

+
2ui(x)P

T
1ui(x)

≤wdi(V (x), x), x ∈ Z, i = 1, . . . , q, (11.25)

which implies that Fdi(x) �= Ø, x ∈ Z. Now, the result is a direct conse-
quence of the definition of a control vector Lyapunov function by noting that,
for component decoupled vector Lyapunov functions, (11.15) and (11.16) are
equivalent to Fc(x) �= Ø, x ∈ R

n, x �= 0, and Fd(x) �= Ø, x ∈ Z, respectively.

Using Theorem 11.1 we can construct an explicit feedback control law
that is a function of the control vector Lyapunov function V (·). Specifically,
consider the hybrid feedback control law φc(x) = [φT

c1(x), . . . , φ
T
cq(x)]

T, x ∈
R
n, and φd(x) = [φT

d1(x), . . . , φ
T
dq(x)]

T, x ∈ Z, given by

φci(x) =

{
−
(
c0i +

(αi(x)−wci(V (x),x))+μi(x)

βT
i (x)βi(x)

)
βi(x), βi(x) �= 0,

0, βi(x) = 0,
(11.26)

and

φdi(x) = −1

2
P+
2ui(x)P

T
1ui(x), x ∈ Z, (11.27)

where

μi(x)�
√

(αi(x)− wci(V (x), x))2 + (βT
i (x)βi(x))

2, (11.28)
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αi(x)� v′i(xi)fci(x), (11.29)

βi(x)�GT
ci(x)v

′T
i (xi), x ∈ R

n, (11.30)

and c0i > 0, i = 1, . . . , q. The derivative V̇ (·) along the trajectories of the
dynamical system (11.19), with uc = φc(x), x ∈ R

n, given by (11.26), is
given by

v̇i(xi)= v′i(xi)(fci(x) +Gci(x)φci(x))

=αi(x) + βT
i (x)φci(x)

=

{
−c0iβ

T
i (x)βi(x)− μi(x) +wci(V (x), x), βi(x) �= 0,

αi(x), βi(x) = 0,

<wci(V (x), x), x ∈ R
n. (11.31)

In addition, using (11.21), the difference of V (x) at the resetting in-
stants with ud = φd(x), x ∈ Z, given by (11.27), is given by

Δvi(xi)= vi(xi + fdi(x) +Gdi(x)φdi(x))− vi(xi)

= vi(xi + fdi(x))− vi(xi)−
1

4
P1ui(x)P

+
2ui(x)P

T
1ui(x)

≤wdi(V (x), x), x ∈ Z. (11.32)

Thus, if the zero solution z(t) ≡ 0 to (11.3)–(11.6) is globally asymptot-
ically stable with respect to z uniformly in x0, then it follows from The-
orem 10.2 that the zero solution x(t) ≡ 0 to (11.19) and (11.20) with
uc = φc(x) = [φT

c1(x), . . . , φ
T
cq(x)]

T, x ∈ R
n, given by (11.26) and ud =

φd(x) = [φT
d1(x), . . . , φ

T
dq(x)]

T, x ∈ Z, given by (11.27) is globally asymp-
totically stable.

If in Theorem 11.1 wc(z, x) = wc(z), wd(z, x) = wd(z), and the zero
solution z(t) ≡ 0 to (11.7) and (11.8) is globally asymptotically stable, then
it follows from Theorem 10.2 that the hybrid feedback control law given by
(11.26) and (11.27) is a globally asymptotically stabilizing controller for the
nonlinear impulsive dynamical system (11.19) and (11.20).

In the case where q = 1, the functions w(·, ·) and wd(·, ·) in Theorem
11.1 can be set to be identically zero, that is, wc(z, x) ≡ 0 and wd(z, x) ≡ 0.
In this case, the feedback control law (11.26) specializes to Sontag’s universal
formula [165], the feedback control law (11.27) specializes to the discrete-
time control law given in [38], and the hybrid feedback control law (11.26)
and (11.27) is a global stabilizer for the nonlinear impulsive dynamical sys-
tem (11.19) and (11.20).

Since fci(·) and Gci(·) are smooth and vi(·) is continuously differen-
tiable for all i = 1, . . . , q, it follows that αi(x) and βi(x), x ∈ R

n, i = 1, . . . , q,
are continuous functions, and hence, φci(x) given by (11.26) is continuous for
all x ∈ R

n if either βi(x) �= 0 or αi(x)−wci(V (x), x) < 0 for all i = 1, . . . , q.
Hence, the feedback control law given by (11.26) is continuous everywhere
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except for the origin. The following result provides necessary and suffi-
cient conditions under which the feedback control law given by (11.26) is
guaranteed to be continuous at the origin in addition to being continuous
everywhere else.

Proposition 11.1. The feedback control law φc(x) given by (11.26) is
continuous on R

n if and only if for every ε > 0, there exists δ > 0 such
that for all 0 < ‖x‖ < δ there exists uci ∈ R

mci such that ‖uci‖ < ε and
αi(x) + βT

i (x)uci < wci(V (x), x), i = 1, . . . , q.

Proof. This is a restatement of Proposition 5.1.

If the conditions of Proposition 11.1 are satisfied, then the feedback
control law φc(x) given by (11.26) is continuous on R

n. However, it is
important to note that for a particular trajectory x(t), t ≥ 0, of (11.19)
and (11.20), φc(x(t)) is a piecewise continuous function of time due to state
resettings.

11.3 Stability Margins and Inverse Optimality

In this section, we construct a hybrid feedback control law that is robust to
sector bounded input nonlinearities. Specifically, we consider the nonlinear
impulsive dynamical system (11.19) and (11.20) with nonlinear uncertainties
in the input so that the impulsive dynamics of the system are given by

ẋi(t)= fci(x(t)) +Gci(x(t))σci(uci(t)), x(t) �∈ Z, t ≥ t0, i = 1, . . . , q,

(11.33)

Δxi(t)= fdi(x(t)) +Gdi(x(t))σdi(udi(t)), x(t) ∈ Z, i = 1, . . . , q, (11.34)

where σci(·) ∈ Φci � {σci : R
mci → R

mci : σci(0) = 0 and 1
2u

T
ciuci ≤

σT
ci(uci)uci < ∞, uci ∈ R

mci}, σdi(·) ∈ Φdi � {σdi : Rmdi → R
mdi : σdi(0) =

0 and αdu
2
dij ≤ σdij(udi)udij < βdu

2
dij, udi ∈ R

mdi}, i = 1, . . . , q, σdij(·) ∈ R

and udij ∈ R, j = 1, . . . ,mdi, are the jth components of σdi(·) and udi,
respectively, and 0 ≤ αd < 1 < βd < ∞. In addition, we show that
for the dynamical system (11.19) and (11.20) the hybrid feedback control
law to be defined in Theorem 11.2 is inverse optimal in the sense that it
minimizes a derived hybrid performance functional over the set of stabiliz-
ing controllers S(x0) � {(uc(·), ud(·)) : uc(·) and ud(·) are admissible and
x(t) → 0 as t → ∞}.

Theorem 11.2. Consider the nonlinear impulsive dynamical system
(11.19) and (11.20) and assume that the conditions of Theorem 11.1 hold
with (11.23) replaced by

vi(xi + fdi(x))− vi(xi)−
1

4
P1ui(x)(R2di(x) + P2ui(x))

−1PT
1ui(x)
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≤ wdi(V (x)), x ∈ Z, (11.35)

where R2di : Z → R
mdi×mdi is positive definite, wc(z, x) ≡ wc(z), wd(z, x) ≡

wd(z), and with the zero solution z(t) ≡ 0 to (11.7) and (11.8) being globally
asymptotically stable. Then the hybrid feedback control law (φci(·), φdi(·))
given by (11.26) and

φdi(x) = −1

2
(R2di(x) + P2ui(x))

−1PT
1ui(x), x ∈ Z, i = 1, . . . , q, (11.36)

minimizes the performance functional given by

J(x0, uc(·), ud(·))=
∫ ∞

t0

q∑
i=1

[L1ci(x(t)) + uTci(t)R2ci(x(t))uci(t)]dt

+
∑

k∈Z[t0,∞)

q∑
i=1

[L1di(x(tk)) + uTdi(tk)R2di(x(tk))udi(tk)]

(11.37)

in the sense that

J(x0, φc(x(·)), φd(x(·))) = min
(uc(·),ud(·))∈S(x0)

J(x0, uc(·), ud(·)), x0 ∈ R
n,

(11.38)

where Z[t0,∞) = {k : t0 ≤ tk < ∞},

L1ci(x)�−αi(x) +
γi(x)

2
βT
i (x)βi(x), x ∈ R

n, (11.39)

R2ci(x)�
{ 1

2γi(x)
Imci , βi(x) �= 0,

0, βi(x) = 0,
(11.40)

γi(x)�
{

c0i +
(αi(x)−wci(V (x)))+μi(x)

βT
i (x)βi(x)

> 0, βi(x) �= 0,

0, βi(x) = 0,
(11.41)

L1di(x) � φT
di(x)(R2di(x) + P2ui(x))φdi(x)− vi(xi + fdi(x)) + vi(xi), x ∈ Z,

μi(x) �
√

(αi(x)− wci(V (x)))2 + (βT
i (x)βi(x))

2, x ∈ R
n, and P2ui(·) and

vi(·) are given in Theorem 11.1. Furthermore, J(x0, φc(x(·)), φd(x(·))) =
eTV (x0), x0 ∈ R

n, where V : R
n → R

q
+ is a control vector Lyapunov

function for the impulsive dynamical system (11.19) and (11.20). In ad-
dition, the nonlinear impulsive dynamical system (11.33) and (11.34) with
the hybrid feedback control law given by (11.26) and (11.36) is globally
asymptotically stable for all σci(·) ∈ Φci and σdi(·) ∈ Φdi, i = 1, . . . , q,

where αd = maxi=1,...,q

(
1

1+θdi

)
, βd = mini=1,...,q

(
1

1−θdi

)
, θdi �

√
γ
di

γdi
, γ

di
�

infx∈Z σmin(R2di(x)), γdi � supx∈Z σmax(R2di(x) + P2ui(x)), i = 1, . . . , q.
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Proof. To show that the hybrid feedback control law (11.26) and
(11.36) minimizes (11.37) in the sense of (11.38), define the Hamiltonian

H(x, uc, ud) = Hc(x, uc) +Hd(x, ud), (11.42)

where

Hc(x, uc)�
q∑

i=1

[L1ci(x) + uTciR2ci(x)uci + v′i(xi)(fci(x) +Gci(x)uci)],

Hd(x, ud)�
q∑

i=1

[L1di(x) + uTdiR2di(x)udi

+vi(xi + fdi(x) +Gdi(x)udi)− vi(xi)],

and note that H(x, φc(·), φd(·)) = 0 and H(x, uc, ud) ≥ 0, x ∈ R
n, uc ∈ R

mc ,
ud ∈ R

md , since

H(x, uc, ud)=

q∑
i=1

(uci − φci(x))
TR2ci(x)(uci − φci(x))

+

q∑
i=1

(udi − φdi(x))
T(R2di(x) + P2ui(x))(udi − φdi(x)),

x ∈ R
n, uc ∈ R

mc , ud ∈ R
md . (11.43)

Thus,

J(x0, uc(·), ud(·))=
∫ ∞

t0

[
Hc(x(t), uc(t))

−
q∑

i=1

v′i(xi(t))(fci(x(t)) +Gci(x(t))uci(t))

]
dt

+
∑

k∈Z[t0,∞)

[Hd(x(tk), ud(tk))

+

q∑
i=1

(vi(xi(tk))− vi(xi(tk) + fdi(x(tk))

+Gdi(x(tk))udi(tk))]

=− lim
t→∞ eTV (x(t)) + eTV (x0)

+

∫ ∞

t0

Hc(x(t), uc(t))dt

+
∑

k∈Z[t0,∞)

Hd(x(tk), ud(tk))

≥ eTV (x0)

= J(x0, φc(x(·)), φd(x(·))), (11.44)
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which yields (11.38).
Next, we show that the uncertain nonlinear impulsive dynamical sys-

tem (11.33) and (11.34) with the hybrid feedback control law (11.26) and
(11.36) is globally asymptotically stable for all σci(·) ∈ Φci(·) and σdi(·) ∈
Φdi(·). It follows from Theorem 11.1 that the hybrid feedback control law
(11.26) and (11.36) globally asymptotically stabilizes the impulsive dynam-
ical system (11.19) and (11.20) and the vector function V : Rn → R

q
+ is a

control vector Lyapunov function for the impulsive dynamical system (11.19)
and (11.20). Note that with (11.41) the continuous-time feedback control
law (11.26) can be rewritten as φci(x) = −γi(x)βi(x), x ∈ R

n, i = 1, . . . , q.
Let the control vector Lyapunov function V : Rn → R

q
+ for (11.19) and

(11.20) be a vector Lyapunov function candidate for (11.33) and (11.34).
Then the vector Lyapunov derivative components along the trajectories of
(11.33) are given by

v̇i(xi)= v′i(xi)(fci(x) +Gci(x)σci(φci(x)))

=αi(x) + βT
i (x)σci(φci(x)), x �∈ Z, i = 1, . . . , q. (11.45)

Note that φci(x) = 0, and hence, σci(φci(x)) = 0 whenever βi(x) = 0 for all
i = 1, . . . , q. In this case, it follows from (11.22) that v̇i(xi) < wci(V (x)),
x �∈ Z, βi(x) = 0, x �= 0, i = 1, . . . , q.

Next, consider the case where βi(x) �= 0, i = 1, . . . , q. In this case,
note that, for all i = 1, . . . , q,

αi(x)−wci(V (x))− γi(x)

2
βT
i (x)βi(x)

=
−c0iβ

T
i (x)βi(x)

2
+

(αi(x)− wci(V (x))) − μi(x)

2
< 0, x �∈ Z, βi(x) �= 0, (11.46)

where μi(x) �
√

(αi(x)− wci(V (x)))2 + (βT
i (x)βi(x))

2. Thus, the vector

Lyapunov derivative components given by (11.45) satisfy

v̇i(xi)<wci(V (x)) +
γi(x)

2
βT
i (x)βi(x) + βT

i (x)σci(φci(x))

=wci(V (x)) +
1

2γi(x)
φT
ci(x)φci(x)−

1

γi(x)
φT
ci(x)σci(φci(x))

=wci(V (x)) +
1

γi(x)

[
φT
ci(x)φci(x)

2
− φT

ci(x)σci(φci(x))

]
≤wci(V (x)), x �∈ Z, βi(x) �= 0, (11.47)

for all σci(·) ∈ Φci and i = 1, . . . , q.
Next, consider the Lyapunov difference of each component of V (·)

at the resetting instants for the resetting dynamics (11.34) with udi =
φdi(x) given by (11.36). Note that it follows from (11.35) that L1di(x) +
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wdi(V (x)) ≥ 0, x ∈ Z, i = 1, . . . , q, and hence, since σdi(·) ∈ Φdi it follows
that

Δvi(xi)= vi(xi + fdi(x) +Gdi(x)σdi(φdi(x))) − vi(xi)

≤ vi(xi + fdi(x)) − vi(xi) + P1ui(x)σdi(φdi(x))

+σT
di(φdi(x))P2ui(x)σdi(φdi(x)) + L1di(x) + wdi(V (x))

=P1ui(x)σdi(φdi(x)) + σT
di(φdi(x))P2ui(x)σdi(φdi(x))

+φT
di(x)(R2di(x) + P2ui(x))φdi(x) + wdi(V (x))

=φT
di(x)(R2di(x) + P2ui(x))φdi(x)

+σT
di(φdi(x))P2ui(x)σdi(φdi(x))

−2φT
di(x)(R2di(x) + P2ui(x))σdi(φdi(x)) + wdi(V (x))

= [σdi(φdi(x))− φdi(x)]
T(R2di(x) + P2ui(x))[σdi(φdi(x))

−φdi(x)]− σT
di(φdi(x))R2di(x)σdi(φdi(x)) + wdi(V (x))

≤ γdi[σdi(φdi(x))− φdi(x)]
T[σdi(φdi(x))− φdi(x)]

−γ
di
σT
di(φdi(x))σdi(φdi(x)) + wdi(V (x))

= γdi(1− θ2di)

[
σdi(φdi(x))−

1

1 + θdi
φdi(x)

]T

·
[
σdi(φdi(x)) −

1

1− θdi
φdi(x)

]
+ wdi(V (x))

= γdi(1− θ2di)

mdi∑
j=1

(
σdij(φdi(x))−

1

1 + θdi
φdij(x)

)

·
(
σdij(φdi(x))−

1

1− θdi
φdij(x)

)
+ wdi(V (x))

≤wdi(V (x)), x ∈ Z, i = 1, . . . , q. (11.48)

Since the impulsive dynamical system (11.7) and (11.8) is globally asymp-
totically stable it follows from Theorem 10.2 that the nonlinear impulsive
dynamical system (11.33) and (11.34) is globally asymptotically stable for
all σci(·) ∈ Φci and σdi(·) ∈ Φdi, i = 1, . . . , q.

It follows from Theorem 11.2 that with the hybrid feedback stabi-
lizing control law (11.26) and (11.36) the nonlinear impulsive dynamical
system (11.19) and (11.20) has a sector (and hence gain) margin ((12 ,∞),

( 1
1+θdi

, 1
1−θdi

)), i = 1, . . . , q, in each decentralized input channel. For further
details on gain, sector, and disk margins for nonlinear impulsive dynami-
cal systems controlled by optimal hybrid regulators along with connections
to the equivalence between dissipativity and optimality of nonlinear hybrid
controllers, see [76].



284 CHAPTER 11

11.4 Decentralized Control for Large-Scale Impulsive

Dynamical Systems

In this section, we apply the proposed hybrid control framework to de-
centralized control of large-scale nonlinear impulsive dynamical systems.
Specifically, we consider the large-scale dynamical system G involving en-
ergy exchange between n interconnected subsystems. Let xi : [0,∞) → R+

denote the energy (and hence a nonnegative quantity) of the ith subsys-
tem, let uci : [0,∞) → R denote the control input to the ith subsystem, let
σcij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the instantaneous rate of en-

ergy flow from the jth subsystem to the ith subsystem between resettings,
let σdij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the amount of energy

transferred from the jth subsystem to the ith subsystem at the resetting
instant, and let Z ⊂ R

n
+ be a resetting set for the large-scale impulsive

dynamical system G.
An energy balance for each subsystem Gi, i = 1, . . . q, yields [81,82]

ẋi(t)=

n∑
j=1,j 	=i

[σcij(x(t))− σcji(x(t))] +Gci(x(t))uci(t), x(t0) = x0,

x(t) �∈ Z, t ≥ t0, (11.49)

Δxi(t)=

n∑
j=1,j 	=i

[σdij(x(t))− σdji(x(t))] +Gdi(x(t))udi(t), x(t) ∈ Z,

(11.50)

or, equivalently, in vector form for the large-scale impulsive dynamical sys-
tem G

ẋ(t)= fc(x(t)) +Gc(x(t))uc(t), x(t0) = x0, x(t) �∈ Z, t ≥ t0, (11.51)

Δx(t)= fd(x(t)) +Gd(x(t))ud(t), x(t) ∈ Z, (11.52)

where x(t) = [x1(t), . . . , xn(t)]
T, t ≥ t0, fci(x) =

∑n
j=1,j 	=i φcij(x), where

φcij(x) � σcij(x) − σcji(x), x ∈ R
n
+, i �= j, i, j = 1, . . . , q, denotes the net

energy flow from the jth subsystem to the ith subsystem between resettings,
Gc(x) = diag[Gc1(x), . . . , Gcn(x)] = diag[x1, . . . , xn], x ∈ R

n
+, Gd(x) =

diag[Gd1(x), . . . , Gdn(x)], x ∈ Z, Gdi : R
n → R, i = 1, . . . , n, uc(t) ∈

R
n, t ≥ t0, ud(tk) ∈ R

n, k ∈ Z+, fdi(x) =
∑n

j=1,j 	=i φdij(x), where φdij(x) �
σdij(x) − σdji(x), x ∈ Z, i �= j, i, j = 1, . . . , q, denotes the net amount
of energy transferred from the jth subsystem to the ith subsystem at the
instant of resetting. Here, we assume that σcij : R

n
+ → R+, i �= j, i, j =

1, . . . , n, are locally Lipschitz continuous on R
n
+, σcij(0) = 0, i �= j, i, j =

1, . . . , n, and uc = [uc1, . . . , ucn]
T : R → R

n is such that uci : R → R, i =
1, . . . , n, are bounded piecewise continuous functions of time. Furthermore,
we assume that σcij(x) = 0, x ∈ R

n
+, whenever xj = 0, i �= j, i, j = 1, . . . , n,
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and xi +
∑n

j=1,j 	=i φdij(x) ≥ 0, x ∈ Z. In this case, fc(·) is essentially

nonnegative [69, 81] (that is, fci(x) ≥ 0 for all x ∈ R
n
+ such that xi = 0, i =

1, . . . , n) and x+fd(x), x ∈ Z ⊂ R
n
+, is nonnegative (that is, xi+fdi(x) ≥ 0

for all x ∈ Z, i = 1, . . . , n).
The above constraints imply that if the energy of the jth subsystem of

G is zero, then this subsystem cannot supply any energy to its surroundings
between resettings and the ith subsystem of G cannot transfer more energy
to its surroundings than it possesses at the instant of resetting. Finally, to
ensure that the trajectories of the closed-loop system remain in the nonneg-
ative orthant of the state space for all nonnegative initial conditions, we seek
a hybrid feedback control law (uc(·), ud(·)) that guarantees the continuous-
time closed-loop system dynamics (11.51) are essentially nonnegative and
the closed-loop system states after the resettings are nonnegative [77].

For the dynamical system G, consider the control vector Lyapunov
function candidate V (x) = [v1(x1), . . . , vn(xn)]

T, x ∈ R
n
+, given by

V (x) = [x1, . . . , xn]
T, x ∈ R

n
+. (11.53)

Note that V (0) = 0 and v(x) � eTV (x), x ∈ R
n
+, is such that v(0) = 0,

v(x) > 0, x �= 0, x ∈ R
n
+, and v(x) → ∞ as ‖x‖ → ∞ with x ∈ R

n
+.

In addition, note that since vi(xi) = xi, x ∈ R
n, i = 1, . . . , n, are linear

functions of x, it follows that P2ui(x) ≡ 0, i = 1, . . . , n, and hence, by
(11.27), φdi(x) ≡ 0, i = 1, . . . , n. Furthermore, consider the functions

wc(V (x), x)=

⎡
⎢⎣

−σc11(v1(x1)) +
∑n

j=1,j 	=1 φc1j(x)
...

−σcnn(vn(xn)) +
∑n

j=1,j 	=n φcnj(x)

⎤
⎥⎦ , x ∈ R

n
+, (11.54)

wd(V (x), x)=

⎡
⎣ n∑
j=1,j 	=1

φd1j(x), . . . ,

n∑
j=1,j 	=n

φdnj(x)

⎤
⎦
T

, x ∈ Z, (11.55)

where σcii : R+ → R+, i = 1, . . . , n, are positive definite functions, and
note that wc(·, x) ∈ Wc, x ∈ R

n
+, wc(0, 0) = 0, wd(·, ·) does not depend on

V (·), and hence, wd(·, x) ∈ Wd, x ∈ Z. Note that Ri � {x ∈ R
n
+, xi �=

0 : V ′
i (xi)Gci(x) = 0} = {x ∈ R

n
+, xi �= 0 : xi = 0} = Ø, and hence,

condition (11.22) is satisfied for V (·) and wc(·, ·) given by (11.53) and (11.54),
respectively, and condition (11.23) is satisfied as an equality for wd(·, ·) given
by (11.55) and P2ui(x) ≡ 0, i = 1, . . . , n.

To show that the impulsive dynamical system

ż(t)=wc(z(t), x(t)), z(t0) = z0, x(t) �∈ Z, t ≥ t0, (11.56)

Δz(t)=wd(z(t), x(t)), x(t) ∈ Z, (11.57)

where z(t) ∈ R
n
+, t ≥ t0, x(t), t ≥ t0, is the solution to (11.51) and

(11.52), the ith component of wc(z, x) is given by wci(z, x) = −σcii(zi) +
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∑n
j=1,j 	=i φcij(x), z ∈ R

n
+, x ∈ R

n
+, and the ith component of wd(z, x) is

given by wdi(z, x) =
∑n

j=1,j 	=i φdij(x), x ∈ Z, is globally asymptotically sta-
ble with respect to z uniformly in x0, consider the partial Lyapunov function
candidate ṽ(z) = eTz, z ∈ R

n
+. Note that ṽ(·) is radially unbounded, ṽ(0) =

0, ṽ(z) > 0, z ∈ R
n
+, z �= 0, ˙̃v(z) = −

∑n
i=1 σcii(zi)+

∑n
i=1

∑n
j=1,j 	=i φcij(x) =

−
∑n

i=1 σcii(zi) < 0, z ∈ R
n
+, z �= 0, x ∈ R

n
+, and Δṽ(z) =

∑n
i=1

∑n
j=1,j 	=i

φdij(x) = 0, z ∈ R
n
+, x ∈ Z. Thus, it follows from Theorem 2.1 of [78]

that the impulsive dynamical system (11.56), (11.57), (11.51), and (11.52)
is globally asymptotically stable with respect to z uniformly in x0. Hence, it
follows from Theorem 11.1 that V (x), x ∈ R

n
+, given by (11.53) is a control

vector Lyapunov function for the dynamical system (11.51) and (11.52).
Next, using (11.26) with αi(x) = v′i(xi)fci(x) =

∑n
j=1,j 	=i φcij(x), βi(x)

= xi, x ∈ R
n
+, and c0i > 0, i = 1, . . . , n, we construct a globally stabilizing

hybrid decentralized feedback controller for (11.51) and (11.52) given by

φci(x) =

⎧⎨
⎩ −

(
c0i +

σcii(xi)+
√

σ2
cii(xi)+x2

i

x2
i

)
xi, xi �= 0,

0, xi = 0,
(11.58)

and

φdi(x) ≡ 0, (11.59)

for all i = 1, . . . , n. It can be seen from the structure of the feedback control
law (11.58) and (11.59) that the continuous-time closed-loop system dy-
namics are essentially nonnegative and the closed-loop system states after
the resettings are nonnegative. Furthermore, since αi(x) − wci(V (x), x) =
σcii(vi(xi)), x ∈ R

n
+, i = 1, . . . , n, the continuous-time feedback controller

φc(·) is fully independent from fc(x), which represents the internal inter-
connections of the large-scale system dynamics, and hence, is robust against
full modeling uncertainty in fc(x).

For the following simulation we consider (11.51) and (11.52) with
σcij(x) = σcijxixj, σcii(x) = σciix

2
i , and σdij(x) = σdijxj, where σcij ≥ 0,

i �= j, i, j = 1, . . . , n, σcii > 0, i = 1, . . . , n, and σdij ≥ 0, i �= j,
i, j = 1, . . . , n, and 1 ≥

∑n
j=1, j 	=i σdji, i = 1, . . . , n. Note that in this case

the conditions of Proposition 11.1 are satisfied, and hence, the continuous-
time feedback control law (11.58) is continuous on R

n
+. For our simulation

we set n = 3, σc11 = 0.1, σc22 = 0.2, σc33 = 0.01, σc12 = 2, σc13 = 3,
σc21 = 1.5, σc23 = 0.3, σc31 = 4.4, σc32 = 0.6, σd12 = 0.75, σd13 = 0.33,
σd21 = 0.2, σd23 = 0.5, σd31 = 0.66, σd32 = 0.2, c01 = 1, c02 = 1, c03 = 0.25,
the resetting set Z = {x ∈ R

3 : x1 + x2 − 0.75 = 0}, with initial condi-
tion x0 = [3, 4, 1]T. Figure 11.1 shows the states of the closed-loop system
versus time and Figure 11.2 shows continuous-time control signal for each
decentralized control channel as a function of time.
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Figure 11.1 Controlled system states versus time.
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Figure 11.2 Control signals in each decentralized control channel versus time.





Chapter Twelve

Finite-Time Stabilization of Large-Scale
Impulsive Dynamical Systems

12.1 Introduction

As noted in Chapter 6, finite-time stability implies Lyapunov stability and
convergence of system trajectories to an equilibrium state in finite time, and
hence, is a stronger notion than asymptotic stability. For continuous-time
dynamical systems, finite-time stability implies non-Lipschitzian dynamics
[24,86] giving rise to non-uniqueness of solutions in reverse time. Uniqueness
of solutions in forward time, however, can be preserved in the case of finite-
time convergence. Sufficient conditions that ensure uniqueness of solutions
in forward time in the absence of Lipschitz continuity are given in [1, 58,
108, 176]. Finite-time convergence to a Lyapunov stable equilibrium for
continuous-time systems, that is, finite-time stability, was rigorously studied
in [24,25] using Hölder continuous Lyapunov functions.

Finite-time stability of impulsive dynamical systems has not been stud-
ied in the literature. For impulsive dynamical systems, it may be possible to
reset the system states to an equilibrium state, in which case finite-time con-
vergence of the system trajectories can be achieved without the requirement
of non-Lipschitzian dynamics. In addition, due to system resettings, impul-
sive dynamical systems may exhibit non-uniqueness of solutions in reverse
time even when the continuous-time dynamics are Lipschitz continuous.

In this chapter, we develop sufficient conditions for finite-time sta-
bility of nonlinear impulsive dynamical systems. Furthermore, we present
stability results using vector Lyapunov functions wherein finite-time stabil-
ity of the impulsive system is guaranteed via finite-time stability of a hybrid
vector comparison system. We use these results to construct hybrid finite-
time stabilizing controllers for impulsive dynamical systems. In addition,
we construct decentralized finite-time stabilizers for large-scale impulsive
dynamical systems. Finally, we present a numerical example to show the
utility of the proposed framework.

12.2 Finite-Time Stability of Impulsive Dynamical Systems

Consider the nonlinear state-dependent impulsive dynamical system G [82]
given by

ẋ(t)= fc(x(t)), x(0) = x0, x(t) �∈ Z, t ∈ Ix0 , (12.1)
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Δx(t)= fd(x(t)), x(t) ∈ Z. (12.2)

where x(t) ∈ D ⊆ R
n, t ∈ Ix0 , is the system state vector, Ix0 is the maximal

interval of existence of a solution x(t) to (12.1) and (12.2), D is an open set,
0 ∈ D, fc : D → R

n is continuous and satisfies fc(0) = 0, fd : D → R
n is

continuous, Δx(t) � x(t+)−x(t), x(t+) � x(t)+ fd(x(t)) = limε→0 x(t+ ε),
x(t) ∈ Z, and Z ⊂ D ⊆ R

n is the resetting set. A function x : Ix0 → D is a
solution to the impulsive dynamical system (12.1) and (12.2) on the interval
Ix0 ⊆ R with initial condition x(0) = x0 if x(·) is left-continuous and x(t)
satisfies (12.1) and (12.2) for all t ∈ Ix0 . For a particular trajectory x(t),
t ≥ 0, we let tk = τk(x0), x0 ∈ D, denote the kth instant of time at which
x(t) intersects Z and we let x+k � x(τ+k (x0)) � x(τk(x0)) + fd(x(τk(x0)))
denote the state of (12.1) and (12.2) after the kth resetting. To ensure well-
posedness of the resetting times we assume that Assumptions 10.1 and 10.2
hold.

Furthermore, we assume that (12.1) possesses unique solutions in for-
ward time for all initial conditions in D except possibly the origin in the
following sense. For every x ∈ D\{0} there exists τx > 0 such that, if
y1 : [0, τ1) → D and y2 : [0, τ2) → D are two solutions of (12.1) with
y1(0) = y2(0) = x, then τx ≤ min{τ1, τ2} and y1(t) = y2(t) for all t ∈ [0, τx).
Without loss of generality, we assume that for each x ∈ D, τx is chosen to
be the largest such number in R+. Sufficient conditions for forward unique-
ness of solutions to continuous-time dynamical systems in the absence of
Lipschitz continuity of the system dynamics can be found in [1], [58, Sect.
10], [108], and [176, Sect. 1].

Since the resetting times are well defined and distinct, and since the
solution to (12.1) exists and is unique, it follows that the solution of the im-
pulsive dynamical system (12.1) and (12.2) also exists and is unique over a
forward time interval. Furthermore, as in Chapter 10, we allow for the possi-
bility of confluence and Zeno solutions; however, Assumption 10.2 precludes
the possibility of beating. In addition, since not every bounded solution of
an impulsive dynamical system over a forward time interval can be extended
to infinity due to Zeno solutions, we assume that existence and uniqueness of
solutions are satisfied in forward time. For details, see [11,13,117]. Finally,
we denote the trajectory or solution curve of (12.1) and (12.2) satisfying
x(0) = x by s(·, x) or sx(·).

The following definition introduces the notion of finite-time stability
for impulsive dynamical systems.

Definition 12.1. Consider the nonlinear impulsive dynamical system
G given by (12.1) and (12.2). The zero solution x(t) ≡ 0 to (12.1) and (12.2)
is finite-time stable if there exist an open neighborhood N ⊆ D of the origin
and a function T : N\{0} → (0,∞), called the settling-time function, such
that the following statements hold:
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i) Finite-time convergence. For every x ∈ N\{0}, sx(t) is defined on
[0, T (x)), sx(t) ∈ N\{0} for all t ∈ [0, T (x)), and limt→T (x) s(x, t) = 0.

ii) Lyapunov stability. For every ε > 0 there exists δ > 0 such that
Bδ(0) ⊂ N and for every x ∈ Bδ(0)\{0}, s(t, x) ∈ Bε(0) for all t ∈
[0, T (x)).

The zero solution x(t) ≡ 0 to (12.1) and (12.2) is globally finite-time stable
if it is finite-time stable with N = D = R

n.

Note that if the zero solution x(t) ≡ 0 to (12.1) and (12.2) is finite-
time stable, then it is asymptotically stable, and hence, finite-time stability
is a stronger notion than asymptotic stability. In the case of impulsive
dynamical systems it may be possible to reset the states to the origin, and
hence, s(t, x0) = 0, t > τk(x0) = T (x0). The following result provides
sufficient conditions for finite-time stability of impulsive systems using a
Lyapunov function involving a scalar differential inequality.

Theorem 12.1. Consider the nonlinear impulsive dynamical system G
given by (12.1) and (12.2). Assume there exists a continuously differentiable
function V : D → R+ satisfying V (0) = 0, V (x) > 0, x ∈ D, x �= 0, and

V ′(x)fc(x)≤−c(V (x))α, x �∈ Z, (12.3)

V (x+ fd(x))≤V (x), x ∈ Z, (12.4)

where c > 0 and α ∈ (0, 1). Then the zero solution x(t) ≡ 0 to (12.1) and
(12.2) is finite-time stable. If, in addition, D = R

n and V (·) is radially
unbounded, then the zero solution x(t) ≡ 0 to (12.1) and (12.2) is globally
finite-time stable.

Proof. Note that it follows from Theorem 2.1 of [82] that the zero
solution to (12.1) and (12.2) is asymptotically stable. Thus, it remains to
be shown that for all initial conditions in some neighborhood N ⊆ D of
the origin the trajectories of (12.1) and (12.2) converge to the origin in
finite time. Since the system (12.1) and (12.2) is asymptotically stable,
it follows that there exists δ > 0 such that for all x0 ∈ Bδ(0) ⊂ D the
trajectory s(t, x0) → 0 as t → ∞. Next, we separately consider the cases
when the trajectories of (12.1) and (12.2) have a finite and infinite number
of resettings.

Assume that for some x0 ∈ Bδ(0) the trajectory s(t, x0), t ≥ 0, exhibits
a finite number of resettings with resetting times τk(x0), k = 1, . . . ,m.
If s(τ+m(x0), x0) = 0, then since fc(0) = 0 it follows that s(t, x0) = 0,
t ≥ τm(x0), which implies that s(t, x0), t ≥ t0, converges to the origin
in finite time with a settling-time function T (x0) = τm(x0). Alternatively, if
s(τ+m(x0), x0) �= 0, then for all t > τm(x0) the continuous time dynamics are
active and it follows from (12.3) and Theorem 4.2 of [24] that the trajectory
s(t, s(τ+m(x0), x0)), t ≥ 0, converges to the origin in finite time that is less
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than or equal to 1
c(1−α) [V (s(τ+m(x0), x0))]

1−α. In this case, the settling-time

function for s(t, x0), t ≥ 0, is T (x0) ≤ τm(x0)+
1

c(1−α) [V (s(τ+m(x0), x0))]
1−α.

Alternatively, assume that for some x0 ∈ Bδ(0) the trajectory s(t, x0),
t ≥ 0, exhibits an infinite number of resettings with the resetting times
τk(x0), k = 0, 1, . . ., where τ0(x0) � 0. Let x+k � s(τ+k (x0), x0), k = 0, 1, . . .,

where x+0 � x0, and note that since (12.1) and (12.2) is asymptotically
stable it follows that τ1(x

+
k ) → 0 as k → ∞. It was shown in [24] that

with (12.3), the continuous-time dynamics are finite-time stable for the case
when Z = Ø. Furthermore, note that τ1(x

+
k ) < Tc(x

+
k ), k = 0, 1, . . ., since

(12.1) and (12.2) exhibit an infinite number of resettings, where Tc(·) is the
settling-time function when Z = Ø. Moreover, as shown in [24],

V (s(t, y)) ≤ [(V (y))1−α − c(1 − α)t]
1

1−α , t ∈ [0, Tc(y)), y ∈ Bδ(0),

(12.5)

and hence, since τ1(x0) < Tc(x0), it follows that

V (x1) ≤ [(V (x0))
1−α − c(1− α)τ1(x0)]

1
1−α . (12.6)

Thus, since V (x+ fd(x)) ≤ V (x), x ∈ Z, it follows from (12.6) that

τ1(x
+
1 )<Tc(x

+
1 )

≤ 1

c(1− α)
(V (x+1 ))

1−α

≤ 1

c(1− α)
(V (x1))

1−α

≤ 1

c(1− α)
[(V (x0))

1−α − c(1 − α)τ1(x0)]. (12.7)

Similarly, it follows from (12.5) that, for y = x+2 ,

τ1(x
+
2 )<Tc(x

+
2 )

≤ 1

c(1− α)
(V (x+2 ))

1−α

≤ 1

c(1− α)
(V (x2))

1−α

≤ 1

c(1− α)
[(V (x+1 ))

1−α − c(1− α)τ1(x
+
1 )]

≤ 1

c(1− α)
[(V (x1))

1−α − c(1− α)τ1(x
+
1 )]

≤ 1

c(1− α)
[(V (x0))

1−α − c(1− α)τ1(x0)− c(1− α)τ1(x
+
1 )]. (12.8)
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Recursively repeating this procedure for k = 3, 4, . . ., it follows that, with
τ1(x

+
0 ) = τ1(x0),

τ1(x
+
k ) <

1

c(1− α)
[(V (x0))

1−α − c(1− α)

k−1∑
i=0

τ1(x
+
i )]. (12.9)

Next, let k → ∞ and note that since x(t) ≡ 0 is asymptotically stable, it
follows that limk→∞ τ1(x

+
k ) = 0. Hence,

0 = lim
k→∞

τ1(x
+
k ) <

1

c(1 − α)
[(V (x0))

1−α − c(1 − α)

∞∑
i=0

τ1(x
+
i )].

Thus,

T (x0) =

∞∑
i=0

τ1(x
+
i ) <

1

c(1− α)
(V (x0))

1−α < ∞, (12.10)

which implies that the trajectory s(·, x0) is Zeno [82] and converges to the
origin in finite time with an infinite number of resettings, that is, s(t, x0) → 0
as t → T (x0).

Finally, suppose, ad absurdum, that s(t′, x0) �= 0 for some t′ > T (x0),
x0 ∈ Bδ(0). Then, since V (·) is positive definite, V (s(t′, x0)) = β > 0.
Furthermore, since s(t, x0) → 0 as t → T (x0), there exists t′′ < T (x0) such
that V (s(t′′, x0)) < β. Now, since V (s(t, x0)) is a decreasing function of
time, it follows that for t′′ < T (x0) < t′,

β = V (s(t′, x0)) < V (s(t′′, x0)) < β, (12.11)

which leads to a contradiction. Hence, s(t, x0) = 0, t ≥ T (x0), x0 ∈ Bδ(0),
which implies convergence in finite time with N � Bδ(0). This completes
the proof of finite-time stability.

Finally, if D = R
n and V (·) is radially unbounded, then global finite-

time stability follows using standard arguments. See, for instance, [82].

Conditions (12.3) and (12.4) are only sufficient conditions for guaran-
teeing finite-time stability of impulsive dynamical systems. Alternatively,
finite-time stability can also be achieved by imposing additional condi-
tions on the discrete-time dynamics. For example, if for some x0 ∈ D,
x(tk) ∈ Z ∩ {x ∈ D : x− fd(x) = 0}, then the trajectory x(·) resets to the
origin and, since fc(0) = 0, finite-time convergence is achieved. A conver-
gent Zeno solution is yet another example of finite-time convergence to the
equilibrium point.

The next theorem generalizes Theorem 12.1 to the case of vector Lya-
punov functions involving a vector differential inequality. For the remainder
of this chapter, recall the notions of quasi-monotone increasing and nonde-
creasing functions given in Definitions 2.2 and 2.5, respectively.
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Theorem 12.2. Consider the nonlinear impulsive dynamical system
given by (12.1) and (12.2). Assume there exist a continuously differentiable
vector function V : D → Q ∩ R

q
+, where Q ⊂ R

q and 0 ∈ Q, continuous
functions wc : Q → R

q and wd : Q → R
q, and a positive vector p ∈ R

q
+ such

that V (0) = 0, wc(·) ∈ Wc, wd(·) ∈ Wd, wc(0) = 0, wd(0) = 0, the scalar
function pTV (x), x ∈ D, is positive definite, and

V ′(x)fc(x)≤≤wc(V (x)), x �∈ Z, (12.12)

V (x+ fd(x))≤≤V (x) + wd(V (x)), x ∈ Z. (12.13)

In addition, assume that the hybrid vector comparison system

ż(t)=wc(z(t)), z(0) = 0, x(t) �∈ Z, (12.14)

Δz(t)=wd(z(t)), x(t) ∈ Z, (12.15)

has a unique solution z(t), t ≥ 0, in forward time, and there exist a contin-
uously differentiable function v : Q → R, real numbers c > 0 and α ∈ (0, 1),
and a neighborhood M ⊆ Q of the origin such that v(·) is positive definite
and

v′(z)wc(z)≤−c(v(z))α, z ∈ M, (12.16)

v(z + wd(z))≤ v(z), z ∈ M. (12.17)

Then the zero solution x(t) ≡ 0 to (12.1) and (12.2) is finite-time stable.
If, in addition, D = R

n, v(·) is radially unbounded, and (12.16) and (12.17)
hold on R

q, then the zero solution x(t) ≡ 0 to (12.1) and (12.2) is globally
finite-time stable.

Proof. First, note that since the dynamics of the impulsive dynamical
system (12.1) and (12.2), and the impulsive comparison system (12.14) and
(12.15) are decoupled, the comparison system (12.14) and (12.15) is a time-
dependent impulsive dynamical system [82]; that is, the resetting times for
the trajectories of (12.14) and (12.15) are predetermined by the trajectories
of (12.1) and (12.2). Hence, the stability analysis for the comparison system
(12.14) and (12.15) involves a time-dependent impulsive dynamical system
[82].

Since v(·) is positive definite, there exist r > 0 and class K functions
[85] α, β : [0, r] → R+ such that Br(0) ⊂ M and

α(‖z‖) ≤ v(z) ≤ β(‖z‖), z ∈ Br(0), (12.18)

and hence,

v′(z)wc(z) ≤ −c(v(z))α ≤ −c(α(‖z‖))α, z ∈ Br(0). (12.19)

Thus, it follows from (12.17), (12.18), (12.19), and Theorem 2.6 of [82]
that the zero solution z(t) ≡ 0 to the impulsive comparison system (12.14)
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and (12.15) is uniformly asymptotically stable. Furthermore, using identical
arguments as in the proof of Theorem 12.1, it can be shown that the tra-
jectories of (12.14) and (12.15) converge to the origin in finite time for all
z0 ∈ Br(0), and hence, the zero solution z(t) ≡ 0 to (12.14) and (12.15) is
finite-time stable. Moreover, it follows from (12.12) and (12.13), the asymp-
totic stability of the comparison system (12.14) and (12.15), and Theorem
2.11 of [82] that the nonlinear impulsive dynamical system G given by (12.1)
and (12.2) is asymptotically stable. Hence, it remains to be shown that
there exists a neighborhood N ⊆ D of the origin such that the trajectories
of (12.1) and (12.2) converge to the origin in finite time for all x0 ∈ N .

Since V (·) is continuous there exists δ > 0 such that V (x0) ∈ Br(0)
for all x0 ∈ Bδ(0). Let x0 ∈ Bδ(0) and z0 = V (x0) ∈ Br(0). It follows from
(12.12) and (12.13), and Theorem 10.1 that

0 ≤≤ V (x(t)) ≤≤ z(t), t ∈ [0, τ ], (12.20)

where x(t), t ≥ t0, is the solution to (12.1) and (12.2) with the initial
condition x0 ∈ Bδ(0), z(t), t ≥ t0, is the solution to (12.14) and (12.15) with
the initial condition z0 = V (x0) ∈ Br(0), and [0, τ ] is any arbitrarily large
compact time interval. Now, forming pT(12.20) yields

0 ≤ pTV (x(t)) ≤ pTz(t), t ∈ [0, τ ]. (12.21)

Since z(·) converges to the origin in finite time and pTV (·) is positive definite
it follows that x(t), t ≥ t0, converges to the origin in finite time. Hence,
the nonlinear impulsive dynamical system G given by (12.1) and (12.2) is
finite-time stable with N � Bδ(0).

Finally, if D = R
n, v(·) is radially unbounded, and (12.16) and (12.17)

hold on R
q, then global finite-time stability follows using standard argu-

ments.

The next result is a specialization of Theorem 12.2 to the case where
the structure of the comparison dynamics directly guarantees finite-time
stability of the impulsive comparison system. That is, there is no need to
require the existence of a scalar function v(·) such that (12.16) and (12.17)
hold to guarantee finite-time stability of the nonlinear impulsive dynamical
system (12.1) and (12.2).

Corollary 12.1. Consider the nonlinear impulsive dynamical system
given by (12.1) and (12.2). Assume there exist a continuously differentiable
vector function V = [V1, . . . , Vq]

T : D → Q ∩ R
q
+, where Q ⊂ R

q and 0 ∈ Q,
and a positive vector p ∈ R

q
+ such that V (0) = 0, the scalar function pTV (x),

x ∈ D, is positive definite, and

V ′(x)f(x)≤≤W (V (x))[α], x �∈ Z, (12.22)

V (x+ fd(x))≤≤V (x), x ∈ Z, (12.23)
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where α ∈ (0, 1), W ∈ R
q×q is essentially nonnegative and Hurwitz, and

(V (x))[α] � [(V1(x))
α, . . . , (Vq(x))

α]T. Then the zero solution x(t) ≡ 0 to
(12.1) and (12.2) is finite-time stable. If, in addition, D = R

n, then the zero
solution x(t) ≡ 0 to (12.1) and (12.2) is globally finite-time stable.

Proof. Consider the impulsive comparison system given by

ż(t)=W (z(t))[α], z(0) = z0, x(t) �∈ Z, (12.24)

Δz(t)= 0, x(t) ∈ Z, (12.25)

where z0 ∈ R
q
+. Note that the right-hand side of (12.24) is of class Wc and is

essentially nonnegative and, hence, the solutions to (12.24) and (12.25) are
nonnegative for all nonnegative initial conditions [77]. Since W ∈ R

q×q is
essentially nonnegative and Hurwitz, it follows from Lemma 2.1 that there
exist positive vectors p̂ ∈ R

q
+ and r ∈ R

q
+ such that

0 = WTp̂+ r. (12.26)

Now, consider the Lyapunov function candidate v(z) = p̂Tz, z ∈ R
q
+.

Note that v(0) = 0, v(z) > 0, z ∈ R
q
+, z �= 0, and v(·) is radially unbounded.

Let β � mini=1,...,q ri and γ � maxi=1,...,q p̂
α
i , where ri and p̂i are the ith

components of r ∈ R
q
+ and p̂ ∈ R

q
+, respectively. Then

v̇(z)= p̂TWz[α]

=−rTz[α]

≤−β

γ
γ

(
q∑

i=1

zαi

)

≤−β

γ

(
q∑

i=1

p̂αi z
α
i

)

≤−β

γ

(
q∑

i=1

p̂izi

)α

≤−β

γ
(v(z))α

=−c(v(z))α, z ∈ R
q
+, (12.27)

and

Δv(z) = 0, z ∈ R
q
+, (12.28)

where c � β
γ . Thus, it follows from Theorem 12.1 that the impulsive compar-

ison system (12.24) and (12.25) is finite-time stable. In addition, it follows
from Corollary 10.1 that the nonlinear impulsive dynamical system (12.1)
and (12.2) is asymptotically stable with the domain of attraction N ⊂ D.
Now, the result is a direct consequence of Theorem 12.2.
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12.3 Finite-Time Stabilization of Impulsive Dynamical Systems

In this section, we design hybrid finite-time stabilizing controllers for nonlin-
ear affine in the control impulsive dynamical systems. In addition, for large-
scale impulsive dynamical systems we design decentralized hybrid finite-time
stabilizers predicated on a control vector Lyapunov function [141]. Consider
the controlled nonlinear impulsive dynamical system given by

ẋ(t)= fc(x(t)) +Gc(x(t))uc(t), x(t) �∈ Z, t ≥ t0, (12.29)

Δx(t)= fd(x(t)) +Gd(x(t))ud(t), x(t) ∈ Z, (12.30)

where fc : Rn → R
n satisfying fc(0) = 0 and Gc : Rn → R

n×mc are con-
tinuous functions, fd : Rn → R

n and Gd : Rn → R
n×md are continuous,

uc(t) ∈ R
mc , t ≥ t0, and ud(tk) ∈ R

md , k ∈ Z+.

Theorem 12.3. Consider the controlled nonlinear impulsive dynami-
cal system given by (12.29) and (12.30). If there exist a continuously differ-
entiable function V : Rn → R+ and continuous functions P1u : Rn → R

1×md

and P2u : Rn → R
md×md such that V (·) is positive definite and

V (x+ fd(x) +Gd(x)ud) = V (x+ fd(x)) + P1u(x)ud + uTdP2u(x)ud,

x ∈ R
n, ud ∈ R

md , (12.31)

V ′(x)fc(x) ≤ −c(V (x))α, x ∈ R, (12.32)

V (x+ fd(x))− V (x)− 1
4P1u(x)P

+
2u(x)P

T
1u(x) ≤ 0, x ∈ Z, (12.33)

where c > 0, α ∈ (0, 1), and R � {x ∈ R
n, x �∈ Z : V ′(x)Gc(x) = 0},

then the nonlinear impulsive dynamical system (12.29) and (12.30) with the
hybrid feedback control law (uc, ud) = (φc(·), φd(·)) given by

φc(x) =

{
−
(
c0 +

(α(x)−wc(V (x)))+μ(x)
βT(x)β(x)

)
β(x), β(x) �= 0, x �∈ Z,

0, β(x) = 0, x �∈ Z,

(12.34)

and

φd(x) = −1

2
P+
2u(x)P

T
1u(x), x ∈ Z, (12.35)

where α(x) � V ′(x)fc(x), x ∈ R
n, β(x) � GT

c (x)V
′T(x), x ∈ R

n, μ(x) �√
(α(x) −wc(V (x)))2 + (βT(x)β(x))2, x ∈ R

n, wc(V (x)) � −c(V (x))α, x ∈
R
n, and c0 > 0, is finite-time stable.

Proof. Note that between resettings the time derivative of V (·) along
the trajectories of (12.29), with uc = φc(x), x ∈ R

n, given by (12.34), is
given by

V̇ (x)=V ′(x)(fc(x) +Gc(x)φc(x))
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=α(x) + βT(x)φc(x)

=

{
−c0β

T(x)β(x) − μ(x) + wc(V (x)), β(x) �= 0,
α(x), β(x) = 0,

≤wc(V (x)), x �∈ Z. (12.36)

In addition, using (12.31) and (12.33), the difference of V (·) at the resetting
instants, with ud = φd(x), x ∈ Z, given by (12.35), is given by

ΔV (x)=V (x+ fd(x) +Gd(x)φd(x))− V (x)

=V (x+ fd(x))− V (x) + P1u(x)φd(x) + φd(x)P
+
2u(x)φd(x)

=V (x+ fd(x))− V (x)− 1

4
P1u(x)P

+
2u(x)P

T
1u(x)

≤ 0, x ∈ Z. (12.37)

Hence, it follows from Theorem 12.1 that the zero solution x(t) ≡ 0 to (12.29)
and (12.30) with uc = φc(x), x �∈ Z, given by (12.34) and ud = φd(x), x ∈ Z,
given by (12.35), is finite-time stable, which proves the result.

In the next result we develop decentralized finite-time stabilizing hy-
brid controllers for a large-scale impulsive dynamical system composed of q
interconnected subsystems given by

ẋi(t)= fci(x(t)) +Gci(x(t))uci(t), x(t) �∈ Z, i = 1, . . . , q, (12.38)

Δxi(t)= fdi(x(t)) +Gdi(x(t))udi(t), x(t) ∈ Z, i = 1, . . . , q, (12.39)

where t ≥ 0, fci : R
n → R

ni satisfying fci(0) = 0 and Gci : R
n → R

ni×mci

are continuous functions for all i = 1, . . . , q, fdi : R
n → R

ni and Gdi :
R
n → R

ni×mdi are continuous for all i = 1, . . . , q, uci(t) ∈ R
mci , t ≥ 0, and

udi(tk) ∈ R
mdi , k ∈ Z+, for all i = 1, . . . , q.

Theorem 12.4. Consider the controlled nonlinear impulsive system
given by (12.38) and (12.39). Assume there exist a continuously differen-
tiable, component decoupled vector function V = [V1(x1), . . . , Vq(xq)]

T :

R
n → R

q
+, continuous functions P1ui : R

n → R
1×mdi , P2ui : R

n → R
mdi×mdi ,

i = 1, . . . , q, wc = [wc1, . . . , wcq]
T : R

q
+ → R

q, wd = [wd1, . . . , wdq]
T : R

q
+ →

R
q, and a positive vector p ∈ R

q
+ such that V (0) = 0, the scalar function

pTV (x), x ∈ R
n, is positive definite, wc(·) ∈ Wc, wd(·) ∈ Wd, wc(0) = 0,

wd(0) = 0, and, for all i = 1, . . . , q,

Vi(xi + fdi(x) +Gdi(x)udi) = Vi(xi + fdi(x)) + P1ui(x)udi + uTdiP2ui(x)udi,

x ∈ R
n, udi ∈ R

mdi , (12.40)

V ′
i (xi)fci(x) ≤ wci(V (x)), x ∈ Ri, (12.41)

Vi(xi + fdi(x))− Vi(xi)− 1
4P1ui(x)P

+
2ui(x)P

T
1ui(x) ≤ wdi(V (x)), x ∈ Z,

(12.42)
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where Ri � {x ∈ R
n, x �∈ Z : V ′

i (xi)Gci(x) = 0}, i = 1, . . . , q. In addition,

assume there exist a positive definite function v : R
q
+ → R+, real numbers

c > 0 and α ∈ (0, 1), and a neighborhood M ⊆ Rq of the origin such that

v′(z)wc(z)≤−c(v(z))α, z ∈ M∩R
q
+, (12.43)

v(z + wd(z))≤ v(z), z ∈ M∩ R
q
+. (12.44)

Then the nonlinear impulsive dynamical system (12.38) and (12.39) is finite-
time stable with the hybrid feedback control law uc = φc(x) = [φT

c1(x), . . . ,
φT
cq(x)]

T, x �∈ Z, and ud = φd(x) = [φT
d1(x), . . . , φ

T
dq(x)]

T, x ∈ Z, where, for
i = 1, . . . , q,

φci(x) =

{
−
(
c0i +

(αi(x)−wci(V (x)))+μi(x)

βT
i (x)βi(x)

)
βi(x), βi(x) �= 0,

0, βi(x) = 0,
(12.45)

for x �∈ Z, and

φdi(x) = −1

2
P+
2ui(x)P

T
1ui(x), x ∈ Z, (12.46)

where αi(x) � V ′
i (xi)fci(x), x ∈ R

n, βi(x) � GT
ci(x)V

′T
i (xi), x ∈ R

n, μi(x) �√
(αi(x)− wci(V (x)))2 + (βT

i (x)βi(x))
2, x ∈ R

n, and c0i > 0, i = 1, . . . , q.

Proof. Using identical arguments as in the proof of Theorem 12.3 it
can be shown that for the closed-loop system (12.38), (12.39), (12.45), and
(12.46) the time derivative and the difference of the vector function V (·)
between resettings and resetting instants satisfy, respectively,

V̇ (x)≤≤wc(V (x)), x �∈ Z, (12.47)

V (x+ fd(x) +Gd(x)φd(x))≤≤V (x) + wd(V (x)), x ∈ Z, (12.48)

where Gd(x) � block-diag [Gd1(x), . . . , Gdq(x)], x ∈ Z. The result now
follows immediately from (12.43), (12.44), and Theorem 12.2.

If, in Theorem 12.4, Ri = Ø, i = 1, . . . , q, and (12.42) is satisfied with
wd(z) ≡ 0, then the function wc(·) in (12.45) can be chosen to be

wc(z) = Wz[α], z ∈ R
q
+, (12.49)

where W ∈ R
q×q is essentially nonnegative and asymptotically stable, α ∈

(0, 1), and z[α] � [zα1 , . . . , z
α
q ]

T. In this case, conditions (12.43) and (12.44)
need not be verified and it follows from Corollary 12.1 that the close-loop
system (12.38), (12.39), (12.45), and (12.46) with wc(·) given by (12.49) is
finite-time stable and, hence, the hybrid controller (12.45) and (12.46) is a
finite-time stabilizing controller for (12.38) and (12.39).

Since fci(·) and Gci(·) are continuous and Vi(·) is continuously dif-
ferentiable for all i = 1, . . . , q, it follows that αi(x) and βi(x), x ∈ R

n,
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i = 1, . . . , q, are continuous functions, and hence, φci(x) given by (12.45) is
continuous for all x ∈ R

n if either βi(x) �= 0 or αi(x)−wci(V (x)) < 0 for all
i = 1, . . . , q. Hence, the feedback control law given by (12.45) is continuous
everywhere except for the origin. However, as shown in Proposition 11.1,
the feedback control law φc(x) given by (12.45) is continuous on R

n if and
only if for every ε > 0, there exists δ > 0 such that for all 0 < ‖x‖ < δ there
exists uci ∈ R

mci such that ‖uci‖ < ε and αi(x) + βT
i (x)uci < wci(V (x)),

i = 1, . . . , q.
Identical necessary and sufficient conditions apply in the case where

q = 1 to ensure continuity of the feedback control law given by (12.34). It
is important to note that even though the feedback control law φc(x) given
by (12.45) is continuous on R

n, for a particular trajectory x(t), t ≥ 0, of
(12.38) and (12.39), φc(x(t)) is left-continuous on [0,∞) and is continuous
everywhere on [0,∞) except on an unbounded closed discrete set of times
when the resettings occur for x(t), t ≥ 0.

12.4 Finite-Time Stabilizing Control for Large-Scale Impulsive

Dynamical Systems

In this section, we apply the proposed hybrid control framework to de-
centralized control of large-scale nonlinear impulsive dynamical systems.
Specifically, we consider the large-scale dynamical system G shown in Figure
12.1 involving energy exchange between n interconnected subsystems. Let
xi : [0,∞) → R+ denote the energy (and hence a nonnegative quantity) of
the ith subsystem, let uci : [0,∞) → R denote the control input to the ith
subsystem, let σcij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the instan-

taneous rate of energy flow from the jth subsystem to the ith subsystem
between resettings, let σdij : R

n
+ → R+, i �= j, i, j = 1, . . . , n, denote the

amount of energy transferred from the jth subsystem to the ith subsystem
at the resetting instant, and let Z ⊂ R

n
+ be a resetting set for the large-scale

impulsive dynamical system G. In Figure 12.1, the solid arrows correspond
to the energy exchange among subsystems of G between resettings and the
dashed lines correspond to the energy exchange among subsystems of G at
the instants of resettings.

An energy balance for each subsystem Gi, i = 1, . . . q, yields [81,82]

ẋi(t)=

n∑
j=1,j 	=i

[σcij(x(t))− σcji(x(t))] +Gci(xi(t))uci(t), x(t0) = x0,

x(t) �∈ Z, t ≥ t0, (12.50)

Δxi(t)=
n∑

j=1,j 	=i

[σdij(x(t))− σdji(x(t))] +Gdi(x(t))udi(t), x(t) ∈ Z,

(12.51)
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Figure 12.1 Large-scale dynamical system G.

or, equivalently, in vector form

ẋ(t)= fc(x(t)) +Gc(x(t))uc(t), x(t0) = x0, x(t) �∈ Z, t ≥ t0, (12.52)

Δx(t)= fd(x(t)) +Gd(x(t))ud(t), x(t) ∈ Z, (12.53)

where x(t) = [x1(t), . . . , xn(t)]
T, t ≥ t0, fci(x) =

∑n
j=1,j 	=i φcij(x), where

φcij(x) � σcij(x) − σcji(x), x ∈ R
n
+, i �= j, i, j = 1, . . . , q, denotes the net

energy flow from the jth subsystem to the ith subsystem between resettings,
Gc(x) = diag[Gc1(x1), . . . , Gcn(xn)], x ∈ R

n
+, Gci : R → R, i = 1, . . . , n, is

such that Gci(xi) = 0 if and only if xi = 0 for all i = 1, . . . , n, Gd(x) =
diag[Gd1(x), . . . , Gdn(x)], x ∈ Z, Gdi : R

n → R, i = 1, . . . , n, uc(t) ∈ Rn, t ≥
t0, ud(tk) ∈ R

n, k ∈ Z+, and fdi(x) =
∑n

j=1,j 	=i φdij(x), where φdij(x) �
σdij(x) − σdji(x), x ∈ Z, i �= j, i, j = 1, . . . , q, denotes the net amount
of energy transferred from the jth subsystem to the ith subsystem at the
instant of resetting. Here, we assume that σcij(0) = 0, i �= j, i, j = 1, . . . , n,
and uc = [uc1, . . . , ucn]

T : R → R
n is such that uci : R → R, i = 1, . . . , n, are

bounded piecewise continuous functions of time. Furthermore, we assume
that σcij(x) = 0, x ∈ R

n
+, whenever xj = 0, i �= j, i, j = 1, . . . , n, and

xi+
∑n

j=1,j 	=i φdij(x) ≥ 0, x ∈ Z. In this case, fc(·) is essentially nonnegative

and x+ fd(x), x ∈ Z ⊂ R
n
+, is nonnegative.

The above constraints imply that if the energy of the jth subsystem
of G is zero, then this subsystem cannot supply any energy to its surround-
ings between resettings and the ith subsystem of G cannot transfer more
energy to its surroundings than it already possesses at the instant of re-
setting. Finally, to ensure that the trajectories of the closed-loop system
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remain in the nonnegative orthant of the state space for all nonnegative
initial conditions, we seek a hybrid feedback control law (uc(·), ud(·)) that
guarantees the continuous-time closed-loop system dynamics (12.52) are es-
sentially nonnegative and the closed-loop system states after resettings are
nonnegative [77,82].

For the dynamical system G, consider the Lyapunov function candidate
V (x) = eTx, x ∈ R

n
+. Note that V (0) = 0 and V (x) > 0, x �= 0, x ∈ R

n
+.

Furthermore, note that since V (x) = eTx, x ∈ R
n
+, is a linear function of

x, it follows from (12.31) that P1u(x) = eTGd(x), x ∈ R
n
+, and P2u(x) ≡ 0,

and hence, by (12.35), φd(x) ≡ 0. Define wc(V (x)) � −(V (x))
1
2 , x ∈ R

n
+,

and note that R � {x ∈ R
n
+, x �∈ Z : V ′(x)Gc(x) = 0} = {x ∈ R

n
+, x �∈

Z : x = 0} = {0}, since 0 �∈ Z, and hence, condition (12.32) is satisfied.
In addition, note that since V (·) is linear in x, condition (12.31) is trivially
satisfied and inequality (12.33) is satisfied as an equality.

Next, with α(x) = V ′(x)fc(x) =
∑n

i=1

∑n
j=1,j 	=i φcij(x) = 0, β(x) =

[Gc1(x1), . . . , Gcn(xn)]
T, x ∈ R

n
+, and c0 > 0, we construct a finite-time

stabilizing hybrid feedback controller for (12.52) and (12.53) given by

φc(x) =

⎧⎨
⎩ −

(
c0 +

(eTx)1/2+
√

(eTx)+(βT(x)β(x))2

βT(x)β(x)

)
β(x), x �= 0,

0, x = 0,
(12.54)

and

φd(x) ≡ 0. (12.55)

It can be seen from the structure of the feedback control law (12.54) and
(12.55) that the continuous-time closed-loop system dynamics are essen-
tially nonnegative and the closed-loop system states after resettings are
nonnegative. Furthermore, since α(x)−wc(V (x)) = (V (x))1/2, x ∈ R

n
+, the

continuous-time feedback controller φc(·) is fully independent from fc(x),
which represents the internal interconnections of the large-scale system dy-
namics, and hence, is robust against full modeling uncertainty in fc(x).
Finally, it follows from Theorem 12.3 that the closed-loop system (12.52)–
(12.55) is finite-time stable.

For the following simulation we consider (12.52) and (12.53) with

σcij(x) = σcijxixj and σdij(x) = σdijxj , and Gci(xi) = x
1/4
i , where σcij ≥ 0,

i �= j, i, j = 1, . . . , n, σdij ≥ 0, i �= j, i, j = 1, . . . , n, and 1 ≥
∑n

j=1, j 	=i σdji,
i = 1, . . . , n. To show that the conditions of Proposition 11.1 are satisfied

for the case when q = 1, let uc = [−x
1/4
1 , . . . ,−x

1/4
n ]T and note that

α(x) + β(x)uc=−
n∑

i=1

x
1/2
i
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Figure 12.2 Controlled system states versus time.

<−
(

n∑
i=1

xi

)1/2

=−(V (x))1/2

=wc(V (x)), x ∈ R
n
+, x �= 0. (12.56)

Thus, for every ε > 0 there exists δ > 0, such that for all 0 < ‖x‖ < δ
there exists uc ∈ R

mc such that ‖uc‖ < ε and α(x) + βT(x)uc < wc(V (x)),
and hence, the continuous-time feedback control law (12.54) is continuous
on R

n
+. For our simulation we set n = 2, σc12 = 2, σc21 = 1.5, σd12 = 0.25,

σd21 = 0.33, c0 = 1, and Z = {x ∈ R
2, x �= 0 : x2 − 2

3x1 = 0}, with

initial condition x0 = [4, 6]T. Figure 12.2 shows the states of the closed-loop
system versus time, and Figure 12.3 shows continuous-time control signals
as a function of time. Figure 12.4 shows the phase portrait of the closed-loop
system; the dashed line denotes the resetting set Z.
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Chapter Thirteen

Hybrid Decentralized Maximum Entropy
Control for Large-Scale Systems

13.1 Introduction

In this chapter, we develop a novel energy- and entropy-based hybrid decen-
tralized control framework for vector lossless and vector dissipative large-
scale dynamical systems based on subsystem decomposition. The notion of
energy here refers to abstract energy notions for which a physical system en-
ergy interpretation is not necessary. These dynamical systems cover a broad
spectrum of applications, including mechanical systems, fluid systems, elec-
tromechanical systems, electrical systems, combustion systems, structural
vibration systems, biological systems, physiological systems, power systems,
telecommunications systems, and economic systems, to cite but a few exam-
ples. The concept of an energy-based hybrid decentralized controller can be
viewed as a feedback control technique that exploits the coupling between
a physical large-scale dynamical system and an energy-based decentralized
controller to efficiently remove energy from the physical large-scale system.

Specifically, if a vector dissipative or vector lossless large-scale system
is at high energy level, and a lossless feedback decentralized controller at a
low energy level is attached to it, then subsystem energy generally tends to
flow from each subsystem into the corresponding subcontroller, decreasing
the subsystem energy and increasing the subcontroller energy [113]. Of
course, emulated energy, and not physical energy, is accumulated by each
subcontroller. Conversely, if each attached subcontroller is at a high energy
level and the corresponding subsystem is at a low energy level, then energy
can flow from each subcontroller to each corresponding subsystem, since
each subcontroller can generate real, physical energy to effect the required
energy flow. Hence, if and when the subcontroller states coincide with a
high emulated energy level, then we can reset these states to remove the
emulated energy so that the emulated energy is not returned to the plant.
In this case, the overall closed-loop system consisting of the plant and the
controller possesses discontinuous flows since it combines logical switchings
with continuous dynamics, leading to impulsive differential equations [11,
13,74,75,82,117,155].
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13.2 Hybrid Decentralized Control and Large-Scale Impulsive

Dynamical Systems

In this chapter, we consider continuous-time nonlinear dynamical systems G
of the form

ẋ(t)=F (x(t), u(t)), x(0) = x0, t ≥ 0, (13.1)

y(t)=H(x(t)), (13.2)

where t ≥ 0, x(t) ∈ D ⊆ R
n, u(t) ∈ R

m, y(t) ∈ R
l, F : D × R

m → R
n,

H : D → R
l, and D is an open set with 0 ∈ D. Here, we assume that

G represents a large-scale dynamical system composed of q interconnected
controlled subsystems Gi so that, for all i = 1, . . . , q,

Fi(x, u)= fi(xi) + Ii(x) +Gi(xi)ui, (13.3)

Hi(x)=hi(xi), (13.4)

where xi ∈ Di ⊆ R
ni , ui ∈ R

mi , yi � hi(xi) ∈ R
li , (ui, yi) is the input-output

pair for the ith subsystem, fi : R
ni → R

ni and Ii : D → R
ni are smooth

(i.e., infinitely differentiable) and satisfy fi(0) = 0 and Ii(0) = 0, Gi : R
ni →

R
ni×mi is smooth, hi : Rni → R

li and satisfies hi(0) = 0,
∑q

i=1 ni = n,∑q
i=1mi = m, and

∑q
i=1 li = l. Here, fi : Di ⊆ R

ni → R
ni defines the

vector field of each isolated subsystem of (13.1) and Ii : D → R
ni defines the

structure of the interconnection dynamics of the ith subsystem with all other
subsystems. Furthermore, for the large-scale dynamical system G we assume
that the required properties for the existence and uniqueness of solutions are
satisfied, that is, for every i ∈ {1, . . . , q}, ui(·) satisfies sufficient regularity
conditions such that the system (13.1) has a unique solution forward in
time. We define the composite input and composite output for the large-
scale system G as u � [uT1 , . . . , u

T
q ]

T and y � [yT1 , . . . , y
T
q ]

T, respectively.
Next, we consider state-dependent hybrid (resetting) decentralized dy-

namic controllers Gci, i = 1, . . . , q, of the form

ẋci(t)= fci(xci(t), yi(t)), xci(0) = xci0, (xci(t), yi(t)) �∈ Zci, t ≥ 0,

(13.5)

Δxci(t)= fdi(xci(t), yi(t)), (xci(t), yi(t)) ∈ Zci, (13.6)

ui(t)=hci(xci(t), yi(t)), (13.7)

where xci ∈ Dci ⊆ R
nci , Dci is an open set with 0 ∈ Dci, yci � hci(xci, yi) ∈

R
mi , fci : Dci × R

li → R
nci is smooth and satisfies fci(0, 0) = 0, fdi :

Dci × R
li → R

nci is continuous, hci : Dci × R
li → R

mi is smooth and
satisfies hci(0, 0) = 0, Δxci(t) � xci(t

+)−xci(t), Zci ⊂ Dci×R
li is the reset-

ting set, and
∑q

i=1 nci = nc. Note that the hybrid decentralized controller
(13.5)–(13.7) represents an impulsive dynamical system Gc composed of q
impulsive subsystems Gci involving multiple hybrid processors operating in-
dependently, with each processor receiving a subset of the available system
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measurements and updating a subset of the system actuators. Further-
more, for generality, we allow the hybrid decentralized dynamic controller
to be of fixed dimension nc, which may be less than the plant order n. In
addition, we define the composite input and composite output for the im-
pulsive decentralized dynamic compensator Gc as uc � y = [uTc1, . . . , u

T
cq]

T

and yc � u = [yTc1, . . . , y
T
cq]

T, respectively.

The equations of motion for each closed-loop dynamical subsystem G̃i,
i = 1, . . . , q, have the form

˙̃xi(t)= f̃ci(x̃i(t)) + Ĩi(x), x̃i(0) = x̃i0, x̃i(t) �∈ Z̃i, t ≥ 0, (13.8)

Δx̃i(t)= f̃di(x̃i(t)), x̃i(t) ∈ Z̃i, (13.9)

where

x̃i�
[

xi
xci

]
∈ R

ñi , f̃ci(x̃i) �
[
fi(xi) +Gi(xi)hci(xci, hi(xi))

fci(xci, hi(xi))

]
,

(13.10)

Ĩi(x)�
[
Ii(x)
0

]
, f̃di(x̃i) �

[
0

fdi(xci, hi(xi))

]
, (13.11)

and Z̃i � {x̃i ∈ D̃i : (xci, hi(xi)) ∈ Zci}, with ñi � ni+nci and D̃i � Di×Dci,
i = 1, . . . , q. Hence, the equations of motion for the closed-loop dynamical
system G̃ have the form

˙̃x(t)= f̃c(x̃(t)), x̃(0) = x̃0, x̃(t) �∈ Z̃ , t ≥ 0, (13.12)

Δx̃(t)= f̃d(x̃(t)), x̃(t) ∈ Z̃, (13.13)

where x̃(t) = [x̃T1 (t), . . . , x̃
T
q (t)]

T, f̃c(x̃) � [f̃T
c1(x̃1) + ĨT

1 (x), . . . , f̃
T
cq(x̃q) +

ĨT
q (x)]

T, Z̃ � ∪q
i=1{x̃ ∈ D̃ : x̃i ∈ Z̃i}, D̃ � ∪q

i=1D̃i, and

f̃d(x̃) �

⎡
⎢⎣

f̃d1(x̃1)χZ̃1
(x̃1)

...

f̃dq(x̃q)χZ̃q
(x̃q)

⎤
⎥⎦ , χZ̃i

(x̃i) =

{
1, x̃i ∈ Z̃i

0, x̃i �∈ Z̃i
, i = 1, . . . , q.

(13.14)

We refer to the differential equation (13.12) as the continuous-time
dynamics, and we refer to the difference equation (13.13) as the resetting
law. Note that although the closed-loop state vector consists of plant states
and controller states, it is clear from (13.11) that only those states associated
with the controller are reset. A function x̃ : Ix̃0 → D̃ is a solution to the
impulsive dynamical system (13.12) and (13.13) on the interval Ix̃0 ⊆ R

with initial condition x̃(0) = x̃0 if x̃(·) is left-continuous and x̃(t) satisfies
(13.12) and (13.13) for all t ∈ Ix̃0 . For further discussion on solutions to
impulsive differential equations, see [11, 13, 28, 74, 75, 82, 117, 137, 155, 175].
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For convenience, we use the notation s̃(t, x̃0) to denote the solution x̃(t) of
(13.12) and (13.13) at time t ≥ 0 with initial condition x̃(0) = x̃0.

For a particular closed-loop trajectory x̃(t), we let tk � τk(x̃0) denote
the kth instant of time at which x̃(t) intersects Z̃, and we call the times tk the
resetting times. Thus, the trajectory of the closed-loop system G̃ from the
initial condition x̃(0) = x̃0 is given by ψ̃(t, x̃0) for 0 < t ≤ t1, where ψ̃(t, x̃0)
denotes the solution to the continuous-time dynamics of the closed-loop
system G̃. If and when the trajectory reaches a state x̃(t1) satisfying x̃(t1) ∈
Z̃, then the state is instantaneously transferred to x̃(t+1 ) � x̃(t1)+ f̃d(x̃(t1))
according to the resetting law (13.13). The trajectory x̃(t), t1 < t ≤ t2,
is then given by ψ̃(t − t1, x̃(t

+
1 )), and so on. Our convention here is that

the solution x̃(t) of G̃ is left-continuous, that is, it is continuous everywhere
except at the resetting times tk, and

x̃k � x̃(tk) = lim
ε→0+

x̃(tk − ε), (13.15)

x̃+k � x̃(tk) + f̃d(x̃(tk)) = lim
ε→0+

x̃(tk + ε), (13.16)

for k = 1, 2, . . ..
To ensure the well-posedness of the resetting times, we make the fol-

lowing additional assumptions:

Assumption 13.1. If x̃ ∈ Z̃ \ Z̃, then there exists ε > 0 such that, for
all 0 < δ < ε, s̃(δ, x̃) �∈ Z̃.

Assumption 13.2. If x̃ ∈ Z̃ , then x̃+ f̃d(x̃) �∈ Z̃.

Assumptions 13.1 and 13.2 are a restatement of Assumptions 10.1 and
10.2 as applied to the closed-loop system (13.8) and (13.9). Hence, it fol-
lows from Assumptions 13.1 and 13.2 that for a particular initial condition,
the resetting times tk = τk(x̃0) are distinct and well defined [74]. Since the
resetting set Z̃ is a subset of the state space and is independent of time, im-
pulsive dynamical systems of the form (13.12) and (13.13) are time-invariant
systems.

For the statement of the next result the following key assumption is
needed.

Assumption 13.3. Consider the closed-loop impulsive dynamical sys-
tem G̃. Then for every x̃0 �∈ Z̃ and every ε > 0 and t �= tk, there
exists δ(ε, x̃0, t) > 0 such that if ‖x̃0 − y‖ < δ(ε, x̃0, t), y ∈ D̃, then
‖s̃(t, x̃0)− s̃(t, y)‖ < ε.

Assumption 13.3 is a weakened version of the quasi-continuous de-
pendence assumption given in [74, 82], and is a generalization of the stan-
dard continuous dependence property for dynamical systems with continu-
ous flows to dynamical systems with left-continuous flows. Specifically, by
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letting t ∈ [0,∞), Assumption 13.3 specializes to the classical continuous
dependence of solutions of a given dynamical system with respect to the
system’s initial conditions x̃0 ∈ D̃. Since solutions of impulsive dynamical
systems are not continuous in time and solutions are not continuous func-
tions of the system initial conditions, Assumption 13.3 involving pointwise
continuous dependence is needed to apply the hybrid invariance principle
developed in [74, 82] to hybrid closed-loop systems. Sufficient conditions
that guarantee that the impulsive dynamical system G̃ satisfies a stronger
version of Assumption 13.3 are given in [82] (see also [64]). The following
result provides a generalization of the results given in [82] for establishing
sufficient conditions for guaranteeing that the impulsive dynamical system
G̃ satisfies Assumption 13.3.

Proposition 13.1. Consider the large-scale impulsive dynamical sys-
tem G̃ given by the feedback interconnection of G and Gc. Assume that
Assumptions 13.1 and 13.2 hold, τ1(·) is continuous at every x̃ �∈ Z̃ such

that 0 < τ1(x̃) < ∞, and if x̃ ∈ Z̃, then x̃ + f̃d(x̃) ∈ Z̃\Z̃. Furthermore,

for every x̃ ∈ Z̃\Z̃ such that 0 < τ1(x̃) < ∞, assume that the following
statements hold:

i) If a sequence {x̃(i)}∞i=1 ∈ D̃ is such that limi→∞ x̃(i) = x̃ and limi→∞
τ1(x̃(i)) exists, then either f̃d(x̃) = 0 and limi→∞ τ1(x̃(i)) = 0, or
limi→∞ τ1(x̃(i)) = τ1(x̃).

ii) If a sequence {x̃(i)}∞i=1 ∈ Z̃\Z̃ is such that limi→∞ x̃(i) = x̃ and
limi→∞ τ1(x̃(i)) exists, then limi→∞ τ1(x̃(i)) = τ1(x̃).

Then G̃ satisfies Assumption 13.3.

Proof. Let x̃0 ∈ Z̃\Z̃ and let {x̃(i)}∞i=1 ∈ D̃ be such that f̃d(x̃0) = 0

and limi→∞ τ1(x̃(i)) = 0 hold. Define z̃(i) � s̃(τ1(x̃(i)), x̃(i)) + f̃d(s̃(τ1(x̃(i)),

x̃(i))) = ψ̃(τ1(x̃(i)), x̃(i)) + f̃d(ψ̃(τ1(x̃(i)), x̃(i))), i = 1, 2, . . ., where ψ̃(t, x̃0)
denotes the solution to the continuous-time dynamics (13.8), and note that,
since f̃d(x̃0) = 0 and limi→∞ τ1(x̃(i)) = 0, it follows that limi→∞ z̃(i) = x̃0.

Hence, since by assumption z̃(i) ∈ Z̃\Z̃ , i = 1, 2, . . ., it follows from ii)
that limi→∞ τ1(z̃(i)) = τ1(x̃0), or, equivalently, limi→∞ τ2(x̃(i)) = τ1(x̃0).
Similarly, it can be shown that limi→∞ τk+1(x̃(i)) = τk(x̃0), k = 2, 3, . . ..
Next, note that

lim
i→∞

s̃(τ2(x̃(i)), x̃(i))= lim
i→∞

ψ̃(τ2(x̃(i))− τ1(x̃(i)), s̃(τ1(x̃(i)), x̃(i))

+f̃d(s̃(τ1(x̃(i)), x̃(i))))

= ψ̃(τ1(x̃0), x̃0)

= s̃(τ1(x̃0), x̃0).
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Now, using mathematical induction it can be shown that limi→∞ s̃(τk+1(x̃(i)),
x̃(i)) = s̃(τk(x̃0), x̃0), k = 2, 3, . . ..

Next, let k ∈ {1, 2, . . .} and let t ∈ (τk(x̃0), τk+1(x̃0)). Since limi→∞
τk+1(x̃(i)) = τk(x̃0), it follows that there exists I ∈ {1, 2, . . .} such that
τk+1(x̃(i)) < t and τk+2(x̃(i)) > t for all i > I. Hence, it follows that for
every t ∈ (τk(x̃0), τk+1(x̃0)),

lim
i→∞

s̃(t, x̃(i))= lim
i→∞

ψ̃(t− τk+1(x̃(i)), s̃(τk+1(x̃(i)), x̃(i))

+f̃d(s̃(τk+1(x̃(i)), x̃(i))))

= ψ̃(t− τk(x̃0), s̃(τk(x̃0), x̃0) + f̃d(s̃(τk(x̃0), x̃0)))

= s̃(t, x̃0).

Alternatively, if x̃0 ∈ Z̃\Z̃ is such that limi→∞ τ1(x̃(i)) = τ1(x̃0) for {x̃(i)}∞i=1

∈ Z̃\Z̃ , then using identical arguments as above, it can be shown that
limi→∞ s̃(t, x̃(i)) = s̃(t, x̃0) for every t ∈ (τk(x̃0), τk+1(x̃0)), k = 1, 2, . . ..

Finally, let x̃0 �∈ Z̃, 0 < τ1(x̃0) < ∞, and assume τ1(·) is continuous.

In this case, it follows from the definition of τ1(x̃0) that for every x̃0 �∈ Z̃
and t ∈ (τ1(x̃0), τ2(x̃0)],

s̃(t, x̃0) = ψ̃(t− τ1(x̃0), s̃(τ1(x̃0), x̃0) + f̃d(s̃(τ1(x̃0), x̃0))). (13.17)

Since ψ̃(·, ·) is continuous in both its arguments, τ1(·) is continuous at x̃0,
and f̃d(·) is continuous, it follows that s̃(t, ·) is continuous at x̃0 for ev-
ery t ∈ (τ1(x̃0), τ2(x̃0)). Next, for every sequence {x̃(i)}∞i=1 ∈ D̃ such that

limi→∞ x̃(i) = x̃0, it follows that limi→∞ s̃(τ1(x̃(i)), x̃(i)) = limi→∞ ψ̃(τ1(x̃(i)),

x̃(i)) = ψ̃(τ1(x̃0), x̃0) = s̃(τ1(x̃0), x̃0). Furthermore, note that by assumption

z̃(i) � s̃(τ1(x̃(i)), x̃(i)) + f̃d(s̃(τ1(x̃(i)), x̃(i))) ∈ Z̃\Z̃ , i = 0, 1, . . .. Hence, it
follows that for all t ∈ (τk(z̃(0)), τk+1(z̃(0))), k = 1, 2, . . ., limi→∞ s̃(t, z̃(i)) =
s̃(t, z̃(0)), or, equivalently, for all t ∈ (τk(x̃0), τk+1(x̃0)), k = 2, 3, . . ., limi→∞
s̃(t, x̃(i)) = s̃(t, x̃0), which proves the result.

Proposition 13.1 presents a generalization of Proposition 4.1 of [82] to
the case where the resetting set Z̃ is not necessarily closed. This general-
ization is key in developing energy and entropy-based hybrid controllers.

The following result provides sufficient conditions for establishing con-

tinuity of τ1(·) at x̃0 �∈ Z̃ and sequential continuity of τ1(·) at x̃0 ∈ Z̃\Z̃,
that is, limi→∞ τ1(x̃(i)) = τ1(x̃0) for {x̃(i)}∞i=1 �∈ Z̃ and limi→∞ x̃(i) = x̃0.
For this result, the following definition is needed. First, however, recall that
the Lie derivative of a smooth function X : D̃ → R along the vector field of
the continuous-time dynamics f̃c(x̃) is given by

Lf̃c
X (x̃) � d

dt
X (ψ̃(t, x̃))|t=0 =

∂X (x̃)

∂x̃
f̃c(x̃), (13.18)
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and the zeroth and higher-order Lie derivatives are, respectively, defined by
L0
f̃c
X (x̃) � X (x̃) and Lk

f̃c
X (x̃) � Lf̃c

(Lk−1

f̃c
X (x̃)), where k ≥ 1.

Definition 13.1. Let M � ∪q
i=1{x̃ ∈ D̃ : Xi(x̃) = 0}, where Xi :

D̃ → R, i = 1, . . . , q, are infinitely differentiable functions. A point x̃ ∈ M
such that f̃c(x̃) �= 0 is ki-transversal to (13.12) if there exist ki ∈ {1, 2, . . .},
i = 1, . . . , q, such that

Lr
f̃c
Xi(x̃) = 0, r = 0, . . . , 2ki − 2, L2ki−1

f̃c
Xi(x̃) �= 0, i = 1, . . . , q.

(13.19)

Proposition 13.2. Consider the large-scale impulsive dynamical sys-
tem G̃ given by the feedback interconnection of G and Gc. Let Xi : D̃ → R,

i = 1, . . . , q, be infinitely differentiable functions such that Z̃ = ∪q
i=1{x̃ ∈

D̃ : Xi(x̃) = 0}, and assume that every x̃ ∈ Z̃ is ki-transversal to (13.12).

Then at every x̃0 �∈ Z̃ such that 0 < τ1(x̃0) < ∞, τ1(·) is continuous. Fur-

thermore, if x̃0 ∈ Z̃\Z̃ is such that τ1(x̃0) ∈ (0,∞) and i) {x̃(i)}∞i=1 ∈ Z̃\Z̃
or ii) limi→∞ τ1(x̃(i)) > 0, where {x̃(i)}∞i=1 �∈ Z̃ is such that limi→∞ x̃(i) = x̃0
and limi→∞ τ1(x̃(i)) exists, then limi→∞ τ1(x̃(i)) = τ1(x̃0).

Proof. Let x̃0 �∈ Z̃ be such that 0 < τ1(x̃0) < ∞. It follows from the
definition of τ1(·) that s̃(t, x̃0) = ψ̃(t, x̃0), t ∈ [0, τ1(x̃0)], Π

q
i=1Xi(s̃(t, x̃0)) �=

0, t ∈ (0, τ1(x̃0)), and Πq
i=1Xi(s̃(τ1(x̃0), x̃0)) = 0. Without loss of generality,

let Πq
i=1Xi(s̃(t, x̃0)) > 0, t ∈ (0, τ1(x̃0)). Since x̂ � ψ̃(τ1(x̃0), x̃0) ∈ Z̃ is

ki-transversal to (13.8), it follows that there exist θ > 0 and i ∈ {1, . . . , q}
such that Xi(ψ̃(t, x̂)) > 0, t ∈ [−θ, 0), and Xi(ψ̃(t, x̂)) < 0, t ∈ (0, θ]. (This
fact can be easily shown by expanding Xi(ψ̃(t, x)) via a Taylor series expan-
sion about x̂ and using the fact that x̂ is ki-transversal to (13.8).) Hence,
Xi(ψ̃(t, x̃0)) > 0, t ∈ [t̂1, τ1(x̃0)), and Xi(ψ̃(t, x̃0)) < 0, t ∈ (τ1(x̃0), t̂2], where
t̂1 � τ1(x̃0)− θ and t̂2 � τ1(x̃0) + θ.

Next, let ε � min{|Xi(ψ̃(t̂1, x̃0))|, |Xi(ψ̃(t̂2, x̃0))|}. Now, it follows from
the continuity of Xi(·) and the continuous dependence of ψ̃(·, ·) on the system
initial conditions that there exists δ > 0 such that

sup
0≤t≤t̂2

|Xi(ψ̃(t, x)) −Xi(ψ̃(t, x̃0))| < ε, x ∈ Bδ(x̃0), (13.20)

which implies that Xi(ψ̃(t̂1, x)) > 0 and Xi(ψ̃(t̂2, x)) < 0, x ∈ Bδ(x̃0). Hence,
it follows that t̂1 < τ1(x) < t̂2, x ∈ Bδ(x̃0). The continuity of τ1(·) at x̃0
now follows immediately by noting that θ can be chosen arbitrarily small.

Finally, let x̃0 ∈ Z̃\Z̃ be such that limi→∞ x̃(i) = x̃0 for some sequence

{x̃(i)}∞i=1 ∈ Z̃\Z̃ . Then using similar arguments as above it can be shown

that limi→∞ τ1(x̃(i)) = τ1(x̃0). Alternatively, if x̃0 ∈ Z̃\Z̃ is such that
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limi→∞ x̃(i) = x̃0 and limi→∞ τ1(x̃(i)) > 0 for some sequence {x̃(i)}∞i=1 �∈ Z̃,

then it follows that there exists sufficiently small t̂ > 0 and I ∈ Z+ such that
s̃(t̂, x̃(i)) = ψ̃(t̂, x̃(i)), i = I, I + 1, . . ., which implies that limi→∞ s̃(t̂, x̃(i)) =

s̃(t̂, x̃0). Next, define z̃(i) � ψ̃(t̂, x̃(i)), i = 0, 1, . . . , so that limi→∞ z̃(i) = z̃(0),

and note that it follows from the ki-transversality assumption that z̃(0) �∈ Z̃,
which implies that τ1(·) is continuous at z̃(0). Hence, limi→∞ τ1(z̃(i)) =

τ1(z̃(0)). The result now follows by noting that τ1(x̃(i)) = t̂ + τ1(z̃(i)), i =
1, 2, . . ..

Let x̃0 �∈ Z̃ be such that limi→∞ τ1(x̃(i)) �= τ1(x̃0) for some sequence

{x̃(i)}∞i=1 �∈ Z̃. Then it follows from Proposition 13.2 that limi→∞ τ1(x̃(i)) =
0. Proposition 13.2 is a nontrivial generalization of Proposition 4.2 of [82]
and Lemma 3 of [64]. Specifically, Proposition 13.2 establishes the continuity
of τ1(·) in the case where the resetting set Z̃ is not a closed set. In addition,
the ki-transversality condition given in Definition 13.1 is also a generalization
of the conditions given in [82] and [64] by considering higher-order derivatives
of the function Xi(·) rather than simply considering the first-order derivative
as in [64,82]. This condition guarantees that the solution of the closed-loop
system (13.8) and (13.9) is not tangent to the closure of the resetting set Z̃
at the intersection with Z̃.

The next result characterizes impulsive dynamical system limit sets in
terms of continuously differentiable functions. In particular, we show that
the system trajectories of a state-dependent impulsive dynamical system
converge to an invariant set contained in a union of level surfaces charac-
terized by the continuous-time system dynamics and the resetting system
dynamics. For the next result assume that f̃c(·), f̃d(·), Ĩ(·), and Z̃ are such
that the dynamical system G̃ given by (13.12) and (13.13) satisfies Assump-
tions 13.1–13.3 and Z̃ ∩ {x : f̃d(x) = x} is empty. Note that for addressing
the stability of the zero solution of an impulsive dynamical system the usual
stability definitions are valid. For details, see [11,13,74,75,82,117,155].

Theorem 13.1 ([73]). Consider the impulsive dynamical system (13.12)
and (13.13) and assume Assumptions 13.1–13.3 hold. Assume D̃ci ⊂ D̃ is a
compact positively invariant set with respect to (13.12) and (13.13), assume

that if x̃0 ∈ Z̃ then x̃0 + f̃d(x̃0) ∈ Z̃\Z̃, and assume that there exist a
continuously differentiable function V : D̃ci → R such that

V ′(x̃)f̃c(x̃)≤ 0, x̃ ∈ D̃ci, x̃ �∈ Z̃, (13.21)

V (x̃+ f̃d(x̃))≤V (x̃), x̃ ∈ D̃ci, x̃ ∈ Z̃. (13.22)

Let R � {x̃ ∈ D̃ci : x̃ �∈ Z̃, V (x̃)f̃c(x̃) = 0}∪{x̃ ∈ D̃ci : x̃ ∈ Z̃, V (x̃+ f̃d(x̃))−
V (x̃) = 0} and let M denote the largest invariant set contained in R. If

x̃0 ∈ D̃ci, then x̃(t) → M as t → ∞. Furthermore, if 0 ∈
◦
D̃ci, V (0) = 0,
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V (x̃) > 0, x̃ �= 0, and the set R contains no invariant set other than the set
{0}, then the zero solution x̃(t) ≡ 0 to (13.12) and (13.13) is asymptotically
stable and D̃ci is a subset of the domain of attraction of (13.12) and (13.13).

Setting D̃ = R
n and requiring V (x̃) → ∞ as ‖x̃‖ → ∞ in Theo-

rem 13.1, it follows that the zero solution x̃(t) ≡ 0 to (13.12) and (13.13)
is globally asymptotically stable. A similar remark holds for Theorem 13.2
below.

Theorem 13.2. Consider the impulsive dynamical system G̃ (13.12)
and (13.13) and assume Assumptions 13.1–13.3 hold. Assume D̃ci ⊂ D̃ is
a compact positively invariant set with respect to (13.12) and (13.13) such

that 0 ∈
◦
D̃ci, assume that if x̃0 ∈ Z̃ then x̃0 + f̃d(x̃0) ∈ Z̃\Z̃ , and assume

that for all x̃0 ∈ D̃ci, x̃0 �= 0, there exists τ ≥ 0 such that x̃(τ) ∈ Z̃,
where x̃(t), t ≥ 0, denotes the solution to (13.12) and (13.13) with the
initial condition x̃0. Furthermore, assume that there exist a continuously
differentiable vector function V = [v1, . . . , vq]

T : D̃ → R
q
+ and a positive

vector p ∈ R
q
+ such that V (0) = 0, the scalar function v : D̃ → R+ defined

by v(x̃) � pTV (x̃), x̃ ∈ D̃, is such that v(x̃) > 0, x̃ ∈ D̃, x̃ �= 0, and

v′(x̃)f̃c(x̃)≤ 0, x̃ ∈ D̃ci, x̃ �∈ Z̃, (13.23)

v(x̃+ f̃d(x̃))<v(x̃), x̃ ∈ D̃ci, x̃ ∈ Z̃ . (13.24)

Then the zero solution x̃(t) ≡ 0 to (13.12) and (13.13) is asymptotically
stable and D̃ci is a subset of the domain of attraction of (13.12) and (13.13).

Proof. It follows from (13.24) thatR = {x̃ ∈ D̃ci : x̃ �∈ Z̃ , v′(x̃)f̃c(x̃) =
0}. Since for all x̃0 ∈ D̃ci, x̃0 �= 0, there exists τ ≥ 0 such that x̃(τ) ∈ Z̃, it
follows that the largest invariant set contained in R is {0}. Now, the result
is a direct consequence of Theorem 13.1.

13.3 Hybrid Decentralized Control for Large-Scale

Dynamical Systems

In this section, we present a hybrid decentralized controller design framework
for large-scale dynamical systems. Specifically, we consider nonlinear large-
scale dynamical systems G of the form given by (13.1) and (13.2) where
u(·) satisfies sufficient regularity conditions such that (13.1) has a unique
solution forward in time. Furthermore, we consider hybrid decentralized
dynamic controllers Gci, i = 1, . . . , q, of the form

ẋci(t)= fci(xci(t), yi(t)), xci(0) = xc0i, (xci(t), yi(t)) �∈ Zci, (13.25)

Δxci(t)= ηi(yi(t))− xci(t), (xci(t), yi(t)) ∈ Zci, (13.26)

yci(t)=hci(xci(t), yi(t)), (13.27)
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where xci(t) ∈ Dci ⊆ R
nci , Dci is an open set with 0 ∈ Dci, yi(t) ∈ R

li ,
yci(t) ∈ R

mi , fci : Dci ×R
li → R

nci is smooth on Dci and satisfies fci(0, 0) =
0, ηi : R

li → Dci is continuous and satisfies ηi(0) = 0, hci : Dci × R
li → R

mi

is smooth and satisfies hci(0, 0) = 0,
∑q

i=1 li = l, and
∑q

i=1 mi = m.
Recall that for the dynamical system G given by (13.1) and (13.2), a

vector function S(u, y) � [s1(u1, y1), . . . , sq(uq, yq)]
T, where S : U ×Y → R

q

is such that S(0, 0) = 0, is called a vector supply rate if it is componentwise
locally integrable for all input-output pairs satisfying (13.1) and (13.2), that
is, for every i ∈ {1, . . . , q} and for all input-output pairs (ui(·), yi(·)) ∈ Ui×Yi

satisfying (13.1) and (13.2), si(·, ·) satisfies
∫ t2
t1

|si(ui(σ), yi(σ))|dσ < ∞,
t2 ≥ t1 ≥ 0. Here, U = U1 × · · · × Uq and Y = Y1 × · · · × Yq are input and
output spaces, respectively, that are assumed to be closed under the shift
operator. Furthermore, we assume that G is vector lossless with respect to the
vector supply rate S(u, y), and hence, there exist a continuous, nonnegative
definite vector storage function Vs = [vs1, . . . , vsq]

T : D → R
q
+ and a Kamke

function w : R
q
+ → R

q such that Vs(0) = 0, w(0) = 0, the zero solution
z(t) ≡ 0 to the comparison system

ż(t)=w(z(t)), z(0) = z0, t ≥ 0, (13.28)

is Lyapunov stable, and the vector dissipation equality

Vs(x(t)) = Vs(x(t0)) +

∫ t

t0

w(Vs(x(σ)))dσ +

∫ t

t0

S(u(σ), y(σ))dσ,

(13.29)

is satisfied for all t ≥ t0 ≥ 0, where x(t), t ≥ t0, is the solution to G with
u(·) ∈ U .

In this case, it follows from Theorem 3.2 that there exists a nonnegative
vector p ∈ R

q
+, p �= 0, such that G is lossless with respect to the supply rate

pTS(u, y) and with the storage function vs(x) = pTVs(x), x ∈ D. In addition,
we assume that the nonlinear large-scale dynamical system G is completely
reachable and zero-state observable, and there exist functions κi : Yi → Ui

such that κi(0) = 0 and si(κi(yi), yi) < 0, yi �= 0, for all i = 1, . . . , q, so that
all storage functions vs(x) = pTVs(x), x ∈ D, are positive definite, that is,
pTVs(x) > 0, x ∈ D, x �= 0 [80]. Finally, we assume that Vs(·) is component
decoupled, that is, Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ D, and continuously
differentiable. Note that if each disconnected subsystem Gi (i.e., Ii(x) ≡ 0,
i ∈ {1, . . . , q}) of G is lossless with respect to the supply rate si(ui, yi), then
Vs(·) is component decoupled.

Consider the negative feedback interconnection of G and Gc given by
yi = uci and ui = −yci, i = 1, . . . , q. In this case, the closed-loop system G̃
can be written in terms of the subsystems G̃i, i = 1, . . . , q, given by

˙̃xi(t)= f̃ci(x̃i(t)) + Ĩi(x), x̃i(0) = x̃i0, x̃i(t) �∈ Z̃i, t ≥ 0, (13.30)

Δx̃i(t)= f̃di(x̃i(t)), x̃i(t) ∈ Z̃i, (13.31)
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where t ≥ 0, x̃i(t) � [xTi (t), x
T
ci(t)]

T, Z̃i � {x̃i ∈ D̃i : (xci, hi(xi)) ∈ Zci},

f̃ci(x̃i) �
[
fi(xi)−Gi(xi)hci(xci, hi(xi))

fci(xci, hi(xi))

]
, Ĩi(x) �

[
Ii(x)
0

]
, (13.32)

f̃di(x̃i) �
[

0
ηi(hi(xi))− xci

]
. (13.33)

Hence, the equations of the motion for the closed-loop system G̃ have the
form

˙̃x(t)= f̃c(x̃(t)), x̃(t0) = x̃0, x̃(t) �∈ Z̃ , t ≥ t0, (13.34)

Δx̃(t)= f̃d(x̃(t)), x̃(t) ∈ Z̃, (13.35)

where x̃(t) = [x̃T1 (t), . . . , x̃
T
q (t)]

T, f̃c(x̃) � [f̃T
c1(x̃1) + ĨT

1 (x), . . . , f̃
T
cq(x̃q) +

ĨT
q (x)]

T, Z̃ � ∪q
i=1{x̃ ∈ D̃ : x̃i ∈ Z̃i}, D̃ � ∪q

i=1D̃i, and

f̃d(x̃) �

⎡
⎢⎣

f̃d1(x̃1)χZ̃1
(x̃1)

...

f̃dq(x̃q)χZ̃q
(x̃q)

⎤
⎥⎦ , χZ̃i

(x̃i) =

{
1, x̃i ∈ Z̃i

0, x̃i �∈ Z̃i
, i = 1, . . . , q.

(13.36)

Assume that there exist infinitely differentiable functions vci : Dci × R
li →

R+, i = 1, . . . , q, such that vci(xci, yi) ≥ 0, xci ∈ Dci, yi ∈ R
li , and

vci(xci, yi) = 0 if and only if xci = ηi(yi) and

v̇ci(xci(t), yi(t)) = sci(uci(t), yci(t)), (xci(t), yi(t)) �∈ Z̃i, t ≥ 0, (13.37)

where sci : R
li × R

mi → R is such that sci(0, 0) = 0, i = 1, . . . , q.
We associate with the plant a positive-definite, continuously differen-

tiable function vp(x) � pTVs(x), which we will refer to as the plant energy
composed of the subsystem energies vsi(xi), i = 1, . . . , q. Furthermore, we
associate with the controller a nonnegative-definite, infinitely differentiable
function vc(xc, y) � pTVc(xc, y), where

Vc(xc, y) � [vc1(xc1, y1), . . . , vcq(xcq, yq)]
T,

called the controller emulated energy composed of the subcontroller emulated
energies vci(xci, yi), i = 1, . . . , q. Finally, we associate with the closed-loop
system the function

v(x̃) � vp(x) + vc(xc,H(x)), (13.38)

called the total energy composed of the total subsystem energies vsi(xi) +
vci(xci, yi), i = 1, . . . , q.
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Next, we construct the resetting set for each subsystem G̃i, i = 1 . . . , q,
of the closed-loop system G̃ in the following form

Z̃i =
{
(xi, xci) ∈ D ×Dci : Lf̃c

vci(xci, hi(xi)) = 0 and vci(xci, hi(xi)) > 0
}

= {(xi, xci) ∈ D ×Dci : sci(hi(xi), hci(xci, hi(xi))) = 0

and vci(xci, hi(xi)) > 0}, (13.39)

where i = 1, . . . , q. The resetting sets Z̃i, i = 1, . . . , q, are thus defined
to be the sets of all points in the closed-loop state space that correspond
to decreasing subcontroller emulated energy. By resetting the subcontroller
states, the subsystem energy can never increase after the first resetting event.
Furthermore, if the closed-loop subsystem total energy is conserved between
resetting events, then a decrease in subsystem energy is accompanied by a
corresponding increase in subsystem emulated energy. Hence, this approach
allows the subsystem energy to flow to the subcontroller, where it increases
the subcontroller emulated energy but does not allow the subcontroller em-
ulated energy to flow back to the subsystem after the first resetting event.
This energy dissipating hybrid decentralized controller effectively enforces a
one-way energy transfer between each subsystem and corresponding subcon-
troller after the first resetting event. For practical implementation, knowl-
edge of xci and yi is sufficient to determine whether or not the closed-loop
state vector is in the set Z̃i, i = 1, . . . , q.

The next theorem gives sufficient conditions for asymptotic stability
of the closed-loop system G̃ using state-dependent hybrid decentralized con-
trollers.

Theorem 13.3. Consider the closed-loop impulsive dynamical system
G̃ given by (13.34) and (13.35). Assume that D̃ci ⊂ D̃ is a compact positively

invariant set with respect to G̃ such that 0 ∈
◦
D̃ci, assume that G is vector

lossless with respect to the vector supply rate S(u, y) � [s1(u1, y1), . . . ,
sq(uq, yq)]

T and with a positive, continuously differentiable vector storage
function Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ D. In addition, assume there
exist smooth functions vci : Dci × R

li → R+ such that vci(xci, yi) ≥ 0,
xci ∈ Dci, yi ∈ R

li , vci(xci, yi) = 0 if and only if xci = ηi(yi), and (13.37)

holds. Finally, assume that every x̃0 ∈ Z̃ is ki-transversal to (13.30) and

si(ui, yi) + sci(uci, yci) = 0, x̃i �∈ Z̃i, i = 1, . . . , q, (13.40)

where yi = uci = hi(xi), ui = −yci = −hci(xci, hi(xi)), and Z̃i, i = 1, . . . , q,
is given by (13.39). Then the zero solution x̃(t) ≡ 0 to the closed-loop system
G̃ is asymptotically stable. In addition, the total energy function v(x̃) of G̃
given by (13.38) is strictly decreasing across resetting events. Finally, if
D = R

n, Dc = R
nc , and v(·) is radially unbounded, then the zero solution

x̃(t) ≡ 0 to G̃ is globally asymptotically stable.
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Proof. First, note that since vci(xci, yi) ≥ 0, xci ∈ Dci, yi ∈ R
li ,

i = 1, . . . , q, it follows that

Z̃i=
{
(xi, xci) ∈ D ×Dci : Lf̃c

vci(xci, hi(xi)) = 0 and vci(xci, hi(xi)) ≥ 0
}

= {(xi, xci) ∈ D ×Dci : Xi(x̃i) = 0} , (13.41)

where Xi(x̃i) = Lf̃c
vci(xci, hi(xi)), i = 1, . . . , q. Next, we show that if the

ki-transversality condition (13.19) holds, then Assumptions 13.1–13.3 hold
and, for every x̃0 ∈ D̃ci, there exists τ ≥ 0 such that x̃(τ) ∈ Z̃ . Note that if

x̃0 ∈ Z̃\Z̃ , that is, vci(xci(0), hi(xi(0))) = 0 and Lf̃c
vci(xci(0), hi(xi(0))) =

0, i ∈ {1, . . . , q}, it follows from the ki-transversality condition that there
exists δi > 0 such that for all t ∈ (0, δi], Lf̃c

vci(xci(t), hi(xi(t))) �= 0. Hence,
since

vci(xci(t), hi(xi(t))) = vci(xci(0), hi(xi(0))) + tLf̃c
vci(xci(τ), hi(xi(τ)))

for some τ ∈ (0, t] and vci(xci, yi) ≥ 0, xci ∈ Dci, yi ∈ R
li , i ∈ {1, . . . , q}, it

follows that vci(xci(t), hi(xi(t))) > 0, t ∈ (0, δ], which implies that Assump-
tion 13.1 is satisfied. Furthermore, if x̃ ∈ Z̃ then, since vci(xci, yi) = 0 if

and only if xci = η(yi), it follows from (13.37) that x̃i + f̃di(x̃i) ∈ Z̃i\Z̃i,
i ∈ {1, . . . , q}. Hence, Assumption 13.2 holds.

Next, consider the set

Mγ � ∪q
i=1

{
x̃ ∈ D̃ci : vci(xci, hi(xi)) = γi

}
, (13.42)

where γi ≥ 0, i = 1, . . . , q, and γ � [γ1, . . . , γq]
T. It follows from the ki-

transversality condition that for every γi ≥ 0, Mγ does not contain any

nontrivial trajectory of G̃, i = 1, . . . , q. To see this, suppose, ad absurdum,
that there exists a nontrivial trajectory x̃(t) ∈ Mγ , t ≥ 0, for some γi ≥ 0
and for some i ∈ {1, . . . , q}. In this case, it follows that

dk

dtk
vci(xci(t), hi(xi(t)))=Lk

f̃c
vci(xci(t), hi(xi(t))) ≡ 0, k = 1, 2, . . . ,

i ∈ {1, . . . , q}, (13.43)

which contradicts the ki-transversality condition.
Next, we show that for every x̃0 �∈ Z̃, x̃0 �= 0, there exists τ > 0 such

that x̃(τ) ∈ Z̃. To see this, suppose, ad absurdum, that x̃i(t) �∈ Z̃i for all
i = 1, . . . , q, t ≥ 0, which implies that

d

dt
vci(xci(t), hi(xi(t))) �= 0, t ≥ 0, i = 1, . . . , q, (13.44)

or

vci(xci(t), hi(xi(t))) = 0, t ≥ 0, i = 1, . . . , q. (13.45)
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If (13.44) holds, then it follows that vci(xci(t), hi(xi(t))) is a (decreasing or
increasing) monotonic function of time. Hence, vci(xci(t), hi(xi(t))) → γi
as t → ∞, where γi ≥ 0 is a constant for i = 1, . . . , q, which implies that
the positive limit set of the closed-loop system is contained in Mγ for some
γi ≥ 0, i = 1, . . . , q, and hence, is a contradiction.

Similarly, if (13.45) holds, then M0 contains a nontrivial trajectory of
G̃ also leading to a contradiction. Hence, for every x̃0 �∈ Z̃, there exists τ > 0
such that x̃(τ) ∈ Z̃. Thus, it follows that for every x̃0 �∈ Z̃, 0 < τ1(x̃0) < ∞.

Now, it follows from Proposition 13.2 that τ1(·) is continuous at x̃0 �∈ Z̃.

Furthermore, for all x̃0 ∈ Z̃\Z̃ and for every sequence {x̃(i)}∞i=1 ∈ Z̃\Z̃
converging to x̃0 ∈ Z̃\Z̃, it follows from the ki-transversality condition and
Proposition 13.2 that limi→∞ τ1(x̃(i)) = τ1(x̃0).

Next, let x̃0 ∈ Z̃\Z̃ and let {x̃(i)}∞i=1 ∈ D̃ci be such that limi→∞ x̃(i) =
x̃0 and limi→∞ τ1(x̃(i)) exists. In this case, it follows from Proposition 13.2
that either limi→∞ τ1(x̃(i)) = 0 or limi→∞ τ1(x̃(i)) = τ1(x̃0). Furthermore,

since x̃0 ∈ Z̃\Z̃ corresponds to the case where vci(xci0, hi(xi0)) = 0, i ∈
{1, . . . , q}, it follows that xci0 = ηi(hi(xi0)), and hence, f̃di(x̃i0) = 0, i ∈
{1, . . . , q}. Now, it follows from Proposition 13.1 that Assumption 13.3
holds.

To show that the zero solution x̃(t) ≡ 0 to G̃ is asymptotically stable,
consider the Lyapunov function candidate corresponding to the total energy
function v(x̃) given by (13.38). Since G is vector lossless with respect to the
vector supply rate S(u, y), and hence, lossless with respect to the supply
rate pTS(u, y), where p ∈ R

q
+, and (13.37) and (13.40) hold, it follows that

v̇(x̃(t)) =

q∑
i=1

pi[si(ui(t), yi(t)) + sci(uci(t), yci(t))] = 0, x̃(t) �∈ Z̃, (13.46)

where pi, i = 1, . . . , q, denotes the ith component of p ∈ R
q
+. Furthermore,

it follows from (13.33) and (13.41) that

Δv(x̃(tk))= vc(xc(t
+
k ),H(x(t+k ))) − vc(xc(tk),H(x(tk)))

=−
q∑

i=1

pivci(xci(tk), hi(xi(tk)))χZ̃i
(x̃i(tk))

< 0, x̃(tk) ∈ Z̃, k ∈ Z+. (13.47)

Thus, it follows from Theorem 13.2 that the zero solution x̃(t) ≡ 0 to G̃ is
asymptotically stable. Finally, if D = R

n, Dc = R
nc , and v(·) is radially

unbounded, then global asymptotic stability is immediate.

If vci = vci(xci, yi) is only a function of xci and vci(xci) is a positive-
definite function, i ∈ {1, . . . , q}, then we can choose ηi(yi) ≡ 0. In this
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case, vci(xci) = 0 if and only if xci = 0. In the proof of Theorem 13.3,
we assume that x̃0 �∈ Z̃ for x̃0 �= 0. This proviso is necessary since it may
be possible to reset the states of the closed-loop system to the origin, in
which case x̃(s) = 0 for a finite value of s. In this case, for t > s, we have
v(x̃(t)) = v(x̃(s)) = v(0) = 0. This situation does not present a problem,
however, since reaching the origin in finite time is a stronger condition than
reaching the origin as t → ∞.

Theorem 13.3 can be generalized to the case where G is vector dissi-
pative with respect to the vector supply rate S(u, y) with the component
decoupled vector storage function Vs(x) = [vs1(x1), . . . , vsq(xq)]

T, x ∈ D.
Specifically, in this case (13.46) becomes

v̇(x̃(t)) =

q∑
i=1

pidi(xi(t)) ≤ 0, x̃(t) ∈ Z̃, (13.48)

where di : Di → R, i = 1, . . . , q, is a continuous, nonnegative-definite dissipa-
tion rate function. Now, Theorem 13.3 holds with the additional assumption
that the only invariant set contained in R � ∩q

i=1{x̃ ∈ D̃ci : di(xi) = 0} is
M = {0}.

13.4 Interconnected Euler-Lagrange Dynamical Systems

In this section, we specialize the control framework developed in Section
13.3 to interconnected Euler-Lagrange dynamical systems. For this, we con-
sider the governing equations of motion of an n-degree-of-freedom dynamical
system given by the Euler-Lagrange equation

d

dt

[
∂L
∂q̇

(q(t), q̇(t))

]T
−
[
∂L
∂q

(q(t), q̇(t))

]T
=u(t), q(0) = q0, q̇(0) = q̇0,

(13.49)

where t ≥ 0, q ∈ R
n represents the generalized system positions, q̇ ∈ R

n

represents the generalized system velocities, L : Rn × R
n → R denotes the

system Lagrangian given by L(q, q̇) = T (q, q̇)−U(q), where T : Rn×R
n → R

is the system total kinetic energy and U : R
n → R is the system total

potential energy, and u ∈ R
n is the vector of generalized control forces

acting on the system. We assume that (13.49) represents an interconnected
Euler-Lagrange dynamical system composed of s subsystems given by

d

dt

[
∂L
∂q̇i

(q(t), q̇(t))

]T
−
[
∂L
∂qi

(q(t), q̇(t))

]T
=ui(t), i = 1, . . . , s, (13.50)

where qi ∈ R
ni , ui ∈ R

ni , i = 1, . . . , s,
∑s

i=1 ni = n, q = [qT1 , . . . , q
T
s ]

T,
u = [uT1 , . . . u

T
s ]

T, qi and q̇i represent, respectively, generalized subsystem
positions and velocities, and ui denotes the vector of decentralized control
input for the ith subsystem.
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Furthermore, let H : Rn×R
n → R denote the Legendre transformation

of the Lagrangian function L(q, q̇) with respect to the generalized velocity q̇
defined by H(q, p) � q̇Tp−L(q, q̇), where p denotes the vector of generalized
momenta given by

p(q, q̇) =

[
∂L
∂q̇

(q, q̇)

]T
, (13.51)

and where the map from the generalized velocities q̇ to the generalized mo-
menta p is assumed to be bijective (i.e., one-to-one and onto). Note that
p = [pT1 , . . . , p

T
s ]

T, where

pi(q, q̇) �
[
∂L
∂q̇i

(q, q̇)

]T
, i = 1, . . . , s, (13.52)

denotes the vector of the ith subsystem generalized momenta. We assume
that the system total kinetic energy is such that T (q, q̇) = 1

2 q̇
T[∂T∂q̇ (q, q̇)]

T,

T (q, 0) = 0, and T (q, q̇) > 0, q̇ �= 0, q̇ ∈ R
n. We also assume that the system

total potential energy U(·) is such that U(0) = 0 and U(q) > 0, q �= 0,
q ∈ Dq ⊆ R

n, which implies that H(q, p) = T (q, q̇) + U(q) > 0, (q, q̇) �= 0,
(q, q̇) ∈ Dq × R

n.
Next, we present a decentralized hybrid feedback control framework for

Euler-Lagrange dynamical systems. Specifically, consider the ith subsystem
(13.50) with output

yi =

[
h1i(qi)
h2i(q̇i)

]
=

[
h1i(qi)

h2i

(
∂H
∂pi

(q, p)
) ]

, (13.53)

where i = 1, . . . , s, yi ∈ R
li , h1i : R

ni → R
l1i and h2i : R

ni → R
li−l1i

are continuously differentiable, h1i(0) = 0, h2i(0) = 0, and h1i(qi) �≡ 0.
Next, consider the decentralized energy-based hybrid controller for the ith
subsystem

d

dt

[
∂Lci

∂q̇ci
(qci(t), q̇ci(t), yqi(t))

]T
−
[
∂Lci

∂qci
(qci(t), q̇ci(t), yqi(t))

]T
= 0,

qci(0) = qci0, q̇ci(0) = q̇ci0, (qci(t), q̇ci(t), yi(t)) �∈ Zci, (13.54)[
Δqci(t)
Δq̇ci(t)

]
=

[
ηi(yqi(t))− qci(t)

−q̇ci(t)

]
, (qci(t), q̇ci(t), yi(t)) ∈ Zci,

(13.55)

ui(t) =

[
∂Lci

∂qi
(qci(t), q̇ci(t), yqi(t))

]T
, (13.56)

where t ≥ 0, i = 1, . . . , s, qci ∈ R
nci represents virtual subcontroller posi-

tions, q̇ci ∈ R
nci represents virtual subcontroller velocities, nc �

∑s
i=1 nci,
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yqi � h1i(qi), Lci : Rnci × R
nci × R

l1i → R denotes the subcontroller La-

grangian given by Lci(qci, q̇ci, yqi) � Tci(qci, q̇ci) − Uci(qci, yqi), where Tci :
R
nci ×R

nci → R is the subcontroller kinetic energy and Uci : R
nci ×R

l1i → R

is the subcontroller potential energy, ηi(·) is a continuously differentiable
function such that ηi(0) = 0, Zci ⊂ R

nci ×R
nci ×R

li is the ith subcontroller
resetting set, Δqci(t) � qci(t

+) − qci(t), Δq̇ci(t) � q̇ci(t
+) − q̇ci(t), and tk,

k ∈ Z+, denotes a resetting instant. We assume that the subcontroller ki-
netic energy Tci(qci, q̇ci) is such that Tci(qci, q̇ci) =

1
2 q̇

T
ci[

∂Tci
∂q̇ci

(qci, q̇ci)]
T, with

Tci(qci, 0) = 0 and Tci(qci, q̇ci) > 0, q̇ci �= 0, q̇ci ∈ R
nci . Furthermore,

we assume that Uci(ηi(yqi), yqi) = 0 and Uci(qci, yqi) > 0 for qci �= ηi(yqi),
qci ∈ R

nci .
As in Section 13.3, note that

Vp(q, q̇) � T (q, q̇) + U(q) (13.57)

is the total energy of the interconnected system (13.49) and

Vc(qc, q̇c, yq)�
s∑

i=1

Tci(qci, q̇ci) + Uci(qci, yqi)

=

s∑
i=1

Vci(qci, q̇ci, yqi) (13.58)

is the sum of subcontroller emulated energies, where qc � [qTc1, . . . , q
T
cs]

T,
q̇c � [q̇Tc1, . . . , q̇

T
cs]

T, and yq � [yTq1 , . . . , y
T
qs ]

T. Finally,

V (q, q̇, qc, q̇c) � Vp(q, q̇) + Vc(qc, q̇c, yq) (13.59)

is the total energy of the interconnected closed-loop system (13.50)–(13.56).
Next, we study the behavior of the total energy function V (q, q̇, qc, q̇c)

along the trajectories of the closed-loop system dynamics. For the intercon-
nected closed-loop system, we define our resetting set as

Z � ∪s
i=1{(q, q̇, qc, q̇c) ∈ Dq × R

n × R
nc × R

nc : (qci, q̇ci, yi) ∈ Zci}. (13.60)

Note that d
dtVp(q, q̇) =

d
dtH(q, p) = uTq̇, (q, q̇, qc, q̇c) �∈ Z. Furthermore, we

define the ith subcontroller Hamiltonian by

Hci(qci, q̇ci, pci, yqi) � q̇Tcipci −Lci(qci, q̇ci, yqi), i = 1, . . . , s, (13.61)

where the subcontroller momentum pci is given by

pci(qci, q̇ci, yqi) =

[
∂Lci

∂q̇ci
(qci, q̇ci, yqi)

]T
, (13.62)

and it follows from the structure of Tci(qci, q̇ci) that Hci(qci, q̇ci, pci, yqi) =
Vci(qci, q̇ci, yqi) = Tci(qci, q̇ci) + Uci(qci, yqi).
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Now, it follows from (13.54), (13.56), and (13.61) that, for t ∈ (tk, tk+1],

d

dt
Vci(qci(t), q̇ci(t), yqi(t))= q̈Tci(t)pci(t) + q̇Tci(t)ṗci(t)

− d

dt
Lci(qci(t), q̇ci(t), yqi(t))

= q̇Tci(t)
d

dt

[
∂Lci

∂q̇ci
(qci(t), q̇ci(t), yqi(t))

]T

−∂Lci

∂qci
(qci(t), q̇ci(t), yqi(t))q̇ci(t)

−∂Lci

∂qi
(qci(t), q̇ci(t), yqi(t))q̇i(t)

=−uTi (t)q̇i(t), (q(t), q̇(t), qc(t), q̇c(t)) �∈ Z
(13.63)

Hence,

d

dt
V (q(t), q̇(t), qc(t), q̇c(t))=u(t)Tq̇(t)−

s∑
i=1

uTi (t)qi(t)

= 0, (q(t), q̇(t), qc(t), q̇c(t)) �∈ Z,

tk < t ≤ tk+1, (13.64)

which implies that the total energy of the interconnected closed-loop system
between resetting events is conserved.

The total energy difference across resetting events is given by

ΔV (q(tk), q̇(tk), qc(tk), q̇c(tk))=Vc(qc(t
+
k ), q̇c(t

+
k ), yq(t

+
k ))

−Vc(qc(tk), q̇c(tk), yq(tk))

=
s∑

i=1

[Vci(qci(t
+
k ), q̇ci(t

+
k ), yqi(t

+
k ))

−Vci(qci(tk), q̇ci(tk), yqi(tk))]

=−
s∑

i=1

Vci(qci(tk), q̇ci(tk), yqi(tk))

·χZci(qci(tk), q̇ci(tk), yi(tk))

< 0,

(q(tk), q̇(tk), qc(tk), q̇c(tk)) ∈ Z, k ∈ Z+, (13.65)

where

χZci(qci, q̇ci, yqi) �
{

1, (qci, q̇ci, yi) ∈ Zci,
0, (qci, q̇ci, yi) �∈ Zci,

(13.66)
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which implies that the resetting law (13.55) ensures the total energy decrease
across resetting events by an amount equal to the accumulated emulated
subcontroller energy.

Here, we consider decentralized energy-dissipating state-dependent re-
setting controllers that affect a one-way energy transfer between the corre-
sponding subsystem and the subcontroller. Specifically, consider the closed-
loop system (13.50)–(13.56), where Zci, i = 1, . . . , s, are defined by

Zci �
{
(qi, q̇i, qci, q̇ci) :

d

dt
Vci(qci, q̇ci, yqi) = 0 and Vci(qci, q̇ci, yqi) > 0

}
.

(13.67)

Once again, for practical implementation, knowledge of qc, q̇c, and yq is
sufficient to determine whether or not the closed-loop state vector is in the
set Z given by (13.60), where Zci, i = 1, . . . , s, are defined by (13.67).

The next theorem gives sufficient conditions for stabilization of inter-
connected Euler-Lagrange dynamical systems using decentralized energy-
based hybrid controllers. For this result define the closed-loop system states
x � [qT, q̇T, qTc , q̇

T
c ]

T.

Theorem 13.4. Consider the interconnected closed-loop dynamical
system G given by (13.50)–(13.56), with the resetting set Z given by (13.60),
where Zci, i = 1, . . . , s, are defined by (13.67). Assume that Dci ⊂ Dq×R

n×
R
nc × R

nc is a compact positively invariant set with respect to G such that

0 ∈
◦
Dci. Furthermore, assume that the ki-transversality condition (13.19)

holds with Xi(x) = d
dtVci(qci, q̇ci, yqi), i = 1, . . . , s. Then the zero solution

x(t) ≡ 0 to G is asymptotically stable. Finally, if Dq = R
n and the to-

tal energy function V (x) is radially unbounded, then the above asymptotic
stability results are global.

Proof. Note that the interconnected Euler-Lagrange dynamical sys-
tem (13.49) and (13.53) is lossless with respect to the supply rate

eTS(u, y) = eT[uT1 q̇1, . . . , u
T
s q̇s]

T = uTq̇ = uTρ(y), (13.68)

where ρ(y(q, q̇)) = q̇, e � [1, . . . , 1]T, and e ∈ R
s. Furthermore, it fol-

lows from (13.63) and (13.64) that (13.40) is satisfied. Now, the result is
a direct consequence of Theorem 13.3 with vp(x) = Vp(q, q̇), vc(xc, y) =

Vc(qc, q̇c, yq), u =
[
∂Lc1
∂q1

, . . . , ∂Lcs
∂qs

]T
, and sci(uci, yci) = −uTi q̇i = yTciρ̂i(yi),

where ρ̂i(yi(qi, q̇i)) = q̇i, i = 1, . . . , s.

13.5 Hybrid Decentralized Control Design

In this section, we apply the decentralized hybrid control framework devel-
oped in Section 13.4 to the multi-rotational/translational proof-mass actua-
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Figure 13.1 Multi-RTAC system.

tor (multi-RTAC) nonlinear system studied in [7,33]. This system is shown
in Figure 13.1 and consists of three identical translational oscillating carts
connected by linear springs along with three identical eccentric rotational in-
ertias, which act as proof-mass actuators mounted on each cart. Rotational
motion of each proof-mass is nonlinearly coupled with the translational mo-
tion of the corresponding cart that the proof-mass is mounted on, which
provides the mechanism for control action. The oscillator carts, each with
a mass M , are connected to each other as well as fixed supports via linear
springs of stiffness k. The carts are constrained to one-dimensional motion.
The rotational proof-mass actuators consist of a pendulum of mass m with
mass moment of inertia I located at a distance e from the axis of rotation.
In Figure 13.1, N1, N2, and N3 denote the control torques applied to each
proof-mass.

Letting qi and q̇i, i = 1, 2, 3, denote the translational position and
velocity, respectively, of each cart, letting θi and θ̇i, i = 1, 2, 3, denote the
angular position and angular velocity, respectively, of each rotational proof-
mass, and using the total physical energy of the multi-RTAC system given
by

Vs(qi, q̇i, θi, θ̇i)= k(q21 + q22 + q23 − q1q2 − q2q3)

+
1

2
(M +m)(q̇21 + q̇22 + q̇23) +

1

2
(I +me2)(θ̇21 + θ̇22 + θ̇23)

+me(q̇1θ̇1 cos θ1 + q̇2θ̇2 cos θ2 + q̇3θ̇3 cos θ3)

+mge[(1− cos θ1) + (1− cos θ2) + (1− cos θ3)], (13.69)

the nonlinear dynamic equations of motion are given by

(M +m)q̈1=−me(θ̈1 cos θ1 − θ̇21 sin θ1)− 2kq1 + kq2, (13.70)

(I +me2)θ̈1=−meq̈1 cos θ1 −mge sin θ1 +N1, (13.71)

(M +m)q̈2=−me(θ̈2 cos θ2 − θ̇22 sin θ2) + kq1 − 2kq2 + kq3, (13.72)

(I +me2)θ̈2=−meq̈2 cos θ2 −mge sin θ2 +N2, (13.73)

(M +m)q̈3=−me(θ̈3 cos θ3 − θ̇23 sin θ3) + kq2 − 2kq3, (13.74)

(I +me2)θ̈3=−meq̈3 cos θ3 −mge sin θ3 +N3, (13.75)

with the decentralized control inputs ui = Ni, i = 1, 2, 3, and outputs
yi = θi, i = 1, 2, 3.
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Table 13.1 Problem data for the RTAC system.

Description Parameter Value Units
Cart mass M 1.7428 kg

Eccentric mass m 0.2739 kg
Arm eccentricity e 0.0537 m

Arm inertia I 0.000884 kg·m2

Spring stiffness k 200 N/m
Controller parameter mc 0.0017 —
Controller parameter kc 0.166 —

To design a decentralized state-dependent hybrid controller for (13.70)–
(13.75), let nci = 1, Vci(qci, q̇ci, θi) =

1
2mcq̇

2
ci+

1
2kc(qci−θi)

2, Lci(qci, q̇ci, θi) =
1
2mcq̇

2
ci− 1

2kc(qci−θi)
2, yqi = θi, and ηi(yqi) = yqi, where mc > 0 and kc > 0,

and i = 1, 2, 3. In this case, the decentralized state-dependent hybrid con-
troller has the form

mcq̈ci + kc(qci − θi) = 0, (qci, q̇ci, θi, θ̇i) �∈ Zi, i = 1, 2, 3, (13.76)[
Δqci
Δq̇ci

]
=

[
θi − qci
−q̇ci

]
, (qci, q̇ci, θi, θ̇i) ∈ Zi, (13.77)

ui = kc(qci − θi), (13.78)

with the resetting set (13.67) taking the form

Zi =

{
(qci, q̇ci, θi, θ̇i) ∈ R

4 : kcθ̇i(qci − θi) = 0 and

[
θi − qci
−q̇ci

]
�= 0

}
.

(13.79)

For the closed-loop system (13.70)–(13.75) and (13.76)–(13.79), the ki-
transversality condition given in Definition 13.1 is sufficiently complex that
we have been unable to show it analytically. However, condition (13.19)
was verified numerically. Hence, by Theorem 13.4, the closed-loop system
(13.70)–(13.75) and (13.76)–(13.79) is globally asymptotically stable.

For the following simulation, we use system parameters shown in Table
13.1 with the system initial conditions q1(0) = −0.06 m, q2(0) = 0.04 m,
q3(0) = 0.05 m, q̇i(0) = 0, θi(0) = 0, θ̇i(0) = 0, qci(0) = 0, and q̇ci(0) = 0,
i = 1, 2, 3. Figures 13.2 and 13.3 show, respectively, positions and velocities
of the carts for the uncontrolled system with the proof-masses fixed. It can
be seen that since the open-loop system is lossless, and hence, Lyapunov
stable, it exhibits persistent oscillations. Alternatively, for the controlled
system, Figure 13.4 shows positions of the carts versus time, and Figure
13.5 shows the cart velocities versus time. Figure 13.6 shows the angular
positions of the pendulums versus time, and Figure 13.7 shows their angular
velocities versus time. Figures 13.8 and 13.9 show the time history of each
subcontroller state. Note that each subcontroller state is discontinuous. The
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Figure 13.2 Positions of the carts for the uncontrolled system versus time.
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Figure 13.3 Velocities of the carts for the uncontrolled system versus time.

control torques versus time are shown in Figure 13.10 and are discontinuous
at the resetting times as follows from (13.77) and (13.78). Figure 13.11
shows the physical energy of the plant, combined emulated energy of all
subcontrollers, and the total energy of the multi-rotational/translational
proof-mass actuator system. It can be seen that the total energy of the
multi-RTAC system remains constant between subcontroller state resettings,
which is in agreement with (13.64), whereas the physical energy of the plant
is constantly decreasing.
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Figure 13.4 Positions of the carts versus time.
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Figure 13.5 Velocities of the carts versus time.

13.6 Quasi-Thermodynamic Stabilization and Maximum

Entropy Control

In this section, we use the recently developed notion of system thermody-
namics [81] to develop thermodynamically consistent hybrid decentralized
controllers for large-scale systems. Specifically, since our energy-based hy-
brid controller architecture involves the exchange of energy with conserva-
tion laws describing transfer, accumulation, and dissipation of energy be-
tween the subcontrollers and the plant subsystems, we construct a modified
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Figure 13.6 Angular positions of the pendulums versus time.

0 5 10 15
-20

0

20
Cart 1

0 5 10 15
-10

0

10
Cart 2

0 5 10 15
-20

0

20
Cart 3

Time

P
en

du
lu

m
 a

ng
ul

ar
 v

el
oc

iti
es

 (
ra

d/
s)

Figure 13.7 Angular velocities of the pendulums versus time.

hybrid controller that guarantees that each subsystem-subcontroller pair
(Gi,Gci) is consistent with basic thermodynamic principles after the first
resetting event. To develop thermodynamically consistent hybrid decen-
tralized controllers, consider the closed-loop subsystem-subcontroller pair
(Gi,Gci) given by (13.30) and (13.31) with Z̃i given by

Z̃i�
{
x̃i ∈ D̃i : φi(x̃i)(vpi(x̃i)− vci(x̃i)) = 0 and vci(xci, hi(xi)) > 0

}
,

i = 1, . . . , q, (13.80)
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Figure 13.8 Subcontroller positions versus time.
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Figure 13.9 Subcontroller velocities versus time.

where φi(x̃i) � sci(hi(xi), hci(xci, hi(xi))), vpi(x̃i) � vsi(xi), and vci(x̃i) �
vci(xci, hi(xi)). We refer to φi(·) as the net energy flow function.

We assume that the energy flow function φi(x̃i) is infinitely differen-
tiable and the ki-transversality condition (13.19) holds with

Xi(x̃i) = φi(x̃i)(vpi(x̃i)− vci(x̃i)), i = 1, . . . , q. (13.81)

To ensure a thermodynamically consistent energy flow between the subsys-
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Figure 13.10 Control torques versus time.
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Figure 13.11 Plant, combined subcontroller, and total energies versus time.

tem Gi and subcontroller Gci after the first resetting event, each subcontroller
resetting logic must be designed in such a way as to satisfy three key ther-
modynamic axioms. Namely, between resettings the energy flow function
φi(·) must satisfy the following two assumptions [79,81]:

Assumption 13.4. The connectivity matrix C ∈ R
2×2 [81, p. 56] asso-
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ciated with the subsystem G̃l is defined by

C(i,j) �
{

0, if φl(x̃l(t)) ≡ 0,
1, otherwise,

i �= j, i, j = 1, 2, l = 1, . . . , q, t ≥ t+1 ,

(13.82)

and

C(i,i) � −C(k,i), i �= k, i, k = 1, 2, (13.83)

and satisfies rank C = 1. Moreover, for every i �= j such that C(i,j) = 1,

φl(x̃l(t)) = 0 if and only if vpl(x̃l) = vcl(x̃l), x̃l(t) �∈ Z̃l, l = 1, . . . , q, t ≥ t+1 .

Assumption 13.5. φi(x̃i(t))(vpi(x̃i) − vci(x̃i)) ≤ 0, x̃i(t) �∈ Z̃i, i =
1, . . . , q, t ≥ t+1 .

Furthermore, across resettings the energy difference between the sub-
system and the subcontroller must satisfy the following assumption [83,84]:

Assumption 13.6. [vpi(x̃i+f̃di(x̃i))−vci(x̃i+f̃di(x̃i))][vpi(x̃i)−vci(x̃i)] ≥
0, i = 1, . . . , q, x̃i ∈ Z̃i.

The fact that φi(x̃i(t)) = 0 if and only if vpi(x̃i(t)) = vci(x̃i(t)),

x̃i(t) �∈ Z̃i, t ≥ t+1 , implies that the ith subsystem and the ith subcon-
troller are connected ; alternatively, φi(x̃i(t)) ≡ 0, t ≥ t+1 , implies that the
ith subsystem and the ith subcontroller are disconnected. Assumption 13.4
implies that if the energies in the ith subsystem and the ith subcontroller
are equal, then energy exchange between the ith subsystem Gi and the ith
subcontroller Gci is not possible unless a resetting event occurs. This state-
ment is consistent with the zeroth law of thermodynamics, which postulates
that temperature equality is a necessary and sufficient condition for ther-
mal equilibrium of an isolated system. Assumption 13.5 implies that energy
flows from a more energetic subsystem to a less energetic subsystem and is
consistent with the second law of thermodynamics, which states that heat
(energy) must flow in the direction of lower temperatures. Finally, Assump-
tion 13.6 implies that the energy difference between the ith subsystem Gi

and the ith subcontroller Gci across resetting instants is monotonic, that is,
[vpi(x̃i(t

+
k ))−vci(x̃i(t

+
k ))][vpi(x̃i(tk))−vci(x̃i(tk))] ≥ 0 for all vpi(x̃i) �= vci(x̃i),

x̃i ∈ Z̃i, i = 1, . . . , q, k ∈ Z+.
With the resetting law given by (13.80), it follows that each ith sub-

system G̃i of the closed-loop dynamical system G̃ satisfies Assumptions 13.4–
13.6 for all t ≥ t1. To see this, note that since φi(x̃i) �≡ 0, the connectivity
matrix C is given by

C =

[
−1 1
1 −1

]
, (13.84)
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and hence, rank C = 1. The second condition in Assumption 13.4 need not
be satisfied since the case where φi(x̃i) = 0 or vpi(x̃i) = vci(x̃i), corresponds
to a resetting instant. Furthermore, it follows from the definition of the
resetting set (13.80) that Assumption 13.5 is satisfied for each closed-loop
subsystem pairs (Gi,Gci) for all t ≥ t+1 . Finally, since vci(x̃i + f̃di(x̃i)) = 0

and vpi(x̃i + f̃di(x̃i)) = vpi(x̃i), x̃i ∈ Z̃i, it follows from the definition of the
resetting set that

[vpi(x̃i + f̃di(x̃i))− vci(x̃i + f̃di(x̃i))][vpi(x̃i)− vci(x̃i)]

= vpi(x̃i)[vpi(x̃i)− vci(x̃i)]

≥ 0, x̃i ∈ Z̃i, i = 1, . . . , q, (13.85)

and hence, Assumption 13.6 is satisfied across resettings. Hence, each ith
closed-loop subsystem G̃i of the closed-loop system G̃ is thermodynamically
consistent after the first resetting event in the sense of [79,81,83,84]. Note
that this statement is only true for each closed-loop subsystem G̃i. For the
hybrid closed-loop system G̃, Assumptions 13.4–13.6 may not hold since the
interconnection function I(x) defining G may not necessarily correspond to
a thermodynamically consistent model.

If D̃ci ⊂ D̃ is a compact positively invariant set with respect to the
closed-loop dynamical system G̃ given by (13.34) and (13.35) such that

0 ∈
◦
D̃ci, and the ki-transversality condition (13.19) holds with Xi(x̃i) =

φi(x̃i)(vpi(x̃i) −vci(x̃i)) for all i = 1, . . . , q, then it follows from Theorem 13.3

that the zero solution x̃(t) ≡ 0 to the closed-loop system G̃, with resetting
set Z̃i given by (13.80), is asymptotically stable. Furthermore, in this case,
the hybrid decentralized controller (13.25) and (13.26), with resetting set
(13.80), is a quasi-thermodynamically stabilizing compensator.

Finally, we show that the hybrid decentralized controllers developed
in this section and Section 13.3 are maximum entropy controllers. To do
this, the following hybrid definition of entropy is needed.

Definition 13.2. For each decentralized subcontroller Gci given by
(13.25)–(13.27), a function Sci : R+ → R, i = 1, . . . , q, satisfying

Sci(vci(x̃i(T )))≥Sci(vci(x̃i(t1)))−
1

ci

∑
k∈Z[t1,T )

vci(x̃i(tk)), T ≥ t1,

i = 1, . . . , q, (13.86)

where k ∈ Z[t1,T ) � {k : t1 ≤ tk < T}, ci > 0, is called an entropy function
of Gci, i = 1, . . . , q.

The next result gives necessary and sufficient conditions for establish-
ing the existence of an entropy function of Gci, i = 1, . . . , q, over an interval
t ∈ (tk, tk+1] involving the consecutive resetting times tk and tk+1, k ∈ Z+.
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Theorem 13.5. For each hybrid decentralized subcontroller Gci given
by (13.25)–(13.27), a function Sci : R+ → R, i = 1, . . . , q, is an entropy
function of Gci if and only if

Sci(vci(x̃i(t̂))) ≥ Sci(vci(x̃i(t))), tk < t ≤ t̂ ≤ tk+1, i = 1, . . . , q, (13.87)

Sci(vci(x̃i(tk) + f̃di(x̃i(tk)))) ≥ Sci(vci(x̃i(tk))) − 1
ci
vci(x̃i(tk)), k ∈ Z+,

i = 1, . . . , q. (13.88)

Proof. Let k ∈ Z+ and suppose Sci(vci) is an entropy function of Gci.
Then, (13.86) holds. Now, since for tk < t ≤ t̂ ≤ tk+1, Z[t,t̂) = Ø, (13.87) is
immediate. Next, note that

Sci(vci(x̃i(t
+
k ))) ≥ Sci(vci(x̃i(tk)))−

1

ci
vci(x̃i(tk)), i = 1, . . . , q, (13.89)

which, since Z[tk,t
+
k ) = k, implies (13.88).

Conversely, suppose (13.87) and (13.88) hold, and let t̂ ≥ t ≥ t1 and
Z[t,t̂) = {i, i + 1, . . . , j}. (Note that if Z[t,t̂) = Ø, then the converse result is

a direct consequence of (13.87).) If Z[t,t̂) �= Ø, then it follows from (13.87)

and (13.88) that

Scl(vcl(x̃l(t̂))) − Scl(vcl(x̃l(t)))=Scl(vcl(x̃l(t̂))) − Scl(vcl(x̃l(t
+
j )))

+

j−i∑
m=0

Scl(vcl(x̃l(tj−m)

+f̃dl(x̃l(tj−m))))− Scl(vcl(x̃l(tj−m)))

+

j−i−1∑
m=0

Scl(vcl(x̃l(tj−m)))

−Scl(vcl(x̃l(t
+
j−m−1)))

+Scl(vcl(x̃l(ti))) − Scl(vcl(x̃l(t)))

≥− 1

cl

j−i∑
m=0

vcl(x̃l(tj−m))

=− 1

cl

∑
k∈Z[t,t̂)

vcl(x̃l(tk)), l = 1, . . . , q,

(13.90)

which implies that Sci(vci) is an entropy function of Gci, i = 1, . . . , q.

The next theorem establishes the existence of an entropy function for
Gci, i = 1, . . . , q.
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Theorem 13.6. Consider the hybrid decentralized subcontrollers Gci

given by (13.25)–(13.27), with Z̃i given by (13.39) or (13.80). Then the
function Sci : R+ → R, i = 1, . . . , q, given by

Sci(vci) = loge(ci + vci)− loge ci, vci ∈ R+, i = 1, . . . , q, (13.91)

where ci > 0, is an entropy function of Gci, i = 1, . . . , q. In addition, for
i = 1, . . . , q,

Ṡci(vci(x̃i(t))) > 0, x̃i(t) �∈ Z̃i, tk < t ≤ tk+1, (13.92)

− 1
ci
vci(x̃i(tk)) < ΔSci(vci(x̃i(tk))) < − vci(x̃i(tk))

ci+vci(x̃i(tk))
,

x̃i(tk) ∈ Z̃i, k ∈ Z+. (13.93)

Proof. Since v̇ci(x̃i(t)) > 0, x̃i(t) �∈ Z̃i, i = 1, . . . , q, t ∈ (tk, tk+1],
k ∈ Z+, it follows that

Ṡci(vci(x̃i(t))) =
v̇ci(x̃i(t))

ci + vci(x̃i(t))
> 0, x̃i(t) �∈ Z̃i, i = 1, . . . , q. (13.94)

Furthermore, since vci(x̃i(tk) + f̃di(x̃i(tk))) = 0, x̃i(tk) ∈ Z̃i, i = 1, . . . , q,
k ∈ Z+, it follows that, for i = 1, . . . , q,

ΔSci(vci(x̃i(tk)))= loge

[
1− vci(x̃i(tk))

ci + vci(x̃i(tk))

]
> − 1

ci
vci(x̃i(tk)),

x̃i(tk) ∈ Z̃i, k ∈ Z+, (13.95)

and

ΔSci(vci(x̃i(tk))) = loge

[
1− vci(x̃i(tk))

ci + vci(x̃i(tk))

]
< − vci(x̃i(tk))

ci + vci(x̃i(tk))
,

x̃i(tk) ∈ Z̃i, k ∈ Z+, (13.96)

where in (13.95) and (13.96) we used the fact that x
1+x < loge(1+x) < x, x >

−1, x �= 0. The result is now an immediate consequence of Theorem 13.5.

Using (13.94), the resetting set Z̃i, i = 1, . . . , q, given by (13.39) can
be rewritten as

Z̃i �
{
x̃i ∈ D̃i :

d

dt
Sci(vci(x̃i)) = 0 and vci(x̃i) > 0

}
, i = 1, . . . , q, (13.97)

where d
dtSci(vci(x̃i(t))) � limτ→t−

1
t−τ [Sci(vci(x̃i(t)))−Sci(vci(x̃i(τ)))] when-

ever limit on the right-hand side exists, and Sci = loge(ci + vci)− loge ci de-
notes the continuously differentiable ith subcontroller entropy. Hence, each
decentralized controller Gci corresponds to a maximum entropy controller.
Alternatively, for i = 1, . . . , q, the resetting set Z̃i given by (13.80) can be
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rewritten as {x̃i(tk) : k ∈ Z+}, where tk is the maximum final time such
that Sci(vci(x̃i(t))) ≤ Sci(vci(x̃i(t1))) (or Sci(vci(x̃i(t))) ≥ Sci(vci(x̃i(t1))))
holds under the constraint vpi(x̃i(t)) ≥ vci(x̃i(t)) (or vpi(x̃i(t)) ≤ vci(x̃i(t)))
for 0 ≤ t < t1, and Sci(vci(x̃i(t))) ≤ Sci(vci(x̃i(tk+1))) holds under the con-
straint vpi(x̃i(t)) ≥ vci(x̃i(t)) for all tk ≤ t < tk+1 and k ∈ Z+. Hence, each
decentralized controller Gci corresponds to a constrained maximum entropy
controller.

13.7 Hybrid Decentralized Control for Combustion Systems

In this section, we apply the results developed in this chapter to the con-
trol of thermoacoustic instabilities in combustion processes. We stress that
the combustion model we use can be stabilized by conventional nonlinear
control methods. The aim here, however, is to show that hybrid decen-
tralized control provides an extremely efficient mechanism for dissipating
energy in the combustion process with far superior performance than any
conventional control methodology. In particular, we show that the proposed
hybrid decentralized controller provides finite-time stabilization.

To design a decentralized hybrid controller for combustion systems we
concentrate on a two-mode, nonlinear time-averaged combustion model with
nonlinearities present due to the second-order gas dynamics. This model is
developed in Section 6.5 and is given by

ẋ1(t)=α1x1(t) + θ1x2(t)− β(x1(t)x3(t) + x2(t)x4(t)) + u1(t),

x1(0) = x10, t ≥ 0, (13.98)

ẋ2(t)=−θ1x1(t) + α1x2(t) + β(x2(t)x3(t)− x1(t)x4(t)) + u2(t),

x2(0) = x20, (13.99)

ẋ3(t)=α2x3(t) + θ2x4(t) + β(x21(t)− x22(t)) + u3(t), x3(0) = x30,

(13.100)

ẋ4(t)=−θ2x3(t) + α2x4(t) + 2βx1(t)x2(t) + u4(t), x4(0) = x40,

(13.101)

where α1, α2 ∈ R represent growth/decay constants, θ1, θ2 ∈ R represent
frequency shift constants, β = ((γ + 1)/8γ)ω1, where γ denotes the ratio of
specific heats, ω1 is frequency of the fundamental mode, and ui, i = 1, . . . , 4,
are control input signals. For the data parameters α1 = 5, α2 = −55, θ1 = 4,
θ2 = 32, γ = 1.4, ω1 = 1, and x(0) = [1, 1, 1, 1]T, the open-loop (ui(t) ≡ 0,
i = 1, 2, 3, 4) dynamics (13.98)–(13.101) result in a limit cycle instability.

Next, note that (13.98)–(13.101) can be rewritten in the form of (13.1)
and (13.2) with f1(x1, x2) = [α1x1 + θ1x2,−θ1x1 + α1x2]

T, f2(x3, x4) =
[α2x3 + θ2x4,−θ2x3 +α2x4]

T, I1(x) = [−β(x1x3 + x2x4), β(x2x3 − x1x4)]
T,

I2(x) = [β(x21 − x22), 2βx1x2]
T, G1(x1, x2) = I2, G2(x3, x4) = I2, y1 =

h1(x1, x2) = [x1, x2]
T, and y2 = h2(x3, x4) = [x3, x4]

T. Here, we take
vs1(x1, x2) = 1

2(x
2
1 + x22) and vs2(x3, x4) = 1

2 (x
2
3 + x24) as our subsystem
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Figure 13.12 Plant state trajectories versus time.

energies. Now, it can be shown that the ith disconnected subsystem of
(13.98)–(13.101) is lossless with respect to the supply rate ûTi yi, i = 1, 2,
where û1 = [u1 + α1x1, u2 + α1x2]

T and û2 = [u3 + α2x3, u4 + α2x4]
T. Fur-

thermore, it can also be shown that (13.98)–(13.101) is lossless with respect
to the supply rate ûT1 y1 + ûT2 y2.

Next, consider the decentralized dynamic compensator given by (13.25)–
(13.27) with fc1(xc1, y1) = Ac1xc1+Bc1y1, η1(y1) = 0, hc1(xc1, y1) = BT

c1xc1,
fc2(xc2, y2) ≡ 0, η2(y2) = 0, and hc2(xc2, y2) ≡ 0, where

Ac1 =

[
0 1
−1 0

]
, Bc1 =

[
0 0
4 0

]
, (13.102)

and subcontroller energy is given by vc1(xc1) =
1
2x

T
c1xc1. Furthermore, the

resetting set (13.39) is given by

Z1 =

{
(x1, x2, xc1) : x

T
c1Bc1

[
x1
x2

]
= 0, xc1 �= 0

}
. (13.103)

To illustrate the behavior of the closed-loop impulsive dynamical sys-
tem, we choose the initial condition xc1(0) = [0, 0]T. For this system a
straightforward, but lengthy, calculation shows that Assumptions 13.1 and
13.2 hold. However, the ki-transversality condition is sufficiently complex
that we have been unable to show it analytically. This condition was veri-
fied numerically, and hence, Assumption 13.3 appears to hold. Figure 13.12
shows the state trajectories of the plant versus time, and Figure 13.13 shows
the state trajectories of the compensator versus time. Figure 13.14 shows
the control inputs u1 and u2 versus time. Note that the compensator states
are the only states that reset. Furthermore, the control force versus time is
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Figure 13.13 Compensator state trajectories versus time.
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Figure 13.14 u1 and u2 versus time.

partially discontinuous at the resetting times. A comparison of vs1(x1, x2),
vs2(x3, x4), vc1(xc1), and v(x, xc1) � vs1(x1, x2) + vs2(x3, x4) + vc1(xc1) is
shown in Figure 13.15. Note that the proposed hybrid decentralized con-
troller achieves finite-time stabilization.

Next, we consider the case where α1 = 0 and α2 = 0. The other
parameters remain as before. In this case, the decentralized dynamic com-
pensators are given by (13.25)–(13.27) with fci(xci, yi) = Acixci + Bciyi,
ηi(yi) = 0, hci(xci, yi) = BT

cixci, i = 1, 2, where Ac1 and Bc1 are given by
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Figure 13.15 vs1, vs2, vc1, and v versus time.
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Figure 13.16 Plant state trajectories versus time.

(13.102),

Ac2 =

[
0 1
−1 0

]
, Bc2 =

[
0 0
16 0

]
, (13.104)

and subcontroller energies are given by vc1(xc1) = 1
2x

T
c1xc1 and vc2(xc2) =
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Figure 13.17 Compensator state trajectories versus time.
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Figure 13.18 Control input versus time.

1
2x

T
c2xc2. Furthermore, the resetting set (13.39) is given by (13.103) and

Z2=

{
(x3, x4, xc2) : x

T
c2Bc2

[
x3
x4

]
= 0, xc2 �= 0

}
. (13.105)
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Figure 13.19 vs1, vc1, and v versus time.
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Figure 13.20 vs2, vc2, and v versus time.

Finally, the entropy functions Sc1(vc1) and Sc2(vc2) are given by Sci(vci) =
loge[1 + vci(xci)], i = 1, 2.

To illustrate the behavior of the closed-loop impulsive dynamical sys-
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Figure 13.21 Controller entropy versus time.

tem, we choose initial conditions xc1(0) = [0, 0]T and xc2(0) = [0, 0]T.
For this system a straightforward, but lengthy, calculation shows that As-
sumptions 13.1 and 13.2 hold. However, the ki-transversality condition
is sufficiently complex that we have been unable to show it analytically.
This condition was verified numerically, and hence, Assumption 13.3 ap-
pears to hold. Figure 13.16 shows the state trajectories of the plant ver-
sus time, and Figure 13.17 shows the state trajectories of the compen-
sator versus time. Figure 13.18 shows the control input versus time. Note
that the compensator states are the only states that reset. Once again,
the proposed hybrid decentralized controller achieves finite-time stabiliza-
tion. Furthermore, the control force versus time is partially discontin-
uous at the resetting times. A comparison of vs1(x1, x2), vc1(xc1), and
v(x, xc1, xc2) � vs1(x1, x2) + vs2(x3, x4) + vc1(xc1) + vc2(xc2) is shown in
Figure 13.19, and a comparison of vs2(x3, x4), vc2(xc2), and v(x, xc1, xc2)
is shown in Figure 13.20. Finally, Figure 13.21 shows the controller en-
tropy versus time. Note that the entropy of the controller strictly increases
between resetting events.

13.8 Experimental Verification of Hybrid Decentralized Controller

In this section, we provide experimental results to show the efficacy of the
hybrid decentralized controller architecture developed in this chapter. The
experimental test bed constructed to implement the decentralized energy-
based hybrid control technique is shown in Figure 13.22 and involves the
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Figure 13.22 RTAC test bed.

Table 13.2 Model and manufacturer information of hardware used.

Description Manufacturer Model
Air Bushing New Way Air Bearings S301201
Laser sensor Micro-Epsilon ILD1300-200
DC motor MicroMo 3863H012C

Shaft Encoder MicroMo HEDM5500J12
Motor Controller Advanced Motion Controls 12A8

DAQ board National Instruments NI-6024E
Encoder/Timer National Instruments NI-6601

multi-RTAC system discussed in Section 13.5. The test bed consists of an
aluminum base with air bushings floating on two rails providing translational
motion for the carts with very low friction. Rotary actuators with eccen-
tric arms and masses are fixed to the carts providing the control torques.
The actuation is provided by DC motors driven by a set of linear motor con-
trollers, and the measurements of the eccentric arm angles and cart positions
are performed with a quadrature encoder on each motor and a laser displace-
ment sensor for each cart, respectively. The controller is implemented with

the MathWorks MATLAB R©, Simulink R©, and xPC Target
TM

software us-
ing National Instruments PCI cards for input/output (I/O). The hardware
used for the test bed is listed in Table 13.2.

Translational motion for each cart is provided by four air bushings
mounted into aluminum blocks. These blocks are mounted to an aluminum
plate to form the platforms of the carts. These platforms are also constructed
to deliver air to the bushings through internal passageways to eliminate ex-
cessive air fittings. The air bushings float on two stainless steel precision
shafts 0.5 inches in diameter that are affixed to the aluminum base. Negligi-
ble damping effects result from the motor and rail friction, resistance from
hoses and wires, and air resistance. Supports are attached to the platforms
to facilitate mounting of the rotational actuators and the proof-masses. The
supports are designed in such a manner that they can be mounted either
vertically or horizontally. This enables the experiment to be carried out
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with and without gravitational effect on the proof-masses.
Four pretensioned extension springs attach the carts to each other

and to fixed supports mounted on the base. The springs are easy to remove
so that springs with different stiffnesses can be used. The spring stiffness
constant used for the testbed was measured to be 170 N/m and the springs
are shown to be linear throughout the usable range. The control torque for
each cart in the system is provided by means of a proof-mass attached to an
actuator by an eccentric arm. The arms are constructed in such a way that
various proof-masses may be used. The actuators are 12-volt DC motors
that generate a continuous torque of 0.11 N·m each with a stall torque of
1.2 N·m and have a thermally limited continuous current of 7.6 A. Driving
the motors are a set of pulse width modulated (PWM) servo amplifiers that
can supply a peak current of 12 A and a continuous current of 6 A. The
maximum continuous switching rate for each amplifier is 36 kHz. The units
are operated in current mode, producing currents that are proportional to
the input voltages. The motor controllers have built-in current limiters to
protect the motors from high torque commands.

System state measurements are obtained with quadrature encoders
and laser displacement sensors. The quadrature encoders measure the an-
gular positions and velocities of the proof-masses. The encoders are attached
to the back of the motors and have 1,024-line-per-revolution resolution. This
gives an angular resolution of 0.09◦ when used in quadrature mode. The po-
sitions of the translational masses are measured with laser sensors that use
optical triangulation to measure displacement while velocities are obtained
by numerical differentiation of position data. The sensors measure position
with a static resolution of 100 μm and dynamic resolution of 200 μm at a
rate of 500 Hz and with a measurement range of 200 mm. Laser sensors
were selected over other linear measurement sensors since they do not influ-
ence the motion of the carts. Note that the information of the position and
velocity of the translational carts was only used to obtain a plot of the plant
energy versus time and not to compute the energy-based hybrid control as
follows from (13.78) and (13.79).

During experimentation slight noise in the cart position measurement
was observed. This led to a substantial distortion of the cart velocity in-
formation obtained from numerical differentiation of the position data. To
resolve this issue, an accelerometer was incorporated with the laser sensor.
By numerically integrating the cart acceleration and using the laser sen-
sor to eliminate the accumulated error resulting from numerical integration,
a much smoother and more accurate cart velocity was determined. This
problem does not appear to be as pronounced with the angular velocity de-
termined from the pendulum’s angular position due to a higher resolution
of the quadrature encoder.

To implement the decentralized, energy-based hybrid control in real

time we used the MathWorks MATLAB R©, Simulink R©, and xPC Target
TM
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Figure 13.23 Diagram of real-time target implementation.

Table 13.3 Problem data for the multi-RTAC system.

Description Parameter Value Units
Cart mass M 1.7428 kg

Eccentric mass m 0.2739 kg
Arm eccentricity e 0.0537 m

Arm inertia I 0.000884 kg·m2

Spring stiffness k 170 N/m
Controller parameter mc 0.0012 —
Controller parameter kc 0.0811 —

software. The diagram in Figure 13.23 illustrates the hardware layout. The
control law is created in Simulink R©, compiled into C code, and then down-
loaded onto the target PC. The target PC runs a real-time operating system
that executes the Simulink R© block diagram. The input/output for the tar-
get PC consists of National Instruments PCI-6024E and PCI-6601 cards.
The PCI-6024E has a maximum input rate of 200 kS/s at 12-bit resolution.
The minimum analog input is ±50 mV, and the maximum input is limited
to ±10 V. The maximum analog output rate is 10 kS/s at 12-bit resolu-
tion with a maximum value of ± 10 V. The PCI-6024E cards are used to
acquire the distances measured by the laser sensors and to send voltages
to the motor controllers to generate the required control torques, whereas
the PCI-6601 cards are used to read the encoders to obtain the angles and
directions of rotation of the proof-masses.

Next, we show experimental results obtained by implementing the de-
centralized, energy-based hybrid control presented in Section 13.4 on the
multi-RTAC test bed. The system parameters are shown in Table 13.3 with
initial conditions q1(0) = −0.074 m, q2(0) = 0.012 m, q3(0) = 0.0055 m,
q̇i(0) = 0, θi(0) = 0, θ̇i(0) = 0, qci(0) = 0, and q̇ci(0) = 0, i = 1, 2, 3. Fig-
ure 13.24 shows positions of the carts versus time, and Figure 13.25 shows
the cart velocities versus time. Figure 13.26 shows the angular positions of
the pendulums versus time, and Figure 13.27 shows their angular velocities
versus time. Figures 13.28 and 13.29 show the time history of each sub-
controller state. Note that each subcontroller state is discontinuous. The
control torques versus time are shown in Figure 13.30 and are discontinuous
at the resetting times as follows from (13.77) and (13.78). These discontinu-
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Figure 13.24 Positions of the carts in meters versus time.

ities indicate that the proof-masses suddenly change the direction of motion
to prevent the flow of real physical energy back to the translational carts.
Figure 13.31 shows the physical energy of the plant, combined emulated
energy of all subcontrollers, and the total energy of the multi-RTAC sys-
tem. Although the sum of the plant energy and controller emulated energy
is supposed to remain constant between resettings as shown in (13.64), in
the experimental setup the slight decreases in total energy are the result of
damping effects that are always present in a physical system.
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Figure 13.25 Velocities of the carts in m/s versus time.
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Figure 13.27 Angular velocities of the pendulums in rad/sec versus time.
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Figure 13.28 Subcontroller positions versus time.
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Figure 13.29 Subcontroller velocities versus time.
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Chapter Fourteen

Conclusion

In this monograph, we have developed a stability analysis and control de-
sign framework for large-scale complex dynamical systems. These systems
are composed of interconnected subsystems and include air traffic control
systems, power and energy grid systems, manufacturing and processing sys-
tems, aerospace and transportation systems, communication and informa-
tion networks, integrative biological systems, biological neural networks,
biomolecular and biochemical systems, nervous systems, immune systems,
environmental and ecological systems, molecular, quantum, and nanoscale
systems, particulate and chemical reaction systems, economic and financial
systems, cellular systems, metabolic systems, planetary ecosystems (e.g.,
Gaia), and galaxies, to name but a few examples. The relationships be-
tween the subsystems is often circular—in an abstract and not necessarily
spatial sense—giving rise to feedback interconnections. This leads to non-
linear models that can exhibit rich dynamical behavior, such as multiple
equilibria, limit cycles, bifurcations, jump resonance phenomena, and chaos.

The complexity of large-scale dynamical systems is due to the natu-
ral scale of these systems and often necessitates a hierarchical decentralized
architecture for analyzing and controlling these systems due to high sys-
tem dimensionality and global communication connection constraints. The
role of system uncertainty is also critical in the analysis and control de-
sign of large-scale, interconnected systems. Uncertainty and variations in
large-scale systems may change constantly and unpredictably, resulting in
rapid and often catastrophic transitions. To address the stability analysis
and control design of large-scale systems in the presence of uncertainties,
decentralized robust control architectures that combine logical operations
with continuous dynamics are needed. These hybrid architectures provide
hierarchical coordination and autonomy by utilizing higher-level reasoning
and decision making.

The underlying intention of this monograph has been to present a
general analysis and control design framework for large-scale dynamical
systems, with an emphasis on vector Lyapunov function methods, vector
dissipativity theory, and decentralized control architectures. It is hoped
that this monograph will help stimulate increased interaction between engi-
neers, economists, biologists, ecologists, physicists, computer scientists, and
dynamical systems and control theorists. The potential for applying and
extending this work across disciplines is enormous. For example, in eco-
nomic systems the interaction of raw materials, finished goods, and finan-
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cial resources can be modeled as large-scale systems with subsystem inter-
connections representing various interacting sectors in a dynamic economy.
Similarly, network systems, computer networks, and telecommunication sys-
tems are amenable to large-scale modeling with interconnections governed
by nodal dynamics and routing strategies that can be controlled to minimize
waiting times and optimize system throughput.

Large-scale system models can also be used to model the interconnect-
ing components of power grid systems with energy flow between regional
distribution points subject to control and possible failure. Road, rail, air,
and space transportation systems also give rise to large-scale systems with
interconnections subject to failure and real-time modification. Modern heat-
ing, ventilating, and air conditioning (HVAC) systems in large commercial
buildings are characterized by a large number of interconnected zones that
require heating, ventilation, and cooling, and thus, also constitute large-scale
systems. In particular, the automated operation of a network of HVAC sys-
tems for a regional collection of smart buildings involves a large number of
interacting subsystems with multiple zones and components, nonlinear heat
transfer models, multiple spatial and temporal timescales, and model uncer-
tainties and disturbances involving changes in weather and solar radiation,
varying heat loads, humidity, computers and lab equipment, and people and
other latent heat sources. In all of the aforementioned applications, reliable
system analysis and decentralized robust control system design, with inte-
grated verification and validation, are essential for providing high system
performance and reconfigurable system operation in the presence of system
uncertainties and system component failures.
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ichungen. II,” Acta Mathematica, vol. 58, pp. 57–85, 1931.

[107] D. Karnopp, D. L. Margolis, and R. C. Rosenberg, System Dynamics:
A Unified Approach. New York: Wiley-Interscience, 1990.

[108] M. Kawski, “Stabilization of nonlinear systems in the plane,” Syst.
Contr. Lett., vol. 12, pp. 169–175, 1989.

[109] A. J. Keane and W. G. Price, “Statistical energy analysis of strongly
coupled systems,” J. Sound Vibr., vol. 117, pp. 363–386, 1987.

[110] H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ: Prentice-
Hall, 1996.

[111] D. H. Kim and P. Chongkug, “Limit cycle navigation method for mo-
bile robot,” in 27th Chinese Control Conference (Kunming, Yunnan,
China), pp. 320–324, 2008.

[112] D. H. Kim and J. H. Kim, “A real-time limit-cycle navigation method
for fast mobile robots and its application to robot soccer,” Robotics
and Autonomous Systems, vol. 42, no. 1, pp. 17–30, 2003.

[113] Y. Kishimoto and D. S. Bernstein, “Thermodynamic modeling of inter-
connected systems I: Conservative coupling,” J. Sound Vibr., vol. 182,
pp. 23–58, 1995.

[114] Y. Kishimoto and D. S. Bernstein, “Thermodynamic modeling of inter-
connected systems II: Dissipative coupling,” J. Sound Vibr., vol. 182,
pp. 59–76, 1995.

[115] Y. Kishimoto, D. S. Bernstein, and S. R. Hall, “Energy flow modeling
of interconnected structures: A deterministic foundation for statistical
energy analysis,” J. Sound Vibr., vol. 186, pp. 407–445, 1995.



362 BIBLIOGRAPHY

[116] N. N. Krasovskii, Problems of the Theory of Stability of Motion. Stan-
ford, CA: Stanford University Press, 1959.

[117] V. Lakshmikantham, D. D. Bainov, and P. S. Simeonov, Theory of
Impulsive Differential Equations. Singapore: World Scientific, 1989.

[118] V. Lakshmikantham, V. M. Matrosov, and S. Sivasundaram, Vector
Lyapunov Functions and Stability Analysis of Nonlinear Systems. Dor-
drecht: Kluwer Academic Publishers, 1991.

[119] R. S. Langley, “A general derivation of the statistical energy analysis
equations for coupled dynamic systems,” J. Sound Vibr., vol. 135,
pp. 499–508, 1989.

[120] J. P. LaSalle, “Some extensions to Lyapunov’s second method,” IRE
Trans. Circuit Theory, vol. 7, pp. 520–527, 1960.

[121] J. P. LaSalle, “An invariance principle in the theory of stability,”
in Differential Equations and Dynamical Systems (J. Hale and J. P.
LaSalle, eds.), Mayaguez, PR: Proceedings of the International Sym-
posium, 1965.

[122] E. L. Lasley and A. N. Michel, “Input-output stability of intercon-
nected systems,” IEEE Trans. Autom. Contr., vol. AC-21, pp. 84–89,
1976.

[123] E. L. Lasley and A. N. Michel, “L∞- and l∞- stability of interconnected
systems,” IEEE Trans. Circuits and Syst., vol. CAS-23, pp. 261–270,
1976.

[124] N. E. Leonard and E. Fiorelli, “Virtual leaders, artificial potentials,
and coordinated control of groups,” in Proc. IEEE Conf. Dec. Contr.
(Orlando, FL), pp. 2968–2873, 2001.

[125] D. K. Lindner, “On the decentralized control of interconnected sys-
tems,” Syst. Contr. Lett., vol. 6, pp. 109–112, 1985.

[126] A. Linnemann, “Decentralized control of dynamically interconnected
systems,” IEEE Trans. Autom. Contr., vol. 29, pp. 1052–1054, 1984.

[127] J. Lunze, “Stability analysis of large-scale systems composed of
strongly coupled similar subsystems,” Automatica, vol. 25, pp. 561–
570, 1989.

[128] A. M. Lyapunov, The General Problem of the Stability of Motion.
Kharkov, Russia: Kharkov Mathematical Society, 1892.

[129] R. H. Lyon, Statistical Energy Analysis of Dynamical Systems: Theory
and Applications. Cambridge, MA: MIT Press, 1975.



BIBLIOGRAPHY 363

[130] J. A. Marshall, M. E. Broucke, and B. A. Francis, “Formations of vehi-
cles in cyclic pursuit,” IEEE Trans. Autom. Contr., vol. 49, pp. 1963–
1974, 2004.

[131] A. A. Martynyuk, Stability by Liapunov’s Matrix Function Method
with Applications. New York: Marcel Dekker, Inc., 1998.

[132] A. A. Martynyuk, Qualitative Methods in Nonlinear Dynamics. Novel
Approaches to Liapunov’s Matrix Functions. New York: Marcel
Dekker, Inc., 2002.

[133] V. M. Matrosov, “Method of vector Liapunov functions of intercon-
nected systems with distributed parameters (Survey),” Avtomatika i
Telemekhanika, vol. 33, pp. 63–75, 1972 (in Russian).

[134] M. Mesbahi, “On state-dependent dynamic graphs and their control-
lability properties,” IEEE Trans. Autom. Contr., vol. 50, pp. 387–392,
2005.

[135] M. Mesbahi and M. Egerstedt, Graph Theoretic Methods in Multiagent
Networks. Princeton, NJ: Princeton University Press, 2010.

[136] A. N. Michel and R. K. Miller, Qualitative Analysis of Large Scale
Dynamical Systems. New York: Academic Press, Inc., 1977.

[137] A. N. Michel, K. Wang, and B. Hu, Qualitative Theory of Dynamical
Systems, 2nd ed. New York: Marcel Dekker, 2001.

[138] V. D. Mil’man and A. D. Myshkis, “On the stability of motion in the
presence of impulses,” Sib. Math. J., vol. 1, pp. 233–237, 1960.

[139] V. D. Mil’man and A. D. Myshkis, “Approximate methods of solutions
of differential equations,” in Random Impulses in Linear Dynamical
Systems, pp. 64–81, Kiev: Publ. House. Acad. Sci. Ukr. SSR, 1963.

[140] R. M. Murray, “Recent research in cooperative control of multi-vehicle
systems,” J. Dyn. Syst. Meas. Contr., vol. 129, pp. 571–583, 2007.

[141] S. G. Nersesov and W. M. Haddad, “On the stability and control of
nonlinear dynamical systems via vector Lyapunov functions,” IEEE
Trans. Autom. Contr., vol. 51, no. 2, pp. 203–215, 2006.

[142] R. Olfati-Saber, “Flocking for multi-agent dynamic systems: Algo-
rithms and theory,” IEEE Trans. Autom. Contr., vol. 51, pp. 401–420,
2006.

[143] R. Olfati-Saber and R. M. Murray, “Distributed cooperative control
of multiple vehicle formations using structural potential functions,” in
IFAC World Congr. (Barcelona, Spain), 2002.



364 BIBLIOGRAPHY
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